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NOW prefent to the Publick a fifth Volume of this Collection of Ma- 
thematical Tracts, intitled, Scriptores Logarithmici, of the contents of 


which I will here endeavour to give my Readers a full and diſtin& account. 


Of the Centents of the Firſt Tra# in this Volume. 


The firſt Tract in this volume is an Inveſtigation of Sir Iſaac Newton's 


—_ [ 


famous Binomial Theorem in the caſe of the quantity 1 + a=? © 


I . * — 
—— , or the reciprocal of; Tas, or +” 1 + x, or the mth root of the 
TT 

TX 1 3 
binomial quantity 1 + x, in which quantity 1 + u the letter x denotes any 
quantity not greater than 1, and z denotes any whole number whatſoever, 


Now Sir Iſaac Newton diſcovered that the fame ſeries which gives us the 


\ m . . . 
value of 1 + 4 , or of the mth power of the binomial quantity x + x, 
when the letter zz denotes any whole number whatſoever, to wit, the ſeries 
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by ſubſtituting — — in its ſeveral terms inſtead of , produce a ſeries which 


_ 5 
would be equal to the quantity I + w\7z, or ——, This, however, is 


1 + x7 
by no means an eaſy, or obvious, conſequence of the former theorem; and yet 


Sir Iſaac Newton has no where given us the leaſt hint of any demonſtration 
of it, and I am therefore inclined to think that he ſound it out only by con- 
jecture and trial, and contented himſelf with the probability ariſing from the 
ſucceſsful reſults of his trials as a ground for believing that his new theorem 


would be univerſally true, without ſecking any further proof that it was ſo, 


His method of proceeding I conceive to have been as follows. He probably 


began by ſubſtituting — — (the index of the power of the binomial quan- 


—1 
tity 1 + # in the quantity 1 + AT) inſtead of m in the terms of the ſeries 


n N 
m — 2 m1 M2 m3 m— 4 5 
e- x M — 
m— 1 m 2 mz m4 _—_— x 4. : 
X — X —— XxX ——= XxX #* + &c, which he alread 
: 3 X 7 * 5 * 5 * 7 Y 
knew to be equal to 1 , and thereby obtained the ſeries 1 — x x 
+1 n+1 1 2 n+1 2n+1T 3 7— a+l 2n+1 X 3n+1 
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X — * Gn X —.— * x* &c. ad infinitum, and conjectured that this 
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ſecond ſeries would be equal to the quantity x , or —— or 


I +x 1 


. He then ſuppoſed x to be equal to ſome particular number that 


was 
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was leſs than 1, as, for inſtance, to —, and the binomial quantity 1 + x to 


be conſequently equal to 1 + , or 1,300,000,000, and extracted two, or 


three, different roots of this number 1.300,000,000, as, for example, it's ſquare 
root, it's cube root, and it's filth root, by the common methods employed for 
this purpoſe, and then divided 1 by each of theſe roots; by which diviſions 


. 1 
he would obtain guotients that would be equal to the three quantities = 
obtain quotients that would be equal to t q —— 


1 1 . 9 0 1 
and ——— xeſpectively, or to the three quantities —=== 
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and — reſpectively, or to the chree quantities — . - —, and 
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Fs „ reſpectively. He then, I preſume, would compute the three different 


10 | 
. * . . I 
values of the ſecond ſeries above-mentioned, to wit, the ſeries 1 — ＋ X x 


I 1 ＋ I —. 2n+1I 
+ .* — x i —— X * * Kc, ariſing from a ſup- 


poſition that x was equal to , and that # was, firſt, equal to 2, and, ſe. 


condly, equal to 3, and, thirdly, equal to 3; and, when he found that theſe 
three values of the ſaid ſeries were, reſpectively, equal to the ny he 5A bes 


I 1 
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fore ob e three quantities A 7 77 = e 
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the ſaid ſecond ſeries would alſo be equal to the quantity 1 or 


5 112 
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95 ——— al in all other caſes, or when „ was equal to any other quantity 
a 2 different 
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different from, (that was leſs than 1,) and when ꝝ was equal to any other whole 


number whatſoever, different from 2,3, and 5. The probability, however, of the 
truth of this general concluſion ariſing from the ſucceſs of ſuch trials in parti- 
cular examples, is very different from the ſatisfactory knowledge of it by means 


of a ſtrict mathematical demonſtration, which (as the ſubje& will admit of 


ſuch a demonſtration,) might reaſonably have been expected to have been 
given us by it's great Inventor, This defect I have therefore endeavoured to 


ſupply in this firſt tract of the preſent volume, by proceeding in the following 
manner, 


In the firſt place, I have ſubſtituted — — inſtead of m in the terms of the 
be a ef Cw +12 Der Er 


2 64 &c, (which is equal to 1 T when n is any whole 
_ "3 and have ſhewn that the Series ry from ſuch ſub. 


ſtitution would be 1 ——Asx + — WM —— „ Co 4. 2 


D — ZHI Ex + — — XF. — 6n+1 XGA + &c ad infnitum. 
* the 


We are therefore to prove that this ſeries will always be equal to the quan- 


_ 1 I 
tity. 1 + K, or Op f ifi = 


when the letter 2 repreſents any whole 


number whatſoever. This ſubſtitution of — —— inſtead of m in the firſt ſeries 


1+=—As + 232 * + =C Cx + = Dat + Ke. is performed in 


Art, 2, pages 5 and 6. 


4 " ky : ” 1 F 8 , 1 
In order to diſcover the ſeries that will be equal to ehe quantity 1 + = 


it is obſerved in Art. 3, page 7, that it has been already ſhewn in 


, 
1 
the ſecond volume of this Collection of Tracts, called Scriptores Logarithmici, 
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page 237, art. 47, that the quantity 1 +x =, or the denominator of the 
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8 1 5 1 
is equal to the infinite Series I + — x — — X 
z u 2% 


fract ion 
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Xx x" + — X — X _— * * — &c, and therefore that the quantity 


7 or ——— will be equal to the fraction 


: 
I + x*2» 7 
1 "I 
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I+—x X K So * = X &c, ad injinilum, 


. 3 . . . 1 1 
or to the quotient of the diviſion of 1 by the infinite Series 1 + —— 
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obſerved that, froni the nature of the operation of Diviſion, the ſirſt term of 
this Quotient muſt be 1, and the ſecond, and third, and fourth, and other fol- 
lowing terms of it mult involve. in them the quantities x, a*, &, &c, ur the 
feveral integral powers of x in their natural order, without 1aterrupiion, and 
conſequently that the ſaid Quotient will be a feries of quantities of which the 
firſt term will be 1, and the ſecond and other following terms will conſiſt of 
certain numeral co-efficients multiplied into the ſeveral powers of x in their na- 
tural order, without any interruption, to wit, x, af, *, *, x5, x*, *, &c, ad 
infirizum ; ſo that, if we denote the ſaid nume ral co-eth. ents, (which are at 
firſt unknown,) by the capital letters B, C, D, E, F. G, H. &c, the ſaid 
Quotient will be equal to the ſeries 1, Bx, C, Da®, Ex“, Fa“, Gi?, Hl“, &c, 
ad infinitum, of which the ſecond term Fx, and all the following terms, are to 
be connected with the firſt term 1 either by ſubtraction or addition, and canſe- 


quently are to have either the fign — or tae fign + prefixed to them, And 


— — - 


further it 1s ſhewn that, ſince the quantity 1 + 2,07 „ (to which 
I + x | 


the ſaid Quotient, or infinite Series 1, Br. Caf, De, Et, Fri, Gaf, Hs, 
&c, is equal,) is leſs than 1, the ſecond term By of the ſaid Series muſt neceſſarily 


be ſubtracted from the firſt term, and conſequently muſt be marked with the 
ſign 
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ſign — , and therefore the ſaid Quotient will be equal to the Series 1 — B&, 
C, Da, Ea“, Fai, Gx*, Ha", &c, ad infinitum, in which the co-efficients 
B, C, D, E, F, G, H, &c, are at firſt unknown, and the figns — and ++ 
that are to be prefixed to the third term Cæꝭ and the following terms Das, Ext, 
Fx*, Gæ', Hx", &c, are at firſt undetermined, Theſe obſervations are made 
in Art, 3, pages 7 and 8. 


Then in Art. 4, Pages 9 and 10, the operation of dividing 1 by the Serics 


EET EE TED Xx = xD 


Xx — X —— X * &c ad infinitum is performed and exhibited, and 


the firſt five terms of the Quotient are found to be 1 — — x + —— * 


x1 1 n+1 2n+1 3 I 1 ＋ 1 1: 3n+1 
— ae egg ON „„ + on ain oe nn X * * * 
ſo that we may now conclude that the quantity —Z— 0 L; is equal to 
1 + xl” 
the Series 1 ——x + — * IL Xxx X — * 1 X K* + — X 


n+] OR 2n+l x == X N., &c, or 1 — — As + 2 XB — — * 


2n 37 


Ce + 2 x Dx*, &c, ad OY which agrees with the Series derived 


before from the Series 1 4 rare MI x == 
— X = x ==> x a* + &c (which is equal toi T 


I 3 4 
in the firſt five terms of the ſaid Series. But, © what will be the values of the 


| remaining terms after the firſt five, and which of the two ſigns + and — is 
to be prefixed to cach of them,“ remains {till to be determined, 


The latter of theſe two points is then determined in Art. 7, 8, and q, in 
pages 13, 14, and 15, by obſervations made on the ſeveral ſteps of the fore- 
going operation of Diviſion, and it is ſhewn that the figns to be prefixed to 
the following terms Fx*, Gx, Hx?, Is", Ka*, Lao, &c ad infinitum will be al- 
gernately — and +, and conſequently that the foregoing Quotient (which is 
equal 
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equal to 1 ＋ * or A.) will be equal to the Series 1 — A x + 
1+ x})* 


B- c + EE x D. Bi) + Gi — Hi? + Inf — Ky? 


21 32 


+ LX — &c. 


Then, in order to make the reaſonings uſed in Art. 8, &c to prove that the 


ſigns — and + are to be prefixed to the terms Fai, Gx, Hx?, Ix*, &c alter. 
nately, be the more eaſily underſtood, the fingle ſmall letters &, c, d, e, /, g, 


B, &c are ſubſtituted in the infinite Series 1 + —— * — — X = x 1 
1 n 
X Rnd By as ot; Eads &c, (which is equal to 1 +x]—, and 1s the divi- 


21 3u 
ſor of 1 in the foregoing operation of diviſion,) inſtead of the ſeveral co- 
efficients of x, a*, , a*, x*, X, x", &c in that ſeries, ſo as to convert it 
into the Series 1 + bx — c + d — ex4 + fif — g + bs? — &c, and 
the operation of diviſion is performed over-again in Art. 10, pages 16 and 17, 
with the ſaid Series 1 + bx — c + du — ex“ + fi? —gx* + &cfor a diviſor, 
and by this operation, ſo performed, it appears that the Quotient of the divi- 
fion will be equal to the following Series, to wit, 


1 —bx +c | „ 1 
SHEN — 2bc > X K + 2 bd | 
— OT + * & 
+ 3 fc 
+ #* 3 
— 7 1 
— 2 be + 2 bf 
— 2 64 + 2 0 
— 326d XX + 3 e 
— 3 b + * 
— 4 + 6 bid 6 * — &c, This manner of 
— „ + 4 
＋ 6 
+ 6s 
+ 5 b* | 
+ 6 d 
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exhibiting the ſaid operation of diviſion makes it very apparent that, to what- 
ever number of terms the Quotient ſhould be continued, the f gns to be prefixed 


to them muſt be alternately — and +. 


And afterwards in Art. 12, pages 19, 20, and 21, the ſame diviſion of 1 by 
the Series 1 + by — c + df — c + fa — gi? + &c is exhibited again in 
a conciſer form by ſubſtituting the ſingle capital letters B, C, D, E, F, G, &c 


- Inſtead of the co- efficients of x, a“, &, *, x*, x*, &c in the laſt Quotient, by 


which it appears plainly that the ſaid Quotient will be 1 — By + Cf — 
Dx? — Ex! + Fx* — Ga', &c, in which the figns — and + are prefixed to 
the ſecond and third, and other following terms alternately, and likewiſe that 
the ſame alternate ſucceſſion of the figns — and + mult continue in all the fol- 
lowing terms of the ſaid Quotient, to whatever number of terms it may be 
continued. | 


By theſe different methods of exhibiting this operation of Diviſion of 1 by 


. . * 1 . 
the Series which is equal to 1 + x) it ſeems to be fully and ſatisfactorily 
proved that, to whatever number of terms the Quotient of the ſaid diviſion, 


— 1 I 
(which is equal to the quantity 1 + x)», or 


— ) be continued, it's 
i + NA 


ſecond term By and the following terms Cx, Da, Ex-, Fx*, Ga*, &c will be 
marked with the ſign — and the fign + alternately. | 
And in the third, or laſt, way of exhibiting the foregoing operation of di. 

viſion, it appears that the values of B, C, D, E, P, G, H, I, K, L, &c are 
equal to the following quantities; to wit, | 

ii Bu=95:; 

2dly, Cis=c + 4B; 

zdly, D is = d +cB + 5C; 

Athly, E is =e + 4B + cC + bD; 

Sthly, F is =f + eB +dC + cD TE; 

6thly, Gis S g TB TEC +dD + cE TIF; 

athly, His = bþ +gB+fC+eD+dE +cF +4G; 

8thly, Lis =; + bBB +gC+fD+eE+dF +cG TH; 

gthly, K is =#+iB+hbC+gD+Ff/E+eF+4dG +H+ 51; 

and, iothly, Lis I ＋ kB + ;C +bD+gE+fF + eG + JH + 
cI TORK; | 


and 
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and ſo of the following co-efficients M, N, O, P, Q, &c, the law of the conti- 
nuation of theſe quantities being ſufficiently manifeſt. It would therefore be 
poſhble, by computing the values of theſe ſeveral compound quantities one 
after another, to obtain the values of as many of the co-efficients B, C, D, E, 
F, G, H, I, K, L, &c of the powers of x in the Series, or Quotient 1 — Bx 
+ Ca“ — DE + Ef — Fx; + Gif — H' + l — K“ + LP — &c 


(which is equal to the quantity 1 + , or ,) as we pleaſes Put 


the labour of making theſe computations after the firſt five terms 1 — Bx + 
Cx* — D + Ex* (which have been already found to be 1 — x + —— 


+1 2141 
2 3 


22 Zn 


n+1 I n+1 2n+1 gn+1 
* * N 


X x,) would be fo great as to render this method of obtaining theſe values 
almoſt impracticable. 


R 
7 


After this firſt method of diſcovering the terms of the Series 1 — Bx + Ca 
— Dy + E — F + Ga* — H' + &c ad infinitum, (which is equal to 
1 1 
to the quantity 1 + , or = by means of an operation of diviſion, 
I proceed to inveſtigate them by means of an operation of Multiplication in 
the following manncr, 


Since the quantity 1 + *!* , or = is equal to the quantity 


I 
. I 1 „ * — 1 22 —1 3 2 
the Series 1 + * oe . — * &c, or 
F ; 


the Series I + bx — c + df — ert + fi — gx? + e — &c, and is allo 
equal to the Series 1 — By + Ca — Di + Ef — Fx* + Ga — Hx? + 
&c, it follows that theſe two latter quantities muſt be equal to each others 
and conſequently that, if we multiply the Series 1 — By + Ci? — De! + 


Ext — F + Gif — Hy? + &c into the Series 1 + r —= t + n — ox + 


vol. V. b 2 
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fas — gx* + bx) — &c, the product of the ſaid multiplication will be equal to 

i. Now this product will be equal to the following compound quantity, 
conſiſting of ſeveral horizontal lines of terms placed one under tie other, to 
wit, the compound quantity 


1 ＋ I — & + di — of + ff — gif + by — &c 
— Br — 6 B + B — d Bi? + B- f Bx* + BY“ — &c 
+ Cx* + xs — Crt + dCx5 — Ca + f Cx? — &c 

— Di — 6Dx* + D' - dDx* + eDr? — &c 

+ Ext + Ex! — cEx* + dEx? — &c 

= Fx = 3 Fx* + c Fa! — &c 

+ Gx* + 2 G — &c 

— Fx? — &c 


this compound quantity will be equal to 1. And hence it follows that we 
ſhall have the following equations for determining the values of B, C, D, E, 
F, G, H, &c, or the co-efficients of x, **, *, x*, x*, , a", &c in the terms 
of the Series 1 — By + Cx — Ds + Ex — Fa + Gif — Ha! + &c, which 


> Therefore 


21 1 
is equal to the quantity 1 + , or TIF : to wit, 


iſt, B = 5, 

2ndly, C = c + 8B, 

gdly, D=d4 +cB + 4C, 

Athly, E=e +dB +cC + 4D, 

Schly, F=f+eB +JC+cD + E, 

6thly, G=g TIB +eC+4D +cE + bF, 

and 7thly, H= U +gB+fC+eD +4JE +cF 3G, 
and ſo of the reſt ; which are the very ſame equations which were obtained for 
this purpoſe by the third, or laſt, method of expreſſing the Quotient of the 
foregoing diviſion of 1 by the Series 1 + br — c + de — ext + fir — gaf 
+ hx” — &c. So that this method of obtaining the values B, C, D, E, F, 
G, I, &c in the Series 1 = By + Cf — Di) + E! — Fx + Gx — Hy? 


I 1 


Kc, (which is equal to the quantity I + *, or oY by means of an 


operation 
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operation of Multiplication, is a confirmation of the former Method of obtain- 
ing the ſaid values by means of an operation of Diviſion, 


I then, in art. 16, 17, 18, &Cc. - - - 25, pages 25, 26, 27, &C, 43, 
reſolve the five fiiſt of the foregoing equations, to wit, the equations B = 5, 
C Sc NB, D=d+cB+bC Eme+dB+cC+84D, and F = 
FTeB T dC TeD 2 E, and find the values of B, C, D, E, and F, to be 


as follows, to wit, B to be (= 6) = _ and- C to be (= —- X =) = 

＋ x B, and Dto be ( x A X ==) = xX C, and E to 
1 n+1 == aac INE 5 

be (== x = * =) = = x b, and F to be (= — 
n+1 2n+1 "Mg 42411 —42＋T1 

K * * * = X _— 12 — Xx E. Therefore the firſt fix 


terms of the Series 1 — By + Ca — Dif + Ea“ — Fa + Gi) — He? + 


— 
5 — Ki? + LX — &c, ww is equal to the quantity 1 + a =, or 


I WF n — 1 2n+1 

anne XX — * — 
. 2741 2 EY 2n+1 2n+1 
N 7. 


8 * , is 


x Dx —_— x Ex*, of which the firlt five terms are the ſame that were 


n+1l * _ | c . 2n+1 
2H 3 = mn 


found before by means of the operation of Diviſion. 


Alfter inveſtigating theſe ſix firſt terms of the Series 1, Bx, Ca*, Da3, Ext, 
—1 


Fa, Gx, Hx', IX, Ka?, Lx“, &c. (which is equal to the quantity 1 + x) ® 


or ) by this ſecond Method, or by means of an operation of Multi- 


xz 
I+ 2 


plication, I have derived from the ſaid Method a demonſtration that in all 
the terms Gx, Hx?, I", Ka“, Lx?, &c ad infinitum, that follow the firſt fix 


terms 1— Bx + Cx* Dæ + Ex* — Fx, as well as in the five terms Br, C2“, 
b 2 Dx?, 


Xll ))) 


Das, Ex, and Fx*, the ſigns + and — will follow each other alternately, as 
bad been before demonſtrated from the firſt Method of inveſtigation. This 
Demonſtration is contained in Art, 29 and 30, pages 45, 46, 47, 48, and 


4 

I then proceed to exhibit a third Method of inveſtigating the terms cf the 
Series 1 — Bex, Ca“, Das, E“, Fai, Gx, Hx?, &c, (which is equal to the 
| —1 I ; 
quantity 1 + u, or 55 9 without making uſe of the Series 1 + bx — 
c — 4 + ex* — foi + g — bx) + &c, or 1 + — Ax — By* + 
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Gn — 
— G — &c, 
3 61 7 , 


1 
(which is equal to 1 + x} » ) but only of the Series which is equal to an 
integral power of a reſidual quantity, which is the firſt and ſimpleſt caſe of Sit 
Iſaac Newton's Theorem, which extends to refidual quantities (ſuch as 1 — x 


or 1— ,) as well as to binomial quantities, ſuch as x + x. This third Method 
is as follows, | 


Since the whole of the Series 1, Br, Cx*, Dx, Ex*, Fx*, Ga“, Ha", &c, or 
1 — By, Ca, Da?, Ex, Fx*, Ga®, Ha", &c, (which is equal to the quantity 


—_— 8 — 9 is leſs than it's firſt term 1, it may be ſubtracted from 


* 1 + an | 
the faid firſt term. Let it be ſo ſubtracted, And the remainder will be the Series 
+ Be, Ca“, Dx, Ex,, Fa', Ga", Ha", &c, or Bx, Cx, Da, Ea, Fai, Gæs, 
Hx?, &c, Let this remainder, or new Series, be denoted by the Letter y. 
Then will 1 — y be equal to the Series 1 — By, Ca*, Das, Ex*, Fs*, Gx*, Hx", 


I 
&c, and conſequently to the fraction IDE "> Therefore the - mth power of 


the reſidual quantity x — y will be equal to the mth power of the fraction 


—» that is, to the fraction —— 


1 
Ta T 


But, 


N 
"x; 
} 
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But, by the reſidual Theorem in = cale of * —_— 12 nth power 


of 1— is yo to the Series 2 
11 — 1 — 1 1 —2 1 —3 
X —— 


is . to the Series 1 — # + a? 


5 - 1 
7 X ys + &c; and the flaction _—_ 


— x + if — x5 + &c ad infinitum, as will appear by the diviſion of it's nu- 
merator 1 by it's denominator 1 + x, without any reference to the binomial 
Theorem. 


1 2 
3 —— — 7 4 — — * _ — 0 
+ X * » * : X p 
5 X 7 + &c will be . to 3 Series I — X +&f - bf — „ + 
&c ad infinitum; or, if, for the ſake of brevity, we put = —, and e = — 


1 —1 122 es ME 11 1— 2 
a . g, 0d . DL x 8 


1 


1 
1 and d = & 


* 


=, and /, g, b, i, k, &c for the co-efficients of , y*, y*, , „%, &c, we 


ſhall have the Series 1 — by + - i +ef —ff +283 — 7 + if — 
ky? + &c equal to the Series 1 — XK * — * a“ — * + Of — * ＋ * — 
x? + &c ad infinitum. 


Further, ſince y is equal to the Series Bx, Cx*, D', Ex“, Fx*, Gx*, Ha", &c, 
it follows that yy will be equal to the ſquare of the ſaid Series, and that) will 
be equal to the cube of the ſaid Series, and that y*, y5, y*, 5, &c will be equal 
to the fourth, fifth, ſixth, ſeventh, and other following powers of the ſaid 
Series, Let theſe powers of the ſaid Series be raiſed by multiplication ; and 
let the ſerieſes thereby obtained, and which will be equal to yy, y*, y*, , 5, 57, 
&c, be inſerted, inſtead of yy, 5, „, „, „, and , &c, reſpectively, in the 
terms cyy, 4, ey, fy*, Oe, hy", &c of the laſt equation 1 — by + cxy — dy? 
+ f —fyf +gf -' ＋ & I— A TA — * +f—S+f—x 
＋ &c, and let the ſaid Series itſelf be inſerted in the ſame equation inſtead of 


y in 


xiv P 2 n 4A C0 it, 


yin the term y; and we ſhall thereby convert the ſaid equation into another 


very complicated equation of which the firſt term on each fide of the mark ot 
equality will be 1, and all the other terms on both fides will be the powers of 
in their regular order, to wit, x, *, , &, &, *, x*, &c, multiplied into 
certain numeral co-efficients derived from the co-efficients, i, c, d, e, f, g. b, 
&c, (which are already known, ) and the co- efficients B, C, D, E, F, G, H, &c, 
which are not yet known, but may be determined by the reſolution of ſeveral 
ſucceſſive ſimple equations. The operations of raiſing the ſucceſſive powers of 
the ſeries Bx, Cx*, Da?, Ex, Fx5, Ga“, Hx?, &c, as far as the ſeventh power, by 
multiplication, are performed in Art. 34, pages 52, and 53; and the complicated 
equation ariſing fromthe before - mentioned ſubſtitution of this ſeries and it's powers 
inſtead of , , FF, 5, 3*, , and 7, in the equation 1 — by + <y* —dp + “ — 
HB +28 —b»+#4 ＋&c S1 —- X ＋ A — 2 + xt - + * —$ +&c, is ſet 
down in Art. 35, page 54. And then che values of the three co-efficients B, C, 
and D, and the ſigns — and + that are to be prefixed to the three terms Bx, 
Caf, and Dx, in the Series 1, Bx, Ca“, Dx, Ex“, Fx*, Gxs, Ha“, &c, (which 


: — 1 . . 
is equal to the quantity 1 + *, Or D ) are determined by the reſolution 
I+ x) 


of as many ſeparate ſimple equations, in Art. 36, 37, 38, 39, 40, and 41, 
pages 55, 56, 57, 673 and it is found that the four firſt terms of 
the ſaid Series 1, Br, Cx*, Des, Ex,, Fx*, Ga®, Hx', &c (which is equal 
+1 

Xx * — 
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. — 1 1 . I I 
to the quantity r or = 7 ) will be 1 = — x + — Xx 
| +1 n+ 
— * —— * ——— * *, or 1 — — As + = B x* — [= C i, 
they were found to be by the two former Methods of inveſtigating them. 


This third Method of inveſtigating the terms of the Series 1, Bx, Cx*, Dx?, 


Ex, Bx*, Gx, Ha", &c, (which is equal to the quantity 1 + x} 2, or 


I - l 

= ©) becomes, after the computation of the three or four firſt terms of it, 

1+ x E 

intolerably laborious, on account of the great number of terms that are con- 
tained 


e Xv 


tained in the ſeveral ſimple equations that are to be reſolved in order to deter- 
mine the values of the following co-efficients E, F, G, H, &c, which makes it 
almoſt impoſſible to reſolve them, I therefore think this third Method of 


finding the terms of che faid Series 1, By, Cx*, Dx?, Ex,, Fa, Ga", Ha", &c, leſs 
convenient than either of the two former methods. 


But neither of theſe three methods of inveſtigating the terms of the Series 

1 — Br, Cx?, Da®, Ex, Fx*, Gx, Ha", &c (which is equal to the quantity 
—1 1 

1 ＋ 3 1 ＋ A 
tion of the coefficients B, C, D, E, F, G, H, I, K, L, &c in the remain- 
ing terms of the Series that come after thoſe which we have actually in- 
veſtigated by the reſolution of ſeveral ſucceſſive ſimple equations in the man- 
ner above-deſcribed. I have therefore, for this purpoſe, had recourſe to a 


fourth method of inveſtigating this Series, which I have derived from the me- 
thod employed in the ſecond Volume of this Collection of Tracts called Scrip- 


J will enable us to diſcover the law of the continua- 


. 1 © . . I 
teres Logariihmici, page 237, Art. 47, to inveſtigate the Series 1 + — Xs 


3 121 1 1 21 2 —k 1 * —1 28 —1 
* * 22 X & 7 1 * 21 3 NA nu * 2 * 37 
—1 — — — I —1 . . 
5 = x * + : * — x _—_ * _ X * X * — &c ad infinitum, 


— 
FN Dx 4 — 
4 


5 * 


or 1 + — A.x —= B x* + —— Cx ht 
&c, ad infinitum, which is equal to the quantity 1 +, or / 1 +z; which 
method was either the Method given by Mr. John Landen for that purpoſe in 


his reſidual Analyſis, or derived from it. 


This fourth Method of finding the terms of the Series 1 — Bx + C — 
—1 


Dx? + Ex* — Fx + G- Ha + &c, (which is equal to the quantity 1 #? 


or 2 conſiſts of a great number of Aigebraick operations and ſubſtitu- 
1 + 47 
tions, which are ſet forth very fully and diſtinctly in Art. 46, 47, 48, and 49, 


pages 


- 


pages 70, 71, 72, 53, 74, 75, and 76, and which cannot ably be deſcribed 
intelligibly in a more ſummary manner of ſtating them, and from which we 
at laſt obtain the following equation; to wit, the ſimple Series 1 — — * + 
Ca — Das + EY — Fx; + Gx — Hx? + &c ad infinitum is = 10 che fol- 
lowing compound ſeries, confiſting of two horizontal rows of terms placed one 
under the other, to wit, the Series 
1 — 2 Cx + 31 Dif — 4n Ex + 5 Fx! — 6n G + „He — &C 

+ x — 21 Ca + 3 Das — 4% Ex“ + u Fx — 6 Gx* + &c, 
in which the Law of the continuation of the terms in both the rows (to 
whatever number of terms the ſaid rows may be continued,) is very 
manifeſt, And from this equation it is eaſy to derive the following ſe- 
parate fimple equations for determining the values of the co-efficients C, D, 
E, F, G, H, I, K, L, M, &c, to whatever number of terms we may chuſe 
to inveſtigate the Series 1 — By + Cx — Dif + Ex! — Fx“, + Ga — Hu? 
+ I — K + Lr — Mx" + &c ; to vit, the equations 


— = 21 C— 1, by the reſolution of which we may obtain the value of 


C; 
C = 3nD— 2 C, by tie reſolution of which we may obtain the value 
of D; 
D = 4 E — 31D, by the reſolution of which we may obtain the value 
of E; 
E = 5nF — 4 E, by the reſolution of which we may obtain th 
value of F; 
F = 61G — gn P, by the relolution of which we may obtain the value 
of G; 
G = 7uH 6 G, by the reſolution of which we may obtain the value 
of II; 
H = 8:I — 7H, by the refolution of which we may obtain the value 
of I; 
I = K — 84 I, by the reſolution of which we may obtain the va'ue 
of K; 
K = 103 L — n K, by the reſolution of which we may obtain the 
value of L; 


and 


1 
: 
2 
25% 
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of 
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and L = 114M — 10 L, by the reſolution of which we may obtain 
the value of M; 


and as many more ſimple equations of the ſame kind as we may think neceſ- 
ſary. And the values of C, D, E, F, G, H, I, K, L, M, &c, reſulting 


from the reſolutions of theſe equations, will be as follows; to wit, C = Rs 


X , or C == x B, and D = = x C, E = © RF = 


_ Int — 5 ae 
R 088 — * F, H= * 6, 12 9 XK —= 


I * I. L=2 x K, and M = = x L. &c. 
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The four firſt of theſe equations are reſolved in Art. 50, 51, 52, and 53, 
pages 77, 78, 79, 80, 81, and $2; and in the following articles 54 and 55, 
pages 82, 83, and 84, it is ſhewn that the Law of continuation, by which the 
four co-efficients C, D, E, and F, are generated from the co-efficient B, or 


——, and each other, “to wit, by multiplying B, C, D, and E into the gene- 


rating fractions 2 2. 2+: and = in which every new generating 


3 4 
fraction is derived from that which immediately preceeds it by adding ꝝ to 
both it's numerator and it's denominator,“ will extend to all the following co- 


efficients F, G, H, I, k, L, M, &c ad infiritum. And hence it is concluded 


21 1 


with certainty, in Art. 56, page 85, that the quantity 1 + A, or iT 


. . [ n+! 2 2n+1 qn+1 
will be equal to the Series 1 = — Az + — Bi) — "—_ Ca? þ =— i 
D x* — 4n+1 E x5 S 

5n on | 7n 


— ABR KRK — ——.— L + &c @d infinitum, or, in other words, that Sir 


X Gx + — — XxX Ha! 1 Ix? 
1 gn 


— [ 


Iſaac Newton's binomial Theorem is true in the caſe of the quantity 1 + x 
Nos. Yo c or 


XVI nn 4.0 th 


1 
or the fraction T, as well as in the firſt and ſimpleſt caſe of 1 Te, of 
I +x)n 


of any integral power of the binomial .quantity 1 ++ x, and in the caſe of 
I ; 


I ＋ h, or .I AJ x, or of any root of the ſaid binomial quantity. 


In this laſt, or fourth, method of obtaining the values of the co-efficients 
C, D, E, F, G, H, &c, it is evident that the latter co- eſficients F, G, H, 
&c, are obtained with nearly the ſame eaſe as the firſt co-efficient C, to wit, 
| 4n+1 r! 


5n , 62 ®? 


by multiplying E, F, and G, &c, into the generating fractions 


==, &c, reſpectively, in the ſame manner as C is obtained by multiplying —, or 


R . — 241 , | 
B,into the generating fraction —— ; whereas in the three former methods of obtain- 


ing the values of theſe co-efficients, and more eſpecially in the third method, the 
labour of inveſtigating every new co- efficient is much greater than that of inveſti- 
gating the co-efficient immediately preceeding it, and increaſes ſo faſt that the diffi- 
culty of inveſtigating the values of the two co- efficients G and H in the third 
Method would be almoſt inſuperable. This fourth Method, therefore, of ob- 
taining the values of theſe co-efficients is, in a practical view, very greatly ſu. 
periour to either of the three former methods of obtaining them ; though the 
proceſſes employed in it to obtain the compound Series conſiſting of two 


rows of terms, which is ſet down at the end of Art. 49, are very numerous, 
and the reaſonings that accompany them are ſeemingly ſomewhat remote and 
ſubtle. But the great facility with which the co-efficients, C, D, E, F, G, 
H, &c, (to whatever number we may think proper to continue them,) may be 
obtained in this Method muſt be conſidered as an ample compenſation for 
the great number of Algebraick operations, and for the ſubtlety and remote- 
neſs of the reaſonings made uſe of in inveſtigating the ſaid Series. | 


This fourth Method of inveſtigating the terms of the Series x — — x + 
C — Di + Ex — Fri + G — Ha? + &c ad infiritum, which is equal 
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1 


5 
to the quantity x + xn» or to the * 7, has been drawn-up (as I 


have already acknowledged, ) in exact imitation of the inveſtigation that is given of 
I 
the infinite Series that is equal to 1 + . in the ſecond volume of the Scrip- 


tores Logarithmici, pages 225, 226, 227, &c. - - 241, and which is either 
the ſame with, or derived from, the inveſtigation that had been given of that 
ſeries in a more conciſe manner by the late learned Mr, John Landen of Peter- 


' borough : ſo that the reader of theſe Tracts is in ſome degree indebted to 


1 
Mr. Landen for the preſent inveſtigation, as well as for that relating to 1 + x 


in the ſaid former volume. But neither Mr. Landen, nor any other writer of 
Algebra whoſe works have fallen under my obſervation, has ever, as far as I can 
recollect, given an expreſs inveſtigation of the Binomial Theorem in this caſe of 


it, or when the index of the power of 1 + x IS——, or the quantity to be ex- 
—1 
preſſed in an infinite Series of ſimple terms is 1 + x\s, or the fraction 


1 1 
— 


Tae Vic 
during more than an hundred years, it ſeems to be high time that it ſnould be 


demonſtrated in all it's caſes. 


Vet, as this famous Theorem has now been publiſhed 


Of the Contents of the Second Trat in ibis Volume. 


The ſecond Tract in this Volume is a Latin Tract intitled Analyfis Huxi- 
onum, written by the learned Dr. William Hales, Doctor of Divinity in the 
Univerſity of Dublin, and formerly Fellow of Trinity College, and Profeilor of 
Oriental Languages in that univerſity, but now rector of the pariſh of Killeſandra 
in the province of Ulſter and dioceſe of Meath, The deſign of this Diſcourſe is to 
vindicate Sir Iſaac Newton's Doctrine of Fluxions from the objections that have 
been made to it's accuracy and perſpicuity by Dr. Berkeley, the famous Biſhop of 
Cloyne in Ireland, and other able writers about the year 1735, and by Mr. John 

c 2 Landen 


XxX „. 


Landen of Peterborough in the year 1758, and ſome French mathematicians of 
later times. And the main ground of this vindication conſiſts in an endeavour 
to ſhew that the Doctrine of the Prime and Ultimate Ratios of variable Quanlities, 
(which Sir Iſaac Newton has laid down in the Introduction to his great work 
called The Principia, and has made the foundation of his Method of Fluxions,) 
is, in truth, the ſame thing with the Doctrine of the Limits of the Ratios of 
variable Quantities, but expreſſed in other and fewer words. And, if this be 
true, it certainly will follow that Sir Iſaac's Doctrine of Prime and Ultimate 
Ratios muſt be accurate, becauſe the Doctrine of the Limits of Ratios certainly 
is ſo; and then the Method of Fluxions (which is built upon the Doctrine of 
Prime and Ultimate Ratios,) muſt be accurate likewiſe, But the identity of 


the Doctrine of Prime and Ultimate Ratios with the Doctrine of the Limits of Ratios 
15 not very apparent : and, though, in a few paſſages of his works, Sir Iſaac 
ſeems to conſider them as the ſame, yet, in general, he uſes the language of the 


Doctrine of Indiviſibles, or infinitely ſmall quantities, which he calls guantitates 
quem minimas, or quantitates naſcentes vel evaneſcentes, as having no magnitude, 
and yet having certain proportions to each other ; which gave a fair handle to 
Biſhop Berkeley to obſerve that, according to Sir Iſaac Newton's manner of 
ſpeaking of them, Fluxions muſt be conſidered as he ghoſts of departed quantities. 
Sir Iſaac Newton's object in introducing his Doctrine of Prime and Ultimate 
Ratios, and his Method of Fluxions, which he built upon it, was to avoid the 
very long and tedious demonſtrations ex ab/urdo, (ſimilar to that of Euclid in 
the 12th book of his Elements, Prop. 2, in which he proves that the areas of 
two different circles are to each other in the ſame proportion as the ſquares of 
their diameters,) which he muſt have reſorted to in treating of the areas of cur- 
vilinear figures, their tangents, and radiuſſes of curvature, and other proper- 
ties, if he had adhered to the full and accurate Method of vriting on thoſe 
ſubjects that was employed by Euclid and Archimedes and Apollonius, and 


the other antient geometricians, in explaining the like ſubjects. And he cer. 
tainly did obtain the advantage of brevity in his demonſtrations by ſo doing ; 
but not without a great loſs of perſpicuity : as is often the caſe with writers 
who are very ſtudious of brevity, according to the obſervation of Horace, 


Brevis eſſe laboro, obſcurus fo. As a proof of this want of perſpicuity in laying- 
| down 
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down the principles of his Method of Fluxions, I ſhall here tranſcribe a moſt 
important paſſage from the firſt page of his Introduction to his learned Treatiſe 
on the Quadrature of Curves, in which he defines what he means by Fluxious and 
Fluents, and ſtates the method he makes ule of to diſcover the proportion of one 
Fluxion to another, This paſſage is in theſe words. 


Conſiderando igitir qued quantitates @qualibus temporibus creſcentes et creſcends 


genite, pro velocitate majori vel minori qud creſcunt et generantur, evadunt majores 
vel minores ; methodum quarebam determinandi quantitates ex welocitatibus motuums 
vel incrementorum, quibus generantur : et has motuum, vel incrementorum, velaci- 


tates nominando fluxiones, et quantitates genitas neminando fluentes, incidi pau- 
latim annis 1665 et 1666 in Methadum fluxionum quũd hic uſus ſum in Quadraturd 


Curvarum. 


Fluxiones ſunt quam proxime ut fluentium augmenta equalib:1s temporis particulis 
quim minimis genita; et, ut accurate louar, ſunt in primd ratione augmentorum 
naſcentium : exponi autem Poſſunt per lineas quaſcunque que ſunt ipſis Propor- 
tionales, 


Upon the words t accurate loquar” in this paſſage I have, in my copy of 
Newton's Quadrature of Curves, written the following note, which contains 
all that I have to ſay upon the ſubject. Hoc non eft accurat? logui. Nam nulla 
e prima ratio augmentorum naſcentium ; ut rectè obſervavit vir dyTifſunus et acu- 
tiſſimus, Georgius Berkeley, Epiſcopus Cloynienſis in Hibernid. Sed, fi augmenta illa 
babent aliquam magnitutinem finitam, quantumvis parvam, ratio eorum ad ſe invicem 
non erit eorum prima ratio, quoniam augmenta ia poiufſent eſſe etiùm minora quam 


ſunt : Si v-rd augmenta illa nullam o nind habeant ma; nitudinem, nullam poterunt 
habere rationem inter ſe. Quantitatum enim non-ex:/*entium nulla ſunt pro- 
prietates. Sed, cum auttor accurate log ui veluit, debuerat ſur/tituiſſe, pro ratiane 
Prims augmentorum naſcentium, ration em que eſt 7 ines, vel terminus, d quo incipiunt 
rationes augmentorum paruorum, ſed tamen finitorum, quantitatum genitarum. Hic 


ſulfli- 


xxli Fe 


fſubſtitutione factd, auctoris argumentum ref? proced t. Vide Scripta Benjamini 


Robins de hic re. 


Eft vera tota hac Fluxionum Doctrina vald? ſubtilis et a ſimplicilate Geometric 
quoidammeds aliena, ut qua contemplationem motiis (que ad aliam fertinet Scien- 
tiam, ſcilicet, Mechenicam, Geometrid difficiliorem,) in eam ſine neceſſitate intro- 
durit. Dico ſine neceſſitate, quoniam nihil gſe quod per hanc doctrinam Fluxionum, 


in motis contemplatione fundatam, inveniri poteſt, quod non et fine hac dofrind 
potuifſet inveniri per dofrinam rationum qua ſunt Limites, ſive termini, rationum 
quas habent inter ſe augmenta valdè farva, ſeu partes vald? farvæ, ſed finite, 
ex quarum apPoſition? quantitates generari poſſunt, ſeu in quas quantitates genitæ 
dividi et reſolvi poſſunt ; idque eddem brevita'e qud per hanc Fluxionum doctrinam, 
maj ri verò cum ſimplicitatè et conceptis facilitate, Vide Scriptores Logarithmicos, 
tomum primum, paginam 95, in qua Keplerus refert Judicium doctorum quorundam 
Geometrarum in Germanid circa A. D. 1621 de methodo qud Neperas explicaverat 
inventionem ſuam perutilem Logarithmorum, quam ** in figmenio motiis cujuſdam 
Geometrici niti querebantur, cujus lubricitas et fluxibilitas inepta eſſet in qud ſolidus 
ille flylus rationis demonſtrationumque firmum poneret veſtigium.” Idem fer?, ut 
mibi videtur, meritò dici poteſt de hac inventione Fluxionum d Newtono traditd. 


Indeed the very diſputes that have ariſen- amongſt Mathematicians about 
the grounds of Sir Iſaac Newton's Method of Fluxions, and likewiſe about Mr. 
Leibnitz's Method of infinitely ſmall Diffcrences, are a proof that neither of 
thoſe Methods has been ſet- forth by it's Inventor with perfpicuity ; or ſuch 
men as Biſhop Berkeley and Mr. Landen, and many other men of great genius 
and learning in the mathematicks, could not have objected to them. For none 
of them have objected to the demonſtration of the ſecond propoſition of the 
12th book of Euclid's Elements, nor to Archimedes's Quadrature of the 
Parabola. 


Dr, Pemberton, who converſed much with Sir Iſaac Newton in his old age, 
and ſuperintended the publication of the third edition of his Principia, informs 
us (in a paſlage that is cited at length by Dr, Hales in his firſt Appendix to 
his Aus Fluxionum, in pages 162 and 163 of the preſent volume,) * that 


Sir 
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Sir Iſaac particularly recommended Mr. Huygens's ſtyle and manner of writ- 
ing, and thought him the moſt elegant of any mathematical writer of modern 
times, and the trueſt imitator of the antients; and that he always profeſſed 
himſelf a great admirer of the taſte of the antients and their mode of demon- 
tration, and even cenſured himſelf for not following them yet more cloſely 
than he had done; and ſpoke wich regret of his miſtake at the beginning of 
his mathematical ſtudies, in applying himſelf to Des Cartes and other Alge- 
braick writers, before he had conſidered the Elements of Euclid with that at- 
tention which ſo excellent a writer deſerved.” This is an intereſting anecdote, 
and does great bono to Sir Iſaac Newton's memory, as it is a proof both of 
the ſoundneſs of his judgement and of his great candour and modeſty ; and we 
bave only to regret thai he did not entertain theſe opinions in the earlier part of 
his life, and give us an edition of his Method of Fluxjons, or, rather, of the 
Geometry of Curve Lines, without any mention of velocity, and grounded 
ſolely on the Limits of the Ratios of the ſmall, but finite, parts, into which 
curve lines and curvilinear areas and ſolids may be conceived to be divided, 
and likewiſe an edition of his Princitia, or, at leaſt, of ſome of the moſt 
important parts of it, written in the clear and accurate manner of Mr. 
Huygens's admirable Treatiſe, intitled Hlorologium Ofci-latorium, or De Matu 
Penduti, which was publiſhed in the year 1673, or oniy fourteen years before 
the firſt edition of the Principia, and ſeemed to be the proper model to be 
followed by all ſucceeding writers on the ſuhject of rational Mechanicks, or the 
doctrine of the motion of bodies. 


This Diſcourſe of Dr. Hales, called Ana yſis Fluxionum, begins in page 91, 
and ends in page 156, And D.. Hales has added to it two Appendixes ; of 
which the brft is entitled De vali antigud, and takes up only five pages, to 
wit, pages 159, 160, 161, 162, and 163; and ihe tecond is intitled De ethers 
vibratorio—De Modo Sentiendi—et De Ente Supremo, and extends through 38 


pages, beginning in page 167, and ending in page 204. The third, or laſt, part 


of this ſecond Appendix, which is 1ntuled De Ente dupreme, begins in page 196 
and ends in page 204, and contains many curious and important paſſages from 
very antient authors, tending to thew, “ J hat the belief of one Supreme, 

Almighty, 
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Almighty, Being, the Cre-ator and Governour of the World, had prevailed 
amongſt the different nations of mankind in the moſt antient times, before the 


introduction of Polytheiſm, with which they were afterwards ſo generally 


Over- run. 


Dr. Hales, a conſiderable time after the foregoing Analyſis Fluxionum, and the 
two Appendixes to it, had been printed- off, ſent me from Ireland ſome correc- 
tions and additions to it, which are printed at the end of the preſent volume, 
in pages 847, 848, 849, &. - - - 859. And amongſt theſe additions 


will be found a very large extract from the pamphlet publiſhed in the year 
1735 by Mr. Benjamin Robins, intitled A Diſcourſe concerning the nature and 


certainty of Sir Iſaac Newton's Methods of Fluxions, and of Prime and Ultimate 
Ratios, which ſeems to have been the ableſt tract that has ever been publiſhed 


on the ſubject. 


Of the Contents of the third Tradt in the preſent Volume. 


The third Tra& in this Volume is a Letter ſent me by James Glenie, Eſq. 
of the Province of New Brunſwick in North America, containing a Demon- 
ſtration of Sir Iſaac Newton's Binomial and Reſidual Theorems in the caſes of 


3 m 
the quantities 1 rs ag I +x —. or 1 F and 12, 1 — 41, or 


1 derived from the nature of ratios and Euclid's definition of the 
proportionality of four quantities in the 5th book of his Elements, and ex- 
tended to caſes in which the letters m and u, or p and , ſhall denote not only 
whole numbers, but any ſurd numbers, ſuch as V2 or 3, or & 2, or / 3, 


or any other quantities whatſoever that are incommenſurable to 1, This letter 


is contained in pages 207, 208, 209, &c, - - 216. 


of 


' 
„ 

* 

bY 

. 2 
* 

ki” 

. 

* 

1. 

4 

47 
my 


+= ore GE; root 1 PE Eo te i 2 


- 


* 

174 

= 

«- 
9 


S „ * 
OO 3-8 S 


* 


PPP 


* 
* 5 
. 
; 
4 
I; 
* 
1 
* 
4 


FF. BF & ST -W& XXV 


Of rhe Contents of the fourth Tra? in the preſent Velume. 


The fourth Tract in the preſent Volume is Dr. Hall:y's Diſcourſe en Com- 
pound Iutereſt, which was firſt publithed in the year 1705, in the Introduction to 


Mr. Henry Sherwin's Mathematical Tables, and was afterwards publiſhed again 
in the following editions of thoſe Tables. The preſent Edition 1s reprinted 
from the Third Edition of thoſe Tables publiſhed by Mr. William Gardiner in the 


year 1741. It is a very learned tract, and gives good rules for the ſolution of 
all the queſtions that can be put relating to Compound Intereſt, But it is 
very conciſely, and, in my opinion, obſcurely written, like others of Dr. 
Halley's Tracts on ſubjects of Algebra: and the rules he has given for the 
Solution of the three moſt difficult queſtions that can be put upon this ſubje& 
are given without any demonſiration, or inveſtigation. Yet the inveſtigations 
of them are very abſtruſe and difficult to find; inſomuch that for many years, 
(I believe, for 56 years, or from the year 1705 to the year 1761 ;) no inveſti- 
gations of them appear to have been publiſhed in any books of Arithmetick or 
Algebra, but calculators ſeem to have adopted them and made uſe ot them, 
without any knowledge of the manner of obtaining them, and merely upon the 
authority of Dr. Halley's declaration of their truth. There were, however, a 
few perſons of ſuperiour ſagacity and deeply ſkilled in Algebra, who were able 
to penetrate the veil of myſtery in which their author had thought proper to 
involve them; and one of theſe perſons was the famous Algebräiſt Mr. Abra- 
ham De Moivre. For, after Dr, Halley's death in the year 1742, there was 
found amongſt his papers a Letter to him from Mr. De Moivre, in which he 
tells him, * that he has hit upon a right Method of demonſtrating his Theorem 
for finding the rate of Intereſt on Annuities,” and then deſcribes very fully 


and clearly his Method of proceeding for this purpoſe, which produces at 


length the ſame Algebraick expreſſion of the value of the rate of Intereſt, 
(which was the quantity ſought,) as had been given by Dr. Halley's rule. This 


Letter has no date to it, but was probably written ſoon after the firſt publication 


of Dr. Halley's Diſcourſe on Compound Intereſt (which was in the year 1705 in 
Vol. V. | d the 
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the Introduction to the firſt Edition of Sherwin's Tables of Logarithms,) when 
that Diſcourſe, from the accuracy which was found to belong to the abſtruſe 
and undemonſtrated Algebriick expreſſions given in it, muſt naturally have at- 
tracted the attention of Mathematicians in general, and particularly. of ſo ex- 
cellent an Algebraiſt as Mr. De Moivre, and have excited them to ſeck for 
Methods by which they might be regularly inveſtigated, But, whatever may 
have been the time at which Dr, Halley received this Letter from Mr. De 
Moivre, he never publiſhed it to the world, any more than any inveſtigations 
of theſe abſtruſe expreſſions that had been invented by himſelf ; and, even 


after his death, this Letter ſeems never to have been publiſhed till the year 
1761, when it was inſerted in a periodical publication that was begun in that 
: year, under the title of The Mathematical Magazine, and Philoſophicol Repoſitory, 
and fold by J. Wilkie, at the Bible in St. Paul's church-yard, but was diſcon— 
tinned, for want of encouragement, after the publication of only five numbers. 
Nor does it appear that before this publication of Mr. De Moivre's Letter in 
the year 1761 any other inveſtigations of theſe abſtruſe expreſſions of Dr. Halley 
had been publiſhed by any other perſon, | 


This Letter of Mr. De Moivre to Dr, Halley, with ſome remarks on it, I 
have publiſhed in a ſubſequent part of the preſent volume, in pages 520, 521, 


522, &c, - { - - = 530, 


Theſe abſtruſe Algebraick expreſſions, given us by Dr. Halley, ſeemed there- 
fore to be, even at the preſent time, fit objects of the attention of Mathema- 7 
ticians, and worthy of a fuller inveſtigation than they had yet received : and 4 
with this view my learned friend, Profeſſor Vilant, of the Univerſity of Saint . 


——— 


— 


Andrew's in Scotland, expreſſed a wiſh that I would take them into conſide- 7 
ration, and endeavour either to inveſtigate them anew in a fuller and clearer | 
manner than had hitherto been done, or fet forth the inveſtigations that might . 
be already given of them in ſuch a manner as to render them more intelligible ; 
and faticfaftory chan they had hitherto appeared, and that I would inſert the | 

| reſult 
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reſult of my endeavours on this ſubject in this volume of the Scriptores Lega- 
riubmici, the doctrine of Compound Intereſt being a. branch of Mathematicks 
that is nearly connected with Logarithms, and cannot well be managed wich- 
out their continual aſſiſtance. In conſequence of this ſuggeſtion I began 
to read with attention this crabbed Diſcourſe of Dr. Halley, and to en- 
deavour to inveſtigate thoſe three undemonſtrated expreſſions. But I found 
this a very difficult taſk, and therefore conſulted my learned friend, Mr. 
Morgan, the Actuary of the Equitable Society for Aſſurances on Lives, in 
Chatham Square, (who is deeply {killed in this branch of Mathematicks,) upon 
the ſubject, and deſired to know if he could furniſh me with a Method of 
inveſtigating theſe expreſſions. And he, in the moſt ready and obliging 
manner, furniſhed me with inveſtigations of them, which, I apprehend, he 
had found-out by his own exertions, and without the afhſtance of any other 
perſon : for, when I afterwards communicated to him Mr. De Moivre's Letter 
to Dr. Halley on this ſubje&, (of which Profeſſor Vilant had ſent me a copy 
in manuſcript, taken from the Mubematical Magazine and Philoſophical Re- 
poſitory above-mentioned, which had been publiſhed in the year 1761,) he 
informed me that he had never met with that Letter before, 


Theſe inveſtigations of Mr. Morgan I now applied myſelf to ſtudy with at- 
tention, and, when I had thoroughly underſtood them and made myſelf maſter 
of them, I endeavoured to expreſs them anew in a fuller and plainer manner than 
he had done, by inſerting every ſtep of the reaſonings employed in them ſe. 
parately and diſtinctly, and ſetting down at length all the Algebraick operations 
that were neceſſary to be performed in them, ſo as to render them as eaſy 


to be underſtood as the nature of the ſubject, (which was very ſubtle and 


abſtruſe,) and the number of proceſſes and Algebraick operations of which 
they conſiſted, (which was very great,) would admit; and I reſolved to in- 
ſert them, when thus expanded, in- the preſent Volume, under the title of 
Notes to this Diſcourſe of Dr. Halley : and, on account of the great length of 
theſe Notes, (which much exceeded that of the Diſcourſe itlelf to which they 
related,) I thought it beſt to place them at the end of it, inſtead of placing 

d 2 them 
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them (as ſhort notes uſually are placed) in the ſame pages as the Diſcourſe it. 
ſelf, and at the bottom of the pages in which the paſſages to which they re- 
late occur. Of theſe inveſtigations, thus furniſhed me by Mr. Morgan, 
and of the other matters contained in thoſe Notes, I will now give ſome 
account. | 


Of the Firſt Note on Dr. Halley's Diſccurſe on Compound Intereſt. 


The firſt of theſe three abſtruſe Algebriick expreſſions, given us by Dr. 
Halley without a demonſtration, is the expreſſion 1 + 5-4 2by\5 — 3, or 


1 + VU + 2by — 6, in which the Letter 4 ſtands for the fraction _ and 


| 2 
the Letter y ſtands for the binomial quantity = — t, or the exceſs of 
that power of the fraction — of which the fraction — is the index, above 1; 


which expreſſion Dr. Halley declares to be nearly equal to the value of r in 
the binomial equation — X #7 —r x — I; and in this equation (in which 
7 is ſuppoſed to be the only unknown quantity, ) r ſtands for the rate of the In- 


tereſt of money, (or the value of one pound, together with the Intereſt ariſing 
from the loan of it for a year, or ſome other given portion of time,) and a 
ſtands for the number of pounds in an annuity, or yearly rent or payment, 
that has been granted by one perſon to another for a certain number of years, 
and t ſtands for the number of years for which the ſaid annuity has been 
granted, or during which it is agreed that it ſhall continue to be paid, and z 


ftands for the number of pounds in the ſum of money that ought to be paid 


to the grantee of the ſaid annuity at the end of the ſaid term of ? years in one 
payment by the grantor of the ſaid annuity, if the grantee of it has, at the de- 


fire of the grantor, forborne to require the payment of it during the whole of 
the ſaid term of f years, which ſum of money Dr, Halley calls the amount of 
the ſaid annuity in the ſaid term of 7 years, The inveſtigation of this expres- 

sion 
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gion 1 + 5 ＋ 21 — 3, or1 + V + 2by) — b, of the value of r in 


this equation = xX S is the principal ſubject of the firſt 


Note, which is a very long one, and extends through 52 pages, beginning in 


page 231 and ending in page 282. But it contains ſome other matter relating 
to the reſolution of the equadſon — Xr—_r = — — 1, beſides the inveſ- 
tigation of the ſaid expreſſion 1 + % + 227 2 — 3, or 1 + V + 2&y)— 
3, given by Dr, Halley for the value of it's root r. Irs principal contents are 


as follows. 


In the firſt place J have ſtated at length in the beginning of this Note, 
(Art. 1 and 2, pages 231 and 232, ) the whole paſſage of Dr. Halley's Diſ- 


* * . * Fg 
courſe that relates to the reſolution of the binomial equation — „„ 


— — 1 by means of that expreſſion 1 + 5 + 2% 1 — 3 given by him for 


the value of it's root 7, and by mears of a certain correction (alſo given by 
him,) of the ſaid expreſſion, which may be uſed, if thought neceſſary in any 


caſe, in order to obtain the value of the root r to a ſtill greater degree of ex- 
actneſs. This paſſage I have ſtated in Dr. Halley's own words; and then, 
(in Art. 3, pages 232 and 233,) I have ſet forth the ſaid correction of the 


expression 1 + „ + 20% — 3 in a fuller and clearer manner than it is de- 
ſcribed by Dr. Halley, and have obſerved that it turns-out to be nothing more 


than a proceſs of Mr, Raphſon's excellent Method of approximating to the 


. 2 # 
value of the root of the equation — x r - = — 1 grounded on the 


near value of r obtained by Dr, Halley's firſt expreſſion 1 + b% + 249)3 — 3, 
as a firſt and known near value of it; though Dr. Halley makes no mention 
of Mr. Raphſon on the occafion. And then, (in Art. 4, pages 233 and 
234,) I bave given the inveſtigation of Dr. Halley's ſaid correction of the 


firſt expreſſion 1 + 46 + 2% — 5 by means of Mr. Raphſon's Method of 


Approximation, 
I then 
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I then return (in Art. 5, pages 234, 235, 236, &c,) to the more difficult 
buſineſs of inveſtigating the expreſſion 1 + to Y — b itſelf, and 1 fer 
forth in a very full and diſtinct manner the firſt principles of the doctrine of 
Compound Intereſt, which is grounded on the properties of a Series of quan- 
tities in continued Geometrical proportion, and on the 12th propoſition of the 
zth book of Euclid's Elements; and I prove, from thoſe principles, that, if r 
be put for the value of one pound, together with the intereſt due upon it for 
one year, the amount of an annuity of one pound per annum at the end of . 
years, or the ſum of money that will be due to the annuitant at that time, if 
the annuitant has forborne to receive his annuity during the whole of the ſaid 


4 . 
term of F years, will be = — pounds, and conſequently that the amount of 


an annuity of @ pounds per annum at the end of the ſaid 7 years will be = g 


t 
ar — 4 


7 , 
times —= pounds, or pounds, which amount Dr. Halley denotes by 
—1 


4 

1—1 

ar 4 
11 


the Letter 2. Therefore 2 is = 


R » 
, and conſequently 3 
(multiplying both ſides into r — 1, ) we ſhall have —_ *r — — = f—1, 


and (adding — to both ſides,) we ſhall have — Xr=r—1 + —_ or — 


F 4 * * | * . 
Xr=7r + — — 1. But z (which is the amount of the annuity à after it 


has been forborne for 7 years,) is evidently greater than a, or the ſaid annuity 
for one year. Therefore the fraction — muſt be greater than 1, and conſequently 


. * & 4 2 : * 
the trinomial quantity 7 + — — 1 muſt be greater than the ſingle quantity 


. Therefore may be ſubtracted from 7 + — — 1, and conſequently 


from, it's equal, — X r. Let it be fo ſubtracted, And we ſhall then have — 


ker = -— o- ; which is the equation for the reſolution of which Dr. 


a 
Halley 
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Halley has given us the expression 1 + 0 ++ 24% 1 3, or 1 + 4b + 2by 
— &, which we muſt now endeavour to inveſtigate. 


Concerning this equation — X rr = _ — u it is eaſy to obſerve that 
one of it's roots will be 1, For, if r is equal to 1, we ſhall have r (= Y 
= 1, and — * 72 _ X 1) = — and conſequently — X , or 


the firſt fide of the equation, will, in this caſe, be equal to — — 1, Which 1s the 


ſecond fide of the equation; or, ia other words, 1 will be a root of this equa- 
tion. But this root of the ſaid equation cannot be the true value of , or the 
rate of Intereſt which is required to be found by Dr. Halley's Problem, be- 
cauſe that rate muſt (by the very definition of the rate of Intereſt,) be greater 


than 1. We mult therefore conclude that 1 will be the leſſer of the two roots 
t 2 : 
of the equation — Xr—7 = —— — 1, and that it's greater root will be the 


rate of [ntereſt which we are required to find. 


. Now, ſince 7 is greater than 1, let v be put for it's unknown exceſs above r, 
ſo that 1 will be = 1 +v. And let 1 + v be ſubſtituted inſtead of r in the 


propoſed equation —_ x r—r = — — 1. And we ſhall then have — x 
* 


1 ＋ U- TD — —T, 


But — X 1 Nis = — + , and (by Sir Iſaac Newton's Binomial 


— , : Fa 
Theorem,) 1 + v is = the Series 1 + ty + t * — X vv + t X * 
2 
122 — — — — 
2 3 + 2 3 


1—4 2 K 2 
X — X + &c continued to; ＋ 1 terms. Therefore _ + — — the 
a 


3 
ſaid 
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ſaid Series will be = — — 1; and (adding the faid Series to both ſides,) we 


ſhall have — + —— — —— + the ſaid Series 1 +70 + 7? + x vv 


— — 8 2 ——— 
1 N „„ +2. — * 
1—1 


SL tf xv + &== + the Series to + t Xx — X v 
3 4 5 a 2 

r 1—2 3 —1 t—2 t=3 4 : t—1 
+ £5 = eas 123 * r 3 


* 2 * — * — * + &c; and (by ſubtracting — from both 


1—1 
2 


ſides,) we ſhall have — = the Series #v + N _ XxX ww + tk x * 


1— 2 fl  t=2 t—3 4 1—1 1— 2 1—3 

— U LX — Xx — X — XM LX — X — — 
7 + . 8 . 

— * ＋ &c; and (by dividing all the terms by v,) we ſhall have — = 


, — — 1— 4 — — 
the Series # + 2 * XV +#X A R νο +1X x = 


2 3 
Xn „ Xx v + &c; and (by 
4 2 3 4 5 
dividing all the terms by z,) we ſhall have — = the Series 1 + — — * v + 
f=1 -, 1-3 1 72 83 —1 —2 3 


r V+ — X — X — 
r * * * 


„ v + &c; by the reſolution of which equation we ſhould obtain the 


5 | | 
value of v, and conſequently thut of 1 + v, or 9, But the reſolution of this 


equation is a matter of conſiderable difficulty. The Method taken by Mr. 
Morgan for this purpoſe (and which was probably the Method taken by Dr. 


Halley, though he did not think proper to diſcloſe it,) is as follows. 


Mr. De Moivre has given us a Theorem, of the ſame nature as Sir Iſaac 
Newtoa's Binomial Theorem, by which we may raiſe a trinomial quantity, or 
a quadrino nial quantity, or a quinquizomial quantity, or any higher multino- 
mial quantity, to any integral power whatſoever, or any power of which the In- 

dex 
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dex m is a whole number. And, as Sir Iſaac Newton's Binomial Theorem, 


(which was firft diſcovered to be true in the caſe of Integral powers, fo as to 


enable us to find a Series of terms that ſhall be equal to the quantity x + *, 


or the th power of the binomial quantity 1 + x, when the Index m 1s a whole 
number,) has been ſince extended by Sir Ilaac Newton's ſagacious and happy 


conjectures, to the fractional powers of a binomial quantity, ſo as to enable us 
N 


to find a Series of terms that ſhall be equal to the quantity 7 + x) or the 
mh power of the zth root of the binomial quantity 1 + &, when m and u 
denote any two whole numbers whatſoever ; ſo Mr. Morgan ſuppoſes that Mr. 


De Moivre's Theorem concerning the mth power of a multinomial quantity 
will be true likewiſe concerning the —th power, or the mth power of the uth 


root, of ſuch a multinomial quantity, when m and # denote any two whole 
numbers whatſoever, And by the help of this ſuppoſition he proceeds in the 


. . . b 4 . 11 
following manner to reſolve the foregoing equation —- = the Series 1 + — 


t=-1 1—2 t—1 —2 1—3 —1 —2 
* "A * F 7 ——— - 
x 3 x << x v# + &c, He firſt raiſes the known quantity — to the 


4 5 
power of which the fraction — . (or the reciprocal of the fraction _ which 


is the co-efficient of v in the ſecond term of the ſaid Series,) is the Index . 
which may be done without much difficulty by the help of Logarithms: and 
1—1 


then he raiſes the Series 1 + — X v + — Xx _ X vo + = 


1—2 
22 
* — X v3 + —, * TY * — * * * v + &c to the ſame power, 
of which the ſaid fraction — is the Index, by means of Mr. De Moivre's 


Multinomial Theorem, ſo extended to the caſe of fractional powers; by which 


operation it appears that the five firſt terms of the Series that is equal to the 
121 


—th power of the former Series are 1 + v + E * Rr 


Vor. V. © — 
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= _ 1 x Y, of which the fourth term o x Vis equal to o, which 
greatly contributes to make theſe five terms approach nearly to the true value 


of the whole Series. And thus he obtains the following new equation, to wit, 


x v* &c, or 


2 
3 — 3 + 4,2 —t—6 
r = iT = X TON 7440 


2 
(omitting the fourth term o x v, which is equal to o,) the equation = [7a 


=1+v + —— X v * — — x v* &c, and (by 8 I from 


f 7-1 t+ tb a1 ft 
both ſides,) the equation = == 1 = v + —— * vo * ——.— t—6 


* 


; 2 
* &c, or (placing the known quantity == — I on the right-hand fide of 


=t3+4,2—t—6 
1440 


the mark of equality, ) the equation v + —— X vv * X &c = 


| 1440 
ing terms included under the mark &c, which will involve in them 95, v', v', 


and the following higher * of v, as being very ſmall in compariſon of 


2 2942 
== — 1, or (neglecting the term „ tf and all the follow- 


the two firſt terms v and = x vv, ) the quadratick equation v + = 2 7 
We 
vv = Fj — I, Now —_— be put for the known quantity — 1 


and we ſhall have v = X vv 5. V e if we We all the 


terms of this equation into the fraction = in order to free vv from it's co- 


efficient —, we ſhall have the equation ST * v + vv = 7777 *; and 
ry and conſequently 25 x v + 
vv = 2b X y, or vv +24v = 2by. Therefore (adding 35 to both fides,) 
we ſhall have vv + 2bv + % = bb + 26y, and (extrafting the ſquare- 


roots of both fides,)v + b = bb + 2by, and conſequently v = 4/ bb + 2by 
_ >, 


if we put þ = 1755 we ſhall have 2 3 = 


W „ 3 
eee 9 RN 
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— 3, and 14 2 1:+ Tb + 2by b, or 1 + bb + 251 — 1; that 


is, r will be = 1 + VV + 2by\— , or 1 + 6b + 269) 2 — 1, which 15 
Dr. Halley's expreſſion for the value of r, or the rate of Intereſt in his fourth 


Problem, or for the greater root of the binomial equation — — = 
eas J, Q. E, 1 


The operation of 3 the multinomial quantity 1 + — Xv == 
f—2 e —3 t—4 
3 3 X 7 3 5 


Xx + &c to the BR power al means of Mr. De Moivre's Multinomial 
Theorem, I found to be very laborious. That my readers may not have fo 
much trouble with it as I have had, I have ſet-down all the different ſteps 
of it at full length in Art. 13, 14, and 15, pages 241, 242, 243, &C, = - - 
253. 


In Art. 15, pages 253 and 254, it is ſhewn that, if t, or the number of years 
during which the annuity is to continue, is either 4, or any number greater than 
4, the expreſſion 1 + bs + 2by\# — 3, obtained in the foregoing articles, 
will always be leſs than the true value of r, or the rate of Intereſt ſought, or 


the greater root of the equation — x © — r = ——1; becauſe in allthoſe 


caſes the quantity — — x v, (which is the part of the term = 
* which has the ſign — prefixed to it, and is therefore to be ſubtracted from 


—— 


the former terms v + —— X vv,) will be greater than the quantity 1275 * 


7 which is the Part of the ſaid term = 5 


X v* which has the ſign + 


prefixed to it, and is therefore to be added to the ſaid former terms v + . 


* vv, And it may be further obſcrved that, if 7, or the number of years dur- 


. . . . . . 0 — 3 ee» þ am 
ing which the annuity is to continue, is 3, the ſaid term H. - 
1449 


£2 will 
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will be equal to o, as well as the former term of the Series which in- 


volved vs. For in this caſe the ſaid term — —— * v will be = 
—32 3123 — 5 _- 
„ ( ENDL you = BBY, = 

1440 1440 1440 1440 
* ) = o. And, if 7 is = 2, the ſaid term — — x ο will alſo 

: . : . _ 22 

be = o. For in this caſe the ſaid term will be = e 8 — x * (= 
—8＋4*4—8 X * = —16+16 X yl — X of) = 0: 


1440 9 1440 


But, when 7, or the number of years for which the annuity is granted, is 
a great number, (as, for example, 70 years,) the co- efficient of the term 
— 25 +4t* —t—6 


1440 
ſhall have 1“ = 4900, and & = 343,000, and — — „ v* 2m 


— 343,000+ 4 X 4909-796 x * (= 343.000 + 19,600 — 76 E 


X v* will be of conſiderable magnitude, For, if # is o, we 


1440 1440 
— 343,976 + 19,600 — 320,476 — 2160, 238 — 80, 119 
— VS] —— — — ——ä] * . CR 1 a> ELIT — 

1440 e, 1440 ; 720 = 360 * 


v*) = — 222.552,777 X v., the co-efficient of which, to wit, 222.552,777, 
is a number of conſiderable magnitude, and will ſo much increaſe the quantity 
v* that the neglect of the term — 222,552,777 Xx v ſeems likely to diminiſh 


in a conſiderable degree the exactneſs of the expreſſion 1 + % + 205 2 — 6 
obtained for the value of r without it, and make the. ſaid value be conſider— 


ably leſs than the truth. But in theſe caſes the correction given by Dr. Halley, 
or one proceſs of Mr. Raphſon's Method of Approximation, will give us the 
value of r to as great a degree of exactneſs as we need deſire. 


Having ſet- forth Mr. Morgan's inveſtigation of this expreſſion of Dr. Halley 
as fully and clearly as I could, I proceed in Art. 17, pages 254, 255, and 256, 
to apply it to the example given us by Dr. Halley, or to the reſolution of the 


binomial equation 17.861,415,7 Xx 7 - = 16,861,415,7., And I find 
| that 


ax I _ 4 1 5 - 
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that the value of r reſulting from it is 1.0 5, 990, 2 which is wonderfully near 
1.06, which is the true value of it. This example therefore is a ſtrong proof 


of the uſefulneſs of this expreſſion of Dr. Halley in caſes in which r, or the 
number of years during which the annuity is to continue, is not much greater 
than 12. And» probably it will be ſufficiently exact when ? is not greater than 


20. But, when ? is greater than 20 years, and eſpecially if it be equal to 50, 
or 60, or 70, years, it will be adviſeable to employ Dr. Halley's correction of 
it, or (which would be equivalent to the ſaid correftion,) a fingle proceſs of 


Mr. Raphſon's Method of Approximation. 


Though the expreſſion 1 + % + 20 5 —&, given us by Dr. Halley for 
a near value of r in the equation — Xx 1 27 2 ——1 , and of which I have 


pabliſhed Mr. Morgan's inveſtigation, is a very uſeful one, on account of it's 
near approach to the truth in many caſes, yet the difficulty of inveſtigating 
it by the application of Mr. De Moivre's Multinomial Theorem, and the re- 
moteneſs and ſubtlety, and, I may add, the uncertainty, of the principles on 
which that inveſtigation is grounded (ſince the extenſion of Mr. De Moivre's 
Theoreni to the caſe of fractional powers of a multinomial quantity has never, 
as far as I know, been demonſtrated,) induced me to endeavour to find ſome 
o:her expreſſion for a firſt near value of r that ſhould be more eaſily atrain- 
able, and be derived from ſimpler and more natural principles. And the re- 
ſult of my inquirics was the diſcovery of another expreſſion which is much 


more eaſily obtained than the foregoing one of Dr. Halley, and is derived 
from the Binomial Theorem in it's ſimpleſt caſe, (io wit, that of the integral 
powers of a binomial quantity,) without any mention of Mr. De Moivre's 
Multinomial Theorem, and which (though not ſo exact as Dr. Halley's ex- 
preſſion,) is near enough to the truth, in many caſes, to be highly uſeful of it- 
ſelf, or without any correction, and in ſome other caſes (though not in all,) 
will be an excellent ground-work, or baſis, for a further approach to the true 
value of er by a proceſs of Mr. Raphſon's Method of Approximation. This 
expreſſion of the value of ris 1 + Vg + ee; in which g is equal to the 


62 — 3a. 
at? - 3at* + 2at 


ſtagion » (which involves only the known quantities a, 7, and 3.) 


and 
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and e is = —= It's inveſtigation is given in Art. 20 and 21, pages 257 
and 258, and takes up leſs than two pages. And in Art. 23, pages 259 and 
260, it is applied to the reſolution of the ſame equation 17.861,415,7 1 — 
7925 — 16.861,415,7, or (omitting the three laſt decimal figures,) the equa- 
tion 17.8614 1 — = 16.861,4, which had before been reſolved by the 
expreſſion of Dr. Halley. And the value of 1 + v, or r, reſulting from this 
- expreſſion 1 + NT e, is 1.061, 98, which exc eds 1.06, or the true 
value of r, by only o. 001, 398, which is leſs than 0.0014, And therefore 
the Intereſt upon 100 pounds for one year would, according to this value of r, 
obtained by means of the expreſſion 1 + Vg Tee —e, be ſomewhat leſs 


than 100 X 0.614 J., or 6.14L., or 6 pounds, 2 ſhillings, and ten pence, 


„ 4. 
inſtead of being exactly 6 pounds. This difference of 2, 10 upon 6 pounds 


ſeems to be but triſſing; and therefore this expreſſion 1 + Wg + ce — e, or 


i+g T ee EE e (which was obtained ſo much more eaſily than the expreſ- 


ſion 1 + bh + TAE — 6 given by Dr. Halley,) ſeems to be a pretty good ap- 
proximation to the true value of r in this example. | 


But, if 1.0614 ſhould not be thought to be near enough to the true value 
of 7 in the equation 17.8614 7 — 5 = 16.8614, it will, at leaſt, ſerve for 
an excellent baſis, or ground-work, for a further approach towards it's true 
value by Mr. Raphſon's Method of Approximation, by ſuppoſing the exceſs 
of 1.0614 above the true value of r to be denoted by the Letter w, and in- 
ſerting the binomial quantity 1.0614 — 9 inſtead of er in the equation 
17-8614 r- = 16.8614, and then reſolving the transformed equation 
thereby obtained in the manner preſcribed by Mr. Raphſon. And we ſhall 
find w to be = 0.001,362,2, and conſequently 1.0614 — ww to be 
(= 1,0614 — 0.001,362, 2) = 1.060,037,8 ; that is, the value of , 
or the rate of Intereſt ſought, will be 1.060,037,8, inſtead of being exactly 
1.060,000,0, or 1.06; which is a very great degree of exactneſs. This pro- 
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ceſs of Mr. Raphſon's Method of Approximation is given in Art. 24, pages 
260 and 261, 


Dr. Halley ſeems to be fond of giving general Algebraick expressions, or for- 
mulas, for correcting the imperfect values of the unknown quantity reſulting from 
his firſt expreſſions. And, in imitation of that practice, I have, in Art. 25, 
26, 27, and 28, pages 261, 262, and 263, given a general Algebraick ex- 


oo 
— 


. . 2 7 
preſſion for the ſecond near value of 7 in the equation — x - = — 


— 1, after having found a firſt near value of it by means of the expreſſion 


1 ＋ VT ee — e, or 1144 + 70 — ; which general expreſſion is c — 


d 
121 
c 


—, in which c ſtands for 1 + g + ee *. e, or the firſt near value 
2 


4 ' 
of r obtained by means of that expreſſion, and d ſtands for the quantity 


r * 


| t 2 
33 X c -, or the exceſs 2 — 1 above — x e to. 
a 


And then, in Art. 29, pages 263 and 264, I have applied the ſaid general Al- 
gebraick expreſſion to the finding of the ſecond near value of r, which I had 
before found by a proceſs of Mr. Raphſon's Method of Approximation, to be 


= 1.060, 037,8. And the ſaid ſecond near value of r, when found by means 
of the ſaid general expreſſion, appears (as before,) to be = 1.060, o37, 8. 


But I muſt confeſs I differ from Dr. Halley and fume other eminent writers of 


Algebra, with reſpect to the expedience of drawing-up ſuch general Alge- 
braick expreſſions, or formulas, to govern our numerical calculations. For 1 


have always found it more eaſy and convenient to refolve any propoſed equa- 


tion by applying to it diſtinctly the original reafonings and principles upon 


which Mr. Raphſon's Method is grounded, than to proceed by means of ſuch 
a general Canon, or Formula : and, one great advantage of this method of pro- 


ceeding is, that it is much ſafer, or leſs likely to lead us into miſtakes (by 
ſome omiſſion of a number, or a letter, or by a change of a ſign +, or —, 
or X,) than working by a general Canon, or Formula ;—not to mention the 

greater 


tu 
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greater ſatisfaction of mind that we receive when we proceed in a plain and 
diſtinct manner (in which we ſee our way before us, and perceive the reaſon of 
every arithmetical operation at the time we perform it,) than when we work in 
the dark in computing the ſeveral members of a tedious and intricate Alge- 


briick general expreſſion, 


After having thus reſolved the equation 17.861,415,7 rf — r* = 
16.861,415,7 (which was choſen by Dr. Halley as an example of the ap— 
plication of his expreſſion 1 + bb + %% — ,) in two different ways, 
namely, firſt, by means of Dr. Halley's ſaid expreſſion 1 + bo 4 2by\ 


— 5, and, ſecondly, by the other expreſſion 1 + g + een —e;—and 


having, by the ſaid reſolutions of this equation, found that Dr. Halley's 
expreſſion gives the value of rein that caſe to a very great degree of ex- 
actneſs, making r equal to 1.059,990,2 inſtead of 1.060,000,0, or 1.06, 


which is it's accurate value, and that the expreſſion 1 + g + ec 2 = e alſo 
gives the ſaid value to a very conſiderable degree of exactneſs, (though leſs than 


that of Dr. Halley's expreſſion,) making r equal to 1.061, 398, which exceeds 


the true value 1.06 by only 0,001,398 ;—and having ſhewn that this value 
1.061,398, or 1.0614, may, by a ſingle proceſs of Mr, Raphſon's Method of 


Approximation, be changed into the more exact value 1.060,037,8, which 
exceeds the true value by only 0.000,037,8 I proceed to apply both theſe 
_ expreffions 1 + 4% ＋ 29 — b and 1 + g + 2a? — e to the reſolution of 


another equation of the ſame form as the equation 17.861, 413,7 7 — 7.3 


16.86 7,41 6,7, but in which t, or the index of 4, or the number of years 
during which the annuity is to continue, is much greater than in the former 
caſe, and is 70 years; which is a very unfavourable caſe for both the ſaid 
expreſſions. | 


In forming this ſecond example for a trial of the efficacy of theſe two ex- 
preſſions 1 + 4 + 20 and 1 + g + 7) — e, I have, firſt, ſuppoſed 
the intereſt of money to be known and to be 6 per cent., or r to be = 1.06, 


and 


A 
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and have ſuppoſed the annuity itſelf to be the ſame as in the fermer example, 


3 L. 


to wit, 34, 8, or 34 4, per annum, but to be granted for a term of 70 years, 
inſtead of a term of 12 years and a half; and 1 have computed the value of 
the amount 2 of ſuch an annuity at the end oi the faid 70 years. And it ap- 


A. 


pears to be 33,297. 055, 903, 04. This computation is made, in Art. 30, 
pages 265 and 266. And, having thus found chat, if the Intereſt of money 


is 6 per cent., the amount of the ſaid annuity of 34-4 per annum forboraec 
| | 4 
during 70 years will be = 33, 297.055, 903, og, I then reverte the Problem, and 


ſuppole that 2, or the ſaid amount, is known to be = 3 "297.05 5,903,04, and 
that , or the rate of Intereſt, is required to be ſound from it. And this 
quantity r I compute, firſt, in Art. 31, pages 266, 267, by Dr. Halley's ex- 
preffion 1 + 45 + 2by ; b, and afterwards by the expreſhon 1 + g + ee\z 
— e; and by Dr. Halley's expreſſion I find it to be = 1.058,712,7 ; which is 
nearer the true value, 1.06, than I had expected to find it, when ? was fo great 
a number as 70. For, upon the ſum of 100 pounds, the Intereſt for one year, as 


given by this expreſſion, would be 100 Xx 0.0 ; 8,712,7, Or 5.8 71,27, inſtead of 6, 
| Lo 1 
of which it falls ſhort by only o. 128, 73, or about 2, 7. We may therefore 


conclude that this expreſſion 1 + bb 29501 — b, given us by Dr, Halley 


for the value of 7 in the equation _ Xr —r = — — 1, will, in all mag. 


nitudes of f that are not greater than 70, be a very uſeful approximation to 
the true value of r, though more ſo when t, or the number of years during 
which the annuity 1s forborne, is ſmall, than when it is great. 


I then, (in Art, 33, pages 267, 268, and 269,) correct this firſt near value 


of r, obtained by Dr. Halley's firſt expreſſion x + 66 + 2by\3 — þ, to wit, 
Vol. V. f 1.058,712,7, 
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1.058,712,7, in the manner preſcribed by Dr, Halley, by adding to it the 


value of the fraction — „ in which c ſtands for 1.058, 712, 7, or the 


K, "= % 


— — 


a 


firſt near value of 7 obtained by the expreſſion x + 45 + 2% — b, and 4 


ſtands for the exceſs of — X ©— above — — 1. This fraction is found 
to be = 0.001,363,5, which, added to 1.058, 712,7, makes 1,060,076,2, 
which exceeds the true value of r, to wit, 1.06, by only the ſmall difference 
0.000,076,2 ; which, upon the Intereſt of 100 pounds for one year, would 
amount to only (100 X 0.000,076,2, or) 0.007,62 of a pound, or ſomething 
leſs than two pence. This ſeems to be ſufficiently near the truth for all uſeful 
purpoſes : and therefore I conclude that this expreſſion 1 + bb + 2by\3 —3, 


of Dr. Halley, together with his correction of it, the fraction — —, will 
EXC —2 


— — 


bh . 2 
always give us the value of 7, or the greater root of the equation — x 7 — 


1 2 — — 1 to a ſufficient degree of exactneſs when # (or the number of years 


during which the annuity is forborne,) is a great number (ſuch as 70, or 72, 
or 75, or, perhaps, any number not greater than 80,) as well as when it is a 
ſmall number. And, if f is a ſmall number, not exceeding 20, the ſaid expreſ. 
ſion alone, without the correction, will be ſufficiently exact. 


The value of 7 in this example is then computed by means of the other ex< 
| 62 —bat _ 
at3 — 3at* + 2at » 


preſſion 1 + g + ee — e, in which g ſtands for the fraction 


2. — 
270; and the reſult of it is, that r is 1. 10%, 903. This value of r is ſo 


much greater than it's true value, 1.06, that we may juſtly conclude from it 
that the expreſſion 1 + g + e —e will be of little or no uſe in reſolving 


and e ſtands for : 7 This computation is made in Art. 34, pages 269, 


⁊ t 
the equation — x - = —— I when 1, or the number of years dur- 


ing 


1 X[!11 


ing which the annuity is forborne, is ſo great a number as 70. But, when 2 
is nearly equal to 12, we have feen above, in Art, 23, that this expreſſion gives 
the value of r ſufficiently exact for moſt purpoſes ; and I therefore conjecture 
that it may be ſafely employed when is not greater than 20. And, if ve 
correct it in the manner deſcribed in Art. 24, 25, &c, - - - 29, by putting 
— . 2 f . 2 
c=1 + 4g + e, and ſubtracting — x c—c from = — 1, and put- 
ting d for the remainder thence ariſing, and, lafily, by ſubtracting from c, or 


I + Vr e, (which is always greater than the true value of r,) the 


fraction 


2 , it will probably give us the value of 7, or the rate of Iu- 
Xe — 


2 
— — 


a 
tereſt ſought, with ſufficient exactneſs, even when t is greater than 20, and of 


any magnitude not greater than 30. But this can only be aſcertained by try. 
ing it in other examples in which? is taken of different magnitudes, (ſuch as 
20, 30, 40, 50, &c,) between 123 and 70, in which two magnitudes of # it has 


been tried in the preceeding articles. But, as to Dr. Halley's expreſſion 


1 ＋ +244: — 5, the trials that have been made above of it's exactneſs, 
prove that it is in all caſes more exact than the expreſſion x + g + ee . e, 


or 1 + 7 + ee —e, and likewiſe that it is ſufficiently exact for moſt pur. 
poſes, even when ? is ſo large a number as 70, and that, with Dr. Halley's cor- 
rection of it, it becomes much more exact than before, and as exact, even in 
thoſe difficult caſes, as any calculator need defire, 


As a further trial of the exactneſs of the two expreſſions 1 + 25 ＋ 751 
— 5, and 1 + v g Tee — e 1n determining the value of r, or the rate of 
Intereſt, in queſtions of the foregoing kind, in which the values of a, 7, and x, 
(or the number of pounds in the annuity, the number of years for which it is 
granted, and the amount of it, or the ſum due to the grantee, or annuitant, at 
the end of the term for which it has been granted, in conſequence of his hav- 
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ing forborne to receive it,) are known, and r, (or the rate of Intereſt, ) is un- 
known and to be deduced from them, 1 have (in Art. 36, 37, and 38, pages 
271, 272, and 273,) applied the ſaid expreſſions to the ſolution of another queſ- 
tion in which the number. of years for which the annuity is granted is only 10 


years, and in which the Intereſt of money is much lower than in the former ex- 


J. 5. d. L. L. ; 
ample, being 3, 6, 8 per 100, or 0.033,333,333, &c per 100, inſtead of 6 


per cent. And, upon computing the value cf r (which in this caſe is exactly 


= 1.033,333,333, &c,) by means of theſe two expreſſions, it appears that 


the ſaid value, when computed by Dr. Halley's expreſſion 1 + % + 27505 
, will be 1.033, 330, 6, and, when computed by the expreſſion 1 + 4/ g + ee) 
e, will be = 1.033,48 5, 1. Both theſe values of 7 are ſufficiently near 
the true value, 1.033, 333,333, &c, to anſwer all uſeful purpoſes ; but the 
former value is the more exact of the two, Therefore we may conclude, that 
when the term of years for which the annuity is granted is not more than 10 
years, either of the two expreſſions 1 + F3 + ay —b and 1 + Vg + 
— e will give us the value of 7 as exactly as need be defired. And in theſe 


caſes, perhaps, the expreſſion 1 + f + ed® — e may deſerve to be preferred 
to the other expreſſion, as being, I think, rather eaſier to be computed. 


But, when 7, or the number of years for which the annuity is granted, is 70, 


or any greater number, it has been ſhewn before that the expreſſion 1 + g + ez 3 


— e will give us a value of r very much greater than the truth, and ſo much 
greater as to be of little, or no uſe, without ſome corrections of it by Mr. Raph- 


ſon's Method of Approximation. And theſe corrections would be too numer- 
ous in ſuch caſes, and approach too ſlowly towards the true value of r, to 


make it expedient for us to employ the expreſſion 1 + g + 2213 — e to ob- 
tain the fult near value of r, from which the ſubſequent nearer values of it are to be 
obtained by Mr, Raphſon's Method of Approximation. For I have found that, if 
in 


n fo xly 


in the former exemple, (in which # was = 70, and the equation to be reſolved 
was 967.937,671,6 x 7 — 7? = 966.937,071,0,) we make ule of the ex- 
preſſion 1 + g + ez? i 2 to obtain a firſt near value of r, (which firſt near 
value will be 1.107,903,7, or nearly 1.1c8,) and-afterwards from the faid 
firſt near value 1.108 (which is much greater than the true value of 7 in this 
example, which is 1.06,) we make gradual approaches to the true value of r by 
Mr. Raphſon's Method of Approximation, it will require no tewer than fix 
ſucceſſive proceſſes of approximation to obtain the number 1.060,01 for the 
value of r, which number 1.060, oi may be conſidered as equal to it's true value 
1.06, Theſe ſeveral proceſſes I have gone through, and, for the ſatisfiction of 
the intelligent and induſtrious arithmeticians who may be diſpoſed to inquire 
curiouſly into this ſubject, I have ſet them all down in this volume in pages 
275, 276, 277, &C, = - » 290, And the ſeveral ſucceſſive near values of r 
(after the firſt near value 1.107,903,7, or 1.108, obtained by the expreſſion 
i+Vg+c&—e) that have been obtained by theſe ſeveral proceſſes, ap. 
pear to be 1.0933, 1,0801, 1.0695, 1.0628, 1.0604, and 1.060,01, We may 
therefore conclude that in reſolving an example of this kind, where 7 is equal 
to, or greater than, 70 years, it would be more judicious to employ Dr, Halley's 


expreſſion 1 + 46 + ThE — , together with his correction of it, or (which 
is equivalent to that correction, one proceſs of Mr. Raphſon's Method of 


Approximation, than to make ule of the expreſſion 1 + Vg + ee e, and 
to correct the too great value of 7 thereby obtained by repeated procelles of 


Mr. Raphſon's Method of Approximation, 


Theſe are the principal contents of the firſt Note on -Dr. Halley's Diſ- 
courſe on Compound Intereſt, which begins in page 231, and ends in 


page 282. 
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Of the Second Niete to Dr. Tall:y's Diſcourſe on Compound In ber eſt. 

The ſecond Note relates to the Solution of a Problem concerning e pre- 
ent value of a given annuity, or the price paid for the purchaſe of it, inſtead 
of the ameunt of ſuch an annuity, or the ſum of money that ought to be paid 
to the annuitant, or grantce of the annuity, at the expiration of the term of 
years for which the annuity was granted, in conſequence of his having fore- 


borne to receive it during the whole of the ſaid term, as was the caſe in the 
former Problem of Dr. Halley, to which the firſt Note related, But in both 


Problems the rate of Intcreſt is the unknown quantity which is required to be 


found. The preſent Problem is as follows.“ If à be put for the number of 


pounds contained in an annuity granted for a certain number of years; and : 


be put for the number of years for which the faid annuity is granted; and z 
be put for the preſent value, or the price, of the ſaid annuity, or the number 
of pounds contained in the ſum of money that has been paid for the ſaid an- 


nuity by the purchaſer of it; and 7 be put for the rate of Intereſt of monev 
by which the ſaid price, or preſent value, z has been regulated; and the three 


quantities denoted by a, t, and z be known, or given: It is required to find the 


value of r.“ 


Now this Problem may be reduced to the following binomial equation, to 


—. N 7 FL. — which will have two roots, or (in the lan- 


wit, 
guage of modern Algebräiſts,) two real and poſitive roots, of which the leſſer 
will be = 1, and the greater will be that value of 7 which is fitted to ſolve 
the preſent Problem, or is the rate of Intereſt that is required to be found in 
it. And Dr. Halley, in his directions for the ſolution of this Problem, or for 


. . a t 1 . . 
the reſolution of the equation —.— 185 = E, which is derived 


from 


» nn © an 2% | Nui 


from it, divides it into two caſes, according as 7, or the number of years for 


which the annuity is granted, is greater, or leſs, than 40 years, In the former 


X z+ 2 
of theſe caſes, or when ? is greater than 40 years, he tells us that —, or 1 + 


—, will be nearly equal to r, but ſomewhat greater than the truth; and that the 
2 


Z vill be a ſecond near value of 7 that will be more 
2 


i | 
„ 


accurate than , or 1 + —. And, laſtly, he informs us that, if this ſe- 
; 2 pa 


2 ＋2 2 


2 z+4a 


cond quantity * — be denoted by 4, and the fraction 


2 


be denoted by x, the quantity 1 + 2 will be a third near value of 


d x d=1 
7, which will be nearer the truth than either of the two former, and will be 
ſufficiently accurate. All theſe aſſertions are true; but they are made without 
any demonſtration, or proof, and are not even deſcribed with fo much care and 
perſpicuity as might have been expected. I have therefore in this Note en- 
deavoured to ſupply theſe defects in the following manner. 


In Article 1, pages 284 and 285; I have ſhewn how the foregoing Problem 


F4 tx1l a . 


Art. 2, pages 285 and 286, I have ſhewn that 1 + —_ or AS will be a near 


. [4 bh of, 
value of r, or the greater root of the equation —— u — but 


may be reduced to the equation 


will be ſomewhat greater than it's true value. And, having thus obtained the 
x2 44 


» a 
quantity 1 + —, or „ for a firſt near value of , or the rate of Intereſt 


ſought, I proceed in Art. 3, pages 286, 287, and 288, to derive from it, by 
Mr. Raphſon's Method of Approximation, Dr, Halley's ſecond near value of , 


to wit, _ — — * —. And then, in Art. 4, pages 288 and 289, I pro- 


cced to inveſtigate Dr, Halley's third near value of r, to wit, the expreſſion 


1 
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1 + E which is obtained by putting d for the ſecond near value of it, to 
* 


IE 5 . a 
wit 2 (_*_\ + ©, and x for the value of the fration —=—. 
1 2 14 2 „ 21 


And, having thus gone through the inveſtigations of Dr. Halley's three ex- 


2 +a 2 4 


T 214 


. a 2 
preſſions of the value of 7, to wit, 1 + 2 K and 1 + 


a 
S + x q 


the numerical example given us by Dr. Hailey, or to the reſolution of the 


I proceed in Art. 5, pages 289, 290, and 291, to apply them to 


numeral equation 1.052, 978, x r — 7® = 0.052,978,0, which reſults 
from it, and in which the true value of the greater root r, or the rate of Intereſt 


ſought is 1.05. And it appears that the firſt expreſſion of this value, given us 


by Dr. Halley, to wit, 1 + — will, in this caſe, be = 1.052, 978, o, and that 


| . YZ +a 3 4 . . . 
the ſecond expreſſion, to wit, g 2, will, in this caſe, be = 
2 2 +a 2 


1.0 50, 458, 3, and that the third expreſſion, to wit, 1 + —— will, in this caſe, 


be = 1.050,096,4 The firſt of theſe near values of r, to wit, 1 + —— or 
1.052, 978, o, is a very convenient quantity for a firſt near value of it, and is 
obtained without much difficulty. The ſecond of them, to wit, the quantity 


7 = I „ — or 1.050, 458, 3, is derived from the firſt near value 
2 a 


1 + — by Mr. Raphſon's Method of Approximation, though Dr. Halley 
makes no mention of Mr. Raphſon's name on the occaſion. And the third ex- 


preſſion, to wit, 1＋. I, or 1. 050, o96, 4, is derived from the ſecond expreſſion 


with a good deal of laborious calculation, and rather more, I think, than would 
have been neceſſary to the computation of a ſecond proceſs of Mr. Raphſon's 
Method of Approximation, and yet is not quite ſo exact as the value of r that 
would have reſulted from ſuch ſecond proceſs; for that would have been only 

| | 1,050,001,8, 
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r. ogo, oo 1,8, (as is ſhewn in Art. 11, 12, 13, and 14,) which exceeds the true 
value of r, to wit, 1,05, by a leſs quantity than Dr. Halley's third near value 
1,050,096,4 And hence I think it may be concluded that, when we have a 


Problem of this kind to be ſolved, or an equation of this form, —— e na 


„ — © to be reſolved, and the number ? is greater than 40, it would be 
2 


beiter to adopt Dr. Halley's firſt expreſſion of the value of r, to wit, 1 + —., 
for our firſt near value of it, and afterwards from that firſt expreſſion to derive 
a ſecond and a third near value of r by Mr. Raphſon's Method of Approxi- 


mation, than to take the trouble of computing the ſecond and third expret- 


ſons, EEE — 7 "x —— and 1 + — „given us by Dr. Halley for that 


purpoſe. 


T bis is the ſubſtance of the Second Note, which takes-up 19 pages, begin- 
ning in page 283, and ending page 301. 


Of the Third Note to Dr. Halley's Diſcourſe on Compaund Intereſt. 


The Third Note relates to the ſecond caſe of the ſame Problem that was the 
ſubject of the Second Note, concerning the preſent value of an annuity 


granted for a certain term of years; in which ſecond caſe of the ſaid Problem 
the number of years is ſuppoſed to be leſs than 40. In this caſe Dr. Halley 
tells us that the former rule will avail little, and directs us to find a near value 
of the rate 7 in the following manner. Compute the value of the fraction 


=, which contains only the known quantities a, ,, and z. Then find that 


ot 


power of this fraction —, which has the fraction 757 for it's Index. Thirdly, 


ſubtract 1 from this power, and call the remainder y; and let the fraction 


| = 
be called 3. Then will 1 4+ 5 — > — 2&y\2 be nearly equal to r, the rate 
Vor. V. 9g ſought, 
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ſought, and the more nearly as t, or the number of years for which the an. 
nuity is granted, is ſmaller, And it will be always a little greater than the true 
value of r. This rule he delivers without a demonſtration, or the leaſt hint 
of the manner in which it may be inveſtigated. But Mr. Morgan, of the 
Equitable Aſſurance- Office in Chatham. Square, has furniſned me with the 


following enen of it. 


Let v be put for r — 1. And we ſhall have 1 +v = 7, and 1+ o! = 


rt; and conſequently — — will be = = 2 6 
* nn Py 
But z is = — . 
8 „ 121 
Therefore z will alſo be = — =——; and conſequently zv will be = 
I+v] Xv ; 
=, and — will be 1 . 
1 + o) 9 ö | $:Þ 7 


But, by the Binomial Theorem in the caſe of Integral and negative powers, 
or of the reciprocals of the Integral powers of a binomial quantity (of which caſe 
of the ſaid Theorem a demonſtration has been given in the 3d Volume of this 
e of Mathematical Tracts called ' Scriptores Logarithmici, page 124, 


— 5 


at the bottom, Art. 42,) the quantity 1 + v, or TEA , is = the Series 


„ Boy —[==|X Cv + + L x Dv* — &c = the 


t+2 e+t 1 ＋ 


P * ok.” Bn 


— x £22 t+2 — 


X 1X + — * 
. t+1 t+1 t+2 


1=—w+HiXE xw-=txXxXEXY +1IXE XAT. 


_ - * — &c. | 
Therefore 


Xx — * L* * — &c = the Series 


S-2. = Te S&T: I; 


2 


—1 
Therefore — (which is equal to 1 —1 + , or 1 — ) will be equal 


: #+17 .t+1 1+3 
to 1 — the Series 1 —1v9 +1 X = X vv — ? X x NUN. 
* — x _ x 2 — X v* — &c, and conſequently to the Series % — * 


— * ＋ * . 2+ XIE x 3X off + 


= x vo + 1X — : 


&c, 


Therefore (dividing both ſides of the laſt equation by v,) we ſhall have _ 


. | 4 f t 
= the Series f — t x r a Xx v + f X ＋ X = X wv — N —— * 


—— * — _ * v5 + 15 and (dividing all the terms by t,) we ſhall have = —. 


_ . 
= the Series 1 —=|— X v + — _ * == x wy —|= X _ * 5 


Now let the fraction 2 (which forms the left-hand fide of this laſt equa- 
tion,) be raiſed to the power of which the fraction = - (or the ' "0 of the 


fraction =, which i is the co-efficient of v in the EY term, = " X v, of the 


laſt ſeries,) is the Index ; ; and let the Series 1 — — NK 2 = : x == 


vv — — * _ X _ x v* + &c (which forms the right-hand fide of 


the ſame equation,) be raiſed likewiſe to the ſame power of which the Index is 


=2?.. Then will the ſaid Seth power of the ſaid Series be equal to the ſame 


— — 


t+1' 171 
power of the ſaid fraction . 
at 


1 
Now let Pp be = TIT 


_ 
+1 
Then wit =] be = — "I TA = 1 * 1 1 5 


is P R B PF A CE. 


HP) = Dev: ; that is, the th power of the fraction —— is equal 
to the + Tr th power of che fraction —, which is the reciprocal of the frac- 
tion —, or is equal to 1 divided AI =, And therefore, in order to obtain 
the Arth power of the fraction —, we need only find the + Arb power 

of the fraction =; which may be done by, firſt, finding the Logarithm of the 
fraction — „ and then multi plying that Logarithm into the fraction Tr: (Which 


is the Index of the power of the ſaid fraction -— which we want to find,) and 


then ſeeking in a table of Logarithms the number correſponding to the Loga- 
rithm which is equal to the product thence ariſing. For that number will be 


2 ö — 2 


at 5 2 Ma 
equal to | , and conſequently to . 


1 142 
— K v + „ 5 3 6 


But the raiſing the Series 1 — 7 


* _ = X + &c to the Teich power is a buſt uh of greater diffi- 


culty. And for this purpoſe we K-05 bave recourſe to Mr. De Moivre's 
Multinomial Theorem, (which has been ſet-forth before in Note 1, page 241,) 
and we muſt ſuppoſe the ſaid Theorem to be true, not only in the cafe of In- 
tegral powers, but likewiſe in the more complicated caſe of fractional powers, 
and even in the caſe of powers that are both fractional and negative; though 
it has never, I believe, been demonſtrated in any caſe but that of Integral 
Powers. However, it is probably true in all theſe caſes ; and, if it is, it will 


FFT 


enable us to find the — -=th power of the ſaid Series 1 * * 7 = 


t 
X _ * vv — [= * = X — * + &c, though not without a 


ou deal of troubleſome Atgebriick calculation, which is ſet-down at full 


length 
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length in Art. 4 and 3, pages 305, 306, 307, 308, and 3og. And the reſult 


1—1 
12 


is, that the — ——th power of the ſaid Series is equal to the Series 1 + v — 


t—1 . 
x vv +0 X 3 &c, or 1 + v —|—— * vv ++ © Ke, the co-efficient of 


vn being = o. Therefore the Series 1 + v — [= X wv + © &c, or 1 


2 
＋ —.— * vv &c, will be = x. And conſequently v 6 


| 12 
2 


x wv &c will be = r-; and (if we negle& all the terms involving 


, v5, de, &c, denoted by the mark &c on the firſt fide of the equation, as 


being very ſmall in compariſon of v and —.— X vv, ) we ſhall have v — —— 


2 
X v = Dire — 1, Which is a quadratick equation. 


Now let y be put = r — 1. And we ſhall then have 2 — — X 
vv = y; and (by multiplying both ſides into the fraction ==) we ſhall have 
— yy _ X 2 ; and (by putting 6 = 7 we ſhall have 2by = v0 = 
2by; in which equation the binomial quantity 25 v—vv (being equal to 26 — v 


Nc, ) will be leſs than =}, or , and therefore may be ſubtracted from it. Let 


both ſides of this equation 230 — vv = 2by be now ſubtracted from , or 35. 
And we ſhall then have 53 — 2bv 4+ vv = bb — 2by, Therefore (extract- 


ing the ſquare-roots of both ſides,) we ſhall have 2 — v = / bb — 2by, and 

conſequently þ = /bb — 24y\ + v, andv = - V — 25y. Therefore 

, or 1 +v, will be =1 +4 — 4/46 — 24y, or 1 + 6 - — 2 . 
. 


This Inveſtigation of this expreſſion of Dr. Halley, (which was communicated 
to me by Mr. Morgan,) begins in page 302, and ends in page 3 10. 


After 


liv ”" 2 1 7 4 iC Þ 


After this Inveſtigation of the expreſſion 1 + & = [#5 — 20005 I have ap- 
plied it in Art. 7, pages 311 and 312, to the example given of this Problem 


by Dr. Halley, or to the reſolution of the equation 1.090, 909,0 r** — r** = 
0.090, 9og, o, in which the true value of r is 1.068 14. And it appears that the a 


expreſſion 1 + 6 — /pb — 24y) 2 is in this caſe = 1.068,327,5, which exceeds 
1.068, 14, or the true value of x, by only 0.000,187,5, which is leſs than the 
56goth part of 1.068, 14, or the true value of r. This is as great a degree of 


exactneſs as need be deſired. For, according to this value of r, the Intereſt 
Mit | * . 4. 4. d. | 
1 | upon 100 for one year, inſtead of being exactly 6.814, or 6, 16, 34, would be © 
_— K. f 3 
lil, : 
| 6.814 + 0.018,75, or 6.814 + 44, or 6, 16, 73, the exceſs of which above 
Lo 5. d. | 

the true Intereſt, 6, 16, 31, is too ſmall to be worth attending to. This proves 


that when , or the number of years for which the annuity is granted, is not 


- | | greater than 21 years, Dr. Halley's expreſſion 1 + 6 0 — 2by W will give 9 
us the value of the rate 7 to a ſufficient degree of exactneſs. But, if greater 3 
exactneſs were deſired, a ſingle proceſs of Mr. Raphſon's Method of Approxi- 


bs | mation, grounded upon the firſt near value of 1 obtained by Dr, Halley's ex- 
lj | preſſion, to wit, the number 1.068,32, 5, would give us a ſecond near value 
i of er that would be (= 1.068,327,5 — 0.000,193,2,) = 1.068,134,3, which 
. is ſo near to it's true value, 1.068, 14, that it may be conſidered as perfectly 
| exact. The Inveſtigation, of this ſecond near value of r by Mr, Raph- 
1 | ſon's Method of Approximation is given in Art. 9, pages 313, 314, and 5 


1 315. 


| kb Fill 
- * 
1 : 


And, as Dr. Halley bas only affirmed, but not proved, that the true value 
of r in this equation 1.190,909,0 r*' — r* = 0.090 90g,o is = 1.068 14, l 


Wn | have, in Art. 8, pages 312 and 313, ſhewn that it is ſo, by ſhewing that, if it 
5 a 


be ſuppoſed to be = 1.06814, and the value of the expreſſion © . 


(which 


N 3 a 0 t ly 


(which is equal to 2, or the preſent value of the annuity 2, or 20, for t, or 
21, years,) be computed upon that ſuppoſition, the ſaid preſent value z will 
J. L 


be = 219.988, 075, 4, or (very nearly) 220, which was the preſent value ſup- 


* 


poſed in Dr. Halley's example. For, ſince, when 7 is = 1.06814, 2 is = 220, 


4 


it follows, è converſo, that, when z is = 220, 7 muſt be = 1.06814. 


From the ſucceſs of Dr, Halley's expreſſion 1 + 3 - —20Y in reſolv- 
ing the example to which he has applied it (and in which the number of years 
for which the annuity is granted is 21 years,) to a very conſiderable degree of 
exactneſs, and the much greater degree of exactneſs to which the value of 7 is 
carried by a ſingle proceſs of Mr. Raphſon's Method of Approximation, it 
ſeems reaſonable to conjecture, that, by the help of only one ſuch proceſs of 
Mr. Raphſon's Method of Approximation as that exhibited in Art. 9, grounded 
upon the firſt near value of r, obtained by means of the expreſſion 1 + þ — 


(bb — 2by L given us above by Dr. Halley, we ſhall always be able to find the 


. . 4 1 ; . 
value of er in the equation _ „K — 2 — to a ſufficient degree of 


exactneſs in all caſes in which , or the number of years for which the annuity 
is granted, is not greater than 40 years; which are the only caſes in which Dr. 
Halley recommends the uſe of this expreſſion 1 + 5 — (4b — 250 J for the 
reſolution of this equation. But, that this may not be matter of conjecture, 
but may be known with certainty, I have, in the following articles, proceeded 
to try the power of the expreſſion 1 + þ — (bb — 200 J, together with one 
. Proceſs of Mr. Raphſon's Method of Approximation grounded upon that ex- 
preſſion, in the extreme, or moſt difficult, caſe, or when 7, or the number of 


years during which the annuity is to continue, is 40 years. And, to the end 
that we may know with certainty before-hand, what the exact value of u is in 
the equation which we propoſe to reſolve in this manner, and conſequently 

may 


S DD "IRA 
— — — — — 


— —— —L—e 
Sa — 

— — — — — — 

2 — — — 


Ivi = = TW 3 


may be able to diſcover with certainty how near the two values of r that will 
be obtained by means of the expreſſion 1 + 5 - — 200 2 and by means 


of the ſubſequent proceſs of Mr. Raphſon's Method of Approximation, 
grounded upon the ſaid expreſſion, will approach to the ſaid exact value, I 
have, firit, ſuppoſed er to be ſome known rate of Intereſt, and have computed 
the value of z, or the preſent value of a given annuity @ for the propoſed num- 
ber of 40 years, from it; and having thus found the value of z, I have after- 
wards reverſed the Problem, and ſuppoſed z to be equal to the value of 
it obtained by the former calculation, and have then derived the value of r 


from the ſaid value of x by means of the expreſſion 1 + þ —| þþ — 2 


and of one proceſs of Mr. Raphſon's Method of Approximation grounded on 
it. Theſe calculations are performed in Art. 11, 12, and 13, pages 316, 317, 
318, 319, and 320. And it appears from them, that, if a, or the annuity 


L. 


granted, is 20 per annum, and 7, or the number of years for which it is granted, 


is 40 years, and 7, or the rate of Intereſt of money, is = 1.06, the preſent 


1 
value z of ſuch an annuity will be = 300. 926,042,2, or 300, 18, 6. This is 


ſhewn in Art. 11, pages 316 and 317. And then, in Art. 12, the Problem 


is reverſed, and it is ſuppoſed that an annuity of 20 a year, that is to continue 


. tb. * 
for 40 years, has been ſold for the ſum of 3oo, 18, 6, or 300.926,042,2 ; 


and it 1s required to determine, from theſe circumſtances, the rate of Ease 
of money that was allowed to the purchaſer of the ſaid annuity when he 


paid the ſaid ſum of 300.926, 042, 2 for it. 


Here à is = 20, as before; and # is = 40 years, as before; and r, or the 
rate of Intereſt, is the unknown quantity, or 1 greater of the two roots of the 


: ö —— 3 Þ- of 300.926,042,2_ + 20 20 a 
binomial Li Xr —#r E, (or IEEE X 1 = 
1 t J or 2 * S 0.066,461,5 ; which 


300. — wr 
15 
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is to be found by means of the expreſſion 1475 — 4 —21y\3, given us by Dr. 
Halley, and of a ſubſequent proceſs of Mr. Raphſon's Method of Approxi- 
mation grounded upon that expreſſion. This expreſſion is computed in Art. 
12, pages 317 and 318, and is found to be = 1.060,910,0; which is but 
little greater than 1.06, which is it's true value. For, according to this value of 


, the Intereſt of 100 pounds for one year would be (= 100 x 0.060,910,9) 


G. A. 
PL —_ ,00 = 6, 1, 94 inſtead of being exactly 6 pounds, Therefore, even 


in this extreme caſe, it appears that this expreſſion 1 + þ , — 24y\*, 


given us by Dr. Halley as a near value of r, is but a little greater than the 
truth. But, if we make uſe of the value obtained by this expreſſion as the 
ground of another approximation to the true value of r in the Method re- 
commended by Mr. Raphſon, the ſecond near value of r that will be there- 
by obtained will be = 1.060, 034, 8, which 1s as near to it's true value, 1.06, as 
need to be deſired. For, according to this value of , the Intereſt of a hun- 


j . toe 

dred pounds for one year would be = 100 X 0.060,034,8 = 6.003,48 = 
ö 

4 o, os, or 6 pounds and about 3 farthings. We may therefore ſafely con- 


clude that, when 7, or the number of years during which the annuity is to 
continue, is not greater than 40 years, _ _ of oy or the rate of Intereſt 


ſought, or the greater root of the equation X ** =, may be 
obtained to a very great degree of exactneſs by means of the expreſſion 1 + 5 
{bh — 20) \*, given us by Dr, Halley, together with one proceſs of Mr. 
Raphſon's Method of Approximation grounded on that expreſſion, 


The proceſs of Mr. Raphſon's Method of Approximation by which the ſe- 


cond near value of r, to wit, 1,060,034,8, is obtained, is exhibited in Art. 1 3, 
pages 318, 319, and 320. 


But though this expreſſion 1 + þ — 75 — 20% 3, given us by Dr. Halley, 
Vol. V. h appears, 


Iv . 


appears, after this examination of it, to be a very uſeful one, on account of 
it's near approach to the true value of 7, or the greater root of the equation 


—— xr — 2 — in all thoſe caſes of that equation in which. Dr. 


Halley recommends the uſe of it to his readers ; yet the difficulty of inveſti- 
eating it by the application of Mr. De Moivre's Multinomial Theorem to it 
in the caſe of fractional and negative powers, and the remoteneſs and ſubtlety 
of the principles on which that inveſtigation is grounded, have made me 
conſider it, upon the whole, as unſatisfatory, and have induced me to en- 


deavour to find ſome other expreſſion for a firſt near value of 7, or the rate of 


Intereſt ſought, or the greater root of the ſaid equation —.— xr ft = 


2 that ſhould be derived from ſimpler and more natural principles. And 


the reſult of my endeavours has been the diſcovery of another expreſſion of the 
near value of r, which is grounded on a certain Theorem ſimilar to a Theorem 
given us by Sir Iſaac Newton for the reverſion of an infinite Series of decreaſ- 
ing quantities, and which is obtained by a train of reaſoning much more per- 
ſpicuous and ſatisfactory than that by which we obtained the foregoing expreſ- 
fion of Dr. Halley, and which is alſo near enough to the truth to be, in many 
caſes, highly uſeful of itſelf alone, or without any correction of the value of r 
exhibited by it, and to be in all other caſes an excellent ground-work, or baſis, 
for a further approach to the true value of 7 by a proceſs of Mr. Raphſon's 
Method of Approximation. The manner of finding this expreſſion of the near 
value of r may be deſcribed in the following manner. 


Sir Iſaac Newton, in his ſecond Letter to Mr. Oldenburgh, (Secretary to 
the Royal Society of London,) dated on the 24th day of October, 1676, and 
publiſhed in the Commercium Epiſtolicum of Mr. John Collins and other perſons, 
in the year 1712, has given us the following Theorem for the reverſion of an 


infinite ſeries of decreafing quantities. Sit & = ay + byy + cf + df + 
_—_ ar * 23 oo 
gabe - 5b — and X 24 + DL + G6aabd Þ+ 143% = ade „ * Ee. And I 
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have given an inveſtigation of this Theorem in the Third Volume of this Col- 
lection of Mathematical Tracts called Scriptores Logarithmici, pages 695, 696, 
697, &C - - 700. 


And afterwards, in pages 703, 704, 705, &Cc, - - « 709 I have given an 
inveſtigation of a ſecond Theorem ſimilar to the foregoing Theorem, and 
which Sir Iſaac Newton ſeems to have conſidered as involved in it, which is as 
follows. If the infinite Series ay — by* + - + 95 &c, (in which 
the ſecond and other following terms are marked with the ſign — and the 
ſign + alternately,) be equal to z, and the ſaid quantity z be leſs than 
1, ſo that it's powers z, 2˙, S, z*, z*, & form a decreaſing progreſſion, 
the quantity y will be equal to a ſeries of decreaſing quantities of which the 


firſt five terms will be = + r K 22 + ZE ox AY. 


a7 
145% + 34% + 6ba*bd —21ab*c= ae 


s * 
_ - X 25. 


X 2* + 


And conſequently, if a, or the co efficient of y, be = 1, we ſhall have y 
= x ＋I X 22 + 26b — 4 X 2* + 5% — 5bc +4) x 2 + 
14 + 30 + 6b4 — z —@ x 2, 


Theſe Theorems are grounded on the plaineſt principles of Arithmetick, or 
the operations of Addition, Subtraction, Multiplication, and Diviſion, without 
any mention of either the Multinomial Theorem of Mr. De Moivre or Sir Iſaac 
Newton's Binomial Theorem. 


Further, theſe Theorems will be true, not only when 5, c, d, e, &c, or the 
co-efficients of y*, , , 3*, and the following powers of y, are decreaſing 


quantities, but alſo when they are increaſing quantities, c being greater than 5, 
d than e, and e than d, and fo on, provided the increaſe of the co-efficients 


5, c, d, e, &c, is more than counter-balanced by the decreaſe of , z?, „ 58, 
and the following powers of y, with which they are combined, ſo as to make 
the whole terms &y*, cy, dy*, c, &c form a decreaſing progreſſion. 

h 2 Now, 


x »: 2: 2: F-: A: Ci Bb 


Now, to prevent confuſion in adapting this. Theorem to the reſolution of! 


the equation — x rf art = —, in which 2 denotes the preſent value 


of the annuity a, let us ſubſtitute b inſtead of 2 in the ſaid Theorem, and v 
inſtead of y. And it will then be as follows. If the ſeries v — bv* + cf — 
de“ + ev* — &C is = 5, the quantity v will be = the Series þ + þ x . + 


269 —c X Þ + 50 — 5bc ＋ 4 * b* + 14˙ + 36 + 64 — 21% — e 


x b* &c. We muſt therefore endeavour to deduce from the equation _ 


„Kr — an equation of the ſame form as the equation v - bv* + 
18 


cv du! + e & c S. And this may be done as follows. 


It has been ſhewn above, in Art. 2, pages 302 and 303, that, if i + v be 


put = 7, we ſhall come to the equation _ = the Series 1 — = * v + 5 
* „ {+2 „ = x _ „ « „ | 
8 3 A 3 4 ? 
_ X v* — &c; and it is 3 in = 15, pages 301 and 322, that from 7 
this laſt equation may be derived the equation v — == X D ++ = $ 
Ms 

__ "= . t+3 t+4 4 t+2 t+3 t+4 t+5 $ "i 
— — XxX v CG 0 —_—_ g 
X V * & — 7 4; 5 X * 3 X 4 "WE 6 8 
GE = X _ x == * x _ * + & = —— , or, (putting * 

3, c, 2 Ip de for the ſeveral Gains of _ 5, v,99, , 27 and 5 | 
Y 

for the abſolute term — = 3 82 the equation v — Xx vv + cn — dif + 1 


ev - DOES; or v — * wy + IS LX Xx v Ax e x 
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impleſt form to which this equation can be reduced, 


Now in this laſt equation the unknown quantity v (being the Intereſt of 
one 


— 


2 —— — — = — =— — — — — by 
. DN BR EIS > Ho ZE ATI: L278 r > — * ſo 


* ——_— 


g — $8.4 


7 
* H 
N 
q 
63 
4 
19 
* 
1 
7 
. 
{ 
* 


W 


« * hy . 2 -4 
2. Ly VE pag Ss . . n 


4 I * Þ » , A 
* A+", 


3 F 
3 * 


. 
"Fo 
+ 1 
* 
i 
q 
15 

+ 
* 

* 


»” kk SS 23a S 1 Ixt 


one pound for one year,) is much leſs than 7, and the abſolute term 5 (be- 


ing equal to „ =] * —) is alſo leſs than 1, and conſe- 


at* + at 
quently the powers of both v and 5, to wit, v, ', v?, v', v', v, &c, and B, 
h*, BB, J, 5s, b*, &c, will form decreaſing progreſſions. Therefore the value 
of v may be found by means of the foregoing Theorem for reverting the ſeries 
v — * ＋ a3 — dif + ed — fo* + Kc, and will be equal to the Series þ + 
bxXB ii „ e + 5 — gbc +d\ x bv 
+ 360 — 2164 + 6bd + 14% —e| x + &c, 


This method of reſolving the equation — „1 of = — I have. 


applied to the reſolution of the two numeral equations 1.090,909,0 7 — #* 
= 0,090,909,0 and 1.066,461,5 * = ® = 0.066,461,5, which had been 


before reſolved by Dr. Halley's expreſſion 1 + — “ 2. Andl have 


found it to anſwer very well in point of exactneſs: but it is attended with a 
good deal of labour of calculation. The application of it to the equation 
1.090,909,0 * — x** = 0.090,909,0 is contained in Art. 17, 18, 19, &c, 
= - - 24, pages 323, 324, 325, &Cc. - - 329; and the application of it to 
the equation 1.066, 461,57 — 7 = 0.066,461,5 is contained in Art. 25, 26, 
27, &C, « = - 33. And in Art, 34, page 337, a ſhort and convenient direc- 
tion is given for the application of it to the reſolution of other equations that 


2+ 2 * of 3 2 
r & 


* 


come under the general form 


And this concludes the Third Note, on Dr. Halley's Tract on this ſubject. 


Of the Fourth Note to Dr. Halley's Diſecurſe on Compound Intereſt, 


The fourth Note to Dr. Halley's Diſcourſe on Compound Intereſt relates 
alſo to a Problem in which r, or the rate of the Intereſt of money that has 
been allowed to the purchaſer of an annuity for a certain-term of years in ad- 


dition 
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dition to a former term of years for which he was before entitled to enjoy the 


ſame annuity, is the unknown quantity ſought, This Problem is expreſſed by 
Dr. Halley in the words following. 


A Problem. 
Let it be required to find the Intereſt allowed the purchaſer, when he pays 


ce 2 ſum 2 for an annuity a wherein he has already a term ?, to have it prolonged 
&« for a certain time equal to x,” 


Example. 


1. ; 
ce An annuity of 20 per annum that is already granted for a term of years of 
te which 21 are ſtill to come, may, for the ſum of 40 pounds paid-down, be 


& prolonged for 10 years more, or to 31 years, What is the rate of Intereſt 


required?“ 


For the ſolution of this Problem Dr. Halley gives us the following expreſ- 
fion, but without any inveſtigation. | 


« Put T = 27 + x + 1, and 2 T ſhall be the Index of a root of =, Let 


*in =1 +7, and A be =, I fay, r — 1 is very near 
© 10 þ — {bb 2000 "Is 


As Dr. Halley has not given us any inveſtigation of this expreſſion, though 
it ſeems very much to require one, I have, in this fourth Note, endeavoured to 
ſupply this defect by ſtating, in as full and clear a manner as I could, an in. 


veſtigation of it, or, rather, of an expreſſion nearly equal to it, and bearing a 
great reſemblance to it, which has been communicated to me by my learned' and 


ingenious friend Mr, Morgan the Actuary of the Society for Equitable Aſſur- 


ances 


** 
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ances on Lives, in Chatham-Place near Black-Friars bridge, to whom I have 
been obliged for the inveſtigations of two former expreſſions given us by Dr. 


Halley for the ſolution of Problems of the like nature, which have been ſet- 


forth in the firſt and third of theſe Notes on the ſaid Diſcourſe of Dr. Halley. 


Of this Inveſtigation I will here give a ſhort account. 


In Art, 1, page 339, it is ſhewn that, if 7 be put for the number of years 
that are yet to come in the firſt term for which the annuity has been granted, 


and x be put for the number of years in the additional term for which the an- 
nuity is to be prolonged, and @ be put for the number of pounds of which 
the annuity conſiſts, or which are to be paid every year to the purchaſer of the 
annuity, and # be put for the number of pounds contained in the ſum of 


money which is to be paid for the prolongation of the annuity for a ſecond 
term of x years, and er be put for the rate of the Intereſt of money allowed the 
purchaſer in this bargain, or the value of one pound, together with it's Inte- 


reſt for one year; it is ſhewn, upon theſe ſuppoſitions, that z will be = 
a I I 


f, 


—. Therefore — will be = = 


a 
*r 27 rr 1 X T1 
2 — — : 1 1 - 


&- 


Then, in Art. 2 and 3, pages 340, 341, 342, and 343, it is ſhewn that, 
if v be put for the Intereſt of one pound for a year, and conſequently r is = 


1 +v, and vis = 7 — 1, we ſhall have = = —=— . —, which 
L 3 a Ter Ire 


into an infinite 


(by converting each of the two fractions — 
| IT 1＋ 
Series by Sir Iſaac Newton's Binomial Theorem, ) produces a very complicated 


equation which is ſet down in page 341, to wit, the equation —— the Series 
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+ 31 + 6 + 2x 
+ 31x* + 3x* 
x” 


— — X v® 
6 


[ 4 + 64 + I + 6 
+ 6 ＋ 18 f + 22tx 
7 + 4 + 18“ 


(+ x Oo 
— —— X ˙  &c, and (by dividing 
24 | 
both ſides of the equation by æv) the equation = = the Series 
1— 1 2+1 +$3*+6& +21) 
+ x. +5 T 3m + 3x 
——— YO T7} + ** j 
2 — — — X UL 
6 
+ 4 + 6x* + 11x + 6 ] 
+ (tr 181* + 227 
+ 4tx* + 187 4 
+ ** 


J FO 
X v* + &c; which equation (by put- 
24 | | | 
ting T = 2t + x + 1, or the numerator of the co-efficient of v,) is converted 


into the leſs complicated equation 2 = the Series 1 — — X v + 


T „ I- 

— BA 
+ 45 + 6x* ＋ IK + 6 
+ Fr + 185 + 227 
+ 4'x* + 18tx 
OE 


X TV 


——— * * + &c, or (omitring the laſt 
24 


: _ — | 
term,) to the Series 1 — — x r IxT+1 lim x wwe Ke. 
6 


Having 
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Having thus obtained the equation — = the Series 1 = — * v + 


TxT+ _ * c&c, we proceed, in the next place, (in Art. 4, 5, 6, 7 


and 8, pages 343, 344, 345» &c, = = 348,) to raiſe both ſides of it to the power of 
which the fraction — 1 (or the reciprocal of the fraction =, which 1s the co- 


efficient of v in the term — x v ofthe ſaid Series,) is the Index, employing, for the 


purpoſe of raiſing the ſaid Series to the ſaid power, Mr. De Moivre's Multinomial 
Theorem, upon a ſuppoſition that it is true 1n the caſe of fractional powers, and 
of powers that are both fractional and negative, as well as in the more ſimple 


caſe of integral and affirmative powers. And we thereby obtain (but not with- 
2 


| ; x|'+ : 
out great difficulty) the equation =] T= the Series 1 + v — = I 


X 
o &c. Therefore (ſubtraRing 1 from both fides,) we ſhall have A 


2 
421... xx 1 1 7 + "oe 


. 
and (putting y = = T — ,) we ſhall have v T* vv & = 3, 


or (neglecting the terms denoted by the mark &c,) v — E x ww = y; 


12D 
and (multiplying both ſides into the fraction — ) we ſhall have = 


x—1? 


X v 


and (putting þ = ) we ſhall have 2bv — ty = 2by; 


FL ” 75 = 
and (ſubtracting both ſides from 45,) we ſhall have 55 = 2by + vu = bb — 
2by ; and (extracting the ſquare-roots of both ſides,) we ſhall have 2 — y = 
+ bb — 2by, and conſequently h = v + N — 2by, and v = 3 
av bb — 2by, that is, 2 — 1 will be = þ = 3b — 2, and r, or 1 + 9, 


will be = 1 + þ — * — 26y, 


| | Q. E. I. 
Vol. V. } But 
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But this expreſſion 5 — % — 2ly, found for the value of v, or 7 — ly 
by this Inveſtigation of Mr. Morgan, though it is ſeemingly the ſame with Dr. 
Halley's expreſſion of it, (which is allo þ — 4/ b4 — 29, or conſiſts of the 


ſame Letters and figns,) yet is a little different from it. For Dr. Halley makes 


bd 6T 6 ® . . . * 
2 equal to the fraction inſtead of being equal to * „as it is in the 
a 11 —1 


faregoing inveſtigation of Mr. Morgan. And Mr. Morgan ſays, that he does 
not know whence this difference ariſes. But he adds, that it is not of much 


conſequence; becauſe both the rules are very accurate, and, of the two, he think, 


his own rule (in which þ is = _— „) the moſt accurate. And he is therefore 
inclined to ſuſpe& that Dr, Halley may have made ſome ſmall miſtake in his 
Inveſtigation, and by this means have obtained a different value for 5. But 
he adds, that, be that as it may, there need not be required a more correct rule 
than either of the two, as he has found by repeated trials in caſes where an in- 


accuracy was moſt Iikely to take place. 


After chus exhibiting Mr. Morgan's inveſtigation of the expreſſion þ — 


„I proceed, in Art. 10, pages 349 and 


Vb — 29, in which & is = —— 
3 50, to apply it to the Solution of the Problem propoſed by Dr. Halley, as 


an example of the utility of his expreſſion, This Problem is as follows. An 
annuity of 20 pounds a year, that is already granted for a term of years of which 


21 are ftill to come, may, for the ſum of 40 pounds, be prolonged for ten years 
| . 


more, or to 31 years. What is the rate of Interęſt required? Here a is = 20, 


and z is = 40, and ? is = 21 years, and x is = 10 years. Therefore ax is (= 


6 . 
40 


1 1 
20 X 10) = 200, and — Is = 2505 and — is (= 


"200 


) = 5, and T, or 


2 +x+1,is(=2X21 +10 +1242 +10+1) = 53, and Ar- is 
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2 
= —. Therefore _— = 5 53 = (as appears by a Table of Logarithms,} 
53 2 


2 


1.062, 61 6, 6, and conſequently Y, or r 1, is = O. 062, 615,6. And 


pnce T is = 53, we ſhall have 6T (=6 x 53) = 318, and — (= IT 


= L_— 3 = =) = 3.212,121,2, that is, 6 will be = 3.212,121,2. 
100 —1 99 33 
Therefore 225 will be (= 2 X 3.212, 121, 2 Xx 0.062, 615, = 2 Xx 
0.201,128,896,210,72) = o. 402, 257, 792,421, 44, and bs vil (= 
3-242,121,2*) = 10,317,722,603,489,44, and 64 — 2by will be ( = 
10.317,722,603,489,44 — 0.402,257,792,421,44) = 9-915,404,811,068,00, 
and conſequently V — 2% will be (= V9.915,464,811,068,00) = 
3-148,883,1, and þ — v bb — 2by will be (= 3-212,121,2 — 3.148,883,1) 
= 0.063,238,1 ; that is, v, or r — 1, will be = 0.063,238,1, ander will be 


= 1.063, 238, 1. QE. I. 


This number 1.063, 238, 1, which is found for the value of r, by Mr. 
Morgan's expreſſion, is very nearly equal to, but a little greater than, the value 
of it found by Dr. Halley's expreſſion, which is 1.063, 233. So that Dr. Halley's 


and Mr. Morgan's expreſſions ſeem to be equally uſeful in practice. But, as 


we know the inveſtigation of Mr. Morgan's expreſſion, (which has been given 
at length in the articles and pages above- mentioned, ) and are ignorant of the 
manner in which Dr. Halley obtained his expreſſion (in which & is made equal 


to * inſtead of — A I ſhould be inclined, in wlving a Problem of this 


kind, to make uſe of Mr. Morgan's expreſſion in preference to Dr. Halley's. 


The number 1.063, 233, aſſigned by Dr. Halley as the value of r in the 
foregoing Problem, is computed in Art. 11, page 350, from Dr. Halley's ex- 


k 6T +6. 6T 
preſſion, by making & equal to —— MM of, 
12 then, 
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I then, in Art. 12 and 13, pages 350, 351, and 352, try the exactneſs of 
the number-1.063,238,1, found before by means of Mr. Morgan's expreſſion 
for the value of 7, by ſuppoſing er to be equal to that number, and comput- 
ing the ſum ⁊: which is to be paid for the prolongation of tlie ſaid annuity of 
> ee eee 
20 per annum for 21 years for an additional term of 10 years upon that ſuppo- 
ſition. And it appears that the ſaid ſum will be = 39.998, 792,3. or 


„ 4. | "3 
39, 19, 104, inſtead of being exactly 40, as it was ſuppoſed to be in the fore- 


i N , 6 
going Problem. The difference of theſe two ſums 40 and 39, 19, 104 is ſo 


trifling, that it proves that, at leaſt, in this particular example, or with theſe 
values of 7 and x. or the numbers of years ſor which the annuity is granted 
and prolonged, the ſaid expreſſion 1 + þ — = 2by of the value of r ob. 
tained by Mr. Morgan's inveſtigation, is a very uſeful approximation to the true 
value of 7, or the rate of Intereſt ſought, | 


In Art. 14, page 3 53, it Is ſhewn that the general Problem above-mentioned 


for finding the value of r, when the values of a, x, t, and x are known, may 
t+x 


-- 


: . ©. : E a 
be reduced to the following trinomial equation, to wit, — x 11 r 


7 9 — which in the cale of the particular Problem propoſed by Dr. 


Halley as an example, (in which @ is = 20, and 3 is = 40, and 7 is = 21 


years, and x is = 10 years,) is converted into the equation ras Fo 751. 75 
e £ | 


= _ or o. 500,000;0 xr + * . = 0.500,000,0, And this numeral 
equation is reſolved, in Art. 15, pages 354, 355, and 356, to a great degree 
of exactneſs by Mr. Raphſon's Method of Approximation, taking the num- 
ber found before by Mr. Morgan's expreſſion, to wit, the number 1.063, 238, 1, 
for the firſt near value of 7, and ſubſtituting 1.063, 238,1 —.w inſtead of r 
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m the faid trinomial equation. And the reſult of this computation is, that w 
is = 0.000,002,2, and conſequently that + (or 1.063, 238,1 — w) is ( 
1.063,238,1 — 0,000,002,2) = 1.063,235,9, of which (if no miſtake has been 
made in the calculation, ) all the figures wi be true. 


In Art. 16, pages 356 and 357, it is ſhewn that 1 is the leſſer of the two 
roots of the equation 0.509,000,0 x r + . — 7 = 0.500,000,0, of which 
the greater root is 1,063,235,9 or the value of r in the Problem from which 


this equation is derived, And it is obſerved that our knowledge that 1 is the 
leſſer root of this equation might be employed as a means of obtaining a pretty 


near value of the greater root of the ſame equation, by, firſt, finding the 
greateſt poſſible value of the trinomial quantity 0.500,000,0 X 7 + 77 = 7, 
(which forms the firſt, or left-hand, fide of the ſaid equation,) by the Doctrine 
of Maxima and Minima, and then ſuppoſing that greateſt value to be an arith- 
metical mean between the leſſer and the greater roots of this equation. But 
the further conſideration of this ſubject is reſerved for a ſeparate tract which 
follows this Fourth Note immediately. This Fourth Note on Dr. Halley's 
Diſcourſe on Compound Intereſt ends in page 357. 


Of the Contents of the Fifth Tra in the preſent Volume. 


The Fifih Tract in the preſent Volume is an Appendix to the preceeding 
Tract of Dr. Halley on Compound Intereſt. And the defign of it is, to furniſh 
the reader with other methods of ſolving the three Problems on that ſubjeR, in 
which tle rate of the Intereſt of money allowed in them is the unknown quan- 
tity that is required to be found, and for the ſolution of which Dr. Halley has 
given three Algebräick expreſſions for the near value of the ſaid unknown 
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quantity, without any demonſtrations of them, but which hie had probably 
diſcovered by the help of Mr. De Moivre's Theorem for raifing any trinomial, 
or quadrinomial, or quinquinomial quantity, or any other higher multinomial 
quantity whatſoever, to any power of which a whole number denoted by the 
Letter m is the Index. This Theorem of Mr. De Moivre is demonſtrated by 
him only in this caſe of the Integral powers of a multinomial quantity, or when 
the Index #2 is a whole number; but it is declared by him to be true alſo in 
the caſe of fractional powers of ſuch a quantity, or when the Index of the power 
to which it is to be raiſed is any fraction _ in which #2 and u are any whole 
numbers whatſoever: and he has promiſed his readers to give them, on ſome 
future occaſion, a demonſtration of the Theorem in that caſe ; but, I believe, has 
never performed this promiſe, But he has not even declared it to be true in 


the caſe of negative powers of ſuch a quantity, either integral or fractional, or in 


the caſe ofthe multinomial quantity az + &2* + = + de +e2* + f2* + & 


_— | —— 

or of the multinomial quantity az + ε + c + 4 + e Tr + & 
I 

and 


ultinomial quantities — 
or of the m It no q az + 522 mY c23 + az + £25 + fz® + & 


I 


0 . . ; 
rr r rr YT + i, * And it would, I imagine, be ex- 


tremely difficult to form clear demonſtrations of this Theorem in all theſe 
caſes; and, if they were formed, they would be exceedingly intricate and dif- 
ficult to underſtand ; though it ſeems probable that the Theorem may be true 
in all of them, as the Binomial Theorem of Sir Iſaac Newton is known to be. 
But till theſe caſes of Mr. De Moivre's Theorem ſhall have been fully and 
clearly demonſtrated, no concluſions derived from them can be conſidered as 
fully and ſatisfactorily proved. Now the firſt of the expreſſions of Dr. Halley 
for the value of v, or 7 — 1, here alluded to, (and of which the Inveſtigation 
given me by Mr, Morgan has been ſet- forth at length in Note 1,) to wit, the 

expreſſion 
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expreſſion bb + 2 5 — &, requires us to raiſe the Series, or 


i 11 11 12 1 t—2 t=3 
quantity, 1 ＋7 2 K mm Wong x = % 


_ f—2 — — 1 
of + — * SM — * * X v* + &c to the power of which the 


fraction — is the Index; which is the caſe to which Mr. De Moivre has af- 
firmed, but not demonſtrated, his Theorem to extend: and therefore this 1: - 
veſtigation ought not to be conſidered as perfectly legitimate and ſatiefictory. 
And, if it could be admitted as ſalisfactory, the diſſiculty of obtaining the h 


power of the ſaid Series by the application of Mr. De Motvre's Theorem to it 
(which application of the ſaid Theorem is ſet-forth in pages 241, 242, 243» 
&c, - - - - 252,) is ſo great as to make it a very inconvenient and unpleaſint 
method of ſolving the Problem, or obtaining the value of v, or 1 — 1, and x. 
And in the inveſtigations of the ſecond and third exprefſions of Dr. Halley 
(exhibited in Notes III and IV,) it is required to raiſe the Series, or multino- 


mial quantity, 1 —— * v + —— * * v —— = 


ue 


* 


t ＋ t+2 


t+ 


3 4 
. . . — 2 . . * . 
the Index is the negative fraction — and to raiſe the Series, or multinomial 


TxT+1 -[it+rtr 
0 


t+ | 
* —> * — &c to the power of which 


R S 
quantity, 1 —=— Xx v + Xx v — &c to the power of 


which the negative fraction — * is the Index; which are caſes in which Mr. 


De Moivre has not even affirmed that his Theorem is true. And, further, the 
application of Mr. De Moivre's Theorem to theſe caſes (if we admit that it 
extends to them, ) is even more intricate and difficult than in the inveſtigation 
of Dr. Halley's firſt expreſſion, where the Index of the power to which the 


Series, or multinomial quantity, was to be raiſed, was the affirmative fraction 


——, For theſe reaſons I thought it very deſirable that other methods of ſoly. 
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ing theſe three Problems ſhould be reſorted-to, which ſhould be grounded on 
clearer and ſimpler principles, and be more ſatisfactory to the lovers of juſt and 


concluſive reaſoning on thoſe ſubjects. And with this view I drew-up this Ap- 
pendix to Dr. Halley's Diſcourſe, 


I have therefore, in Art. 3 and 4, page 361, ſtated over again Dr. Halley's 


fourth Problem concerning the amount of a given annuity, for the ſolution of 
which he has given us the expreffion 55 + 2by\3 — 5, which has been the ſub- 


ject of the firſt of the foregoing long Notes; and have ſhewn how the ſaid 
Problem may be reduced to the equation — xr — = — — I; in which 


a ſtands for the number of pounds in the annuity granted; ? for the number 
of years during which the annuity has been due, but not paid; 2- for the 


number of pounds in the amount of the ſaid annuity, or in the ſum of money 


which ought to be paid to the annuitant in one payment in conſequence of the 
non-payment of it during the ſaid ? years; ander for the value of one pound, 
together with it's Intereſt for a year, according to the rate of Intereſt of money 


that has been allowed to the annuitant by paying him the ſaid ſum x as the 
amount that is due to him, | 


This equation — X r — r 2 * — 1 is of the ſame form with the fol- 


lowing more general equation, to wit, Px — x" = Q; and therefore the Li- 
mits of the magnitudes of the two roots of the former equation may be de- 


duced from the Limits of the magnitudes of the two roots of the latter equa- 
tion. 


Now it is ſhewn, in Art. 7 and 8, pages 363, 364, and 365, firſt, that the 


leſſer root of the equation Px — * = Q will always be leſs than — 7 and 


2ndly, that the greater root of the ſame equation will always be greater than 
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S a, 


a 2 „ but leſs than P 11 ; and, 3dly, that the greateſt poſſible magnitude 


— 


| | | * 

of the binomial quantity Px — x" = Q will be n — 1 x Ls 
I 

that which it has when x is = — m—! Therefore, if we ſubſtitute — inſtead of 


m 
„ Which is 


2 and —1 inſtead of Q, and i inſtead of a, and : inſtead of m, in the equation Px— 


1 1 


* = Q, it will follow that P® —* will be = A=! 2 
a 


„and — will be ( =) 
1 

8 . N 
— —, and 2 a= will be = , and 1 — 1 * — n-2 wil Sz 


4 , 
Hu : 5 
frm $7 5 £ —1 and therefore that the lefler root of the equation r 
at 


I 
. . er 
— 7 = — — 1 Will be leſs than 2 and that the greater root of the 
a 
by I — 
ſame equation will be greater than 2 „but leſs than 5 „and that 
a . 


the greateſt poſſible magnitude of the binomial quantity — X r vill be 
t 


7 
I 


Further, it is ſhewn in Art. 9, pages 365, 366, and 367, that, if 5 


or the middle value of x in the binomial quantity Px — &, or that which it 
has when the ſaid binomial quantity has attained it's greateſt poſſible magni- 
tude, be denoted by the Letter M, and the exceſs of this middle value of x 
above the leſſer root of the equation Px — * = Q be denoted by the Letter 


a, the greater root of the ſaid equation will be leſs than M + d. But this 
Vor. V. k . quantity 
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quantity M + d will often be but a very little greater than the ſaid greater root 
of the equation Py — x" = Q, and will be ſufficiently near to it to be made a con- 
venient ground-work of a proceſs to a nearer value of it by Mr. Raphſon's, or 
o me other, Method of Approximation. Whenever therefore, in a binomial 


equation of this form, Px * = Q, we already know the value of it's leſſer 


co, this value may be made ſubſervient to our inveſtigation of the value of 
I 


it's greater root by finding the value of M, or — CET „and ſubtracting the 
leſſer root of the equation from M, and calling the remainder, or difference, 
d, and adding the ſaid difference to M. For the quantity M + 4, thereby 
obtained, will be nearly equal to, but ſomething greater than, the ſaid greater 


I . . 2 [4 2 
root, Now this is the caſe in the equation 1 For 


the leſſer root of this equation is known to be 1. Therefore, if we compute 
1 


— 


1 1 : 
the value of M, (or 5 or =, and put d = M— 1, or — Sno 


— 1, we ſhall have M d, (or MI M—1, or 2M — 1,) or 2 x 


1 


XVI ion — 
=] " — 1, for a near value of the greater root of the equation — x 7 
at 


2 — — 1, which will be a little greater than the truth. And thus we may 


obtain a tolerably near value of the greater value of 7 in this equation, with- 
out the ſubtle and uncertain reaſonings and the tedious and intricate Alge- 
braick operations which we were obliged to go through in the inveſtigation of 
Dr. Halley's expreſſion by the help of Mr. De Moivre's Multinomial Theorem 
extended to the caſe of fractional powers. | ; 


This value of r, obtained by computing the expreſſion M + d, or 2 X 
I 


* — , will not indeed be ſo near the truth as the value of it obtained 


by 
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by computing Dr. Halley's expreſſion. But it may eaſily be improved, or brought 
nearer the truth, by proceeding in the following manner. 


Having computed the value of M + 4, or 2 * — 7 — 1, let this 


value be ſubſtituted inſtead of r in the binomial quantity — x and 
let the value of that quantity reſulting from ſuch ſubſtitution be called D. 
Then, fince M + 4 is greater than the true value of r, let a ſmall portion of 
it, as, for example, a 20oth part of it, be ſubtracted from M + 4d, and let the 


remainder M + d — == be called y- Thirdly, let y be ſubſtituted inſtead 


of r in the binomial quantity —_ „ru, and let the value of the faid 


quantity reſulting from ſuch ſubſtitution be called E. Then we ſhall have two 


ſets of quantities, to wit, the three quantities M + 4, M + 4 — EE, or y, 
and r, which are nearly equal to each other, and the three quantities D, E, and Q or 
= —1,which are related in the ſame manner to the three former quantities M,, 
andr, (being the reſults of the ſubſtitution of the ſaid three former quantitiesinſtead 
of r in the binomial quantity — Xr — r,) and which will alſo be nearly equal 


each other; and of theſe fix quantities the only one that is unknown is r. We 
may therefore, by ſuppoſing the differences of the three former quantities 


M + 4, y, and v, to be to each other in the ſame proportion as the corre- 
ſponding differences of the three latter quantities D, E, and Q, or _ — 1, 


find a new value of the unknown quantity r that will be nearer to it's true value 
than either M + dor y, and oftentimes as near to the truth as need to be 
defired. And, if ſtill greater exactneſs is deſired, we may make this new value 
of r, that has been obtained by this proportion, or by what may be called 
The Differential Method of Approximation, the ground-work of a further approach 
to it's true value by Mr, Raphſon's Method of Approximation; and the value 


k 2 of 


ri p 222 AC 


of r that will be obtained by one proceſs of that Method will be near cnovgh 
to it's true value to ſatisfy the moſt ſcrupulous calculator. Theſe things ace 
explained, and ſome other obſervations made upon the ſubject, in Art. 10, 11, 


and 12, pages 3655 369, 370, and 375 


11 
This Method of reſolving the equation —xX r—r= — — 1 is chen 
| applied to the reſolution of the CEA: equation 17.8614 r — u 
16.36 4, which Dr. Halley had reſolved by his expreſſion, And the reſult of 
this application is, that M + 4. or the firſt near value of v, or the greater 
root of the propoſed equation, (which | is obtained by means of our knowledge 
chat the leſſer root af the (aid. equation is = 1,) is 1.3, 045, o; and the ſecond 
near value of 1 (which is derived from the former near value 1.063,045,0 by 5 
the Differential Method of Approximation, ) is 1.0 59,863, o, which i is very near 
it's true value 1.06 and the third near value of it (which is derived from the 
ſcond-near value 1.099, 863, 0 by one proceſs of Mr. Raphſon's Method of 
 Appraximation,)-is 1,060,009,9, which is ſu near the true value 1.06, that 
| the lnterslt of an 100 pounds, computed from this number, would be equal 
to 6 pounds and only 9.95040 of a farthing, or leſs than a ſingle farthing, in- 
ſtead of being exactly equal_to 6 pounds. This reſolution of the equation 
17, 861471 — . = 16, 8614 1 is contained i in An. 13, 14s and 15, pages 372, 
. 


EMH . 


Ix, in this manner of reſolving the equation 17. 8614 Xr 2 2 = 16.8614, 
by makipg uſe of our knowledge that it's leſſer root is equal to 1 in order to 
Gat the firſt near value of it's greater root, to wit, M + 4, or 1.063,045,0, we 
bad nat had recaurſe to the Differential Method of Approximation to find a 
. ſecond near valueof it, but, inſtead of it, had employed Mr. Raphſon's Me- 
A 


_ thod of Approximation for that purpoſe, by taking M + 4 — 


1. 05772948, for the ground: work or baſis, of ſuch approximation, the end 
| near 
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near value of r that we ſhould thereby have obtained would have had about 
the ſame. degree of exactneſs as 1059, 863, o, or the ſecond near value of it 
obtained by the ſaid Differential Method, and would have been obtaiged with 
about the ſame quantity of arithmetical ealeulation. So that it is pretty indif- 
ferent which of theſe tuo Methods of Approximation we employ in order to 
obtain this ſecond near value. And then a ſecond. proceſs. of Mr. Raphſon's 
Method of Approximation would have given us a third near value of r, that 
would have been as near the truth as any ong would deſire. 


The like method of refolving an equation of the ſame form — Xn —r 
2 — — 1, (to wit, by making uſe of our knowledge that the leſſer root of 
this equation is equal to 1 in order to obtain a firſt near value of its greater 
root,) is then applied to the numeral equation 967.648, 136,7 X 1 2 
966.648, 136, 7, which reſults from a Problem in which f, or the number of years 
for which the annuity is granted, is 70; which is one of the moft difficult caſes | 
that can be propoſed, Yet even here this method of reſolution is found to 
anſwer very well. For the true. value of r, or the greater root of this equatiap, 
is 1,06, And, though M + 4, or the firſt near value of it (which is obtained 
by means of our knowledge that the leſſer root of this equation is = 1,) is = 
1.077,94, 2, which is much too great, yet, by the very eaſy operation of tak. 
ing an arithmetical mean between M + d and M, or between 1.077,594,2 and 
1.038,797,1, we may find the number 1.058,195,6, which is much nearer than 
1.077, 594,2 to the true value of r, and is almoſt as near to it as the number 
1.058,712,7, which was found for it by Dr. Halley's expreſſion 1+ bb + 26\4 
— b; and then, by conſidering this number 1.058, 195,6 as our firſt near value 


of r, and making it the foundation of a proceſs of the Differential Method, 
1.088, 195,6 
200 


number 1.063, 486,5, and ſubſtituting, firſt, 1.058, 195,6 and, ſecondly, 
4 | 1.063,486,5 


(by increaſing it by „or 0.005,290,9, whereby we ſhall obtain the 
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2.063,486,5 in the binomial quantity 967.648,136,7 r — 1“ inſtead of r, 
the reſults of which ſubſtitutions are 991.527,000,6 and 954-738,937,0,) we 
obtain for a ſecond near value of / the number 1.059, 733,2, which is nearer than 
Dr. Halley's number 1.069, 7 12, 5, to 2.06, or the true value of it. And, laſtly, 
by making this laſh near value of r, to wit, 1.059, 733.2, the ground - work, or 
baſis, of a fingle proceſs of Mr. Raphſon's Method of Approximation, ve 
ſhall obtain the number 1.059,997-3; which is ſo near to 1.06, or the true 
value of r, that the latereſt of a hundred pounds for a year, computed: accord-, 
L. 1. 
ing to this eſtimation of 7, - would be equal to 5, 19, and more than e 
another ſhilling, inſtead of being exactly equal to 6 pounds, The difference of 
theſe ſums is leſs than half a farthing ; and therefore the equation 967.648, 136,7 
„ e = 966.648,136,7 is now reſolved with great exaftneſs. The re- 
ſolution of this equation by this method is given in Art. 16, 17, 18, oo 3 
20% pages 377, 378, 379, Kc. = - 384- f 


But, ale we have obtained a pretty good firſt near value of 1 by means 
of the quantities M and M + 4, there are two other methods of obtaining a 
more exact value of 7 beſides the Differential Method and Mr. Raphſon's Me- 
thod of Approximation. The firſt of theſe methods conſiſts in the reſolution 
of a certain quadratick equation which may be deduced from the equation 
— K — 2 — — 1, but not without a good deal of com putation both alge- 
braickal and arithmetical, which makes this method, in my opinion, mach 
leſs. convenient than the former method by the help of the Differential and 
Mr. Raphſon's Methods of Approximation: but it gives the value of r to a 
very great degree of exactneſs. The ſecond of theſe methods is grounded on 
one of Sir Iſaac Newton's Theorems for reverting an infinite ſeries. But this 
method” likewiſe requires a great quantity of very laborious arithmetical cal- 
culation, and therefore appears to me lefs convenient and fit for practice than 

wh; tie 
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the former mettod above-deſcribed, though it likewiſe gives the value of 7 
to a great degree of exactneſs. I will juſt give a brief ſtatement of theſe two 
methods, and of the degree of e xactneſs to which, when applied to the reſolu- 
tion of the above-mentioned numeral equation 967.648, 136, X r = = 
966.648,136,7, they give us the value of 7, or the greater root of that 13 


tion. 


The 6rt 7 theſe two methods, which conſiſts in the reſolution of a quadra- 
Mick equation, is as follows. | 


£2 


Let M + 4, or ſome qua leſs than M + 4, ſuch as M + 4 — 


or EEE, or M + , be taken as a firſt near value of r, We 


root of the equation — Xr—r= ——1,anddenoted by the ſmall Letter 5. 
And let & be ſubſtituted inſtead of 7 in the binomial quantity — K „. 
Then, if the quantity — * b—# is leſs than — * r — 75 or, bir equal, 
the abſolute term 5 — 1, it will follow that & will be greater than ; and, if 
the quantity — — * is greater than = — — 7, it will follow that . will be 


JG than 7. Let us, firſt, ſuppoſe that = x 5 —& is leſs than — 1, and 
conſequently that & is greater than r. And then the value of r may be found 


in the following manner, 


Let w be pyt for þ — r, or the exceſs of þ above r, and æ for the fraction 
— and e for r and f for 2 — 1. And let the values of the two ſractions 


* 
d and 8 2 be computeds and the former of them be can G, 
eV 18˙ f= of 

and the latter 1 . be called H. And we ſhall then have 2Gx — xx + & 


=H,ands = G -V H, and w, or b x x, =bG—b x / GG—H 
| and 


Urs „ * P R E F 4 E. 


Wark þ —u, = b=36 + VET" H; that is, vil be nearly equal 
33 H. | 2E . | 


910151 910 


n expreſſion of the value 1 17 is bange eee 23, pages = is, 
abt 388. F A OLED $4 * 2141-40 git $1 2 295; 81. 


. let us ub chat the bigomial quantity — — 2 * b—& is greater 


' £40); 13 


| than = — — 1, and conſequently that b is leſs than 7. wo then the value of r 
my, be found as s follows. | ONO 


x Le o be put for wk and a be =; and let be = Sa 
24 


2 1 as before. And let the” e cbkke tao fraftions —= = 
ET 


5 . be be m_ 2 former of 8 be called G, and the latter 
of them be called H. And we ſhall WV, wa, 20. + #x = H— &c, and 
„ NH , uid ws &'2) N n- G, 
and r (= A w) = „ R 9 + H H — * G; that is, 1 will be 


{nearly equal to þ +.6 X, r. WF Og . I. 


1 


Ha W bis SES 2 the value if r is ebw in x 24s pages my 389. 
* and 391. Fe : | 


"This laſt expreſſion is 1 — lin Art. 25 pages 4361 and 392,) applied to 4 the 

. reſolution of the before mentioned nhumeral equation 964:648,136,7 X 1 r* 
966.648, 136, . by taking for 4 (or the firſt near value of r, from which the 
further approximation to it's true value is to begin, ) the number 1.056, 195,6, 
Which was obtained by taking an arithmetical mean between M ＋ d and M, 


; 'and which is leſs than 1.06, or the true value of r. And the reſult of the 
8 | computation 
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| computation of this expreſſion 3 + & vV/GG + Hb X G is that it is 
= 1.059,998,0 ; and conſequently r is nearly equal 10 1.059,998,0. This 
value of r is wonderfully near it's true value, 1:06 ; and therefore we may 
conclude that this method of finding the value of , by reſolving the quadratick 
equation 2Gx + xx H, is a very exact one. 


The other way of epproximaring Farther N the true value of r, or the 
greater root of the equation — x rr = , after we have obtained 
a pretty good firſt near value of it by means of it's two Limits M and M + d, 
zs derived from the following Theorem of Sir Iſaac Newton for reverting an in- 
fioite Series. If I be a quantity leſs than 1, ſo chat is powers 5, %, , „% y, „, 
„, &e ſorm 2 decteaſing progreſſion of terms, and , b, c, d, e, f g, &c are 
numeral co · efſicients of the ſeveral ſucceſũ ve powers of , to wit, y, ., % y, 
„, , &c; and, if the Series oy H + 9f + df + 099 +} + 27. 
+ &cs = 2, and z is alſo leſs than 1, ſo that it's ſeveral ſucceſſive powers 
z, 2*, B, * 2˙ 2e, 27, &c, form likewiſe a decreaſing progreſſion of terms; 
then will 7 be equal to an infinite Series of quantities of which the firlt five 


terms will be = — 2 x 2 + Ben 25 ee 5 * 2* + 
Ee 1 ZE * 25, "Jad 8 if a is = 1 (as is very 


2 Sauk) mT + 55 + of + af + ey 2 + 2y + & 
is = z, the quantity y will be = the Series 2 — 32˙ +f 24 X 25 — 
. — ate Se 1 eee 25 &c. 


— 2 9 — 0 nd, thn — 2 


* . — © 


| This lat Series may be benen to the Gading's a more accurate value of the 
greater root of the equation — — Xr=r= — — 1 than the firſt near value 
of it which had been . by means of it's two Limits M and M + 72. 


But, to avoid confuſion by employing the ſame Letter a to denote different 
voll V. py: l ; | quantities, 


* „ wm £@ —cqrmqe.ci/cT HrHASE 
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quantities, it will be conyenient'to ſubſtitute another Letter inſtead of Z in the 


ſoregoing Theorem. And for this purpoſe I have choſen the ſmall Letter . 
And then the ſaid Theorem will be as follows. If y 0 ee and ꝗ is alſo 


is = g, quantity y will be = Cp PR HK 7 — 


| . eR 2 Li + 35 = 21˙c + 604 + = 1 &c-. 


ene net gate. Fd 10 YE 12h 


| Now let the Letter 5 be employed, inſtead of the "EY b, to 8 he 
feſt: near value of r, or the greater root of the equation — — =— 


ab 1, which has been already obtained by means of it's two Limits M and 


M4 And let us ſuppoſe pto' be ſomewhat leſs than the true value of 7, 
or the ſaid greater root, as the number 1.058, 19856 (Which was the firſt near 


value of r ſo obtained in refolving the numeral equation 967.648, 136,7 X 7 


— 772966. 648, 136,7) was found to be. And let w be Try for the un 
kenn er exceſs of r, or the gr" greater root of the Pquadon — - X rr 


== — 1, above p. the known near value of it | And, — to, o ſimplify 


LE 


the notation, ler P be ſubſtituted for — — the co-efficient of r in the faid equa- 


tion arr = 8 — 5 and Q for — abſolute term = — 1; Where 


— 
2334 K — 
1 


by Fa ſid en will by converted into the equation, Fr — >, = = Q. And. 


0 
— k * * e 
— - 


* {> jo l ? 


1 ee 
Pr will be (= Ex FN = Pp + Ppy, ud will be = p+ * = 7 


# 


* = . * 


8 ,=& WR 4d or cle * e. Therefore the binomial 
| | n 


C . 


% - 
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quantity Pr -r will be = Pp + yy x- the Series 1ů T +8: 
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But Pr — rf * . Therefore the compound quantity Po — Ppy — p* X 
"the Series 1 K . * * NN * He * 
An — x pon SW x * + 18 80 alſo be = Q. And from this equation may 


be derived, by hs reaſonings ſet-forth in Art. 28 and 29, pages 395, 396, 


"and 397, be equation 7 +1 x E Xp +1X = x 2 x 
we I 
FT REY | 
| DE EE ye bet „ the = 
Jaw | 22 3" 1 — Pp we | . 


* * np OY | 3 liz 41561 . 10 
. — ; which is an equation o& the ſame form with the equation y + 
by $9 +9 +9 N + = 
4 * " | | ; — 5 | | . „ 
Nom let q be put for the abſolute term . — L of this equation; and 
7 r * 


let be 8 =? X —— = N 2 , Or the numeral co-efficient of *; and 
| ' ip'— Pp | 3 


c be put . * — * = X A or the numeral co- eſſicient of y; 
5 Pepp ; 
ai e pen 8 — * wot or the numeral co- 


neren 


efficient of „* N put n * ; 4 : 


po , or the numeral co-efficient of 5. And the ſaid equation will be 
77 


thereby converted into the equation y + bf + of + &f + of + & = 9. 
12 | And 


_ - Txzxiv | „ >.> 


And conſequntiy by — Theorem of Sir Iſaac i 


ſhall hae ) -b x ＋ AN een * - + 
n — DNN & &e. 


7 8 » o * — + 4 - && 
Wahn 2631.30 257 4 2 — 7 C9 


And, when y i is. nd by: dc terms of this Series, 


338 we ſhall have y = PO ITO rd LES: By 
| N QEL 


144 


This method of W e the equation. — * — £. —1 is ex- 


tremely laborious ; but it gives us in many eld a very accurate value of 7. 
For, in Art. 30, pages 398, 399, and 4005 it is applied to the reſolution of 
the numeral equation 367.648, 1 36, J. * * 966. 648, I 36,7, after taking 
P, (or the firſt near value of y that is obtained by means of it* s two Limiis M 
 M +4, equal to the number 1.058, 195,6. And the reſult of the compute- 

tion of only the four firſt terms of the Series is, that y is = 0.001,699,4 and 


that w. or p X I, is (= 1.058,195,6 x 0.001,699,4) . = 0.001,798,2, and 


conſequently that. 7, or X w, is (= 1.058, 195.6 X 0.001,798,2) = 


- 1.059,993,8, 8, which is exceedingly near to 1.06, or the true value of r. However, 


I think the firſt of theſe three Methods of reſolving this equation = Xx —— 
= — 1. (by which, after finding a good firſt near value of r, or the greater 
root of it, by means of N and M + 4 che two Limits of ſuch greater root, 


we employ either one proceſs of the Differential Method of Approximation 


and one proceſs of Mr. Rapbſon's Method, or two fucceſlive proceſles of Mr. 
| Raphſon's Method, to find z more exact value of it,) much more convenient 
than either of the two other Methods of reſolving it, and therefore I have, in 


Art. 31, pages 401, 402, 403, &c; = - 406, made a full recapitulation of | 
All the reafonings and ptocrſſes which are to be employed in reſolving it by 


| that firſt method. And this recapitulation is followed by a Scholium, (in Art. 
It, pages 406, 407, and 408,) * wank — ſtated my reaſons for thinking 
WE | that 
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that either of theſe three methods of reſolving the ſaid equation, and eſpecially in 
the firſt Method, is preferable to Dr. Halley's Method of reſolving it by 
means of his abſtruſe Algebraick expreſſion, which is derived from Mr. De 
Moivre's Multinomial Theorem extended to the caſe of fractional powers. 
This Scholium concludes that part of this Appendix to Dr. Halley's ied — 


which relates to the reſolution of the equation — x r—r = = — 


Ia page 408. I have taken into ee the ſecond queſtion relating to 
Compound Intereſt, for the ſolution of which Dr. Halley has given us an Al- 
gebriick expreſſion, derived from Mr. De Moivre's Multinomial Theorem. 
This is Dr. Halley's fourth Problem relating to the preſent values of annuities 
for terms of years, and is expreſſed by him in theſe words; The annuity (a,) 
preſent value (z,) and time (i,) being given, to find (r,) the rate of Intereſt.” 
| And for the ſolution of this Problem, when t is leſs than 40 years, he has 


given us the following direction. Let == be the Index of a root of 5 
from which root ſubtract 1, and call the remainder y. And let — be called 


5. 1 fay, that þ — 46 =D ; is ſufficiently near to F — 1, and I will be Aill 
nearer the truth as the number of years is ſmaller.” | 


This expreſſion has been inveſtigated very fully in the Third of the fore- 
going Notes on Dr. Halley's Diſcourſe by the help of Mr. De Moivre*'s Mul- 
 linomiat Theorem, and upon a ſuppoſition that the ſaid Theorem is true in 
the caſe of powers that are both fractional and negative, which makes the 
_ inveſtigation of it exceedingly intricate, obſcure, and ſubtle. In this caſe 
therefore I ſhould be inclined to make vfe of ſome other method of de- 
termining the value of 7, or the rate of Intereft, that ſhould be derived from 
ſome * 9 which Dr. Halley's ſaid expreſſion 
e. 23 


hexxvi r 2 2 „ „ 2. 


1 N | has been inveſiguesl i the Third of the foregoing Notes on 


his Diſcourſe. - bot of aoltett +66 £ 1 Koc 3 
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| e ee of finding the value of r in this ſecond, caſe 1 ha 

foregoing Problem, inſtead of reſorting to the expreſſion, þ — (&þ 2501 


given us by Dr. Halley, has been already deſcribed in the latter part of the 


- ſaid Third Note on Dr. Halley” s Diſcourſe, and is here deſcribed again in x 
_ ſummary manner in Art. 35, pages 410 and 411, which is derived from a very 


uſeful Theorem given us by Sir Iſaac Newton for the reverſion of an infinite 
ſories. This method enables us to find the value of r to a great degree of ex- 


Actneſs; but it requires a great deal of calculation: and therefore I have, in 


this Appendix, endeavoured to find ſome other methods of inveſtigating this 
value;/that/are leſs laborious, and conſequently more fit for practice. And 
with this'view'T ſhew in the firft place, in Art. 36, "uf 412, ng to reduce 
the foregoing Problem to the binomial equation 22 * * ft "==, of 


which the quantity ſought, or the rate of Intereſt 7 is the greater root. And 
then, in Art. 37s page 413, it is ſhewn that the leſſer root of this equation is 

= 1, the knowledge of which will afterwards enable us to obtain a tolerably 
good firſt near value of it's greater root. But for this purpole it will be con- 


venient, firſt, to make a few remarks on the number of roots in a binomial 


equation of the more general form Pa" — a” 7! SQ. and on the limits of 


i their magnitudes ; which remarks we way afterwards transfer to the roots of 
the equation = — * r FT , = = which comes under that more * 


ral form. This examination of- the aid general equation Pr — «„ =Q 


is then made in Att. 40, 41, 42, 43» 40 pages 414, 415, 416, &c. - - 
419, and it is ſhewn that the greateſt poſſible magnitude of the lefſer root of 


dis equation will be r x P, and that the leaſt poſſible magnitude of the 


greater 


. 
. 
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greater root of this equation will be the ſame quantity = X P; and that 
the greateſt poſſible magnitude of the ſaid greater root will be P, and that the, 
greateſt poſſible magnitude of the binomial quantity P“ -K will be 


"ng : mP | 
rr * = „or that which it has when x is = — XP. And hence it 


ding in the firſt. place, grew if the abſolute term, Q, of the equation Paſo 
= Q is: greater than —— _ x „ the faid equation will be impoſ- 


mP mr 


Gible ; and, 2ndly, that, if the abſolute term Tis equal to —= * —=t", 


m+1 


20> 


the ſaid equation will have only one root, and that root will be equal to 78 


* P; and, zdly, that, if the abſolute term Q is leſs than _ * = $; 
the ſaid equation will have two roots, of which the leſſer Lo be leſs than 
— * P, and the greater will be greater than —— * P, but leſs than P. 


Theſe limits of the greater root of the equation PL” „ Q are 0 
near to each other 3 difference being only = P — — X P = — Ne 


Þ mo mnt 3 P = = x P,) that, if we take an arithmetical mean between 


5 7 IF 
them, the ſaid arithmetical mean (which will be wht * P, or = x PY 


| 27 
vill be a very good approxiecion to. the true value of the ſaid greater root, 


which lies between the faid limits = > P and (== x P, or) P. And thus 


we may eaſily obtain a good firſt near _—_ of the greater root of the equa · 


tion E -* 2 Q, even without a previous knowledge of the leſſer root 
of this equation. | | | 


But, 
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But, if we already know the value of the leſſer root of the equation Px" — 
A, we may thereby obtain a pretty good approximation to the: value 


of the greater root of the ſaid equation by. proceeding as follows. Let. r 


x P lor the value of x at the inſtant at which the binomial quantity P. 
dotiog the increaſe of x from o to P, attains it's greateſt magnitude, ) be 
Senne by the Letter M and let 4 be pot for the difference by which M 
exceeds the leſſer root of the equation Px" — "+1.= Q, which is ſuppaſed 
to be known. Then it will be found, that, if we add half the quantity d ts the 
ſaid middle quantity M, the ſum M + — < will often be pretty nearly equal to 
the greater root of the aid equation. Thave found by che examples of qua- 
tions öf this form, Ghich I have undertaken to reſalve, that M + — is mock 


flter than M + d to be adopted in this oojectural manner for a firſt near value 
of r, or the greater root of the equation, | 


When we + bare thus raken cher 222: 


= 
2mM 


+: X P, or M + , for a fin near 


ales of s, or the greater root of the equation Pu 5 Q, we mu 


ſubſtitute it inſtead of x in tlie binomial quantity Pa _ + „and compare 
rhe value of the laid binomial quantity reſulting from fuch ſubſtitution with 
the abſolute term Q. And, if the ſaid value is leſs than Q, the laid” near value 
of x, or the greater root of e the ſaid equation, will be greater than it's true 
value; And, if the ſaid value, or reſuk, is greater than the ubſolete term Q, the 
aid near value of x, or the ſaid greater root, will be Jeſs chan it's true valve. 
And from the. difference between the ſaid reſult and the abſobne term Q, we 
may form a good ju.'gement of the magnitude of the difference between the 
ſaid firſt near value of the ſaid greater root and it's true value. And then we 


may 
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may. proceed to find a more exact value of the ſaid greater root either by one 
proceſs of the Differential Method of Approximation, and one Method of Mr, 
Raphſon's Method, or by two proceſſes of Mr. Raphſon's Method. | 


After obtaining theſe concluſions concerning the general Equation Px" — 


.* = Q, I have, in Art. 45, 46, and 47, pages 420, 421, 422, and 423, 
—. * of — 17 * => = by ſubſtituting 
| —j inſtead of P, and — — inſtead 40 and r inſtead of x, and ? inſtead of m, 


Xx P, to be = * =, and 2221 x P 


2m-+2 / 


transferred them to the equation 


2 thereby we find M, or —— — 


to be = 7 — 22 * — , and therefore may conclude that 2 * — will be a 


3 near value of the greater root of the equation _ X PET = 


2 And further, ſince we know that the leſſer root of this equation is = 1, 


we ſhall have d = M —1=— x 225 and conſequently — = 


8 2 
24 2er e ox __ 
2t+2 * 2 ? "and * * A 7 2 Sz + 2t +3 * S 


+ z+a I 
— * — ＋ 22 7752 X Z 22 3 —, * 9 — and therefore may 


a 
conclude that — * == — — will alſo be often a pretty good firſt near 


value of the er root of the equation = X rf en pt ==. One of 


theſe two quantities ZE wes - * oo = and = X EY may therefore be 
choſen for a firſt near ww of r, or the greater root of the equation — X x 
— rf +1 = —, and ſubſtituted inſtead of r in the binomial quantity 222 + by) 


ie in order to diſcover whether the value of the ſaid binomial quantity 


reſulting from ſuch ſubſtitution will be leſs, or greater, than © —» the abſolute 
Vor. V. | | m term 


06 „* „ 3 „6 


term of chat equation, and conſequently whether the raid near value of r ſo 
ſobflitured is greater, or leſs; than it's true vaſue. And then, the ſaid firſt near 
value of r may be made uſe of as the ground-work, or baſis, of a proceſs of 
the Differential Method of Approximation, and aſterwards of a proceſs of Mr. 
| Raphſon's Method of Approximation, or (omitting the Differential Method,) | 
of two ſucceſſive proceſſes of Mr. _"— s Method; by which proceſſes the 
value of the greater root of the equation - - = = will be obs 
ned oo eee 4 ak 


This method of ates: r, or the greater root def the equation 


4 =," is then applied to the reſolution of the. Buben equation 
ee Xx g o. ogo, 9og, o which reſults from the example which 
. Dr. Halley has given us of this Problem, and which he has reſolved by his 
above-mentioned expreſſion 6 e. 


Now — value of 1, or be greater root of this equation, * 1. 068, 14, 
as is declared by Dr. Halley, and bas been ſhewn above in this preſent volume 
in the Third Note upon Dr. Halley's Diſcourſe on Compound Intereſt; in 
page 312. And the near value of it obtained by Dr. Halley's expreſſion 
b -= is 1,068,327, as is ſhewn in page 312, And in the preſent 
method of refolving this * the firſt near value of r, obtained by com- 


puting the expreſſon 2 7 2 —, 2 1.066, 11 5,6, which falls ſhort of 


the true value 1.068, 14 2 Seb dab d, or leſs than it's 525th part; which 
15 a very conſiderable degree of exactneſs. The _ firſt near value of r, 


which is obtained by computing the expreſſion M + - or . >; . © 5 


22472 8 
r 
2 1.061,983,3. which is much leſs exact than the former near value 
10 * 156. Therefore 1,066,1 1 5,6 5 1s the fitter number to be employed as 
- MD he 

| | : | a firſt 


- 
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a firſt near value of r, or as the baſis of a proceſs of the Differential Method 
of Approximation. And it is ſo employed in Art. 50, pages 425, 426, and 
427 z and the ſecond near value of r reſulting from ſuch proceſs is 1.068, 171, 2; 
which is true in the firſt five figures 1,068,1, and is nearer than 1.068,327, 
or the number obtained by Dr. Halley's expreſſion, to the true value 1,068, 14. 
And, if we make this number 1.068, 171 the ground work of a proceſs of 
Mr. Raphſon's Method of Approximation, we ſhall obtain the number 
1 068, 133,2 for a third near value of r, which is exceedingly near the true 
value 1.068, 14, their difference being leſs than the 158, 55 4th part of the ſaid 
true value. Theſe calculations are performed in pages 423, 424, 425, &c, —— 
429. * 07 | | L [woes 31; 


Dr. Halley has declared that, when t, or the number of years for which the 
annuity is granted is greater than 40, he does not recommend the uſe of his 
Algebraick expreſſion 5 —( =} for the ſolution of the Problem ; but 
has given us other methods of ſolving it, which are better adapted to thele caſes. 
We may therefore conſider the caſe of an annuity for 40 years as the moſt difficult 
caſe that can be conveniently ſolved by his expreſſion, I have therefore ap- 
plied the foregoing method of ſolution to a Problem in which an annuity is 
granted for a term of 40 years, with a view to try the efficacy of it in this 
extreme caſe. And, in order to Judge with certainty of the degree in which the 


2+1 „ 4 „0 : 1 
values of the two expreſſions —— 8 and M + ——, or 777 


— _ > will approach to the true 0 of r, or the rate of Intereſt, 1 have, 


firſt, ſuppoſed r to be known, and to be = 1.06, and have computed the 


L. 


preſent value, x, of an annuity of 20 per annum that is to be fold to a pur- 
chaſer for a term of 40 years, upon that ſuppoſition. And it is found that , 


or the price to be paid for ſuch an annuity, will be = 300.926,042,2, or 
m a | 30e, 


- 5 > * n 
* : | = R E FP A 'C 'E, 
300, 18, 6; whence it follows bebe, that, if the ſum of 300. 926,042,2, 


d. + 
or 300, is, 6, has been paid for 'an annuity of 20 for 40 years, the rate of 


, Intereſt that has been allowed to the pufchaſer of ſuch annuity, muſt have been 
1.06, or 6 per cent. I then ſuppoſe that ſuch an x annuity has en * for the 
ſaid price of on 8 or 1 but 18 it is not MT FOR 
rate of Intereſt was made the ground of the valuation of it, or was. intended 
to be allowed to the purchaſer on that occaſion; and that it is required to de- 
termine, what that rate of Intereſt muſt have been, by reaſonings founded on 
our knowledge of the other circumſtances belonging to it, to wit, the quantity of 
the annuity, the time during which it 1s to rr and the — that has 
been paid for ir. bo Fat 5. | 4] 


Nov, if @ be put for the quantity of the annuity, or the number of. pounds 
to be annually paid to the annuitant, and / for the number of years during 
which the annuity is to continue, and & for the number of pounds i in the price 
that has been paid for it, and for the rate of Intereſt allowed the purchaſer 
in. requiring the ſaid price for it, (which rate of Intereſt is ſuppoſed to be un- 
known, and is Teguired to be found from the knowledge of the other three 
| quantities,) the ſolutian of the ſaid Problem 0 be reduced to the reſolution 


of the binomial equation - —— „ - and the greater root of this 


: equation will be the value of bas we are to in, 


[bags . 
Now, ſince @ is, in this example, 20, and, z js = 300.926,042,2, and : 
| . 


is = 49 years, ve ſhall have f- (= a: ) ese dens. pes 


(= — + —Y = 1 ＋ —=1+ 0.066,461,5) = 1.066, 461, 5, and 2, 


8 5 and 
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and ; and conſequently the general equation — „ 


2 will, in this caſe, become 1.066 „461,5 X © — 1* = 0.066 461,5 and 


the greater root of this equation will be the value of r, or the rate of Intereſt 
ſought. This value of 7 muſt therefore now be inveſtigated by the method 
eee in the foregoing articles. | 


2t+1 * 228 
TW 1 —z 


we ſhall therefore have, for a firſt near value of r, the quantity 


4 
(2 5 * 1.066, 461,5) = 1.053, 455,8; which is leſs than the true value 


1.06 by 0.006, 544, 2, or leſs than the 163d part of the faid true value, which 
is near enough to the truth to be a good ground-work of a further approach 
to the ſaid true value by either the Differential Method of Approximation or 
Mr. Raphſon's ON And we ſhall alſo have, for another firſt near value 
3 + 1 3X 40 


of r, the quantity M+— 5 Le Pata" eratr gs fr 1 1.066, 461,5 
4 ö 60 ? 
_— = = X 5005 ag — —= A * 1.066,46, - = 


ere 2 =_ = 1.560, 675,3 — 0.500,000,0) 1.060, 675, 33 which 


is ſomewhat greater than 1.06, or the true value of 7, but approaches much 
nearer to it than the former number 1.053,455,8, and therefore will be ſtill 
fitter than that former number to be made the baſis of a further approximation. 
to the ſaid true value. I have then made uſe of both theſe numbers 
1.053,455,8 and 1.060,675,3 conjointly as a ground-work of a proceſs of the 
Differential Method of Approximation, and have thereby obtained, for a ſe. 
cond-near value of r, the number 1.059,794,9 ; which is nearer to the true 
value 1.06 than even the number 1.060,675,3- And then, with this ſecond 
near value of r, to wit, 1. 059, 794,9 3 as the ground-work of a proceſs of Mr. 

Raphſon's Method of Approximation, I have obtained, for a third near value of 


it, 


vw * 
8 
- + Af 

ef 


E 
] 
1 


ex vrefſion = 


no yP 82 & F A . 


it the at x. 060,035, 1j which is as near the true value 1.06, or 1 * 
as need to be deßred. | 


- Theſe computations relating to the equation 1.066,461,5 K — * 
0.066,46 1g are contained in Art. 54, 55, 56, &c, Ne, 63, pages 430, 431, 
432, &c, - - - 436. And with them | conclude that part of this Appen- 


dix which relates to the reſolution of the equation —.— * rm rf WY = —. 


ut, before we e entirely diſmiſs the conſideration of the equation * * * 


* —— it may not be amiſs to obſerve that in ſome caſes the expre(- 


| - 2t+1 ,,8+ 2 14 1 
fion IN * will approach nearer than che expreſſion —=— be — 2 a 
to the true value of the greater root of the equation . * r — = = - 


and in other caſes leſs near to it, For, in the numeral equation 1. ogo, 909, 
X fy — * = 5 (of which the greater root is = I .068,14,) the 


„ was found to be = = 1.066 1135.6, which falls hort of 


_ 


the true value ae by only 0.002,024,4, or lefs than the 527th part of 


the 7000 true value ; but the other expreſſion Ls * _ — — was found to 


be = 1.06 1,983.3, which falls ſhort of the ſaid true ons 1.068, 14 by 
hag; 56,7, er the 173d part of the ſaid true value, which is more than 


* times the former 8 0.002 024,4. Therefore i in reſolving the ſaid 


— mean of te firſt: — 50 is, much ane 


2t+3 


the number 7 061,983,3, (obtained by. means of the ſecond 7 key 2 


272 
e neee a firſt near value of the ſaid greater roct, 
: or 
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or to be made the ground-work, or baſis, of a further approach to it's true 
value, by the Differential Method, or Mr. Raphſon's Method, or any other 
Method, of Approximation. But the reverſe of this took place in the cale of 
the other numeral equation 1.066,461,5 & — 1 = 0.066,461,5, of 
which the greater root is = 1,06. For in that equation the firſt expreſſion 


_ . — is = = 1.053, 455,8, which falls ſhort of the true value 1.06 by 


ade, or about the 163d part of the ſaid true value; but the ſeeond 
expreſſion ——— — * — —— is 1.060, 67 5, 3, which exceeds the ſaid ye 


value 1.06 by only the al quantity, o. ooo, 675, 3, which is leſs than 
the 1569th part of the ſaid true value. Therefore in reſolving this equation 
1.056,46 1, 5 * — 2 8 1,5, the number 1.060, 67 5, 3, (obtained by 


_ 3+8a 
means of the ſecond expreſſion — at 


number 1.053,455,8, (obtained by means of the firſt expreſſion 


— —) is much fitter than the 


2+1 hu | 
2 * 


to be employed as a firſt near value of the ſaid greater root, or to be haze 
the ground-work, or baſis, of a further approach to the ſaid true value by the 
Differential Method, or Mr. Raphſon's Method, or any other Method, of 


Approximation. Therefore in Pon, any numeral equation that comes 


under the general form — N 7 ms = =» it will often be expedient to 


compute both the expreſſions ZE: x r and g x , and ſab- 


ſtitute each of them ſucceſſively inſtead of r in the binomial quantity = hs * 
— * „ and to denote the value of the faid binomial quantity _ 


| from the ſubſtitution of the firſt expreſſion =* _ = OX * by the Letter D, and 
the value of it reſulting from the ſubſtitution of the ſecond N 


TI '  2$+82 
7 8 — by the Leiter E, and compare 2 reſults with — — the 
abſolute term of the equation —.— x rf —rt = — , in order to diſcover 
| which 


. Oo Ut oo Wn Roe li Nats Ein oa 
«a dv — l : 
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. * 


the trinomial equation 7 X <4 + r** 


__ 3% a A IA . 


which of theſe two reſults D or E differs -leaſt from the abſolute term —, 
And then, thegxpreſſion which produced the reſult which ; is found to aden 


leaſt, from the abſolute term —- - will be the Engelen which will differ leaſt 


from the true value of r, or the greater root of the equation — 2. * po -- +1 


* 


= — and which will therefore be the fitteſt to be a as a fiſt. near 


vid of the ſaid greater root, or to be made the ground-work, or baſis, ofa 


further approach to the ſaid true _ by any of the Methods of * 


tion. 5 


a 
. 20 


. Te 
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I then, in Ar. yg enter - upon hs conſderwion of the third and kat of 
the three Problems in Dc. Halley's Diſcourſe on Compound Intereſt which have 
given occaſion to the foregoing Notes, and of the equation which is deduced 
from it, and on the reſolution of which the ſolution, of the ſaid Problem de- 

pends. This Problem relates to the finding of the rate of Intereſt of money | 


| allowed i in a bargain made for the prolongation of a given annuity, that has 
been already granted for a given number of years, for an additional number 


of years, when the four following quantities, to wit, 1ſt, the quantity of the 
annuity purchaſed, or the number of pounds that are to be paid to the annui- 
rant every year; and, 2ndly, the number of years during which the annuity is 
to contipue by. virtue of che firſt grant; and, 3dly, the number of years during 
which it is to be prolonged beyond the firſt term by virtue of the new bar- 
gain; and, ſourthly, the price that is to be paid for ſuch prolongation of it by 


the purchaſer in conſequence of ſuch new bargain; are all given or known. 


And 1 firſt ſtate this Problem in Dr. Halley's own words, in pages 436, and 
437, and afterwards give a fuller ſtatement of it in Art. 65, in the ſame page 437» 


| and then, in Art, 66, pages 437» 438, and 439, reduce the ſaid Problem to 


rag e 2 by the reſolution of 


| which 
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which we may obtain a ſolution of the ſaidproblem. Ourefforts muſt thereforg.nqw 


be PROTO to reſolye this trinomial equation = * * +£ — den 
=- = e 5 | - 2 3; $1: pl 75344539 £14) Aa 2 241245195009 
| | 5355 $419 


' With « a view to the reſolution of this nen [ ſhew, i in \ the firſt place in 
Art. 67, page 439, that one of it's roots will be = 1 ; but that this root can- 
not be the value of y that will ſolve the Problem from which this equation 
vas detived, becauſe that value of 7, (being the rate of Intereſt of money, or 
the value of one pound together with it's Intereſt for a year,) muſt neceſſarily 
be greater than one pound, or 1. And hence it follows that the other and 
greater root of this equation will be the quantity that will anſwer our purpoſe, 
and give us the ſolution of the ſaid Problem. We muſt therefore endeavour 
to find the greater root of the ſaid trinomial equation = * 4 


a+t+1 CE 
yr a * 7 . 


* — 


Insa order to diſcover the ow of this equation I, firſt, , conſider the 
more general equation Px” + #" . = Q, in which the co-effi- 
cient of the loweſt power of the unknown quantity and the abſolute term of the 
equation are denoted by the ſingle Letters P and Qreſpectively, which makes the 
equation ſomewhat ſimpler and eaſier to manage inthe courſe of our inquiry into 
it's properties. And then, in Art. 68, 69, and 70, pages 440, 441, 442, &c, 
- =.» 446, I demonſtrate the following concluſions concerning this equation 


r Q: to wit, 


iſt, That the binomial quantity . © muſt always be * than P. To 
long as 4 is any root of the trinomial equation Px" + a+ | 2 


= Qs. 
vol. v. En © And, 


bm „ YACH. 


And, 2ndly, That the greateſt poſſible magnitude of the quantity x in the 

 rrinomial equation Px” 1 Q. or rather the Limit of it's 
magnitude in that equation, is the magnitude which it has when the binomial 
duni. — i equal to P, or, in other words, is the root of the bino. 


mial equation # A P and therefore that, in order to find the greateſt 


poſſible -magnitude of hi quantity x in the 'trinomial equation Px" + * 
93 Q, or the Limit of it's . it vill be ce to 


1 — the binomial equation 91 =P, (which i is an equation that 
: 7558 8 of only one root,) or to find the value of i it's root *; which root 


50, That, while x increaſes from o to A (which is it's greateſt poſ- 
able magnitude,) the trinomial quantity Px” + E — "+" win, it, 
increaſe from o to a certain finite quantity, and then decreaſe from that finite 
quantity to o, to'which it will be equal when x is equal to A, or the root of the 
binomial equation „P; and conſequently that, if M be put for 
the value of at the inſtant of time at which, during the eee 0 

#8 it's greateſt magnitude A, the trinomial quantity Pr“ . 

- attains is greateſt magnitude, the greateſt magnitude 1 as _— trinomial 
| e * M* + ** — , E 


And, 4tbly, That, if Q, or the Tug an 
Px” .+ ST 8 moet s = Que, equal to the ſaid greateſt quantity P Xx 
+ te — M * 1, the ſaid trinomial equation will have but one 


; roo, to wit, the quantity a; _ that, if Qis leſs than the faid greateſt 
| quantity, 


* & © & +7 27-2 xcix 
* 


quantity, or P x M“ + M*t" MT" , the ſaid trinomial equation will 
have two roots, of which the leſſer will be leſs than the quantity M, and the 
e will be et than the n M, but leſs than the "ITY '. | 


And, obs That the quantity M, or the * of x * the 10 at which | 


the trinomial quantity Pp. 39. tTAtI 


nitude, is equal to the root of che binomial equation & |= K * = 
— x Þ; and therefore that, in order. to fin#qhe value of this middle 


attains it's greateſt poſſible mag- 


' 7 
quantity * which, being ſubſtituted inſtead ON x in the winomial quantity 


pr + . 3 will make that quantity be of the greateſt poſſible 


magnitude, it will be neceſſary to reſolve the binomial equation 7 = 


83 
It appears therefore that, if we wiſh to diſcover the values of the two quan- 
tities A and M. which are the two Limits of the magnitude of the greater 
value of & in the trinomial equation Px” + 5 = Q, we muſt 
, , , 1 ＋1 +1 m+ 
reſolve the two binomial venous 17 „ P and of b X 


lo Art, 71, pages 446, and 447, I proceed to reſolve the firſt of thoſe'two 


binomial equations, to wit, the equation 


— 4 = P, upon a ſuppoſition 
that the abſolute term P is leſs than 1, as it uſually is in the equation Px 4 
ROY ohh = Q. when that equation ariſes from the equation — x * 
+ OT = *] == relating to the foregoing Problem concerning the 

n 2 price 


ec. * nnn 19 is © . 
: | * 

price paid for the prolongation of a given annuity for an additional number of 
-yeats, Upon this ſuppoſition * that P is leſs than 1,” it is ſhewn in Art. 71, 
page 446, that x muſt be conſiderably leſs than a, though greater than 1, and 
conſequently that, if v be put for the exceſs of x above 1, and x be therefore 
'= 1 + v, the quantity v will be leſs than 1, and conſequently vv will be 


te v, and c than vv, and every following power of © will be leſs than the 
power immediately preceeding it. And hence, (by ſubſtituting 1 + v inſtead 


of x in the equation wp 


"Theorem,) we obtain, id page 447, the equation v + = x v* + & P; 
Which, if we negle& all the terms denoted by the mark Cc (which will in- 
. yolye in, them v', v, v', and the following powers of v,) as being very ſmall 
E in compariſon to Wy be converted into the quadratick equation v + #iv* 


— FP by means of Sir Iſaac Newton's binomial 


"= P, of which the root is = = ö ==, And therefore x, or I + v, will 


be nearly equal to, but ſomewhat leſs than, 1 + —— ==, Therefore 


A ere greateſt poſſible magnitude of & in the trinomial equation Px” + 
SH „ p, wil be ny equal to, but ſomewhat leſs than, 1 + 


r 21 
28 : . 


This method of determining the value of & in the equation & r 
P is evidently imperfect, on account of the neglect of the ſeveral terms in the 
| equation v +23 x v* + & = P that involve the quantities , v, v5, &c. 

But yet I thought it might be ſufficiently accurate to give us the value of x 
exact to two decimal places of figures. But this I have ſince found it will 
not always be ſufficient to effect; becauſe the multiplication of , , vs, &c 
into their reſpective co · eſicients (which will involve the powers of the index u,) 
in the terms denoted by the mark &c, which have been neglected, will ſome- 
times tend to increaſe thoſe — and thereby to counteract and leflen the 
diminution 


n SS EA &aca = | | ci 
diminution of them ariſing from the decreaſe of the powers 2, v, v5, &e, to 
ſuch a degree as to make thoſe terms be too great to be ſafely neglected. It is 
only therefore when v is known to be not only leſs than 1, but leſs than —— . 


that this method of determining the value of v, and conſequently that of x + v 


or x, by reſolving the quadratick equation v + # x vν e P, can be ſafely 
reſorted-to : and in general, I am now inclined to think, it will be more ad- 


+1 


. , "=>. a 2 | o 1 
viſeable to reſolve the equation *“ — x* = P in another manner, to wit, 


by making a few conjectures concerning the value of x (which we know to be 
greater than 1, and a great deal leſs than 2,) and trying the accuracy of ſuch 


conjectural values by ſubſtituting them inſtead of x in the binomial quan · 


tity 51nd comparing the values of the ſaid binomial quantity, re- 


ſulting from ſuch ſubſtitutions, with the true value of the ſaid binomial quan- 


tity, or wich the abſolute term P of the equation 1 * 


1 nu . . 
—x = P, which is 
equal to the ſaid true value. It may, however, be of uſe to the reader to have 


both theſe methods of proceeding laid before him ; to the end that, when he 


ſhall have any numeral equation of this form, Px” + * — tot — 
Q, ariſing from a queſtion concerning the purchaſe of the prolongation of a 
given annuity, for an additional term of years, propoſed to him to be reſolved, 
and he ſhall think fit, in order to ſuch reſolution, or to the finding of the 

greater root of ſuch equation, to determine previouſly the values of the quan- 
tities A and M (which are the higher and lower Limits of the greater root of 


ſuch trinomial equation, ) by reſolving the two binomial equations g*** -- & 
8 + mTAN m . . | 
2 Pandæõũẽ — r Xx * 2 * P, he may judge for himſelf, 
in the particular numeral equation which he is deſirous of reſolving, by which 
of theſe two methods it will be moſt expedient for him to proceed, in order 


+1 


to reſolve the ſaid binomial equation » — x* = P, by which he is to deter- 


mine the value of the quantity A, 


I then, * 


* 


cii 5 | P R E F A Cc x. 
then, in Art. 72, page 448, proceed to'conbder the ſecond binomial equa. 


10 11 2 m 
_ m4n+1 wat — m+n+1 


the quantity M, which is the lower Limit of the greater root of the tri. 


* P, the root of which is equal to 


nomial equation Px” . „ = . And here it may be obſerved, 
that, ſince the abſolute term of this equation, to wit, the quantiey = 4 


P, is lef than P, or the abſolute term of the former binomial equation x os 


— x = P, and the co-efficient of æ in the preſent equation, to wit, the quan, 


* m+2# : | m+ +l. . % 
tity fr is very nearly equal to eg:, or 1, or the co-efficient of x 


in the former equation, the value of x in this latter equation muſt be leſs than 
it was in the former equation. And conſequently, if we put v for the exceſs 


| n+1 A + x . 
of x, or the root of the latter equation x fer x x" = == * 
P, above 1, this er v will be leſs than the former quantity v in the former 
equation N P, or 1 Tu -T“ P, and 2 Xu 


the powers v, us of Jos will decreaſe faſter in the preſent equation x 25 


— P, or 8 [OM x FO" 


+2+ m+z+1 
+1 2 


1 * P, than they did 1 in the former equation 1 ＋ — 1 +0 


P. And conſequently, if we ſubſtitute the binomial ”_—_— 1 + v, inſtead 


«= in this equation ** ood * * = —— r x P (finding the 


W of T T D and 1 f by means of the binomial theorem, ) the 


ſeveral terms of the new equation, produced by ſuch ſubſtitution, that will in- 
volve v, of, v, and the other following powers of v, may more. ſafely be 
neglected than they could be in the former equation 1 + fre 
'= P, which was derived in the like manner from the equation -- — ," P, 
| | Fo | and 


PS © = . ciiĩ 


and the ſaid new equation may therefore, more ſafely than in the former caſe, 
be reſolved as a quadratick equation. And ſuch a reſolution of this equation 


SH fc x err P is exhibited in Art. 73, pages 448, 


449, and 450 ; the reſult of which 1s, that, if, in order to ſimplify the nota- 


tion, we put f = =, andg = Sr x P, and thereby convert the 
E "RES. . . n+1 n 
equation — _ —＋ X# =—IT A P into the equation x — fx 


g, and then ſubſtitute 1 + v inſtead of x in this latter equation, we ſhall 


come to the following equation, to wit, 1 —f n +1— fu x v + 


2 X v* + ſeveral other terms involving v, v, v5, &c = g, 
which (if we neglect all the terms involving V, , v5, &c,) will be converted 
into the quadratick equation 1 —f + n + 1—fn\ x v + —= — + ft 
X vv. Therefore (adding F to both fides,) we ſhall have 1 + 1 + 1 —f# 


x v + ==L —— — x vv = g + / and (ſubtracting 1 from both ſides,) 


we (hall have 1 T1 — ft x v + . x w=g +f—1, and 


(multiplying all the terms by 2,) we ſhall have 2» + 2 — 2 Xx v + 
m — fm + n + fn) x vv = 28 + 2f — 2, and (dividing all the terms by 


um — fnn + n + fn,) we ſhall have - L Fenn I. 
which is a quadratick equation properly prepared for reſolution. Here again 


we muſt ſimplify the notation by putting þ = n + 1 — fn, and i = 2g + 27 


— 2, and & = m — nn + u + fn.,, And then we ſhall have X v + wv 


4 
= = and (adding 2 to both ſides, ) —_ + 5 X v + votes 
. Ja: . F 
_ +=) = —— - Therefore (extracting the ſquare- roots of both 
ſides,) we ſhall have = ＋ v2 — and v — — 2. or 
T7 vit+Þ 
EL. — =, Therefore 1 + v, or x, will be = 1 + — that is, 


the 


civ ern 


1 4 X 1 b „41 2 nm 
the root of the binomial equation x — Xx == — I? 2 P will 
i N -h 
3 


be nearly equal to 1 + But this general Algebraick expreſ- 
ſion of this root is ſo complicated that it would probably be more eaſy and 
convenient in practice to neglect it and to proceed to the reſolution of any 


4 


n+1I m +n * m 
particular numeral equating of the form K — err 4 1 


x P, that we might have occaſion to reſolve, by applying to it all the rea- 
ſonings and operations ſet · ſorth in Art. 73, inſtead of computing the values of 


b and # and & in order to find the value of the general expreſſion 1 + 
_— -b 


juſt. now x obtained. But this muſt be left to the * and 


; dſreian of the calculator | in pg: particular example. 


© Nor, perhaps, will it always be expedient to have recourſe to this method 
, 1 ＋1 


| of obtaining a near value of bs root of the equation x” — [= * ** 


— ET x P by reſolving a quudrarck Aa that has been derived from 


i t by neglecting thoſe terms of the accurate equatio ion FT + . Jo 


| X-1-+ FA = pple E P which involve v, v, 0%, &c, as being very ſmall 


in omparion 1 the two terms) which involve vand vv e but it may ſome- 
times be x more adriſeable to ache the ſaid equation x at 25 x * 


— X Pp. in a - different manner, tO wit, by making a few conjectures 


= == 
concerning the valve of | it's root (which we knew to be greater than 1, and 
much leſs than 25 and fubſtituting the faid conjectural values of x inſtead” of 


v in the binomial quantity “ | 2 * „, and comparing the values 


of the ſaid binomial quantity reſulting from ſuch ſubſtitutions with. the true 
value 


SS S013 6 4 cr 


value of the ſaid binomial quantity in the ſaid equation, or with the abſolute 


term X P, which is equal. to the faid true value. In ſome cafes the 


———_—— 
m+n+1 
former Method of proceeding may be more convenient than the Jatter, when 


. T 
we know that v is not only leſs than 1, but than g, and even much lefs than 


RAY and in other caſes the latter method may be preferable to the former. 


And of this matter the calculator muſt judge for himſelf in each particular 
example. 


When we have thus obtained near values of the roots of the two binomial 


TI i =P and x 


n+ m +1 8 mr 
17421 * * = m+n+1 x P, 


(which roots have been ſhewn to be equal to the quantities A and M, or to the 


1 
equations x 


Limits of the magnitude of the greater root of the trinomial equation Pa“ 


EE r 


+ #7 = Q,) we may derive from them a conjectural value of the 


greater root of the ſaid trinomial equation Px” . — "EE = Q, that 
will probably be pretty near the truth, by computing the value of the trinomial 


quantity P M“ + MU" MT, or the greateſt poſſible magnitude 


of the trinomial quantity Px” 42“ — n comparing it with the 


abſolute term Q, or the value of the ſaid trinomial quantity in the equation 


PN re — = Q. And in this manner we may obtain a pretty 


good firſt near value of the greater root of the ſaid trinomial equation inde- 
pendently of the leſſer root of the ſaid equation, or without any knowledge of 
the value of the ſaid leſſer root. | 


But, if we already know the magnitude of the leſſer root of the ſaid} equa- 
tion, we may in ſuch caſe obtain another conjectural value of it's greater root 
by means of it's ſaid leſſer root. For, if 4 be put for the exceſs of M, (or 

Vol. V. . the 


. 8 ? RA LE F A . 


the middle value of a, which, being ſubſtituted inſtead of x in the trinomial 
quantity Px" + * a e, makes that quantity to be of the greateſt 
magnitude poſſible,) and we add —— to M, it will, I believe, often be found, 


that the ſum thence arifing, to wit, M + 2. will be pretty nearly equal to 


the greater root of the ſaid equation. And thus we ſhall in theſe caſes have 
two ready methods of obtaining a tolerably good firſt near value of the greater 
root of the trinomial equation Px” + 7 - B 

And, when we have, by either of the two foregoing methods, obtained a 
pretty good firſt near value of x, or the greater root of the ſaid trinomial equa- 
tion Pa" + EEE STENT = Q, we. may derive from it a ſecond near 
value of the ſaid root, that ſhall be much nearer to the truth than the ſaid firſt 
near value, by a proceſs of either the Differential Method of Approximation, 
or Mr. Raphſon's Method: and, if ſuch ſecond near value of the ſaid greater 
root ſhould not be thought ſufficiently exact, we may eaſily find a third near 
value of it, by making the ſaid ſecond near value the ground-work, or baſis, 
of another proceſs of Approximation by the Method of Mr. Raphſon. 


Having thus examined the more general trinomial equation Px” + 7 
„ = Q (which includes under it the trinomial equation — xr 


+ * — EF = —5 but is expreſſed in a more fimple notation, ) I return in Art. 


— 


78, page 451, to the equation — xr + 6 — , for the 


fake of which I entered upon the foregoing examination of the trinomial equa» 


tion Px" + * * = Q; and I apply the concluſions that have 


|  heen obtained concerning the roots of the ſaid equation Px® + " ot © 


m+n+: 
x 
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nn 2 20 8 20. end; 
| * | 7 N | ; 
5 = Qto the roots of the equation, — „ 


And I thereby find that the quantity A, cr the greateſt poſſible value of r in 


the trinomial equation — K * + r. „N 


— —— will be the root of 


the binomial equation ET nt . — and that the quantity M, (or the 


2 
middle value of r in the trinomial quantity — „ 41 HE 


which makes that trinomial quantity be of the greateſt poſſible magnitude,) 


: e 8 5 141 11147 3 * 
will be the root of the binomial equation r A Xx.7 = mar 


— and that the root of the former of theſe binomial equations, to wit, the 


equation 1 LE = = will be nearly equal to, but ſomewhat leſs than, 


5 2 | a 3 
1+V[7T z and that the greateſt poſſible magnitude of the trinomial 3 


2 


quantity K 4 HF = will be = x M + M 


Mr which muſt be compared with —, the abſolute term of the equa- 


tion — * Ir —, in order to form a good conjecture 
concerning the firſt near value of 7, or the greater root of the ſaid equation, 


Theſe concluſions make the ſubject of Art, 78, 79, 80, 81, and 82, in — 4 
451, 452, 453, 454, and 455. 


Then, in Art. 83, &c, pages 455, &c an example is given of this manner 


of reſolving a trinomial equation of this form, — A. + * 


— —_ by applying it to the "reſolution of the numeral equation 0.500,000,0 
X H - = 0.500 ,000,0, which reſults from the Problem propoſed 
by Dr, Halley, which is ſet - ſorth above in Art, 64; in which a, or the annuity 

o 2 granted, 


© % ²˙ ˙ A wm Ä -w er =_ 


| ing the N equation 7 


Cyiii 2 a 8 3 A 0 . 


1 1 
granted, is 20 a year; and 7, or the number of years of the firſt term for 
which it was granted, that are unexpired, or ſtill to come, is 21 years; and x, 


or the number of years for which the annuity is to be prolonged beyond the 


ſaid 21 years, is 10 years; and 2, or the ſum of money paid-down as the price 
of ſuch prolongation, is 40 pounds; and r denotes the rate of Intereſt of 


money correſponding to the price 2, or 40 pounds, and which | is required to 


be found. | 


"The firſt ſtep to be taken towards the refolution of this trinomial equation 
0,500,000,0 Xx #'*% + 13" — g o. goo, ooo, o in the manner above-deſcribed, 
is to find the value of A, or the higher Limit of it's greater root, by reſolv- 
R or — π = o. goo, ooo, o, the 
root of which is equal to A. And the value of this root, as imperfe&tly ob- 


tained by computing the expreſſion 1 + = is = 1.1323. But 


: 28 
] have fince found, by reſolving" the equation * — 7** = 0.500,000,0 in a 
different manner, that the more accurate value of it's root is 1.0869, But the 
former value of A, to wit, 1. 1323, though much greater than the truth, is yet 


: ſufficiently exact to be of conſiderable uſe in aſſiſting us to find a tolerably 


good firſt near value of r, or the greater root of the trinomial equation 
0.500,000 X. r** + 1 = = 0.500,000,0 ; which was the only purpoſe for 
which it was deſirable on the preſent occaſion to inquire into the value of this 
W A, or to "os the binomial equation PP = =o. 500,000,0. 


The next lep to be raken towards the reſolution of the trinomial equation 


0.5800,000,0 x „ + * - 2 0.500,000,0 in the manner above-de- 
ſcribed, is to find the value of M, or the lower Limit of the magnitude of 


it ; greater root, by reſolving the binomial equation ET 7771 x 2 


R EB PF A . cix 


84 1 | 10 
7 7 * = ＋ (or FIR to+21+1 * * 1 X o. 300, ooo, o, or rf 


— 2 x 18 = — X 0.500,0c0,0,) or Ly — 0.968, 750, > 28 anti — 
0.156,250,0, And the root of this equation, if imperſectly obtained by reſolv> 


ing a certain quadratick equation that is derived from it by means of the bi- 
nomial theorem in the manner above-deſcribed, will be = 1.0437; as is 
| ſhewn in Art. 86, pages 457 and 458, But I have ſince found, by reſolving 
this equation * — 0.968,750,0 x 1** = 0.156,250,0 in a different manner, 
that the more accurate value of it's root is 1.038, 883. But the former value 
of M, to wit, 1.0437, though greater than the truth, is yet ſufficiently exact 
to be of great uſę in aſſiſting us to find a tolerably good firſt near value of r, 
or the greater root of the trinomial equation 0.500,000,0 x r* + 17 — 5 
= 0.500,000,0 o; for which purpoſe alone it was deſirable for us to inquire into 
the value of M, or to reſolve the equation * — 0.968,750,0 Xx * = 
0.156,2 50,0, 


And here it may be obſerved, that the imperfe& value of M, or the root 
of the binomial equation * — 0.968,750,0 Xx 1** = 0.156,250,0, obtained 
by reſolving a quadratick equation that is derived from it by means of the bi- 
nomial theorem, to wit, the number 1.0437, approaches much nearer to it's 
more exact value 1.038, 883, than the imperfe& value of A, or the root of the 
former binomial equation * — “ = 0.500,000,0, obtained by reſolving a 
like quadratick equation that is derived from it by means of the binomia] 
theorem, to wit, the number 1.1323, approaches to it's more exact value 
1.0869, For the difference between 1.0437, or 1.043, 700, the imperfect 
value of M, and 1,038,883, it's more exact value, is = o. oog, 8 17, which is 
leſs than the ai th part of 1. 038,883, it's more exact value; and the differ- 
ence between 1.1323, the imperfect value of A, and 1.0869, it's more exact 
value, is = 0.0454, which is nearly equal to the 24th part of 1.0869, it's 


more exact value; which 24th part is more than ten times the 215th part of 
| the 
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the ſaid more exact value. So that the ſecond binomial equation r* — 


0.968,750,0 X ** = 0.156, 250, o, (of which the root is equal to M,) may 
be much more ſafely reſolved in the firſt, or imperfect, method by reſolving 
a certain quadratick equation derived from it, than the firſt binomial equation 


* SS 0,500,000,0, (of which the root is r 04 to A,) can be reſolved in 
the like 3 manner. 


Having las the number 1.1323 "0p a near value of A, and the number 
1.0437 for a near value of M, I proceed, in Art. 87, page 459, to apply theſe 
numbers to the reſolution of the trinomial equation 0.500,000,0 x r + . 
— 7 = 0.500,000,0 ; and, in order thereto, I ſubſtitute 1.0437, inſtead of r, 
in the trinomial quantity 0.500,000,0 M r: — 5; and I find the value 
of the ſaid trinomial quantity, reſulting from ſuch ſubſtitution, to be = 
0. 602, 317,93 which muſt therefore be conſidered as the greateſt poſſible mag- 


nitude of that trinomial quantity. And then, in Art. 88, pages 460, and 
461, I proceed to inveſtigate a firſt near value of the greater root of the tri- 
nomial equation 0.500,000,0 X + ff » o. $00,000,0 | in the follow- 
ing manner. | | ; 


While the trinomial quantity ©.500,000,0 * no - 2 1 3 from 
o. 60a, 317,9 (which is it's greateſt magnitude,) to o, the quantity r will in- 


creaſe from M, or 1.0437, to A, or 1.1323; and, while the ſaid trinomial 
. quantity decreaſes from 0.602,317,9 to 0.500,000,0 (the abſolute term of the 
equation o. go, oo, o & % rt 5? = do. go, ooo, o,) the quantity r will 
- increaſe from M, or 1.0437, to the value of the greater root of the ſaid tri- 
nomial equation. Now let us ſuppoſe that theſe two increments of r are to 
each other, in nearly the ſame proportion as the two correſponding decrements 
of the trinomial quantity 0.500,000,0 x + - ; which is, indeed, 
but a coarſe ſuppoſition, conſiderably diſtant from the truth; but yet it will 
be found to be ſufficiently near it, to enable us to find a tolerably good firſt 
near value of the greater root of the trinomial equation which we are endea- 
vouring 
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| vouring to reſolve. And we ſhall then find that the increment r — 1,0437 
will be to the whole increment 1.1323 — 1.0437 in, nearly, the ſame propor- 
tion as the decrement 0.602,317,9 — o. fo, ooo, o is to the whole decrement 
0.602,317,9 — o, or 0.602,317,9; that 15, 7 — 1.0437 will be to 0.0386, in, 
nearly, the ſame proportion as 0.102,317,9 to 0.602,317,9, Therefore r — 


0.9836 x 0.102,317,9 — 0.909,065,365.94 
0.602,317,9 6.602, 317,9 


and conſequently r will be, nearly, (= 0.0150 + 1.0437) = 1.0587 ; that is, 
1.0587 will be, probably, not very diſtant from the value of the greater root 


= O. O0 1303 


10437 will be, nearly, ( 


of the trinomial equation o. 300, oo, o X 7? + ff — 7 = 0.500,000,0. 


1 


And thus, by having computed the values of A and M, or the higher and 
lower Limits of the magnitude of the ſaid greater root of the ſaid trinomial 
equation o. 00, ooo, o X 7? + t - o. 500, ooo, o, and found the faid 
Limits to be equal to 1.1323 and 1.0437, (though theſe computations of theſe 


Limits are but imperfect,) we have been enabled to form a probable conjee- 
ture concerning the value of the ſaid greater root, and to conclude that it is 


nearly equal to 1.0587, independently of the lefler root, or without making uſe 
of our previous knowledge that the faid lefler root is = 1, 


And this number, 1.0587, thus found for the firſt near value of the greater 
root of the ſaid trinomial equation o. go, ooo, X 7? + " 1p = 
0.500,000,0, is tolerably near to the true value of the faid greater root, for a 
firſt, or conjectural, value of it. For the true value of the ſaid greater root 
has been found above (in page 356 of the preſent volume,) to be = 1.063,235,9; 
which exceeds 1.058,7 by the ſmall quantity 0.004, 535,9, which is leſs than 
the 234th part of the ſaid true value 1.063, 23 5, 9. This is a very conſider- 
able degree of exactneſs for a firſt near value of , and ſuch as will make the 
ſaid firſt near value 1.0587 be an excellent baſis, or ground-work, for a fur- 
ther approach to the true value of 75 or the ſaid greater root, either by the 
Differential 


<Cx11 _- PR AARP Ae tr. 


Differential Method, or Mr. Raphſon's Mcthod : or any other Method of Ap- 


proximation. 


But, if we make uſe of our previous knowledge of the magnitude of the 
leſſer root of the trinomial equation o. go, oo, X 7 + . — 3 = 
o. goo, ooo, o in order to obtain a probable firſt near value of the greater root 
of the ſaid equation, by putting d for the exceſs of M, or 1.0437, above the 
ſaid leſſer root (which we know to be = 1,) and ſuppoſing the greater root 


to be nearly = M + — we ſhall thereby obtain another near value of the 


ſaid greater root, which will be till nearer to it's true value than 1.0587, 
For, ſince M is = 1.0437, and the leſſer root of the equation is = 1, we ſhall 


have 4 (= M—1 = 1.0437 — 1) = 0.0437, and — (= — — ) = 0.0218, 


and conſequently M + TA (= 1.0437 + 0.0218) = 1.0655; which is 
greater than 1.063,235,9, or the true value of the ſaid greater root by only 
the ſmall quantity o. oo, 264, 1, which is leſs than the 469th part of 1.063,235,9, 
or the true value of the ſaid greater root. This difference from the true value 
of the faid greater root is but half the former difference, o. O04, 53579, of the 
number 1.0587 from the ſaid true value. So that this number 1.0655 (ob- 


* tained by means of the expreſſion M + —, and derived from our previous 
knowledge of the magnitude of the leſſer root of the equation 0.500,000,0 

r + 1 — g o. go, ooo, o,) is a better firſt near value of the greater 
root of the ſaid equation than the former number 1.0587, which was obtained 

from the two quantities A and M, or 1.1323. and 1.0437, which were the 
limits of the magnitude of the ſaid greater root. But both theſe numbers 
1.0587 and 1.0655 are near enough to the true value of the ſaid greater root 
to be fit to be taken for firſt near values of it, or to be employed as the baſis, 


or ground-work, of a further approach to the ſaid true value, either by the 
Differential 
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Differential Method, or Mr. Raphſon's Method, or ſome other Method, of 
Approximation. 


Accordingly I afterwards proceed, in Art. go, page 462, to employ the two 
numbers 1.0587 and 1,0665 (having here made an unaccountable miſtake in 
employing the number 1.0665 inſtead of the number 1.06 55, which had been 
found for a near value of r in the foregoing Article 89,) as the ground of a 
proceſs of the Diſcerential Method of Approximation towards a ſecond and 
more exact value of it. And the ſecond near value of r obtained by this pro- 
ceſs is 1.062,750,3 ; which falls ſhort of the true value, 1.063,235,9 by the 
ſmall difference 0.000,485,6, which is leſs than the 218gth part of the ſaid 
true value, 1.063, 235, 9. This is a very conſiderable degree of exactneſs; and 
this ſecond near value of r would have been much more exact, if I had not 
made the above-mentioned miſtake of employing the number 1.0665, inſtead 
of the number 1.065 5, in this calculation, This proceſs of the Differential 
Method, by which we have obtained this ſecond near value of r, to wit, 
1.062,7 50,3, is contained in pages 462, 463, and 464. 


And then, in Art. g1, pages 464, 465, and 466, I employ the foregoing 
ſecond near value of 7, to wit, 1.062, 750, 3, as the ground-work of a proceſs 
of Mr. Raphſon's Method of Approximation, and thereby obtain the number 
1.063, 243,5 for a third near value of 7, or the greater root of the trinomial 
equation o. 500, oo, X rt. 7*! — 7* = o. 500, ooo, o, which exceeds the true 
value 1.063, 35,9 by the very ſmall quantity 0.000,007,6, which is leſs than 
the 139, 899th part of the ſaid true value 1.063, 235, 9. This equation may there- 
tore now be conſidered as having been reſolved to a great degree of exactneſs. 


And this concludes the whole of what is contained in this Appendix to Dr. 
Halley's Diſcourſe on Compound Intereſt, concerning the general equation 


— „ — deduced from this Problem of Dr. Halley, 


and concerning the numeral equation o. 300, ooo, o x , = 5 = 
Vol. V. | p o. 300, ooo, o 


— — — — — 
— 
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o. oo, ooo, o, which reſults from the particular example which he has given of 
the ſaid Problem. 


The manner in which the trinomial equation o. 500, O00, x 7? + , — 
7 = = 0.500,000,0 has been reſolved in this Appendix to Dr. Halley's Diſ- 
courſe on 1a Intereſt, and which has been juſt deſcribed, ſeems to be 


the moſt regular and ſcientifick method that can be taken for that purpoſe ; 


| becauſe it, firſt, determines the values of the two quantities A and M, which 


are the Limits of the magnitude of the greater root of the equation (which is 
the unknown quantity which we are required to find,) and thereby affords us 
juſt and fafe grounds for forming reaſonable conjectures concerning the firſt 
near value of the ſaid unknown quantity, which firſt near value we are after. 


wards to make uſe of as a ground-work, or baſis, of a further approach to the 


true value of the ſaid unknown quantity, or greater root, by the Differential 
Method, or Mr. Raphſon's Method, or ſome other Method, of Approximation. 


But this inveſtigation of theſe Limits, A and M, of the magnitude of the ſaid 


greater root (which required the reſolution of the two binomial equations * 
= 7** = o. soo, ooo, o and * — 0.968,750,0 Xx * = 0.156,250,0 before 
we began to form our conjectures concerning the firſt near value of the ſaid 
greater root of the trinomial equation 0.500,000,0 x r + 1 — 2 


o. oo, ooo, o, which is the unknown quantity which Dr. Halley's Problem re- 


quires us to find,) is not a matter of abſolute neceſſity. For we may, if 


we pleaſe, proceed immediately to the reſolution of the trinomial equation 


o. oo, ooo, X 7? + * — ®* = 0.500,000,0 without having previouſly diſ- 


covered the values of A and M, or the Limits of the greater root of the ſaid 


equation, and may begin ſuch reſolution by making at once a random conjec- 
ture concerning the value of the ſaid greater root upon other grounds of pro- 
bability that may occur to us. And by this means we ſhould avoid the labour 
of previouſly reſolving the two binomial equations * — 7** = 0.500,000,0 
and * — 0.968,750 x r* = 0.156,250,0, which conſtituted no ſmall part 
of the trouble of the foregoing reſolution of the principal, or trinomial, equa- 

dion 


4% * - * A 
K — „ - N e eee 
e 3 - » a» 
— pp NN 
3 3 1 5 1 * 5 n . 
N is $ 4 4 a 1 as, - 1 * * 75 4 wi "F 8 * 8 8 
6 by ny r - - n : hs ="; bo » - 2 5 * 1 4 


N © EW 0” "Gs Cx 


tion 0.500,000,0 X 7? + 1! — 7® . 500, ooo, o. Such a reſolution of 


the ſaid trinomial equation might be performed in the following manner. 


A Reſclution of the is iromia! equation 0.500,000,0, X r + *** 
o. 300, ooo, o, without previouſly inveſtigating the values of the two quantities A 
and M, which are the Limits of the magnitude of the greater root of the ſaid 
equation, which is the unknown quantity that is required to be found. 


This equation 0.500,000,0 X 1? + 17 — 7* = 0.500,000,0 is derived 
from a Problem propoſed by Dr. Halley, in which it is ſuppoſed that a perſon, 


to whom an annuity of 20 a year had been already granted for a term of years 
of which 21 years were unexpired, or ſtill to come, had paid, ſor the prolonga- 
tion of the ſaid annuity for an additional term of 10 years, the ſum of 40 
pounds; and it is required, from the knowledge of theſe four quantities, to 
wit, the number of pounds in the annuity, the number of years of the firſt 
term that are ſtill to come, the number of years for which the annuity is to be 
prolonged, and the price paid for ſuch prolongation, to determine the rate of 
Intereſt for his money that has been ailowed to the ſaid annuitant ih requiring 
him to pay the ſum of 40 pounds for the ſaid prolongation of his annuity, 


Now, as in Dr. Halley's time, or a little before and after the year 1700, the 
common rate of the Intereſt of money was 6 per cent, we may reaſonably conjec- 
ture that, in the foregoing bargain for the prolongation of the ſaid annuity 


of 20 a year for an additional term of 10 years at the price of 40, that rate 
of Intereſt, or a rate of Intereſt but little different from it, was adopted. And 
therefore we will ſuppoſe the firſt near value of r, or the greater root of the 
trinomial equation 0.500,000,0 x + 17 - o. goo, ooo, o to be equal 
to 1,06, and will ſubſtitute 1.06 inſtead of 7 in the trinomial quantity o. 500,000,0 
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X r* +7 — 7, in order to diſcover whether the value of the ſaid trinomial 
quantity reſulting from ſuch ſubſticution, will be greater, or will be Jeſs, than 
o. go, oo, o, or the abſoluie term of the ſaid equation, and conſequently 
whether 1.06 will be leſs, or will be greater, than the true value of r, or 
"the greater root of the ſaid equation, This ſubſlitution may be made as 
follows. | 


The Logarithm of 1.06 is = 0.025,305,9. Therefore the Logarithm of 
— will be (= 10 X 0.025,305,9) = 0.253,059,0 ; which is the Logarithm 
| of the number 1.790,849,1. Therefore 1 000i is = 1.790, 849, 1; and conſe- 
; quently 0.500,000,0 * Lobe will be (= 0.500,000,0 X 1.790,849,1 = 


| . = 0.89 5,424, 5. 


And ſince the Logarithm of 1.06 is = o 023, 305, 9, the Logarithm of 
Tobe will be (= 31 Xx 0.025,305,9) = . 784, 482,9; which is the Logarithm 
of the number 6.088, 115,5. Therefore 1. 06091 is 6.088, 115,5. And con- 
" ſequendy 1. 00% will be (= 1.065 Xx 1.06 6.088, 115, X 1.06) = 
6.453, 402, 4. ö 


| Therefore the trinomial quantity 0.500,000,0 X To + 1,06 — 1.00} 
will be ( = 0.895,424,5 + 6.088,115, 5 — 6.453,402,4 = 6.983,540,0 — 
6.463, 402,4) = 0-530,1 37,6 ; which is greater than 0.500,000,0, the abſolute 
term of the equation 0.500,000,0 X + 7! — . = 0.500,000,0, There- 
fore 1.06 muſt be leſs than r, or the greater root of that equation, 


Q. E. I. 


Now let w be put for the unknown exceſs of x above 1.06, and let 1,06 + 
2p be ſubſtituted inſtead of 7 in the equation 0.500,000,0 x 7 + 1 = 
= o. oo, ooo, o; and let the transformed equation reſulting from this ſubſti- 
tution be reſolved as if it were a mere ſimple equation, according to the direc- 
tions of Mr. Raphſon's Method of Approximation, by neglecting all the 

| terms 
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terms of it that involve any higher power of the new unknown quantity ww 


than it's ſimple power, or w itsfelf, This may be done in the manner fol- 


lowing. 


Since Fr is = 1.06 + , we ſhall have m = 1 00 + w\? (=, by the 
binomial theorem, to the Series 10600 + 10 Xx 1.00 * X w + &c = 1.091 


«799,349, 
+ 10 X * w ＋ &c = 1.790, 849, 1 + 10 X — —— X w + 


&c = I 3 + 10 X 1.689,48, x w + &c = 1.790,849,1 + 
16.894,802,8 Xx w + &c; and conſequently c.500,000,0 X 7? will be (= 
5.500,000,0 X 1.790, 849, 1 + 0.500,000,0 * 16.894, 802,8 x w + &c = 


2 41 — LS * w + &) = 0.895,424,5 ＋ 8.447,401,4 * 
7 —— &c, 


And r** will be = 1.06 + wp)%* (=, by the binomial theorem, to the Series 
1.06)3 


1.061 + 31 X 1.007” Xx w + &c = 1.00 + 31 X 7 * 


6.088, 113,5 + 31 * —— x w + & = 6.088, 115, + 31 * 


X w-+ & c 


5.743, 505,18 x w + &c) = 6.088,1 15,5 + 178.048, 660,5 Xx w + &c. 


And r** will be = 1:06 + w\* (=, by the binomial theorem, to the Series 


1.06} + 32 X 1. 06 X w + &c = 6.453,402,4 + 32 X 6.088,115.5 x 
20 ＋ &c) = 6.453,402,4 + 194-819,696,0. 


Therefore the trinomial quantity 0,500,000,0 x r* + = 73 will be 
equal to the following compound quantity, to wit, 


0.895,424,5 + 8.447,401,4 X w + &c 
+ 6.088,115,5 + 178.048, 660, 5 X w + &c > = 
— 6.453,402,4 — 194.819,696,0 x w + &c 


{ 6.983,540,0 + 186.496,061,9 x w + &c "wy 
— 6.453,402,4 — 194.819,696,0 Xx w — &c } 8 


0. 530, 137,6 — 8.323, 634, f x w &c, 
But 


exviii „„ 
But the trinomial quantity o. oo, ooo, o X ο + 7 — 75 is = o. 500, ooo, o. 


Therefore the compound quantity 0.530,137,6 — 8. 323,634,1 Xx ww &c 
will alſo be = 0.500,000,0, And conſequently 0.530,137,6 will be = 
0-500,000,0 + 8.323,034,1X w, and 8.323, 634, 1 & w will be (= o. 530, 137,6 


O. 30,3726 3 
1325630) 0. 00g. 


Therefore 7, or 1.06 + w, will be ( = 1.06 + 0.0036) = 1.0636; that is, 
the greater root of the trinomial equation 0.500,000,0 Xx 7? + 7 — 7 


— ©.500,000,0) = 0.030,137,6, and w will be (= 


0.500,000,0 will be nearly = 1.0636. K. 1. 


This ſecond near value of r is ſomewhat greater than the truth. For, if we 
ſubſtitute it inſtead of r in the trinomial quantity o. 300, ooo, o X * + 7! — 
*, the value of the ſaid trinomial quantity ariſing from ſuch ſubſtitution will 
be lefs than 0.500,000,0, or the abſolute term of the equation 0.500,000,0 
* * + 1 g o. goo, ooo, o; as will appear by making the ſaid ſubſti- 
tution in the manner following. 


Th 8 of 15666 is = o. o26, 778,3. Therefore the Logarithm of 


186g will be (= 10 x o. 026, 778,3) = . 267, 783, o; which is the Lo- 


garithm of the number 1.8 52,605, 5. Therefore 1.06361? is = 1.852,605, 5. 
And conſequently o. 500, 0% X 1. 0 %% will be (= 0.500,000,0 X 


| 852,605, 
1.852,605,5 = =) = 0.926,302,7. 


And, fince the Logarithm of 1.0636 is = 0.026,778,3, the Logarithm of 
To6gos will be (= 31 & 0.026,778,3) = 0.830,127,3; which is the Lo- 
garithm of the number 6.762,812,5. Therefore 1.0636 * will be = 6.762,812,5+ 
And conſequently 1.0636 will be (= 1.0030 x 1.0636 = 6.762,812,5 
** 1.0636) = 7.192,927,375.%00. | 
Therefore 
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Therefore the trinomial quantity o. Soo, ooo, o X 1.0636 + 1,06307",— 
1.0030)” will be (= 0.926,302,7 + 6.762,812,5 — 7.192,927,Z= 7-689,11 5,2 
— 7.192,927,3) = 0:496,187,9 ; which is nearly equal to, but ſomewhat lefs 
than, 0.500,000,0, or the abſolute term of the equation o. o, ooo, o X'7? + 77 
— 7 = 0.500,000,0. Therefore 1.0636 will be nearly equal to, but ſome- 


what greater than, the true vajue of r, or the greater root of that equation. 


Q. E. D. 


But by another proceſs of Mr. Raphſon's Method of Approximation we 
may obtain a third near value of 7, or the greater root of the ſaid trinomial 
equation, that will be as exact as need to be deſired. Such a proceſs will be 


as follows, 


Let w be put for the unknown exceſs of 1.0636 above the true value of . 
And we ſhall then have r = 1.0636 — wv, and conſequently r = 1.0636 —gl'® 
=, by the binomial theorem, to the ſeries 1.0636" — 10 & 1.06361" X ww 


1.063612 
I, 1.0636 


882, 605, 
N ——_— L x 0 & =1 852,605, — 10 X 1.741, 825, 40 „ w + &c) = 


1.852,60, — 17.418, 254, X w &c. And conſequently o. 500, 00 & 
o will be (= o. oo, ooo, o Xx 1.8 52, 605, 5 — 0.500,000,0 X 17.418,254,0 


. ee ee 2 e x w + &c) = 0.926, 302, — 


8.709, 127, X W + &c. 


+ &c = 1.06360 — 10 X ——= x w + &c = 1.82, 605, 5 — 10 x 


And r** will be = T,0636 — w}* (=, by the binomial theorem, to the 
Series 1.06.36 jo 31 X 1.0636 x w + & = 1.0636 | — 31 X 


1.063605 | 762,812, ' ; 
3 * w + & c = 6.762, 8 12,5 — 31 X x LE x w + & = 


6.752,812,5 — 31 X 6.358,417,16 X w + &) = eee — 
W X w + &. | 


And 
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And , will be = 1.0636 — 999 (=, by the binomial theorem, to the 


Series 1.00360 * — 32 * 1. 0036]* x w + &c = 7.192,92), — 32 X 
| 6.762,812,5 & w + &) = 7.192,927,3 — 216. 4 10, oo, X w + &c. 


Therefore the trinomial quantity 0.500,000,0 X r* + vill be 
equal to the following compound quantity, to wit, 
0.926,302,7 — 8.709, 127, x w + &c 1} 
* + 6.762,812,5 — 197.110,931,9 X w + & S$= 
7.192, 927,3 + 216.410,000,0 Xx w — &c ſ 
| | 7.689,115,2 — 205.820,058,9, x w + &c = 
— 7.192,927,3 + 216.410,000,0 x w — & M 
0.496,187,9 + 10.589,941,1 & w &c. : 


But that trinomial quantity is -= 0.500,000,0; 


Therefore the compound quantity 0.496,187,9 + 10.589,941,1 & w will 


alſo be = 0.500,000,0. And conſequently (ſubtracting 0.496,187,9 from 
both ſides,) we ſhall have 10.589,941,1 X'w = 0.003,812,1 and w (= 


o. oog, 8 12, 1 
10.589, 941, 
1.063, 600 — o. oo, 359) = 1.063, 241; that is, the greater root of the trino- 


o. ooo, 39. Therefore r, or 1.0636 — w, will be ( = 


- mial equation 0.500,000,0 x r + - ® = 0.500,000,0 will be nearly 


=> 1.06 3, 24 1. ; Q. E. J. | 


—— 


This chird value of v agrees with the true value of it, 1.063, 235, 9 (found 
above in page 356, ) in the firſt five figures 1.0632, and exceeds the ſaid true 
value by the very ſmall quantity o. ooo, oog, 1, which is leſs than the 204, 557th 
part of the ſaid true value. This equation therefore may now be conſidered as 
reſolved to a great degree of exactneſs. 


This latter reſolution of the trinomial equation o. go, ooo, o X 7* + #* — 


** o. 500, oo0, o has been performed with rather leſs labour of calculation 
c than 


- 
=> 
o 
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than the former reſolution of it, in which we previouſly inveſtigated the values 
of A and M, or the two Limits of the magnitude of r, or it's greater root, 
by reſolving the two binomial equations * — . = 0.500,000,0 and —- 


0.968,750,0 X r** o. 156, 250, . But which of theſe two Methods of re- 


e e+1 
ſolving trinomial equations of this form — x r* + „ — 


will be fitteſt to be adopted in general, I will not undertake to determine ; 
and I believe it will be beſt determined by the judgement and diſcretion of the 
calculator himſelf in every particular numeral equation of this kind which he 
may have occaſion to reſolve. 


I have now given an account of the contents of the principal part of this 
Appendix from the beginning of it in page 359 to the end of page 466; in 


which I have ſhewn how the two binomial equations — * 7 r= —— 


I, and == x ff —f* = — and the trinomial equation — x © + ff ff 


1 — (for the reſolution of which Dr. Halley has given us three 


very abſtruſe Algebraick expreſſions, obtained with great labour and difficulty 
by means of Mr. De Moivre's Theorem for raiſing a multinomial quantity to 
any given power, upon a ſuppoſition that the ſaid theorem is true in the caſe 
of fractional powers and of powers that are both fractional and negative, as 
well as in the caſe of Integral powers, to which alone Mr. De Moivre's de- 
monſtration of it extends,) may be reſolved by other Methods that are founded 
on clear and ſimple principles and are obtained by Algebraick operations of 
much leſs intricacy and complication than thoſe which were employed in the 
inveſtigation of Dr. Halley's expreſſions. But, as the full explanation of thoſe 
Methods of reſolution unayotdably extended the ſubje& through fo great a 
number as 108 pages, I thought it proper to recapitulate the reſults of the 
reaſonings uſed in thoſe pages, and to compreſs them into as narrow a compaſs 
as poſſible, and to deduce from them ſuch practical directions as ſeemed to be 


Vol. V. 9 neceſſary 


cxxii ur n A e 1. 


neceſſary to enable the reader to apply the ſaid reſults with caſe and cxpedi- 
tion to the reſolution of the three equations to which they relate. And this re- 
capjtulation extends through 29 Pages, beginning in page 467 and ending in 


Page 495. 


W he 1 


After os have ſolved another Problem relating to Compound Intereſt, 
Which was pointed-out to me by the learned Mr. William Morgan of Chatham 
Square, as the only remaining queſtion upon this ſuhject in which the rate of bY 
the Intereſt. of money allowed in the purchaſe of a given annuity was the un- E 
known quantity that was required to be found. This Problem is not men- 
tioned by Dr. Halley in his foregoing Diſcourſe on Compound Intereſt, but is 
nearly connected with the laſt of the three foregoing Problems which relates 
rp the prolongation of an annuity for an additional number of years beyond the 
term for which it was originally granted, For in this fourth Problem, inſtead 
of ſuppoſing the annuity of a pounds per annum, that has been originally 
granted for a certain number of years of which # years are ſtill to come, to be 
Prolonged | for another term of æ years, which is to begin at the expiration of 
the faid firſt term, we are now to ſuppoſe that the ſaid annuity is to be made 
perpetual at the end of the ſaid firſt term, in conſideration of a ſum of 2 
pounds that has been agreed-upon between the grantor of the ſaid annuity and 

_ purchaſer of it as the price of ſuch prolongation or perpetuation. And it 
- . & required; from the knowledge of 2, or the number of pounds contained in 
the annuity ſo granted in perpetuity after the expiration of the ſaid firſt term, 
or at the end of ? years, and of the price z that has been paid for the ſaid pro- | 
Jongation, or perpetuation, to find r, or the rate of Intereſt, that has been al- Fr 
Jowed to the 1 for ts money. 


Slot 


. 


R This Problem ach be conſidered as the extreme caſe of the laſt-mentioned 
Problem of Dr. Halley concerning the prolongation of a given annuity for a 
certain number of years beyond the original term for which it was granted, 
and may be ſolved by means of an equation that is derived from the equation 
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„I, which relates to that Problem. The 


manner of deriving ſuch an equation from the equation — „Kö AFL 


1 - y 


RES _ is as follows. 


Let all the terms of the equation — XA TITS SEN 


divided by *. And we ſhall then have — + * . = . Now has 
"= 
x, or the number of years during which the annuity, is to be i be- 
yond the original term of which F years are ſtill to come, be not (as in the 
foregoing numeral equation 0.500,000,0 X * + of me 5 = 0,500,000,0, 
and the Problem, or Example, from which that numeral equation was de- 
duced,) a ſhort term of 10 years, but ſome exceedingly long term, as, for in- 
ſlance, a term of ten thouſand millions of years. Then it is evident that e* 


7 will be a very ſmall 


quantity in compariſon * => * of and * and therefore that the mag- 


nitude of 7 in the equation — + r * 1 


will be a very great number, and conſequently that 
X 


will — 


XN 
t+1 


ſame as it would be in the equation — + oz in wich caſe 2 


would have — ＋ Fs, and . e ot (if we, range the 


terms of this equation in the uſual manner, with the abſolute term, or known 
t+1 3 a 


quantity, on the right hand,) T“ — = —. And, if we; ſuppoſe the 


* 
number x to be abſolutely infinite, or the annuity to be continued for ever, 
inſtead of Wer prolonged for any certain number of years, however great, 


the quantity will not by extremely ſmall, as before, but * be _ 


zxr* 


- ©, 


lutely equal to o, and the equation — +. — „ = — will. re con- 


4 * 
9 2 ; verted 


i 1 ® B&B 4 C E, 
- ; | ; a t 141 „ 
verted into the equation — r - S e, and conſequently r 1 


will be exactly equal to ==, And therefore the value of 7, or the rate of the 


Intereſt of money allowed the purchaſer of the perpetuity of the annuity à in 
the Problem juſt now propoſed, and which the ſaid Problem requires us to find, 


will be the value of 7 in the binomial equation - — r* = =, or the root 


of the ſaid equation. Q. E. D. 


But this Problem may alſo be reduced to the binomial equation -*' 


1 
= — in another manner, without any relation to the trinomial equation — x 


* n — 2 reſulting from the foregoing Problem of Dr. 
Halley. This other manner of reducing the preſent Problem to the binomial 


equation Hr = —— is deſcribed at length in Art, 111, pages 497 and 


498. And it may alſo be reduced to the ſame equation nf = — in a 


third manner, which is deſcribed in Art. 112 and 113, pages 498, 499, and 
500. And this third manner of obtaining this equation is more direct than 
either of the two former, being grounded on the properties of a decreaſing ſeries 


of quantities in geometrical proportion. 


Having thus ſhewn three different methods of reducing this Problem to the 


binomĩal equation LL = — proceed in Art. 114, pages 501, $02, 


and 503, to ſhew how this equation may be reſolved. And then in Art. 115, 
and 116, pages 503, 504, and 503, I illuſtrate this Problem by a particular 
example, which produces the numeral equation * — 7 = 0.617, 145,0; 
and then, in Art. 117, pages 505, 506, and 507, I reſolve the ſaid numeral 
equation * — 7 = 0.617, 145, o, in the manner deſcribed in Art. 114, and I 


find it's root 7 to be = 1.060,042,3 ; which is very near to it's true value 
| (which 


* 
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(which is 1.06,) the difference being only o. ooo, oca, 3, which j is leſs than the 
25,059th part of the ſaid true value, 


The remaining part of this Appendix, in Art. 118, 119, 120, &c 4 88 
129, pages 507, 508, zog, &c, -' - 516, contains fome remarks on the 
different methods that have been taken in ſome of the foregoing articles for 


reſolving the binomial equation pH = — which, I hope, will be found 


worthy of the induſtrious reader's attentive peruſal and conſideration; but of 
which it would be difficult to give a ſummary account in this Preface. And there- 
fore I here conclude my account of the contents of is on ppendix t. to Dr. Halley's 


Diſcourſe on Compound latereſt, | 


Of the Contents of the Fifth Trat in the preſent Volume. 


The Fifth Tract in the preſent Volume is a Letter from the late celebrated 


? Algebraiſt, Mr, Abraham De Moivre, F. R. S. to Dr. Edmund Halley, F. R. S. 
concerning the inveſtigation of one of the Algebraick expreſſions given by Dr. 


Halley in his Diſcourſe on Compound Intereſt that has been re- printed in pages 
219, 220, 221, &c, - - » 230 of the preſent Volume. 


This Letter is printed here in two different manners, to wit, firſt, in the 
words and notation uſed by the writer of it, Mr. De Moivre, in pages 520, 
521, and 522, and, ſecondly, (in pages 522, 523, and 524) in the notation 
aſed by Dr. Halley. And then in pages 524, 525, 526, &c, - - - $30, I 
have added ſome remarks on it, that tend to facilitate the underſtanding of 
Mr. De Moivre's Inveſtigation of the expreſſion 4 — v/ 3b — 24y of the value 
of v, or r — 1, which is finally obtained by it, and to illuſtrate it by a com- 
pariſon with the Inveſtigation of the ſame expreſſion which had been given me 


| by Mr, Morgan, and printed above in the preſent volume in the Third Note 
to 
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to the Diſcourſe of Dr. Halley on Compound Intereſt. And after theſe re- 
marks, I have added, (in pages 530, 531, 532, &c,-- - - 536,) a conjecture 
which I have ventured to form concerning the manner in which Dr. Halley 


had, probably, inveſtigated the expreſſion 1 + VI + 2by — b; or 1 + 
> I | 
4% + 24% — b, which is the firſt of the three Algebraick expreſſions which 


he has given us without demonſtrations in the foregoing Diſcourſe on Com- 


pound Intereſt, and which is a near value of r, or the greater root of the bi- 


nomial equation — X r 1 2 1 
nomial equ - == ; 


Of the Contents of the Sixth Tra in the preſent Volume. 


The Sixth Tract in this Volume is a paper publiſhed in the Philoſophical 
Tranſactions for the year 1770, being number XLIII of the 6oth volume of 
that learned collection. It is a Letter from Mr. John Robertſon, the late Li- 
brarian of the Royal Society, (who was a learned Mathematician and the au- 
thor of an excellent Treatiſe of Navigation,) to James Weſt, Eſq. the then 
Preſident of that learned Society, on the foregoing ſubjet of Compound Inte- 
reſt, containing the Inveſtigations of twenty different caſes of it, and, amongſt 
the reſt, of thoſe difficult caſes in which the rate of Intereſt allowed in the 
bargain is the unknown quantity that is required to be found, and fot the ſo- 
lution of which Dr. Halley had given thoſe abſtruſe Algebraick expreſſions 
which have been the ſubject of our conſideration in ſeveral of the foregoing 
Tracts in this Volume. But he never makes mention of Dr. Halley as the 
author of any ſolutions of theſe caſes, but ſuppoſes them to have been ſolved 


only by the celebrated Mr, William Jones, an eminent Mathematician in the 
early part of the eighteenth century, who publiſhed a well-known collection of 
the moſt remarkable diſcoveries that had been made in the mathematical 
ſciences under the title of Synopſis Palmariorum Matheſeos in the year 1706, 
What he ſays upon this ſubject is in theſe words. The late William Jones, E/q. - 
F. R. S. among the variety of mathematical matters to which he gave attention, con- 


federed 


» 2&2 28: 2a VT % CXXV1 


Idered the buſineſs of Compound Intere/? fully. and did, many years ag? cauſ to be 
engraved on a copper-plat? more cajes in Intereft than had been e hi-it?d b:fare that 
time, Several copies of that Plate were diſtributed among his friends; to. xovom it 
af prared that he bad trea: red this ſiijeT in a mere extenfive mauer than bad been 


done b ” other Matbematiciaus. 


The Theorems, or rules, for the caſes of Compound Intereſt, wilheu! their Inveſ- 
bigalious, were inſurted by Mr. Jones in the quarto edition of Legarithins putlifhed 
by Gardiner, aid the rules were ajo communicated ta Mr. Dedſon, who pubr/hed 
them, by Mr. Jones's leave, with examples to illuſtrate the us of his Anti-!oga- 
rithmick Tables. But the Inveſtigations of th:ſe Theorems na! having yet been made 
publick, it is apprehended that gentlemen curious in theſe ſteculaticns weu'd be pleaſed 
to ſee them, And, ſhould the follcwing Eſſay be approved by you, (who have been 
for many years acquainted with the Finances of this Nation, and the importance of 
a ready knowledge in computing the Intereſt on the National Loans ) you Twill te 
pleaſed to communicate it to the Royal Society. 


From theſe words of Mr, Robertſon one would be apt to think that he had 
never peruſed with attention Dr. Halley's Diſcourſe on Compound Intereſt that 
has been re- printed in this volume, and more eſpecially that he had not ex- 
amined, or made uſe of, Dr. Halley's Algebraick expreſſions of the value of P. 


or the rate of intereſt in the difficult cafes above-mentioned ; becauſe, if he 
had done ſo, he would hardly have omitted to make ſome mention of Dr. 
Halley, as the inventor and publiſher of thoſe expreſſions, which are in truth 
the ſame with the expreſſions given by Mr. Jones for the ſolution of the ſame 
cales, 


And we may obſerve further that, ſince Mr. Robertſon, in the paſſage here 
cited from his Letter to Mr. Weſt, ſays © that the inveſtigations of thoſe Theo- 
rems had not yet (in the year 1770) been made publick,” we muſt ſuppoſe 
that he had not ſeen, or did not recollect, the Letter of Mr. De Moivre to 
Dr, Halley, (containing an Inveſtigation of one of thoſe abſtruſe expreſſions 


of 
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of the rate of Intereſt ſought,) which had been publiſhed in the year 1761 in 
the Periodical publication intitled, The Mathematical Magazine, and Philo/ophical 
Repoſitory, and therefore conceived himſelf to have been the firſt inventor, or 
publiſher, of the Inveſtigations of theſe expreſſions. But, however this may 


be, Mr. Robertſon has certainly here given us not only proper rules for the 
ſolution of twenty different caſes of Compound Intereſt, but alſo the Inveſtiga- 


tions of the ſaid rules; which Inveſtigations, in thoſe difficult caſes in which 
the rate of Intereſt is the unknown quantity that is required to be found, and 
which produce affected, or multinomial, equations, he has derived, in the 
fame manner as Mr, De Moivre and Mr. Morgan, from Mr. De Moivre's 
Mulcinomial Theorem, extended to the caſes of fractional powers, and of powers 
that are both fractional and negative. [But all his Inveſtigations, and more 
eſpecially thoſe of theſe difficult caſes which are derived from the ſaid Multi- 


nomial Theorem, are expreſſed in ſo very conciſe a ſtyle and manner that, j 
am afraid, they will be found very difficult to underſtand by readers that are 
not already well acquainted with the ſubject of Compound Intereſt. 


This Sixth Tract begins in page 539, and ends in page 546. 


_ Of the Contents of the Seventh Tract in the preſent Volume. 


The Seventh Tract in the preſent Volume conſiſts of the Theorems, or 


Rules, given by the late William Jones, Eſq. F. R. S. for the ſolutions of the 
ſeveral queſtions relating to Compound Intereſt, which were mentioned in Mr. 


Robertſon's Letter to Mr. Weſt ; which are extracted from the Introduction to 
Gardiner's large Tables of Logarithms publiſhed in quarto in the year 1742, 
intitled The Explication and Uſe of the Logarithmick Tables, in pages 8 and g of 
the ſaid Introduction, 


This Tract begins in page 549, and ends in page 552, 
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Of the Contents of the Eighth Tra#t of the preſent Volume, 


The Eighth Tract of the preſent Volume conſiſts of the ſame Theorems, or 
Rules, of the faid Mr. William Jones concerning the feveral queſtions relat- 
ing to Compound Intereſt, together with examples to illuſtrate the uſe of 
them: extracted from the preliminary Diſcourſe of Mr. James Dodſon to his 
Anti-Logarithmick Canon, or Table of Numbers correſponding to all Loga- 
rithms under 100,000, publiſhed in one volume, folio, in the year 1942, in 


pages 52, 53, 54» &C, = - - 65 of the ſaid Preliminary Diſcourſe. 


This Tract begins in page 555, and ends in page 571. 


Of the Contents of the Ninth Trad in the preſent Volume. 


The Ninth Tra& of the preſent Volume contains ſeveral queſtions with their 
Solutions, relating to Compound Intereſt and Annuities ; extracted from the 
firſt Volume of Mr. James Dodſon's Mathematical Repoſitory, publiſhed in the 
year 1748, in pages 298, 299, 300, &c, =» - 312, 


This Tract begins in page 575, and ends in page 585. 


Of the Contents of the Tenth 7 radt in the preſent Volume. 


The Tenth Tract in this Volume contains the Xth, XIth, and XIIth, chap- 
ters of the very uſeful and popular work of the late Mr. John Ward, intitled, 
The Young Mathematician's Guide, which are thoſe parts of that work in which 
he treats of the Intereſt of money, both ſimple and compound, and of the 
manner of ſolving the ſeveral queſtions relating to it. He treats the ſubject 
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clearly and judiciouſly, and in reſolving the affected, or Multinomial, equa- 
tions that reſult from the Problems in which the rate of Intereſt is the un- 
known quantity that is required to be found, be does not employ the expreſ- 
ſions given by Dr. Halley for that purpoſe, (and which are derived from Mr. 
De Moivre's Multinomial Theorem, extended to fractional powers and to powers 
that are both fractional and negative,) but proceeds in a plain and fatisfac- 
tory method by conjectures and trials and Mr. Raphſon's Method of Approxi-. 
mation. One of the numeral equations of this kind that he has reſolved in 
this manner is 11.491,317 R — R = 10.491,317, which is reſolved in page 
624, and of which R, or the greater root, is found to be = 1.06, To ſome 
few paſſages in this tract that ſeemed to require explanation, I have ſubjoined 
ſhort Notes at the bottoms of the pages in which thoſe paſſages occur, 


Theſe extracts from this valuable work of Mr. Ward begin in page 589, 
and end in page 637; and the notes occur in pages 604, 607, 613, 625, 
and 637. | 


Of the Contents of the Eleventh Tra#f in the preſent Volume. 


After the foregoing extracts from Mr, Ward's Young Mathematician's Guide, 
which relate to the Intereſt of money, I have, by the advice of my learned 
friend Profeſſor Vilant, of the Univerfity of St. Andrew's in Scotland, re- 
printed the whole of another treatiſe of the ſame Mr. Ward, which relates in- 
tirely to this ſubje&, and which he has intitled, © Clavis Uſure, or a key to 
Intereſt, both ſimple and compound; containing practical rules, plainly ex- 
preſſed in words at length; whereby all the various caſes of Intereſt, and 
Annuities, or leaſes either in poſſeſſion or reverſion, and purchaſing freehold 
eſtates, &c. may very eaſily be reſolved, both by the pen, and by a ſmall Table 


of Logarithms hereunto annexed, for all rates of Intereſt and times of payment; 


illuſtrated by a variety of examples, To which is added, Rules to be ob- 
ſerved in eſtimating the value of Annuities, or Leaſes, and Inſurances for 
Lives, 
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Lives, &c: Alſo The buſineſs of Rebate, or Diſcompt, and the Equation of 
payments (very uſeſul for Merchants and other Dealers,) is here rectified and 
truly determined,” By John Ward, author of the Young Mathematician's 


Guide, &c. 


This Tract of Mr. Ward I conceive to be the moſt compleat treatiſe on 
the ſubject of the Intereſt of money that has ever been publiſhed ; and there- 
fore I reſolved to re-print it in this volume, as a proper accompaniment to the 
other tracts that have been here printed on the ſame ſubject: and this I 
thought would be the more agreeable to thoſe perſons who are deſirous of 
underſtanding this uſeful and practical branch of Mathematicks, becauſe this 


laſt tract of Mr. Ward called Clavis Uſure was out of print and very difficult 
to be procured. 


To this Tract of Mr. Ward, called Clavis Uſare, I have added (as well as to 
the foregoing, or tenth, tract reprinted from the ſame author's works,) a few notes 
to ſome paſſages that ſeemed to require them ; which I have placed (as they are 


but ſhort,) at the bottoms of the pages in which the paſſages to which they re- 


late occur, The principal of theſe notes occurs in pages 662 and 663, and 
conſiſts of an ealy method of extracting, by means of a Table of Logarithms, 
the ſquare-root, or cube-root, or any higher root, of a fraction, or quantity 
leſs than 1, ſuch as the decimal fraction 0.054,756, without having recourſe 
to either negative Logarithms, or arithmetical complements ; which are two 
ſorts of quantities that conſiderably increaſe the difficulty of applying Loga- 
Tithms to the extraction of the roots of fractions, or indeed to their multipli- 
cation or diviſion, and therefore (in my opinion) had better be diſcarded from 
the rules of Logarithmical Arithmetick. The ſubſtance of this note had been 


publiſhed in the year 1760 in the Diſſertation on Logarithms contained in my, 


Elements of Plane Trigonometry, pages 316, 317, 318, &c, « = « 321. 


r 2 Of 


—r — 7—Q—! DC ᷑ͥꝓ—œ—— 2 — 


cxxxii ? 2 4 C . c 


Of the Contents of the Twelfth Tra# in the preſent Volume. 


The Twelfth Tract in the preſent volume is an Appendix to the foregoing 
tract of Mr. John Ward, intitled “ Clavis Uſure, or a Key to Intereſt, both 
Simple and Compound,” in which J have compared Mr. Ward's reſolutions of 
thoſe affected, or multinomial, equations which reſult from the examples he 
has given us to ſome of his Problems. (in which the rate of Intereſt allowed 
to a purchaſer in a bargain concerning an annuity is the unknown quantity 
that is required to be found,) with other reſolutions of the ſame equations 
by ſome of the methods which I have recommended above in the Appen- 
dix to Dr. Halley's Diſcourſe on Compound Intereſt, And theſe equations J 
have reſolved in this Appendix very fully by two different methods, to wit, 
iſt, by the Method employed for their reſolution by Mr. Ward in the forego- 
ing tract, called Clavis Uſure, or in the preceeding, or tenth Trac, taken from 
his © Young Mathematician's Guide, and, 2ndly, by ſome of the Methods recom. 
mended in the foregoing Appendix to Dr. Halley's Diſcourſe, that the reader 
may be the better able to compare theſe methods with each other, and deter- 


mine which of them is the more convenient. 


The firſt of theſe equations is 11.491,317, R — R' = 10,491,317. This 
equation is reſolved in Art. 2, pages 774 and 975, by Mr. Ward's Method, 
and R, or it's greater root,. is found to be = 1,069,203, which is conſiderably 
greater than it's true value, which is 1.060, oo0, or 1.06. Mr. Ward, indeed, 
rejects the figures o. oog, 203, and thereby obtains 1.06 for the value of R, 
which is the exact value of it. But he gives no reaſon for ſuch rejection; 
and he probably was induced to reje& them by knowing before- hand that 1. 06 
was the true value of R, the queſtion that produced this equation being only 
the reverſe of the preceeding queſtion which he had been conſidering, and in 
which the Intereſt of money had been given, and had been 6 per cent. or R 


had been ſuppoſed to be = 1.06. But, if he had not known this, and had 
| | not 


1 
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not been thereby led to neglect all the figures of the quotient 0,069,203, ex- 


cept the firſt figure 0.06, it would have required at leaſt two more proceſſes of 
Approximation to enable him to conclude with certainty that the true value of 
R was 1.06. For, if he had uſed only one ſuch procets, he would have found 


the next near value of R, after 1.069, 203, or 1,059, obtained by his method 


of approximation (which is that of Mr. Raphſoa,) to be 1.062,71; as is 


ſhewn in Art. 3 and 4, pages 775, 776 and 777, where the ſaid procels is 


exhibited at length. And this value 1.062, 12 is ſtill conſiderably greater than 
the true value of R, which is 1.06, 


Then, in Art. 5, pages 777 and 778, it is obſerved that Mr. Ward might, 
even by his own method of proceeding, have obtained a very near value of R, 


by retaining four terms inſtead of three, of the Series 1 ＋ ge + 36e* + 846? 


+ &c, which is = 1 + eV, or R*; for that way of proceeding would have pro- 
duced a quadratick equation, by the refolution of which he would have found 
that e was = 0.0507, and conſequently that R, or x + e, would be = 1.0607. 
And it ſeems rather ſarprizing that this obſervation did not occur to him, If 
he had thus found R to be nearly equal to 1.0607, in which the figure 6 is 
followed by a cyphcr, he would (as he was certain that 1.0607 was ſomewhat 
greater than the true value of R,) have had a good ground for conjectur- 
ing that the true value of R was 1.06, and for ſubſtituting 1.06 inſtead. of 
R in the binomial quantity 11.491,31 R- R' in order to diſcover whether 
the reſult would be equal, or not, to the abſolute term I0.491,317 of the 
propoſed equation 11.491,317 R — R' = 10. 491, 317, and conſequently whe- 
ther 1.06 was, or was not, equal to the true value of R; and he would have 
found, by ſuch ſubſtitution, that it was ſo. And this, I believe, is the very 
beſt method that can be taken for the reſolution of the numeral equation 


11.491,317 R — R? = 10.491,317, or any other numeral equation that comes 


under the general equation = RR = — 1 given us by Mr, Ward 
for the ſolution of one of theſe Queſtions concerning Compound Intereſt, 


when 
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when 7, or the Index of the power of R in the ſecond term of the equation 
is not greater, or not much greater, than 9. But, if / ſhould be much greater 
than 9, (as, for inſtance, if it ſhould be equal to 30, or 40, cr any greater 
number,) the near value of R obtained in this manner, (or by retaining the 


four firſt terms of the Series which is equal to 1 + mY or R.) would be much 


leſs exact than in the foregoing example of the equation 11.491,317 R — 
R' = 10.491,317. And therefore in ſuch a caſe it would be expedient to 
have recourſe to ſome other method of proceeding, different from that of Mr. 
Ward, (in which the binomial quantity 1 + e was ſubſtituted inſtead of R in 
the propoſed equation,) and to begin our approximation to the value of R 
from ſome known quantity that is greater than 1, and that approaches nearer 
than 1 to the true value of R. And, in purſuance of this obſervation, I then, 
in Art. 7, pages 780, 781, and 782, proceed to reſolve the ſaid equation 
11.491,31) R — R' = 10.491,317 by the firſt of the three Methods deſcribed 
above in the Appendix to Dr, Halley's Diſcourſe on Compound Intereſt; 
And the ſeveral ſucceſſive near values of R, obtained in this method of pro- 


ceeding, are as follows, 


The quantity M, or the lower Limit of the magnitude of R, (which is = 
I 


1 
= in the general equation P R — R = Q.) will be = 2249131719! 


mn g 


75 
1 | U 
2 N = 1:276;813\* = (by Logarithms,) 1.031,06. Therefore 
d, or M = 1, will be (= 1.031,06 — 1) = 0.031,06, and M + 4 will be 
(= 1,031,06 + 0.031,06) = 1.062,12. Therefore 1.062, 12 will be our 
firſt near value of R, or the greater root of the propoſed equation 11.491,317 
R — R* = 10.491,317- And we may obſerve that this firſt near value of R, to 
wit, 1.062,12, is nearer to it's true value 1,060,00, or 1.06, than the num- 


ber 1.062,671 is, though that aumber was obtained by two ſucceflive proceſſes 
of Mr. Ward's Method of reſolution, | 
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Now let y be put 1.062, 12, and let the binomial quantity 11.491,317 y 
— y* be computed, and the reſult (which will be = 10.485,051,6,) be called 


D. This reſult is leſs than 10.491,317, or the abſolute term of the equation 
11.491,317 R — R' = 10.491,317. Therefore y, or 1.062,12 will be greater 


than the true value of R. 


1.062,12 


From y, or 1.062, 12, ſubtract —— r o. oo , 3 10, 6; and the 


remainder will be = 1.0 56, 809, 4. Let this remainder be ſubſtituted inſtead 
of R in the binomial quantity 11.491, 317 R — R?, and let the reſult (which 
will be = 10.499,923,8,) be called E. This reſult is greater than the abſo- 
jute term 10.49 1,317. Therefore 1.056,809,4 will be leſs than the true value 
of R. 


Now, having the three values of the binomial quantity 11.491,317 R — R?, 
which correſpond to the three quantities 1.062,12, R, and 1.056,809,4, to wit, 
the three quantities D, 10.491,317, and E, or 10.485,051,6, 10.491,317, and 
10.499,923,8, make the following proportion between their differences; to 
wit, as E—D is to 10 491,317 — D, ſo (very nearly,) will 1.062, 12 — 
1.0 56, 809,4 be to 1.062,12 —R, or as E—D is to 10.491,317 — D, fo 
(very nearly,) will 0.005,310,6 be to 1.062, 12 — R, or as 10.499,923,8 — 
10.48 5,5 1, is to 10.491,317,0 — 10.485,051,6; ſo (very nearly,) will 
0.005,3i0,0 be to 1,062,12 — R, or as 0.014,872,2 is to 0.006,265,4, fo 
(very nearly,) will 0.005,310,6 be to 1.062,12 — R. Therefore 1.062,12 


 0.506,265,4 x 0.005,310,0 o. oo, o33, 273,033, 24 


o. 014, 872,2 o. 014, 872, 2 


— R will be, nearly, = 


o. O02, 237, 2; and conſequently 1.062, 12 will be = 0.002,237,2 + R, and 
R will be (= 1.062, 120, — 0.002,237,2) = 1.059,882,8; that is, the 
ſecond near value of R in the propoſed equation 11.491,31 R= R = 
10,491,317 will be = 1,059,882,8, Q. E. l. 


And, 
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And, if this ſecond near value of R (which is near enough to it's true value 1.06, 
for all uſeful purpoſes, differing from it by only the ſmall quantity o. ooo, 11), a, 
which is leſs than the goth part of the ſaid true value,) be made the ground. 
work, or baſis, of a proceſs of further Approximation to the faid true value 
by the Method of Mr. Raphſon, we ſhall obtain for a third near value of ir 
the number 1.059,999,7 ; which differs from 1.06, or the true value of R, 
by only the very ſmall quantity 9,0000,00,3, which is leſs than the 3,533,333d 
part of the ſaid true value, 


This proceſs of Mr. Raphſon's Method of Approximation is given at length 
in pages 781 and 782, 


: : A t A 
This method of reſolving the equation — x R —R = — — 1, or 


(putting P = 5 the equation P x R — R* = P — 1, will always enable 


us to find a very exact value of R, or the greater root of this equation, even 
when 1, or the Index of the power of R in the ſecond term of the equation, 
is a great number, (as, for example, 40, or 530, or 60,) as well as when it is 
a ſmall number, (as 9, or 10, or 12, ) as happens in the preſent example. And 
of this an Example has been given in the above-mentioned Appendix to Dr. 
Halley's Diſcourſe on Compound Intereſt in pages 377, 378, 379, &c, = - - 
383, where the equation 967.648, 136, 7 — 1“ = 966.648,136,7 (in which 
the Index : is = 70,) is reſolyed by this method, and it's greater root is found 
to be nearly = 1.059,997,3, Which differs from it's true value, (which is 1,06) 
by only 0.000,002,7, or leſs than the 392,592nd part of the ſaid true value 


1.06. 


The next Example of an affected, or multinomial, equation reſulting from 
a Queſtion concerning Compound Intereſt, given by Mr. John Ward in the 
parts of his works that have been here re-printed, occurs in page 626 in the 
words following. 


« Queſtion 


= 4 
FP 
3 
% 

TH 
4% 
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fo: $6.6 
© Queſtion 4. Suppoſe one ſhould give 167, 9, 5 for the purchaſe of a 


« penſion, or annuity, of 30 per annum, to continue {even years. At what rate 
« of Intereſt per cent. would that purchaſe be made, allowing compound la- 
& tereſt to the purchaſer ? 

« Tn this Queſtion there is P = 167.4716, « = 30, and? = 7; to find R. 
« By the fourth Theorem (ſer down in the preceeding page 623,) exprefled in 


6 this equation —- = _ X R* + 8 WT. Cor b KR ay R a 


2 5 
&« into numbers, and it's root extracted, as in the fourth Queſtion of the laſt Sec- 
« tion (in page 623,) the value of R will be found to be 1.06 ; and then it will 
ce be 1: o. 6: : 100: 6, the rate per cent, which was required.” 


« — 5 or 2 + 1 N —y the ſaid equation being brought 


The numeral equation reſulting from the application of the General Theo- 


rem expreſſed by the equation b + J 1 R 2 ＋ to the queſ- 


tion here propoſed, has not been ſet-down by Mr, Ward: but he has left his 
reader to derive the ſaid numeral equation from the ſaid General equation 


+ +ixR—<R''= _—_ and alſo to reſolve the ſaid numeral equation 


after it ſhall have been ſo derived. And he has ſuppoſed that his reader will 
relolve the ſaid numeral equation by the Method of Approximation which 
he had given before in page 624 for the reſolution of the former equation 


11.491, 317 R — R' = 10.491,317 ; which method- conſiſted in ſubſtituting 
e inſtead of R in the ſaid equation, and retaining only the three firſt 
terms of the Series that is equal to 1 + d', and ſuppoſing them to be neatly 
equal to the value of the whole of the ſaid Series, and reſolving the new 
equation reſulting from the ſaid ſubſtitution in conſequence of that ſuppoſition. 
Theſe directions I have accordingly followed in Art. 9, pages 784, 78 5, and 
736 ; and I have found that the numeral equation that we ſhall have to re- 


ſolve will be 1,179,134 x R' R = 0.179,134, and that the near value of 
Vor. V. $ 1 + e, 
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3 + e, or R, obtained by this reſolution of the equation in Mr, Ward's Me- 
thod, will be 1.078; which is very eonſiderably greater than it's true value 


1,06, And therefore I am inclined to think that it would be more conveni- 
ent to reſolve this equation by one of the Methods of Approximation given 
above for this purpoſe in the Appendix to Dr. Halley's Diſcourſe on Com. 


pound Intereſt, 


But, before I have recourſe to one of the Methods given in that Appendix 
for the reſolution of equations of this form, I have tried what would be the 
effect of retaining four terms, inſtead of three, of the two ſerieſes that are 
equal to 1 + e“ and 1 Te, and reſolving the equation that will reſult from 
that method of proceeding. And I have found that it anſwers our purpoſe 
very well, For the near value of R, or 1 + e, obtained by this Method of 


- proceeding, is 1.061,293, which is much nearer than the former near value of 


it, 1,078, to it's true value 1.06. There is, however, rather more trouble in 
obtaining the number 1.061,293 than in obtaining the number 1.078, becauſe 
it is neceſſary for that purpoſe to reſolve the quadratick equation * + 
0.219,831 Xe = 0.017,231, whereas the number 1.078 was obtained by re- 
ſolving the ſimple equation 3.238,186 X e = o. 253,938. But this ſmall dif- 
ference of labour in the computations is not worth attending-to in order to 


obtain fo very good a firſt near value of R as the number 1.061.293. 


The computations neceſſary for obtaining theſe two numbers 1.078 and 
1.061,293 are ſet- forth at great length in Art. 9 and 10, pages 784, 785, 786, 


787, and 788. 


In reſolving the ſaid numeral equation 1.179,134 R' —R* = 0.179,134 1 
gonceive the foregoing Method of proceeding, by retaining four terms of the two, 


lerieſes that are equal to 1 + e and 1 + , to be the moſt convenient that 
can be taken for the purpoſe, And, if the number 1.061,293, or (neglecting 
the three laſt figures,) the number 1.06, was not thought to be near enough 

2 | to 
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to the truth, we might employ it as a ground-work, or baſis, of a further ap- 
proach to the true value of R by Mr. Raphſon's Method of Approximation, 
and by that means ſhould obtain a much nearer value of it. But, if the In- 
dexes of the powers of R in the equation were 40 and 41, or 50 and 51, in- 


ſtead of being 7 and 8, this Method of reſolving the equation LI + 1 * R. 


f | * » . 
— R = 1 by retaining four terms of the two ſerieſes that are equal to 


Rand | hee or toi and i +8 * would be found to be much leſs 


exact than in the foregoing equation, becauſe in ſuch a caſe, the co-c:c1ents 
of ſeveral of the omitted terms would be ſuch high numbers as to make choſe 
terms too great to be omitted without making the value of e, obtained by 
means of their omiffion, be much greater than it's true value. In ſuch caſes 


therefore I ſhould think it would be convenient to have recourſe to ſome of 


the Methods given for this purpoſe in the Appendix to Dr. Halley's Diſcourſe 


on Compound Intereſt, and to make uſe of the Limits of the magnitude of 


+ 


the general binomial equation S Q (under which the equation 


E +1)xR'— R = — is comprehended,) which are determined in 
pages 414, 415, 416, &c. - - 423. And therefore, to ſhew how theſe 
Limits may be uſcfully applied to the reſolution of an equation of this kind, I 
then, in Art. I1, page 789, proceed to reſolve the foregoing numeral equation 
over-again in the manner deſcribed in thoſe pages, 


For this purpoſe it is neceſſary to compare the numeral equation 1,179,154 
R — R = 0.179,134 with the general equation Pr — 937 = Q, con- 


cerning which it has been ſhewa above in pages 414, 415, &c, that M, or the 
lower Limit of the magnitude of the greater of it's two roots, will be = 


r x P, and that the higher Limit of it's magnitude is P, or _ * . 


and conſequently that the arithmetical mean between theſe two Limits, or the 


5 2 quantity 
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quantity : — XP, will be often a pretty good firſt near value of the ſaid 


greater root, and cſpecially when m is a pretty bigh number, as 40, or do, 


which is not the caſe in the preſent equation. And it is ſhewn likewiſe, that, 
if the valuc of the leſſer root of the equation is known, and it's difference from 


M, or 
R 275 


a pretty good firſt near value of the greater root. 


* P, be called 4, the binomial quantity M + vill u 'ually be 


Now in the equation 1.179, 134 R' —R* . 179, 134, we ſhall have 
m = 7,andP = 1. 2 and Q = o. 179, 134, or P — 1. Therefore M, or 


8. 
X 1.179,134 = 5 X 1. 179,134 = — —) 


2 F 
11031742, and - TY x P will be (= 27 X 1.179,134 = Zee) 
= 1.105,438, ee 1.105, 438 will vy one of the two firſt near values 


of R, or the greater root of the propoſed equation 1.179,134 R — R = 
o. 179, 134. 


Further, the leſſer root of this equation is = 1, Therefore 4, or the dif- 
ference between M and the ſaid leſſer root, will be = M — 1 (= 1.03 1,742 


— 1) = 0.031,742, and — will be (= — = 0.015,871, and M + 


- will be (= 1. 03 1,742 + o. 015, 871) = 1.047, 613. Therefore 1.047, 613 
will alſo be a tolerably good firſt near value of R, or the greater root of the 
equation 1.179, 134 R — RF = o. 179, 134. 


Of theſe two firſt near values of R, to wit, 1. 105, 438 and 1.047, 613, the 
latter is neareſt to the true value of R, which is 1.05. But the contrary will 
often happen when the Index m is a high number, as 40, or ws or 60; for 
the limits of the value of R (which are P, or _ x P, and r * P,) 
will be much nearer to each other in that caſe than in the preſent caſe, in which 
m is only the ſmall number 7. 

I then, 


b 
! 
7 
5. 


10 * 
3 
10 
2 * 
2 
ts 
— 


x 

Fl 
5 
bs 
. 
U 
- 
2 

Hf 


» 2p 'n LS cxli 


I tlien, in pages 790, 791, and 792, make uſe of both theſe firſt near values 


of R, to wit, 1.105, 438 and 1 047, 613, in a proceſs of the Differential Me- 


thod of Approximation, and I thereby obtain the number 1.052, 35 for a fe. 
cond near value of R; which is nearer to the truth than either of the two 


former numbers. And, laſtly, in pages 792, and 793, I make ufe of the num- 
ber 1,0523, as the ground-Mork, or baſis, of a proceſs of Mr. Raphſon's Me- 


thod of Approximation ; and 1 thereby obtain the number 1.c616 for a third 
near value of R, which is ſufficiently near to 1.6 to make it reaſonable to 
conjecture that the true value of R in this equation will be = 1.06; which, 
upon trial, will be found to make the binomial quantity 1.179,134 R — R* 
be equal to 0.179,134, and conſequently muſt be equal to the greater root of 
the equation 1.179,134 R' — R* = 0.179,134 3 and I therefore thought it un- 
neceſſary to carry the approximation to the value of R, or the greater root of 


that equation, any further. 


The Third Example of an affected equation reſulting from a Queſtion con- 
cerning Compound Intereſt, given by Mr. John Ward in the parts of his works 
that have been here re printed, occurs in page 718 of the preſent volume, in 
the Treatiſe inticled Clwis Uſure, er a Key to Intrreſt, both Simple and Com- 
pound, chapter iv, ſection iii, and is expretied in the following words; 


Example 1. In yearly Rents, 
4 


. 5. 
e Suppoſe there were paid 3205, 


5 for an annuity or a Leaſe, of 250 per 
© annum, © continue for 21 years. What rate of Intereſt per cent &c is al- 
« lowed to the Purchaſer?“ 


This Queſtion Mr, Ward does not ſolve in the ſame manner as he did the 
two former, to wit, by reducing it to an affected equation, and inveſtigating 
the value of R, or the greater root of this equation, by ſuppoſing it to be 


equal to 1 + e, and ſubſtituting 1 + e inſtead of R in the ſaid equation, with 


an 
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an omiſſion of all the terms in the ſerieſes which are equal to the powers of R, 
or 1 + e, that involve any higher powers of e than it's ſquare, or ee, and then 
reſolving the imperfe&, transformed, equation that reſults from ſuch a ſub. 
ſtitution ; but he ſolves it by mere conjectural aſſumptions of different quan- 
tities for the value of R, and by computing, by means of ſuch aſſumed values 


of R, the values of the annuity which might, at thoſe ſuppoſed rates of Inte- 


reſt, be purchaſed for the given ſum of 3205, 5, till he finds that the annuity 


* 


correſponding to the laſt- aſſumed value of R is the very annuity of 250 per 
annum which was given in the Queſtion. In this way of proceeding he, firſt, 


aſſumes 1.06 for the value of R, and finds the annuity that correſponds to 


it to be 196.10 59, inſtead of 2 50, a year, and thence concludes that 1.06 i; 
greater than the true value of R; and he then affumes 1.05 for the ſaid 


value, and finds the annuity that correſponds to it to be 2 50.000, or exactly 


4. 


250 a year, or the very annuity given in the Queſtion, and thence concludes 
that this ſecond aſſumed number, 1.05, is the true value of R, or that the rate 
of Intereſt required is 5 per cent. 


This way of anſwering a queſtion of this kind is certainly very clear and 
ſatisfactory; but there is ſome danger of it's becoming tedious by the number 


of conjectures and trials which it may be neceſſary to make before we arrive 


at the true value of R, if theſe conjectures are not made with great judgement 
and ſagacity, and, one may almoſt ſay, with great good luck. I have there- 
fore ſolved the foregoing queſtion by reducing it to the binomial equation 
1.077,997 R. — R“ = 0.077,997, and then reſolving the ſaid equation. 
And this I have done, firſt, in the manner deſcribed in the Appendix to Dr. 
Halley's Diſcourſe on Compound Intereſt, and, ſecondly, in the manner de- 
ſcribed in Art. 5 and 10 of the preſent Appendix to Mr. Ward's Clavis Jura, 
by ſubſtituting 1 -+ e in it's terms inſtead of R, and retaining four terms of 


each of the two ſerieſes that will be equal to R** and R*, or to 1 + ch and 


1-+& » 


* 
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77%, and reſolving the quadratick equation that will reſult from that me- 
tiod of Approximation. 


In the former of theſe ways of reſolving this equation we ſhall have P, or 
1.077,997, for the greater Limit of the magnitude of the greater root R, and 


M, or _ XP, (or —— X 1.077,997,) or 1.028,997, for the leſſer Limits 
m . . 

of it's magnitude, and therefore by taking an arithmetical mean between theſe 

two Limits, we ſhall have the number 1.05 3, 497, or, very nearly, 1.0535, for a 

pretty good firſt near value of R, or the greater root of this equation. 


Further, the leſſer root of this equation 1.07, 997 R. — R * = o. o/ 7,997 
is = 1. Therefore 4 will be (= M — 1 1.028,99 — 1) = 0.029,997, 


and — will be = o. 014,498, and M + - will be (= 1.028,997 + 


0.0 14, 498) = 1.043, 495, or, very nearly, == 1.0435, and will be another 
pretty good firſt near value of R, or the greater root of this equation. 


Either of theſe two numbers 1.0535 and 1.0435 might be employed with 
good ſucceſs as a firſt near value of R, or the greater root of the equation 


1,077,997 R* — R** = 0.077,997, or as a convenient ground-work for a 
further approach to it's true value by either the Differential Method, or 
Mr, Raphſon's Method, or ſome other Method, of Approximation. But as it 
ſeems probable that 1.0535 is ſomewhat greater, and 1.0435 is ſomewhat 
leſs, than ihe ſaid true value, I have taken an arithmetical mean between them, 
to wit, the number 1,0465, for ſuch firſt near value of R, or the ground-work 
of a further approach to it's true value, which I bave made by the Differential 
Method of Approximation by taking 1.0495 for the other near value of R, 
which is to be employed conjointly with 1.0485 for the attainment of a ſecond 
near value of R, which ſhall be nearer to it's true value than either 1,0485 
or 1.0495. And the ſecond near value thereby obtained is = 1.050,027,5 ; 
which is ſo near to it's true value 1.05, that their difference 0.000,027,3 is leſs 
than the 38,888th part of the faid true value. This Method of reſolving this 
equation 1,0; 7,997 R. — R = 0.077,997 appears to be very convenient and 

ſucceſsſul. 
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ſucceſsful. The operations of this reſolution are contained in Art. 13, 14, and 


15, pages 795, 796, 797, 798, and 799. 


The ſame equation 1.077,997 R. — R. = o. 7, 997, is then reſolved in 


the ſecond way above-mcmioned, or by ſubſtituting 1 ＋ e in it's terms inſtead 
of R, and omitting all the terms of the two ſerieſes that are equal to R“ and 
R., or to iT and 1 ＋ *2 except the four firſt terms of them, and reſolv. 
ing the quadratick equation thereby obtained, to wit, the equation e* + 0.04 3,482 
1 o. o, oo3, the root of which is o. 0 58, 730. Therefore R, or 1 + e, 
will be = 1,058,730. But this number is much too great, and differs more 
from 1.05, or the true value of R, than either of the two former near values of R, 


to wit, 1.0535 and 1.0435, derived from the expreſſions 17 75 x Pand M + =; 


and therefore this Method of reſolving the equation 1.077,997 x R** — R 
= 0.07 7,997 is much leſs convenient than the former method of reſolving it. 


And from this example we may conclude, that, when m, or t, or the Index 


of the power of x, or R, in an equation of this form P x & — . 
«a PXR—R =P T, is 21, or any greater number, this man- 
ner of reſolving it by ſubſtituting r'+ e in it's terms inſtead of R, and re- 


taining only the four firſt terms of the two ſerieſes that are equal to 1 + af 


and 1 + 07”, will not give us fo good a firſt near value of it as either of the 


two expreſſions nth x P or M + bo And I believe the ſame obſervation 
2mM+ 2 2 


will be true even when m, or t, is leſs than 21, if it be greater than 11 or 12. 
But, if it do not exceed 12, and, more eſpecially, if it do not exceed 7, this 
Method of Approximation will be found to give us a very good firſt near 
value of R as we have ſeen above in Art. 10, pages 786, 787, and 788, where 
it enabled us to find the number 1.061,293 for a firſt near value of R, or the 
greater root of the cquation 1.179, 134 R' — R = 0.179,134, of which root 

It. is, however, in all caſes attended with more labour 


ink th x P and M + 2 


n 
21 2 


the true value is 1.06. 


of calculation than computing the two expreſſions 


and finding the arithmetical mean between them. 
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This ſecond reſolution of this equation 1.077,999 + RI — RE = 
0.077,997 is given in Art, 16, pages 799, 80 and 801. 


The fourth Example of a Problem, or Queſtion, concerning Compound 
Intereſt that produces an affected equation, given us by Mr. John Ward, 
occurs in page 719, or the next page to that which contained the laſt Queſtion 
which produced the equation 1.077,997 R* — R. = 0.077,997, which we 
have been juſt now reſolving. And it produces an equation of the ſame form 
with that laſt equation. It is expreſſed in the following words; 


& Example II. I: Half-yearly Payments. 


5 5 
“ Admit 3244, 5 were given for an annuity, or leaſe, of 250 per annum to 


ce to be paid half. yearly (viz, 1235 every half. year) and to continue 21 years. 
« What rate of Intereſt per annum is allowed the purchaſer?“ 


This Queſtion Mr. Ward ſolves as he did the laſt, that is, by mere conjec- 
tural aſſumptions of different quantities for the yalue of R, or the rate ſought, 
and by making trials of the quantities ſo aſſumed by computing, by means of 
them, the values of the annuity, or, rather, half-yearly penſion, which might, 


. 
at thoſe ſuppoſed rates of Intereſt, be purchaſed for the given ſum of 3244, 5, 


till he finds that the halt-yearly penſion correſponding to the laſt- aſſumed 


value of R is the very half-yearly penſion of 125 which was given in the 
queſtion. In this way of proceeding he, firſt, aſſumes 1.06 for the value of 


R, or of 1 together. with it's Intereſt for a year, and finds the half yearly pen- 


ſion that correſponds to it to be 98.92 83, inſtead of 125 ; and he thence con- 


cudes that the true value of R muſt be leſs than 1.06. He then, for a ſecond 


trial, aſſumes 1.05 for the value of R, and computes the half-yearly penſion 
Vol. V. t tha: 
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that correſponds to this value of R, and finds it to be exactly 12 5, or the very 
half. yearly penſion ſuppoſed in the Queſtion, and thence concludes that this ſecond 
aſſumed value of R, to wit, 1.05 is it's true value, or that the rate of Intereſt re- 
quired by the Queſtion is 5 per cent. This concluſion is iadiſputably juſt : but, 
as this conjectural way of ſolving this queſtion might have proved very tedious, 
if the ſecond conjecture had not been ſo very fortunate, I have ſolved it in 
another and more regular manner, to wit, by, firſt, reducing it (in Art. 17, page 
803,) to the equation 1.038,529 R® — R® = 0.038, 529, and then, (in Art. 
18, pages 803, 804, 80, and 806,) reſolving the ſaid equation in the manner 
deſcribed above in the Appendix to Dr. Halley's Diſcourſe on Compound 
Intereſt in pages 414, 415, 416, &c, - - 523. The procefles of this 
- reſolution are as follows, | 


In the firſt place we have, in this caſe, P = 1.038,529, and x = R, and 


= 42, and m + 1 = 43, and conſequently - 00S (= TX 1.038, 529, 


2m+2 


— 45 X 1.038, 529) = 1.026, 453; which is therefore a tolerably good firſt 


near value of R, or the greater root of the equation 1.038, 529 RO R. = 


0.033,529. 


Further, NI, or _— 
greater root of this equation, will be (= 711 * 1.038, 529 — Ex 1.038,529) 
= 1.014.377 3 and the leſſer root of this equation is = 1, Therefore d, or 
the exceſs of M above the leſſer root, is ( M — 1 = 1.014,377 —1) = 


0.014,377, and _— is = 0.007,188, and M + — is (= 1,014,377 + 


0.007,188) = 1.021, 5656; which is therefore another tolerably good firſt near 
value of R, or the greater root of this equation. 


And by taking an arithmetical mean between theſe two numbers 1.026, 453 
and 1.02 1, 56g, we ſhall obtain a third number, to wit, 1. o24, oog, which will 


be nearer than either of the two former numbers to the true value of R. 
g therefore 


— X P, or the leſſer Limit of the magnitude of the 
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therefore chuſe this third number 1.0 4,009, or (dropping the laſt figure g) the 
number 1 024, for the firſt near value of R, and make ute of it as the ground- 
work, cr baſis, of a further approach to the true value of R by a proceis of 


Mr. Raphion's Method of Approximation. And for that purpote I ſuhſtitute it 
inſtead of R in the binomial quantity 1.038, 529 R. — R“, in order to di- 
cover whether the value of the faid binomial quantity refulting from fuch ſub- 
ſtitution will be greater, or will be lefs, than 0.038,529, or the abſolute term 
of the equation 1.038, 529 R* — R® = 0.038,529, and conſequently whether 
1.024 will be leſs, or will be greater, than R, or the greater rcot of the ſaid 
equation. And I find that the value of the ſaid binomial quamity reſulting 
from ſuch ſubſtitution is = 0.039,340,173,3 3 Which is greater than 0.038, 529, 
or the abſolute term of the ſaid equation. Therefore 1.024 will be ſomewhat 
leſs than the true value of R, or the greater root of the ſaid equation. There- 


fore, if we put 2 for the difference between 1.024 and the true value of R, 
we ſhall have R = 1.024 + z. This binoinial quantity 1.024 + 2 muſt 


therefore be ſubſtituted inſtead of R in the equation 1.038, 529 R* — RB = 
0.038,529, with an omiſſion of all the terms that involve either 2*, z?, or 2*, 
or any higher power of x; and the transformed equation reſulting from ſuch 
ſubſtitution mult be reſolved. And we thereby ſhall find z to be = 0.000,741. 
Therefore R, oi 1.024 + x, will be = 1.024, 741. 


But R is the value of 1 together with it's Intereſt for half a year. There- 


fore 1.024, 741 will be the value of 1 together with it's Intereſt for half a year; 


. 
and conſequently 1.0.4,741)*, or 1.050, 94, 117.081, will be the value of 1 


together with it's Intereſt for a whole year; which number differs ſo little from 


1.05 that it may be confidered as equal to it: ſo that the rate of Intereſt al- 


lowed to the purchaſer of this half-yearly penſion of 125, which is to continue 


for 42 half. years, or 21 years, is 5 per cent, as Mr, Ward has found it to be by 
his Method of conjectures and trials, Q. E. I. 


t 2 In 


cxlviil n n D A e . 
In this example it has appeared that the number 1.024 (which is an arith- 
metical mean between the two numbers 1.026,453 and 1.021, 565, which are 


derived from the expreſſions = x P and M + . is a very excellent 


firſt near value of R, or the greater root of the equation 1.038, 529 K* — R 
= 0.038, 529, ſince it agrees with it's more accurate value 1.024 741 in all ; 
the four figures 1.024. And I believe that the like arithmetical mean between f 


ö : 2m+1 4 g 5 
the two expreſſions —.— XP and M + = will often be found to be a very | 
R* 1 F 


good firſt near value of R in an equation of the general form P x R“ — a 
; 
t. i 


The fifth Example, given us by Mr. John Ward, of a Problem, or Quel- 
tion, concerning Compound Intereſt that produces an affected equation, occurs 


above in page 721, and is ex preſſed in the words following; 


n 


& Example III. Of Quarterly Payments. 
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c There is [a ſum of ] 1600 pounds paid for an annuity of 100 per annum, | f 
| 5 [which is] to continue gg years, and to be paid quarterly, It is required 1 
0 q & to find what rate of Intereſt per cent. | per annum] is allowed to the pur- 5 
| 1 &« chaſer.” { 
9 This Queſtion is ſolved by Mr. Ward in the ſame manner as the two laſt, f 
that is, by mere conjectural aſſumptions of different quantities, one after another, : 
L | for the value of R, and by making trials of the quantities ſo aſſumed by comput- 1 
| ing, by means of them, the values of the annuities, or, rather, of the quarterly ; ; 


penſions, which might, at thoſe fappoled rates of Intereſt, be purchaſed for the 


L. | 
given ſum of 1600, till he finds that the quarterly penſion correſponding to 
the laſt-aſumed value of R is very nearly equal to the very quarterly penſion 


of 25 which was given inthe Queſtion. And, by four ſucceſſive con- Foe 
jectures 
© 
; 


» 2 2322S oh cxlix 


jectures and trials of this kind, he concludes that the Intereſt allowed to the pur- 


1. | 
chaſer of this quarterly penſion of 25 for 99 years, or (4 & 99, or) 396 quarters 
1. - C. 8. d. a 
of a year for the ſum of 1609, will be very nearly 6.3855, or &, 7, $2, per 109 


per annuum. 


This queſtion may be reduced to the follow ing binomial equation of the 397th 
order, to wit, 1.015,625 K* — R = 0.15,625, as is ſhewn in Art. 20, pages 
goy and 808. And this binomial equation is afterwards refolvedat great length in the 
ſame manner as the two preceeding equations 1.077,997 R. — R®=0.077,997 
and 1.038, 529 R* — R® = 0,038,529. And the reſult is, that R, or the greater 


root of the equation 1.015,625 R — R7=0.015,625,0r the value of 1 together 


with it's intereſt for one quarter of a year, will be =1.015,591,4, and conſequently 


that the amount of 1 together with it's Intereſt for two quarters of a year, or for 


half a year, will be (= 1.015,591,4)*) = 1.031,425,891, and that the amount 


of 1 together with it's Intereſt for two half-years, or for a whole year, will be 
a Le Le 
(= 1.031,425,8'?) = 1.063,839,180, &c, or 1.063, 839. Therefore the rate 
of Intereſt per cent. per annum allowed to the purchaſer in this bargain will be 
: „ 
6.3839, or 6, 7, 88, which differs from the rate of Intereſt aſſigned by Mer. 


; 1. 6 
Ward, to wit, 6.3855, or o, 7, 83, by leſs than one half- penny. 


This Queſtion relates to the annuities of 100 per annum for gg years, payable 
quarterly at the Exchequer, which were eſtabliſhed by Act of Parliament in 


Queen Anne's reign in the year 1708, and were ſold for 1690, 


The Relolution of this equation 1.015,625 R — RY = 9,01 5,025 is given 
in Art, 21, 22, 23, &C, - - - = 27, pages 808, 809, 810, &c, - 816. 
Theſe 


cl p 27. 27 2a 1KC2 


Theſe are all the Examples, given us by Mr. Ward, of Queſtions concern- 
ing Compound Intereſt, in which the rate of Intereſt that has been allowed to 
the purchaſer of an annuity for a given term of years is the unknown quantity 
that is required to be found. But he gives us one more Queltion on this ſubject, 
in which t, or the number of years during which a given annuity 2, that has al- 
ready been granted for a certain term of years of which T years are unexpired, 
or ſtill ro come, ought to be prolonged beyond the firſt term of T years, in 
order to make it worth a certain given ſum of money called P, that is to be 
paid-down immediately as the price of ſuch prolongation, upon a ſuppoſition | 
g | that the annuity is to be paid at the end of every year, and that R, or the rate 
| . of Intereſt of money, or the value of 1 pound together with it's Intereſt for a 

| 


= 
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year, is known, or given ;—in which I ſay, 7, or the number of years, during 
which the ſaid annuity ought, upon all theſe ſuppoſitions, to be prolonged be- | : 
=. - yond the expiration of the ſaid T years, is the unknown quantity that is required a 
* to be found. And he has ſhewn that the general equation that expreſſes the 
relation of theſe ſeveral quantities to each other will be the trinomial equation 
© xR'+ RTT R＋7 =. And he has allo ſhewn that, if the 
1 
annuity is 175 per annum, and the ſum P is = 816, 18, 9, and R, or the 
rate of Intereſt of money, is 1.06, and T, or the number of years in the firſt 
term that are unexpired, or ſtill to come, is 9 years, the number ? of the years 


during which the annuity ought to be prolonged, in conſideration of the pay- 


6 
ment of the ſaid ſum of 816, 18, 9, will be 11 years. But he has not ſhewn 


us how to find the value of R, when all the other quantities 2, P, T, and : 
are known ; which would have required either a conſiderable number of con- 
jectural aſſumptions of quantities for the value of R, and trials of ſuch quan- * 
rities by ſubſtituting them inſtead of R in the algebraick expreſſion of the value 
of 2, till he had found ſuch a number for R as would make the ſaid expreſſion of 


the value of t be equal to 11 years, which is the value of it given in the Queſtion, £ 
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. . . * T 
or would have required a reſolution of the trinomial equation x 4 


— R TTT ＋ or of the numeral equation which would be derived from 


this trinomial equation by ſubſtituting in it's terms the ſum 175 inſtead of u, 


_ TX 
and 646 18, 9 inſtead of P, and g inſtead of T, and 11 inſtead of ?; which 


numeral equation would be o. 2 14, 214 R. + R. — R = o. 214, 214, as is 
ſhewn in page 819. This equation I have therefore here reſolved at great 
length, and with conſiderable variety, in the manner deſcribed above in the 
Appendix to Dr. Halley's Diſcourſe on Compound Intereſt, And the reſult of 
the laſt and moſt exact of the reſolutions given of this equation, (in Art. 46, 
page 842,) is, that R, or the greater root of this equation, or the rate of Intereſt 


that is required to be found, will be = 1.060,004,4; which is wonderfully 
near to it's true value 1.06, 


The reſolution of this equation 1s very long, various, and laborious, and ex- 
tends through Art. 29, 30, 31, &c - - 46, in pages 819, 820, 821, &c - « - 
842; but will, I hope, be found very uſeful by thoſe ſtudents of Algebra why 
ſhall have the patience to read it all through with care and attention, and to 
perform, as they go, all the arithmetical operations in it, by contributing in a 
very conſiderable degree to make them become familiarly acquainted with theſe 
Methods of reſolving trinomial equations of theſe high orders. And with the 
reſolution of this difficult equation, and a Scholium containing ſome remarks 
upon it, I conclude this Appendix to Mr. Ward's Treatiſe on Intereſt, intitled 
*© Clavis Uſure, or a Key to Intereſt, Simple and Compound.” 


The thirteenth and laſt Tra& in this Volume contains ſome corrections of 
Dr. Hales's Treatiſe intitled Analyſis Fluxionum, and the two Appendixes to it, 
that are printed in the former part of this Volume, and likewiſe ſome additions 
to the ſaid Treatiſe and Appendixes; which corrections and additions were 


ſent 


cli S457 aCs 


ſent me by Dr. Hales about a year after the ſaid Treatiſe and Appendixes had 
been printed-off, Theſe corrections and additions begin in page 847, and end 
in page 859, Which concludes the volume. 


Inner Temple, 


25, 1804. 
January 25 FRANCIS MASERES. 
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Ax Inveſtigation of Sir Iſaac Newton's Binomial Theorem in the Caſe of 

the Reciprocals of the Roots of a Binomial Quantity. 
By Francis Maſeres, Eſq. F. R. S. Curſitor Baron of the Court of Exchequer 
in England, 
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INVESTIGATION 


OF 


SIR ISAAC NEWTON'S BINOMIAL THEOREM 


IN THE CASE OF 


THE RECIPROCALS OF THE ROOTS OF A BINOMIAL QUANTITY. 


Article 1. IT has been ſhewn in the 2nd volume of this collection of Tracts 
called Scriptores Logarithmici, pages 152, 153, 154, &C - 167, 

that, if m be put for any whole number whatſoever, the quantity @ + , or the 
mh power of the binomial quantity @ -þ , will be equal to the following ſeries 
MI 


of quantities, to wit, As += * — X @ 7 * + = x * 


* 25 N x 
7 5 * — X 8 * — + « continued to the term = * — * 
F . — 9 x1 
: X : X n We x — X 4 x V, (or to r x <_— 
F OS os NS = 0 = — _ — — 
8 : X & X XM Xb or to 2 XR * 
ee ee x x x 23 x 254 


X &c X 4 or, (if we put the capital letters A, B, C, D, E, F, G, H, &c 
for the co-efficients of the firſt, ſecond, third, and other following terms of this 
ſeries,) to the ſeries a® + = x A 3 * e + — 


B 2 ca 3 
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c Ie * —— 0 D213. + . * Ea 5 + &c to the term 
M 


2 18980 I . . m 1 © 
——— X the foregoing co-efficient x þ , or — x the foregoing co-effi. 


cient Xx &, or 1 X 4”, or *. For it is ſhewn in art. 8, page 157 of the ſaid 


2nd volume that the co-efficient of the laſt term of this ſeries muſt always be 1. 25 
And in the zd volume of theſe Tracts, pages 25, 26, 27, &c to 73, another 1 
demonſtration of this Theorem is given from the doctrine of Permutations and 7 
Combinations laid down by that deep and ſagacious mathematician of the latter 
part of the laſt century, Mr. James Bernoulli, in his excellent treatiſe De Arie 
Cunjectandi. And in the xvilith tract of the ſecond volume of this collection, 
intitled, 4 Diſcourſe concerning the Binomial Theorem in the caſe of frattiona! 
Powers, or powers of which the indexes are fractions, pages 194, 195, 196, &c 


: I 
- - 344, this theorem is extended 1ſt, to the quantity 1 T cl, and 2ndly, to 


2 ; 
the quantity 1 +), in which the letters and # denote any whole num- 


bers whatſoever. And in the iiid tract of the third volume of this collection, 
intitled An Appendix to the foregoing Tranſlation of the three firſt chapters of Mr, 
James Bernoulli's Treatiſe De Arte Conjectandi, or on the art of forming probable © 
conjectures concerning events that depend on chance,” &c, pages 100“, 1o1*, &c - 
„ 1 
1 ＋ * ty 255 


or to the integral and negative powers of the binomial quantity x + x, or to 


"ES 
OI Fo. 

— 8 "ot — 

ot 7 


1337, this theorem is extended to the caſe of the quantity 


FN 


the reciprocals of the quantity 1 + A, or of the integral powers of the ſaid 
binomial quantity. But it has not yet been ſhewn to be true in the caſes of the 
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ip quantities I + 1 » and 1+x = » Or = and 1 though It 18 = 
b | 1 a 1 1 = 


well known that it extends to thoſe caſes as well as all the former. Theſe caſes 
I ſhall therefore now proceed to conſider, and to demonſtrate that in both of 
them this celebrated theorem will always be true as well as in all the former 


21 


caſes. And firſt we will conſider the quantity 1 + «) 7”, or 


—, as being 


I +7 Py | 
| A greg Seo I 
leſs complicated and difficult than the other quantity 1 + x "7", or * 
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Of the Binomia! Theorem in the caſe of the Quantity 1 + K, or — 
| I +axl n 


— — — — —  _ 


Art. 2. The binomial theorem in the caſe of integral and affirmative powers, 


(which is the ſimpleſt and eaſieſt caſe of it,) is as follows. The quantity 1 T*“ 
B + en D +— R 


is = the ſeries 1 + — Av 1 
+. Fx „ O + &c. Now let — be 4 4 of m; 


* . . . ONE: o 
and this theorem will ik converted into the following theorem, to wit, 1 +4 7" 


= the ſeries 1 = = x An = 1 Cl eros woes = — 3} 
nA nu N * 


4 


1 2 5 3 


x D- = —4* EY --, NXx F 2 — 6 = Co — 2 
5 6 7 
— — X B x* — * C x? —— * D x* 


2 3 4 
— ] - neg, — 0 IE 


5 6 1 
I —- 7 — 12 27 — 12 2x — 
Bx Co Cong —— 
a 5 . T7 


the ſeries 1 — 7 x Ax 


I — 
09 06 Ax 


b Rr —.— * G * — &c = the ſeries 1 — — x Ax 


6x 
n+1 2n+1 zu+1 1 ＋ 1 
— B x 2 — — — 3 — —ê : 
[= * = Cs * Us" 5 * Ex — 
+1 
—- * Fx — * G = &c = the ſeries 1 — = X I XX I 
71 * 22 
1 2 — 1 +1 I 3 TE. 
F 7 —— 0 6. 2-6 ＋ * — 
1 


„„ oe os dd en K * — U „ 2 EH oc os 20 RS 
21 n 6 44 


1 bi 
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* — 2 X 1 > os 


e 2 * $29 
* * ＋ —X = „„ 3 * 
1 ＋ 1 2n+1 gn+1 DG ; 
— Xx — —— X x 
nb — „ 
n+1 2n +1 3n + 1 4n + 1 gn +1 1 
— — * * r Z * * — 
„ej == I X ＋ &c. Therefore, if the bino- 
4 51 6 
| I 
mial theorem is true in the caſe of 1+ AT, or , the ſaid quantity 
| 1+x ** 


1 ; 0 
1 TA, or, will be equal to the infinite ſeries 1 — -- X x + - * 


. 12 2 
* * 3 * 5 * os 37 4 * 


1 1 ＋ 1 21 ＋ 1 gn ＋ 1 4 + 1 3 {2 n+1 2n+1 
n —= 37 + 4" iN 5 * 33 

3zu ＋ 1 4n + 1 gn+1 1 1 ＋ 1 2n +1 zn +1 ,, 4n+1 
S — 2 EEE 

x LI1 _ = X * + &c ad infinitum, or, (if we put A for 1, and B 


Gn 
for = — Or the co-efficient of x, and C for — — * — 1 l 


, Or the co-efficient of * 


and D for — NC - 5 £44 3 or the co- efficient of x*, and E, F, G, H, &c 


for the co-efficients of x*, a*, a“, x', &c,) to the infinite ſeries 1 — - Ax + 


> x Bi —ſ==: x Ci „ Das — — x Ex + © 
Zn * 5 61 


On 
Xx FA — - = 1 x Gx + &c ad infnitum. We muſt therefore endeavour 
—1 


to ſhew that this laſt propoſition is true, or that the quantity 1 *, or 


— is equal to the ſeries 1 — — X Ax + _ * B ” — FE 5 


1 + N 

Cx? + = x Dx -[ x Ex + —.— x Fx — U x Gy 
n In 1 72 

+ &c ad infnitum. Now this may be ſhewn by the following train of rea- 


ſoning. 


Art. 3. 


r 
— of; + Y 5 „ 
= * 
” = P 
* * _ 
” WE 7 


* oy LIED 


* — 
. © 
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Art. 3. In the 1ſt place, fince the quantity 1 + & is greater than r, it follows 


I | 
a that the quantity 1 + alz , which is the #th root of 1 + x, or the firſt of 12 —1 
6 mean proportionals between 1 and 1 + x, muſt alſo be greater than 1 ; that 1s» 


the denominator of the fraction will be greater than it's numerator. 


1 
0 Therefore the ſaid fraction . 7" will be leſs than 1; that is, the quantity 
1 * 
4 f 5 1 SR or —, (to which we are endeavouring to find an infinite ſeries 
SR. Fas 
bol decreaſing quantities that ſhall be equal,) will be leſs than 1. 
k I 
IS In the next place, ſince 1 +#]» (the denominator of the ſaid ſraction 
9 . —,) is known to be equal to the infinite ſeries 1 + — * — — * — 
- = TP 
: i X 4 + — * —— * _ = „ * — &c ad infinitum, (as is ſhewn in the 


gſecond volume of this collection of Tracts, page 237, art. 47), it follows that 


— will be equal to the fraction 
I Fan 1 
1 + —#— Xx — x aw + = X * 


2 2 32 
or to the quotient of the diviſion of 1 by the infinite ſeries 


the fraction 


2 — 1 2 —- 1 


X x* = &c 


_ 1 I 1 — 1 1 — 21 — 1 


XI ax + — Xt X = Xx * — &c ad infinitum. 


We muſt therefore endeavour to find the terms of the ſaid quotrent. 


Thirdly, ſince 1 is the dividend in the ſaid operation of diviſion, and 1 is 
likewiſe the firſt term of the diviſor, it is evident, from the nature of the ope- 
ration of diviſion, that the firſt term of the quotient will likewiſe be 1. And, 


further, ſince the ſecond and other following terms of the diviſor 1 + 2 — 


_ X — X A + 1 be. Sm _ " X x* — &c involve in them the ſe- 
veral powers of x in their natural order, without any interruption, to wit, x, xx, 
Ve, , &., a®, 4, &c, it is evident, from the nature of the operation of diviſion, 
3 that the ſecond and other following terms of the quotient of this diviſion will 
likewiſe 
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likewiſe involve in them the ſeveral powers of x-in their natural order, without 
any interruption, and conſequently that the ſaid quotient will be a ſeries of 
quantities of which the firſt term will be 1, and the ſecond and other following 
terms will conſiſt of certain numeral co-efficients multiplied into the ſeveral 
powers of x in their natural order, without any interruption, to wit, æ&, *, , 
*, *, af, x", &c ad infnitum ; ſo that, if we denote the ſaid numeral co-effi. 
cients (which are hitherto unknown,) by the capital letters B, C, D, E, F, G, 
H, &c, the ſaid quotient will be equal to the ſcries 1, By, CX, Da?, Ex, 
Fx, G, Ha“, &c ad infinitum, of which the fecond term By and all the 
following terms are to be connected with the firſt term 1 eit her by ſubtraction 
or addition, and conſequently are to have either the ſign — or the ſign + pre« 
fixed to them. | 


. __ 
And, fourthly, fince it has been ſhewn that the quantity 1 + zz", or the 


fraction „(to which the ſaid quotient, or infinite ſeries 1, Bx, Cx“, Dy, 


I 

1+an 
Ex*, F, Ga*, Ha", &c ad infinitum, is equal) is leſs than 1, or the firſt 
term of the ſaid infinite ſeries, it follows that the ſecond term B x of the ſaid 
ſeries muſt be ſubtracted from the firſt term 1, and conlequently marked with 
the ſign —; becauſe, if it were added to the firſt term 1, it might happen, 
when x was extremely ſmall, that B x alone would be greater than the ſum of 
all the following terms Ca, Da, Ea“, Fa, Ca', Ha“, &c of the ſaid ſeries 
put together, and. conſequently that, even if all the faid following terms were 
marked with the ſign —, or ſubtracted from the firſt term 1, the whole ſeries 
,. Ba Co, Do), Ext Fai, Geof, Ha!, &c, or 1 + BS, C, D, Ex, 
Fx, Gx, Hx', &c, (even if it were 1 + By — Cx — Di — Ex —- 
F — G — Hy? — &c ad infinitum), would be greater than it's firſt term 1; 
which would be contrary to what has been ſhewn to be true. 


—1 


And therefore we may now conclude that the quantity 1 + a7, or the 

fraction —_ „ will be equal to an infinite ſeries of terms, of which the firſt 
I+x Py | 

term will be 1, and the ſecond and other following terms will involve in them 
the ſeveral integral powers of x, to wit, x, , *, *, x*, „, x”, &c, in their 
natural order, without any interruption, combined with, or multiplied into, 
certain numeral co- efficients, which are hitherto unknown, and which we ſhall 
denote by the capital letters B, C, D, E, F, G, H, &c; and that Bx, ot 
the ſecond term of the ſaid ſeries, muſt be ſubtracted from the firſt term 1, and 
conſequently marked with the ſign — ; and that the following terms of the ſaid 
ſeries, to wit, Cx*, Da, Ex, F, G, Ha", &c, will be either added to 
the firſt term 1, and conſequently marked with the ſign +, or ſubtracted from 
it, and conſequently marked with the ſign —; though which of them are to 


be marked with the former ſign, and which of them with the latter, is hitherto 
| undetermined. 
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undetermined. Or, in other words, we may conclude that the quantity 


—1 
1 + , or the fraction 


- , will be equal to an infinite ſeries of terms 
I Is n 
of the following form, to wit, 1 = B, Cx*, Dx, Ext, Fx, G, Hx? &c 
ad inſinitum. We muſt now therefore endeavour to inveſtigate the values of all 
the terms of this ſeries, except the firſt, or known, term 1, and to determine 
the ſigns + and —, which are to be prefixed to the ſeveral terms Cx, Dr, 
Ex, F;, G, Ha", I“, K*, &c ad infinitum, after the ſecond term B x, 
which, we already know, is to be marked with the ſign —. Now this may be 


done in three or four different ways, which I ſhall now proceed to lay before 
the reader, 


An Inveſtigation of the Series 1 —Bx, Cx, Dx, Ex“, Fax, Gaf, H, &c 
—1 


ad infinitum, which is equal to the Quantity 1 + x x", or the Fraftion 


I » 
| 1 
by means of an Operation of Algebraick Diviſion. 


Art. 4. The moſt obvious and natural method of finding the ſeveral terms 
1 


of this ſeries, which is equal to the fraction —, or to the quotient of the 
1+x Py 


diviſion of the numerator, 1, of the ſaid fraction, by it's denominator 


I 
1 T*, is to divide the ſaid numerator 1 by the infinite ſeries which we 
I 


already know to be equal to the ſaid denominator 1 +#'7,, to wit, the ſeries 
I I . 1 — 1 25 — 1 I n—1 

fs a ada nr —22--o IN Jn 1 _—— 

— X — + &c ad infinitum. For the quotient of this diviſion will 

be the ſeries ſought, 


Now this diviſion may be performed, ſo far as to obtain the five firſt terms 
of the quotient, or of the ſaid ſeries 1 — B C, D, E, F, Gab, 
H', &c, in the manner following: | 
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From this operation of diviſion it appears that the five firſt terms of the 
quotient, or of the ſeries ſought, will be 1 — — x + - x! 2 I 


1 
Ax — — * 
n 


„ n * &c. We may therefore 

2 3 7¹ 211 37 4 : ! - 

now conclude that the five firſt terms of the infinite ſeries 1 — BA, C#*, Das, 
f —1 


Ext, F, Ga, H xi, &c, (which is equal to the quantity 1 + 9D, Or to 


5 I I n+ 1i_ I n+1 
the fraction ah AD I ON: IT CP: -— 
IT 
2 ＋ 1 * n +1 an ＋ 1 22 3 2 
m—_— X 3u * 4n EF 7 Ax + 2n 
27 1 
#716, 4 LIB . 
3 47 


Art. 5. The regularity of the co-efficients of the powers of x in the four 
terms By, Cx*, Dx*,.and Ea“, that have been obtained by means of the fore- 
going operation of diviſion, affords us a probable ground for expecting that the 
following terms of the ſeries, to wit, F, G x*, Ha“, Ix", K *, &c, will be 
equal to —— E x*, iT F x“, —.— G x*, "Hr, — 
ſpectively, or that the ſeveral generating fractions of the co-efficients of the 
ſixth, ſeventh, eighth, and other following terms, (by the multiplication into 
which each of the ſaid co-efficients is derived from the co-efficient next before 
it,) will be formed by continually adding the index x to both the numerator and 
the denominator of the generating fraction next before it. But this probability 
is far ſhort of a demonſtration that they will be equal to theſe quantities, or will 
be formed according to this law of continuation. And theretore, in order to 
obtain perfect ſatisfaction on this head, it will be neceſſary to have recourle to 
ſome other method of inveſtigating theſe terms by which the law of their con- 
tinuation may be diſcovered, 


i x" "MC, re- 


Art. 6. But, as to the ſigns + and — that are to be prefixed to the following 
terms F x5, Gx, H x, I of, K , &c of the ſeries 1 —Bxr + Cx = Dx 
+ Ex., Fx, G, Ha", Is, K*, &c, which have not yet been inveſti- 
gated, we may deduce from the nature of the foregoing operation of Algebraick 
diviſion, if we conſider the ſeveral proceſſes of it with ſufficient attention, a 
proof that thoſe ſigns will be prefixed alternately to the faid following terms, in 
the ſame manner as they have been to the four terms BA, C, D and E=, 
or — Bx, + Cx, — Dx, and + E x, that have been already inveſtigated 
by means of the ſaid diviſion ; and conſequently that the ſaid feries will be 
I Br + CO - DX ＋ E/ - F + G - HI Ke Kc, 
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with the f ſigns + and — following each other continually, to whatever number 
of terms the ſaid ſeries may be extended, r may be ſhewn in the manner 
following : 


— — — a 


— — 


Demonſeretion of the alternate Succeſſion of the Signs — and + in the ſeveral 
Terms Fus, Gaf, H“, Ix, K*, Oc ad infinitum of the Quotient of the 
foregoing Algebraick Divifion, without continuing the ſaid Diviſion farther than 
to the Inveſtigation of the firſt five Terms of the ſaid Quotient, that have been 
already inveſtigated, to wit, the Terms 1 - BT + Cf — Di + Ext, cr 


Ez + 2B ** Ca + 2p. 
n 27 X% 4n 


Art. 7. The firſt ſtep in the foregoing operation of diviſion is to divide 
the dividend 1 by 1, the firſt term of the diviſor, This gives 1 for the quotient 
of this particular diviſion, and for the firſt term of the quotient of the general 

diviſion of the dividend 1 by the whole diviſor, 


The ſecond ſtep of this operation of diviſion is to multiply the whole divifor 
by 1, the ſaid firſt term of the quotient, and to ſet down the product of this 
multiplication in a line under the dividend 1, adding a ſtar *, or a cy her, o, 
to the ſaid dividend for every term in the ſaid product after the firſt term 1. 

This product (being produced by the multiplication of the diviſor into 1,) will 
be exactly equal to the diviſor itſelf, Therefore the ſigns of the terms of this 
product will be the ſame as the ſigns of the terms of the diviſor; that is, the 
ſecond term of the ſaid product will be marked with the fgn +, the third with 
the fign —, the fourth with the fign +, the fifth with the ſign —, and the 
following terms with the ſign + and the ſign — alternately. | 


The third ſtep of this operation of diviſion is to ſubtract the ſaid produ& 
from the dividend 1; which is done by ſubtracting 1, the firſt term of the ſaid 
product, from the dividend 1, and each of the following terms of the ſaid pro- 
duct from the ſtar *, or cypher, o, placed immediately above it. The firſt of 
thele ſubtractions, that of 1 from 1, leaves *, or o, for the remainder ; and the 
ſecond and other following ſubtractions are performed by ſetting down the ſeveral 
terms that are ſubtracted in the ſame horizontal line with the firſt remaiuder, *, 
or o, but with contrary ſigns to thoſe they had before. Therefore the ſigns of 
the terms of this general remainder, after the firſt term“ or o, will be —, +, 

„ +, =, +, , +, &c ad i»finitum, being the contrary ſigns to thoſe of 
the ſecond, third, fourth, filth, and other following terms of the ſaid product, 


1 o I 


or of the diviſor. This general remainder is “, or o, — - x + — E36 
— 7 » XxX — — „ 
| finitum. 
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„em. And this alternate ſucceſſion of the ſigns — and + muſt take place in 
all the following terms of this remainder, to whatever number of terms the ſaid 
remainder may be contioned, as well as in the four terms here {et down, becauſe 


the contrary figns + and — ſucceed each other continually in the like manner 


in the terms of the ſaid product, or in the terms of the diviſor, to whatever 
number the terms of tie faid diviſor may be continued. 


Art. 8. Now, if we examine the ſeveral ſubſequent ſteps, or proceſſes, of this 
operation of diviſion, we ſhall find that the firſt term of every new remainder 
that we ſhall obtain in the courſe of it, will be marked with the fame fign + 


or — as the correſponding term, or term involving the fame power of x, in 
. . 1 1 11 —1 I N [1] 
the above-mentioned firſt remainder — 22 + 2 * —— * 2 


— THOR ES. hw of _ " x4 — Kc. For, ſince the ſecond term 
n n 


Zn 21 
of the diviſor 1 + —x — — * = xx + — X _ * nm — — 


* 


= * — * 2. x* + &c is marked with the ſign +, it follows 


that, whenever a new term of the quotient is obtained, and the diviſor is mul- 
tiplied into the faid new term, the ſecond term of the product thereby obtained 
muſt be marked with the fame ſign as the ſaid new term of the quotient, whether 
the ſaid ſign be + or -; becauſe, by the rules of Algebraick muluplication, 
when a quantity marked with the ſign + is multiplied into a quantity marked 
with the fign +, the product is marked with the fign + ; and when a quantity 
marked with the fign — is multiplied into a quantity marked with the fign —, 
the product is marked with the ſign —. And the firſt term of the ſaid product 
of the multiplication of the diviſor into the new term of the quotient muſt always 
be marked with the ſaine ſign as the laid new term of che quotient, becauſe it is 
the product of the multiplication of the ſaid new term of the quotient into 1, the 
firſt term of the diviſor. Theretore both the firlt and the ſecond term of the 
ſaid product will be marked with the ſame fign as the ſaid new term of the 
quotient, and conſequently with the ſame ſign the one as the other. But the 
ſigns of the terms of the preceeding remainder, from which the ſaid product is 
to be ſubtracted, are always alternately + and , or — and +; and the ſign of 
the firſt term of the ſaid product is always the ſame with the fign of the firſt 


term of the preceeding remainder, from which it is to be ſubtracted, and is 


likewiſe cqual to the ſaid firſt term. Therefore the ſign of the firſt term of the 
tad product muſt be contrary to the ſign of the ſecond term of the ſaid pre- 
ceeding remainder, And conſequently the ſign of the ſecond term of the ſaid 
product, (which is always the ſame as the ſign of the firlt term of the ſaid pro- 
duct, will alſo be contrary to the ſign of the ſecond term of the ſaid preceeding 
remainder ; from which ſecond term it is to be ſubtracted. But, when a quan- 
tity, marked with either of the two ſigns + or —, is to be ſubtracted from 


another, the method of performing ſuch ſubtraction is, firſt, to change its ſign, 
and 


firſt general remainder — — x „ 
7 7¹ 
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and then to add it, with its ſign changed, to the other quantity from which it is 
to be ſubtracted. Therefore, when the quantity ſubtracted is marked with a 
ſign contrary to that of the quantity from which it is to be ſubtracted (as is the 
caſe with the ſaid ſecond term of the ſaid product,) the remainder of the ſub- 
traction will have the ſame ſign prefixed to it as was prefixed to the quantity from 
which the ſubtraction was made. Therefore the remainder ariſing from the ſub- 
traction of the ſecond term of the faiq product from the ſecond term of the 
former remainder will be marked with the ſame fign + or — as the ſaid ſecond 
term of the former remainder. But the remainder ariſing from the ſubtraction 
of the firſt term of the ſaid product from the firſt term of the preceeding re- 
mainder is always equal to o, becauſe the ſaid firit terms are always necellarily 
equal. Therefore the remainder ariſing from the ſubtraction of the ſecond term 
of the ſaid product from the ſecond term of the preceeding remainder is the 
firſt term of the new remainder ariſing from the ſubtraction of the whole of the 
ſaid product from the whole of the ſaid preceeding remainder. Therefore the 
firſt term of the ſaid new remainder will be marked with the ſame fign 4+ or — 
as the ſecond term of the preceeding remainder, or as the correſponding term, 
or term involving the ſame power of x, in the preceeding remainder. And, 
as theſe reaſonings may be applied to every new remainder obtained in the 
whole courle of this operation of diviſion, to whatever number of remainders, 
and correſponding new terms in the quotient, the ſaid operation may be con- 
tinued, it follos s that the firſt term of every new remainder will have the ſame 
ſign as the correiponding term, or term involving the ſame power of x, in the 


* + 


n— 1 I 1 — 1 2u — I 
XX — — X X 
n 2 3u 


n 1 28 — I 27 — 1 


E — x* — &c ad infinitum, to whatever number of 
A 21 3n 477 

ſuch remainders the ſaid operation may be continued; becauſe the firſt term of 
every ſuch remainder may be traced through the next preceeding remainder, 
and the remainder next before that, and the third, and other following, pre- 
ceeding remainders, up to that firſt general remainder, in the manner that has 
been here explained, 


But the ſeveral terms of the ſaid firſt general remainder — — 3 5 * 


by 21 1 1 — 1 21 — 1 I 1 — 21 — 1 1 — 1 
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ad inſinitum are marked with the figns — and + alternately. 


Therefore the firſt terms of all the following remainders, (which firſt terms 
will involve in them the {ſquare and cube and other following powers of x,) will 
be marked with the ſame figns, reſpectively, as the correſponding terms, or 
terms involving the ſame powers of x, or the ſquare, cube, and other following 


I mw I = — 

powers of x, to wit, the terms + — X —— ar, — — X — 1 — 2255 
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775 — 1 2 2 1 22 — 1 


21 
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. I I I 
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— — „ 2 . & ad infiittum; that is, the ſaid firſt terms of all the 


X SS N 4n 
. . . 8 : . ” 
following remainders, involving *, *, a*, x5, *, *“, *, *, &c ad infinitum, 
. * . . _ 
will be marked with the gn + and the fign — alternately. Q. E. D. 


Art. 9. But the ſigns of the ſecond and third and other following terms of 
the quotient of the ſaid operation of diviſion mult always be the fame with the 
ſions of the fiiſt terms of the ſaid firſt and other following remainders, and muſt 
allo be equal to the ſaid firſt terms reſpectively; becauſe they are the quotients 
that ariſe by dividing the ſaid firſt terms of the ſaid firſt and other following 
remainders by 1, the firſt term of the diviſor ; which diviton is in truth only 
a nominal, and not a real, divition, and leaves the feveral dividends in the 
ſame condition as before they were ſo, nominally, divided. Therefore the figns 
of the ſecond and third and other following terms of the ſaid quotient will be 
—, +, —, +, =, +, =, +, , +, , +, &c, in alternate ſucceſſion, 


to whatever number of terms the ſaid quotient may be continued. E. D. 


Art. 10, The reaſonings uſed above, in art. 8, to ſhew that the firſt term of 
every new remainder obtained in the courſe of the foregoing operation of Alge- 
braick diviſion will be marked with the fame tign, + or , as the correſpond- 
ing term, or term involving the fame pawer of x, in the firſt general remainder 


1 1 1 — 1 I 1 — 1 20 — I. . I N—1 20 — 1 
F 7 — 3 21 * 37 


zu — 1 


* x* — &c ad infinitum, will, perhaps, be more eaſily underſtood if 


we repreſent the faid operation of diviſion in a ſomewhat abridged notation, by 
ſubſtituting the ſmall letters 4, c, d, e, f, g, b, &c for the coefficients of 
*, **, X, x*, *, af, *, &c in the ſecond and other following terms of the 


diviſor I rt ns . 

11 S * — * = 
28 — 1 . 4 p ; : 

FFW &c ad infinitum, In this way of expreſſing the 


terms of the ſaid diviſor the foregoing operation of diviſion will be as follows: 
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Art. 11, In this manner of exhibiting the ſaid operation of diviſion it is 
apparent at firſt fight that the firſt term of every new remainder, obtained by 
the ſubtraction of the laſt product from the next preceeding remainder, will be 
marked with the ſame ſign + or , as the ſecond term of the ſaid next pre- 
ceeding remainder, (which involves in it the ſame power of x as the ſaid firſt 
term of the new remainder,) and conſcquenily with the fame fign as the corre— 
ſponding term, or term involving the ſame power of x, in the firſt general 
remainder — bx + ca — d + ext — fox + g — &c, from which all the 
following remainders are derived. But the ſigns to be prefixed to the ſecond, 
third, fourth, and other following terms of the quotient are the fame with the 
ſigns prefixed to the firſt terms of the ſaid firſt, ſecond, third, and] other fol- 


'Jowing remainders, reſpectively; becauſe the faid ſecond, third, fourth, and 


other following terms of the quotient are derived from the ſaid firſt terms of 
the ſaid firſt, ſecond, third, and other following remainders, reſpectively, by 
dividing them by 1, (the firſt term of the divitor ) which diviſion makes no 
change either in the magnitude of the ſaid firit terms of the ſaid remainders or 
in the ſigns to be prefixed to them. Therefore the figns to be prefixed to the 
ſecond, third, fourth, and other following terms of the quotient will be the 
ſame as thoſe which are prefixed to the correſponding terms, or terins involving 
the ſame powers of x, in the ſaid firſt general remainder — bx + cx* — dx? 
+ en“ — A + gas — &c ad inſinitum, reſpettively, and conſequently will be 
—, +, =, +, =, +, —, +, —. +, &c, in alternate ſucceſſion, ad inf 
nitum, or to whatſoever number of terms the faid quotient may be continued. 
k. 5. 


Art. 12. In the laſt exbibition (in art. 10,) of the foregoing operation of 


. Algebraick diviſion the co-efficients of x*, &, x4, x*, x*, &c in the third, and 


fourth, and fifth, and other following terms of the quotient, and in the corre- 
ſponding products and remainders obtained in the courſe of the ſaid operation, 
become continually more and more complicated and take up a greater quantity 
of ſpace in the exhibition of them, as the number of the ſaid ſucceſſive re- 
mainders, and of the terms of the faid quotient derived from the firit terms of 
the ſaid remainders, continually increaſes, Now this tediouſneſs and compli. 
cation in the notation of the ſaid terms of the quotient, and of the products 
and remainders correſponding to them, may be avoided without any prejudice 
to the reaſonings that have been uſed concerning the ſaid terms of the quotient 
and the ſaid products and remainders correſponding to them, by ſubſtituting 
the ſingle capital letters B, C, D, It, F, G, H, &c inſtead of the co-efficients 
of x, x*, *, x*, x*, *, x", &c in the ſecond and other following terms of the 
ſaid quotient, and in the products and remainders correſponding to them, And 
then the foregoing operation of diviſion will be as follows: 5 
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far enough, would be equal ob +gB+ fC+eD +dE +cF + 8G, 
and ; +6þbB+gC+/D+eE +dF TGT H, and k + 7B TC 
+#D +FfE +eF + 4G + cH + 31. and IT AB + iC + bD 
+ ggE + ff + eG + dH + cI + K, &c, reſpectively; in which 
the firlt term of the value of every new capital letter H, I, K, L, &c, or of 
every new co-efficient of a power of x in the ſaid quotient, 1s equal to a ſet of 
terms all added to each other, of which the firſt term is the co-efficient of the 
ſame power of x in the diviſor, and the other terms are the products that ariſe 
by multiplying the co-efficients of the foregoing terms of the diviſor, beginning 
with 4 or the co-efficient of its fecond term bx, to wit, the co-efficients 5, c, 
d, e, f, g, b, i, k, l, &c, into the co-efficients of the foregoing terms of the 
quotient, beginning likewiſe with B, the co-efficient of the ſecond term B x, 
but in an inverted order. And by the help of this obſervation it would be 
poſſible to derive the values of as many of the co-efticients of the powers of x 
in the terms of the ſaid quotient 1 — Bx + CA — Di + Eat — Fa“ + 
Gi — Hi + If —Ka? + Lo? — &c as we pleaſed, from the co. effi- 
cients of the preceeding terms of the ſaid quotient and of the diviſor, But the 
computations neceſſary for this purpoſe, by ſubſtituting in the expreſſion of the 
value of every new co-efficient the numerous products of the multiplication of 
the preceeding co- efficients in both the ſerieſes, (to wit, that which is equal to 
the quotient and that which is equal to the diviſor,) into each other, would be 
found to become very ſoon intolerably intricate and laborious. And therefore 
it will be highly expedient to look-out for ſome other method of continumg the 

terms of this ſeries, or deriving them one from another, that may be leſs dif- 


ficult to reduce to practice, and more particularly to endeavour to diſcover the 


law of continuation of the terms of this ſeries, that is ſet forth above in art. 2, 
as that which reſults from the extenſion of Sir Iſaac Newton's binomial theorem 


- » But, before we enter upon that more 


1-+x n 

abſtruſe and difficult part of our preſent inquiry, I will lay before the reader 
two other methods of inveſtigating a few of the firſt terms of the infinite ſeries 
1 — Ba + Cf — Dif + Eat — Fa) + Ga — Hex! + &c, which is 


, —T 
to the quantity 1 + al, or 


—1 
equal to the quantity 1 + a)”, or tlie fraction — ; which, though not 


I + nn 


better than the foregoing method of finding them by the foregoing Algebriick 
diviſion of 1, the numerator of the ſaid fraction, by the infinite ſeries x + 


I I YN — [I I N — 1 28 — I I N — 1 2n — 1 
— Xx — — * 2 — „ — 
7 1 x 22 T 7 * 21 3u 8 n * 21 * Zu 

3 21 


a* + &c, Or I ＋ by = c + d — ex* + &c, which is equal 
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* 


AS 
to 1 + x) 755, it's denominator, nor indeed, quite fo ſimple and ſo natural as 


that method, will, neverthele!s, ſerve to illuſtrate the faid method, and to 
confirm the concluſions deduced from it. The firſt of theſe methods is as 
folloa s: 


— —-— —-— —— — — — — — 


Another Method of inveſtigating the ſecond, and third, and other following Terms 
of the Series 1, Bx, C, Da, Ex“, F xs, Ga, H', &c, which is equal 


— [ 
. — — 0 1 
to the Quantity 1 + N, or the Fraftion — 
i+aln 


Signs — and + that are to be prefixed lo them. 


„ and of determining the 


— — 


. i 
Art. 14. The quantity 1 + x (which is the denominator of the fraction 


„has been ſhewn in the ſecond volume of this collection of tracts called 
Tra 


Sc ipteres Logarithmici, (page 237, art. 47,) to be equal to the infinite ſeries 


I 1 221 1 N — I 20 — I I 221 
1 —— — — — — * — 
+ 7¹ * 7¹ * 2 * I n * 21 * 2” N 7¹ * 2 * 
22 — 1 3 — 14 I * — 1 2 — 1 3 — 1 41 — 1 , . 
3” * 41 * 1 * 2 * 37 X n * on 10 &c ad in 


5 | I 
finitum, Therefore, if, for the ſake of brevity, we put 3 = —, and c — 


7¹ 
11 — 1 1 — 1 1 1 — 1 21 —1 21 —1 1 
* or 2 — 3 1 2 — 
. —b6, and d = * 2 r and e - 
8 — 1 2N — 1 n 1 11 — 1 I 121 2 — I 
* * 3 3 1 
2 . o =: 00 nn — * 
1 22 4n—1 5 — 1 6 — 1 
7 — < e, and g, b, i, k, &c equal to 75 7 2 
711 8 — 1 . . - . 
= tn AA" Lao &c, reſpectively, we ' ſhall have 1 + #7 = the ſeries 


I + & — i + d' — en“ + a — g + hx" — &c ad inſiniium. And 


—1 
conſequently the quantity 1 + a} "7, or the fraction — „ wil: be equal 
1+xn 
to the fracti : : 
tion the ſeries 1 + r — ca + dx3 — c + a - g + bat — &c ad inſinitum. 


But 
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But the ſeries 1, Bx, C, Dax, Ex, Fai, G, H“, &c, is equal to 


—1 
the quantity 14 + #\7, or the fraction 

| 1 +x 2 

Therefore the ſaid ſeries 1, Bx, Cx*, D, Ex, F, Gaf, H', &c 
will be equal to the fraction 

1 

the ſeries 1 + bx — cx* + dx3 — ex* + fa5 — ga® + hal — &c ad infinitum. And conſe- 
quently, if the ſeries 1 + bx — c + dx — e + . — g + bx! = & 
(which is the denominator of the ſaid. fraftion,) be multiplied into the ſeries 
1, By, C“, Dif, Ext, Fai, Gx, H x?, &c, the product of the ſaid mul- 
tiplication will be equal to 1, which is the numerator of the ſaid fraction. This 
multiplication may be performed in the manner following: 


—————————————————————————— 


The Multiplication of the Series 1 ＋ bx — c + di — ex + fo — gs + 
bx" + Vc ad infinitum into the Series 1, Bx, Cx*, Dx, Ext, Fx, Gr, 
H x', Sc ad infinitum. 


® 1 
ha - — 


I + bx — cx + dx — ex + fs — g + bx) — &c 
LB CE DF, Ex, Fx, Tu, Ha, Ke 


1+bx—& + df — e“ + fif gx + bx) — &c 
Bx, 6Bx*, cBx*, dB., eBx*, fBx*, gBx", &c 
Cx*, bCx3, Cx, d4Cx'ù, eCxf, /Cx", &c 
Dx, S Dr', cDx*, d Dx, e D', &c 
E x*, bEx*, c Ex, dEx", &c 
Fx, Fx, cFx"', &c 
G, 5G, &c 
H x?, &c 


ll — — 


A I—_ n * hn , 


Loet us, for the ſake of brevity, call this compound ſeries S. Then will the 


ſaid compound ſeries S be equal to 1. 


Art. 15. In this ſeries none of the terms have the ſigns + and — prefixed to 


them, except thoſe in the firſt horizontal line; becauſe the terms in all the other 
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horizontal lines ariſe from the multiplication of the terms of the multiplicand 
1 + bx — c + dif - + „ — gx” + bx) — &c into the terms By, 
C, Dx, Ext, F, G, Hx', &c, the ſigns to be prefixed to which are 
not yet known, But we may here obſerve, that the. kgns that ought to be 
prefixed to the terms Bx, Ca, Da, Ea“, Ls, Ga, H x", &c in the ſaid 
compound ſeries, or product, S, (where the ſaid terms are the firſt terms of the 
ſecond, third, fourth, fifth, ſixth, ſeventh, and eighth, and other following, 
horizontal lines, or rows, of terms,) mult be the lame with thoſe that ought 
to be prefixed to the ſame terms By, Ca, Dai, Ea“, Ex, Ga, Ha", &c, 
reſpectively, in the multiplicator 1, Bx, C, Dx, E“, F af, G, Ha", 
&c; becauſe the ſaid terms Bx, C., Dx, Ext, Fai, G, H x", &c in 
the ſaid compound ſeries, or product, 8, ariſe from the multiplication of the 
firſt term 1, of the multiplicand, or ſeries 1 + bx — c + dif — e + ff 
— gx* + hx! — &c a1 infinitum into the ſeveral terms Bx, CW, Das, Ex., 
Fa, Gx, H x“, &c of the multiplicator, or ſeries 1, Bax, C, D, E“, 
F a5, Ge, Har, & c. And therefore, if we can diſcover the figns + and — 
that ought to be prefixed to the ſeveral terms Ba, Ca“, Da?, Eat, F, Gaf, 
Ha, &c in the ſaid product, or compound ſeries, S, we ſhall thereby obtain 
the ſigns that ought to be prefixed to the ſame terms By, C, Da?, Ea“, 
Fx, Gx, Hx?, &c-in the multiplicator, or ſeries 1, Bx, Ca, Dx, Ex“, 
21 
Fx, GR, H x”, &c, which is equal to the quantity 1 + x\%", or to the 


fraction . Now, what theſe figns ought to be, and what will be the 
1 + an 

values of the ſeveral co-efficients B, C, D, E, F, G, H, &c, of the powers 

of x in the ſeveral terms By, Cx*, DM, Ext, Fai, Gaf, Ha", &c in the 

ſaid compound ſeries 8, may be gradually diſcovered by attentively conſidering 

the ſeveral terms that form the ſaid compound ſeries, and reaſoning upon them 

in the manner following : 


— — 


The Inveſiigaticn of the Second Term, B x, of the Series 1, Ba, Ca, DE EX? 


2 et 
Fx, G, Hx", Cc ad infinitum, which is equal to the Quantity 1 + al a » 
or to the Fraftion — 


* 
1 
n 


I + x 


—— — —— 


Art. 16. Since the whole compound ſeries S is equal to t, which is it's firſt 


term, it follows that the whole of this ſeries, except the firſt term 1, that is, 
the ſeries S — 1, or 


Vo. V. E + bx 
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+ be — c + d' — ex“! + V — gif + bx! — &C 
e, Br, B, FB, gBx', &c 
ie e, en, tc 
D, Dx, Dx, dDx", e Dx“, &c 
e, &c-. 
Fx, F, cF x!, &c 
G x*, bGx", &c 
de 
&c 


will be equal to o, and conſequently that the ſum of thoſe of it's terms which 
are to be marked with the ſign — will be equal to the ſum of thoſe which are 
to be marked with the ſign +, from which the former ſum is to be ſubtracted. 
And this equality between theſe ſums will, it is evident, ſtill continue, if all 
the terms be multiplied, or divided, by any number whatſoever. Therefore, 
if all the terms be divided by x, the ſaid equality will ſtill continue, and con- 
ſequently the new compound ſeries thereby produced will, like the former, be 
equal to o. But by this diviſion, this laſt compound ſeries S — 1 will become 


+ 5 — c + ds* — ex“ + ' — g' + U — &c 
ee, IB eBx% e, g B., &c 
err, es, &c 

De, ID, De, 4D, e De, &c 

Ex EH cExi, dEx*, &c 

Fax F, cFx*, &c 

Ga, 5 Gx*, &c 

Hz, Kc 

&c, 


which will be = _ + Therefore this laſt compound ſeries - _ - 


will be 


equal to o, or the ſum of all the terms in it which are to be marked with the 
ſign — will be equal to the ſum of all it's other terms which are to be marked 
with the fign +. And this will always be true, of how ſmall a magnitude 
ſoever we may ſuppoſe the quantity x to be taken: and therefore it will alſo be 


true, when x is equal to o. But, when x is equal to o, all the terms that in- 


volve x will be equal to o likewiſe, and the laſt compound ſeries = _ = will be 


reduced to the two terms in it's firſt vertical column, to wit, the terms + #4 
and B. Therefore the two terms + 4 and B will, together, be equal to o; 
and conſequently B muſt be ſubtracted from &, and therefore muſt be marked 

with 
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with the ſign — ; and it muſt likewiſe be equal to 2. But the term Bæ in ths 
compound ſeries $ — 1 and in the compound ſeries 8 muſt be marked with the 


— 1 
„ becauſe the compound 


. . 8 
ſame ſign as the term B in the compound ſeries 


ſeries * p is derived from the two former compound ſerieſes 8S — 1 and S 


without any operations that can cauſe a change in the ſigns + and — which 
are te be prefixed to it's terms. Therefore the term B x in the compound ſeries 
S muſt have the fign — prefixed to it. And conſequently, by art. 15, the term 
: "By 1 21 c. D, E= Ss G 
Be in the multiplying ſeries 1, Bx, CX, Da, Exif, F, Ga", H“, &c 
(which is equal to the quantity 1 + #17”, or to the fraction f „ muſt 
I + a] Py 
alſo have the ſign — prefixed to it. Therefore the two firſt terms of the ſaid 
ſeries 1, Be, C, D, EN, F, Ga", Ha!, &c will de! or 


7¹ 


(becauſe B is = ,) 1 — bx, or (becauſe 3 is = —. 12 2 
E. I. 


The Inveſtigalion of the Third Term, C x*, of the Series 1, Bx, Cx, Dx, Ex“, 


Fx, Gx, H x”, Sc, ad infinitum, which is equal to the Quantity 1 * 


; 7 I 
or to the Frafinmn ———— , 
I + x) 2 


— — . FE Dn re 


Art. 17. Since the ſign — is to be prefixed to Bx, or the ſecond term of the 
ſeries 1, Bx, CY, Dx, Ext, Fai, Ga", H', &c, by which the ſeries 
1 + bx — cx' + dif — ex* + i — g' + bx? — &C is multiplied above in 
art. 14, it follows that the ſecond horizontal line of terms in the compound 
ſeries S, which is produced by the ſaid multiplication, will be — By — 4B x* 
+ cBi\ — 43M + eB -B + g BU“ — &c, in which the ſigns 
prefixed to the ſeveral terms are, reſpectively, contrary to thoſe which are 
prefixed to the correſponding terms of the ſeries 1 + bx — c + dxf — ex 
+ % — gx? + bx — &c, (which is multiplied by the ſaid term — B x,) 
agreeably to the rules of Algebraick multiplication. Therefore the compound 


. S — 1 . . . . 
ſeries , ſet down in art. 16, which was obtained by, firſt, taking away 


the term 1 from the compound ſeries S, and then dividing the remainder, or 


the compound ſeries S — 1, by x (neither of which operations, it is evident, 
BE 2 can 


or, 


: : 


_—— - 


1 


: 

1 
I. 
* 
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gan affect the ſigns + and — which are to be prefixed to it's ſeveral terms, 
will, when the proper ſigns are prefixed to the terms in it's ſecond horizontal 
line, be as follows, to wit, | 


+ þ — er + i = er * * — gr + hx* — &C 
— B — Bx + Bx* — dB + e. — IFB + gBx? — &c 
Cx, iC, C, 4CY, C, FC, &c 
Da, De, De, dDx, e De, &c 
EVH, IBN. EA, EN, &c 
re, &c 
G * 36, &c 
rde 
&c. 


But it has been ſhewn in art. 16 that the compound ſeries — is equal 
to O. 


Therefore the compound ſeries juſt now ſet down (which is the compound 


8 . 8 — 1 
ſeries 
x 


with the proper ſigns + and — prefixed to the ſeveral terms of 


it's ſecond horizontal line,) will be equal to o, or the ſum of all the terms in 


it which are to be marked with the ſign — will be equal to the ſum of all the 


other terms, which are to be marked with the ſign +. 
But it has been ſhewn in art. 16 that 5 - B is equal to o. 


Therefore, if the terms þ and B be left out of this laſt compound ſeries, the 
remaining terms of it will ſtill be equal to o, that is, the compound ſeries 


— & + e — ex + / — ga + bx — &c 
— bBx + c; — dBx* + eBx4 — fBx* + gBx* — &c 
ER ER, Ke, kee 
Ds, De Dx, De, De, &c 

| „„ „ dEx*, &c 

Fx*, bF x, c F, &c 

Ga, 6, &c 

te 

&c, 


or — — þ + B, will be equal to o, or the ſum of all the terms in it 


that are to be marked with the fign — will be equal to the ſum of all the other 
; 3 terms, 


r . 


IN THE RECIPROCALS OF THE ROOTS OF A BINOMIAL QUANTITY. 29 


terms, which are to be marked with the ſign +. And this equality between 
theſe ſums, it is evident, will continue, it all the terms ſhould be divided 
by x, by which diviſion the laſt compound ſeries would be converted into the 


following compound leries, to wit, 


— 1 & — &* + fo — gr* + x” Ke 
— 2B + cBx — dBx* + eBx? — fBr# + BN — &c 
le Cx; . en, oc 
Dx, 5Dx*, DW, 4D, e D, &c 
Ee, 1 Ex £E x7, &c 
FT, Fax. xe 
MW OY LE 
Ha; Ne 
&C. 


Therefore this laſt compound ſeries will be equal to o, or the ſum of all the 
terms in it which are to be marked with the ſign — will be equal to the ſum 
of all the other terms of it, which are to be marked with the ſign +. And 
this equality will always continue, of how {mall a magnitude ſoever we may 
ſuppole the quantity x to be taken: and therefore it will continue allo when x 
is equal to o. But, when x is equal to o, all the terms that involve x will be 
equal to o likewiſe, and the laſt compound ſeries will be reduced to the three 
terms in it's firſt vertical column, to wit, the three terms — c — 3, C. 
Therefore theſe three terms — c — B, C will, together, be equal to o. And 
conſequently, as the two firft terms c and 4B have the ſign — prefixed to 
them, the third term C mult have the ſign + prefixed to it, and muſt be equal 
to the ſum of the other two terms c and B, or — c and - B; becauſe 
otherwiſe the three terms — c, — 4B, and C, or — : — bB + C, taken to- 
gether, could not be equal to o. But, for the reaſons given above in art. 16, 
the term C“ in the firſt compound ſeries S (obtained by the multiplication 
exhibited above in art. 14,) muſt have the ſame fign prefixed to it as the term 
Cin this laſt compound ſeries, which correfponds to the term C in the ſaid 
ſeries S, and is derived from it by arithmetical operations that cannot affect 
the ſign to be prefixed to it, Therefore the term Cx* in the ſaid compound 
ſeries 5 mult have the ſign + prefixed to it. And conſequently (by art. 13, 
the term C x* in the ſeries 1, Bx, C, Da, E', F, G x5, H', &c, 
(by which the ſeries 1 + bx — ca + dx* — ex* + , — gx + bs! — &c 
is multiplied in art. 14,) muſt alſo have the fign + prefixed to it; that is, the 
third term C x* of the ſeries 1, Bx, Cx*, Dx?, Ex*, F, G, H x", &c, 


which 1s equal to the quantity yr or to the fraction — will have 
N 

the ſign + prefixed to it, or muſt be added to the firſt term 1. And conſe- 
quently 


30 INVESTIGATION OF SIR ISAAC NEWTON's BINOMIAL THEOREM 
quently the three firſt terms of that ſeries will be 1 — Bx + Cxx, or 


1 — —#x + Cx. . 


Art. 18. The magnitude of the co efficient C will be determined by reſolving 
the ſimple equation C =c + 4B; which may be done as follows: \ 


. . I . — 
Since à is = — and c is = -— * ==, and B has been ſhewn to 
be = 4, or —, we ſhall have B = © x —, and c + By = * 
7N n 7¹ n 

2—1 I 23 2 1 ol ie — WIE, 
%% T TFT x 
EEE.) = : EET. Therefore C will be = — x = x # = 

F/4 


5 | 
B x —.— 1 —— Bx*; and conſequently the three firſt terms of the 


ſeries 1, Bx, Caf, D, EX, F, Ge, Ha, &c, which is equal to 


— 1 I 
i+x,7 , or to the fraction T, will bet = —- * 1 = „ „ 
N ies pH 72 n 2 
IAI 
| T 2411 2 
or 1 — —Ax + 3 Bx*. ' Fs 


The Inveſtigation of the Fourth Term, Dx, of the Series 1, Bx, C, D,, 
Ex*, Fx, Ga", Ha", &c ad infinitum, which is equal to the Quantity 


— 


1 + N, or to the Fraffion —- 
11 4K 


— — 


Art. 19. Since the ſign + is to be prefixed to C, the third term of the 
ſeries 1, Bx, Cx, Dai, Ext, Fx, Ga, Hx?, &c, by which the ſeries 
1 + by — cu ＋ dif — ex! + fo — gif + bx) — &c is multiplied 
above in art. 14, it follows that the third horizontal row of terms in the com- 
pound ſeries S, produced by the ſaid multiplication, will be + Cx* + IC 
— C + dCH — e C + FC - C + Ke, in which the figns 
prefixed to the ſeveral terms are the ſame, reſpectively, with thoſe which are 
prefixed to the correſponding terms of the ſeries 1 + by — c + % — c 
+ fi — gi + bx — &c, which is multiplied by the ſaid term C x*, or 

+ Cx; 


- 
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+ Cx*; agreeably to the rules of Algebraick multiplication. Therefore the 


compound ſeries S, obtained by the ſaid multiplication, will, when the proper 
figns + and — are prefixed to the terms of it's three firſt horizontal lines, be as 


follows, to wit, 


1 + bx — c + di — ef + A — ges + bx) — &c 
— Bx — Bx + Bax? — dBx* + eBr* FB + gBx' — & 
+ Cx + CY — Cx + AC — eCx* + Cx! — &c 

Dx, D., D', dDx", eDx", & 

| E & ³Uñ cExX, #Ex", Tn 

Fx, #Fx, cx, 

G, Ge", «0 

H x, &c 
&c; 


and conſequently the compound ſeries derived from this ſeries in art. 17, will, 
when the proper ſigns + and — ate prefixed to the terms contained in it's three 
firſt horizontal lines, be as follows, to wit, 


— & + ds — ef + 5 — ga“! + bx? — &c 
— B + BY — dBx* + eB — FBA“ + B — &c 
+ C + Cx — Cr? + ACN — Ca! + Cx — & 
Ds Ds, DX apt eur; - oc 
Er, II. SES; 7 
FT #5, Fa ac 
Ga, #Ga', @&c 
)  & GE 
&c. 


Therefore this ſeries will be equal to o, or the ſum of the ſeveral terms in it 
that are to be marked with the ſign — will be equal to the ſum of all the other 
terms, which are to be marked with the ſign +. 


But it has been ſhewn that the three terms — c — Bb + C are equal to o. 
Therefore, if theſe three terms are left out of this laſt compound l{eries, the 
remaining terms of it will ſtill be equal to o, or the ſum of thoſe of them which 
are to be marked with the fign — will be equal to the ſum of all the other 
terms, which are to be marked with the ſign +. But, when the three terms 
— —bB + C are left out of the foregoing compound ſeries, it will become 
as follows, to wit, 


+ A 
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+ dx — en + 5 — g' + bx — &c 
+ By - dBx* + eBx* — BY + gBa* — &c JY 
+ bCx - + dCi? = Cx + FC, — &c - 
„„ De, Dx, &c 2 
Ex VES, ENT, dEx, &c 
, Ke 

Gat, 36, &c 

de 

&c. 


Therefore this laſt compound ſeries will be equal to o, or the ſum of all the 
terms in it that are to be marked with the ſign — will be equal to the ſum of all 
the other terms of it, which are to be marked with the ſign +. And this 
equality between theſe two ſets of terms will ſtill continue, when the terms ſhal! 
be all divided by x. Therefore the compound ſeries arifing from ſuch diviſion, 
that is, the compound ſeries 


fd —- & + jo e + bx = &c 
+ cg; — dB + eBi* — fBx? + gBx* — &c 
+ C — Cx + dCx* — Cx + Cx — &c 

D. Ds, , Dee, fc 

Ex, EV, cEx", EV, &c 
F, Ie, e F., &c 

Gx Ga", &c 

: Hr, &c 

&c 


will be equal to o, or the ſum of all the terms in it that are to be marked with 
the ſign — will be equal to the ſum of all the other terms in it, which are to 
be marked with the fign +. And this will always be true, of how ſmall a 
magnitude ſoever we may ſuppoſe the quantity x to be taken : and therefore it 
will be true alſo when x is equal to o. But, when 1s equal to o, all the terms 
that involve æ will be equal to o likewiſe, and conſequently the laſt compound 
{ſeries will be reduced to the four terms contained in it's firſt vertical column, 
to wit, the four terms + 4 + cB TIC, D. Therefore theſe four terms, 
taken together, muſt be equal to o; and conſequently, as the three firſt of them 
are marked with the fign +, or are to be added to each other, the fourth term 
D muſt be ſubtracted from them, and marked with the ſign =, and likewiſe 
mult be equal to the ſum of the three former terms, or to + 4 + cB + C; 
becauſe otherwiſe it will be impoſſible that the ſaid four terms, taken together, 
ſhould be equal to o. Therefore the correſponding term, D *, in the firſt 
oP compound 


— 
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compound ſeries 8, from which the laſt com pound feries has been derived by 
arithmetical operations that have not cauſed any changes in the fgns of it's 
terms,) muſt alſo be marked with the ſame ſign —; and ſo (for the reaſons 
given in art. 15,) muſt the ſame term Dx? in the ſeries 1, Bx, C, D, 
E x*, F., GW, H x", &c, by which che ſeries 1 + by — c + 2 
r ＋ „ — g' + bu) — &c is multiphed in art. 14, and which is equal 


_ | 1 
to che quantity 1 ＋ al, or to the fraction 1 » And conſequently the 
: 1 + xn 


firſt four terms of the ſaid ſeries will be 1 — BE + Cf — Dax, or 1 — 


Lb x IE ar we. Da; of — Ax + 2 BY ne 
* aA 


2/7 2 ¹ 
. 


Art. 20. To determine the magnitude of the co- efficient D, we mult reſolve 
the ſimple equation D = 4 + cB + C; which may be done as follows: 


. * . I . T 
Since 3 is = —, and c is = — X „and 4 is = — Xx =-— Xx 
n 7 2 n 270 


— and B is —, and C is — * =, we ſhall have D 4 


— [ 270 - f I 
„ * _—_— 


+ B + b3C = — X 


I I I 
2 * — IT 


a+1 „ IK 20—1 121 1141 n—1 „ 22 — 1 21 
27 (= 613 + 2113 * —_ 613 + 213 


—— — 


1 — 1 ä 6n = TEXEE 6n — Yrs ˖ 
6n3 os. 6 _ 6n3 = bn 
„„ 1 ＋ 1 21 +1 
8 n X 2n X 33 SW 2n * 


— . * 3 4 22 C; and conſequently the four firſt 


terms of the ſeries 1, BA, Cx*, D, Ex, F, Gaf, H x", &c, (which is 


Therefore Dx? will be = 


I 
equal to 1 + , or to the fraction 1 „ will be 3 — _ + = Xx 


1 + x} 
n+1 I n+1 2n+1 I n+1 
I — — — — 3 — - / 4 n 
—_ F = "01 = Ax + 2 B xx 
28 ＋1 3 
5 Cx. 1.1 


Vor. V. F The 
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The Inveſtigaticn of the Fifth Term, E a*, of the Series 1, By, C, Dx, Ext, 


| 55 
Fx, Gx, H', &c ad infinitum, which is equal to the Quantity 1 ba 7” 


.or to the Frafion 


I 
14 2 J 


— 


Art. 21. Since the ſign — is to be prefixed to D x*, the fourth term of the 
ſeries 1, Bx, Cx, Dy, Ext, Fai, Gaf,, Hx!, &c, by which the ſeries 
1 + bx — of + A — e + fs — g + bx" — &c is multiplied above in 
art. 14, it follows that the fourth horizontal row of terms in the compound 
ſeries 8, which is the product of that multiplication, will be — Dx? — 4 Dxt 
+ e D - ADV + eDx! — &c, in which the ſigns + and — prefixetl 
to the ſeveral terms are reſpectively contrary to thoſe which are prefixed to the 
correſponding terms of the ſeries 1 + by — c + d — ex“! + fo — 
gx* + bx? — &c, which is multiplied into the ſaid term — Dx? ; agreeably 
to the rules of Algebraick multiplication. Therefore the compound ſeries 8, 
obtained by the ſaid multiplication, will, when the proper ſigns are prefixed to 
the terms of it's four firſt horizontal rows, be as follows, to wit, 


— 


1 ＋ bx — c + d — e + Y — gif + br! — &c 
— B — bBx* + BY? — dBx* + eBY* — FB + gB — &G 
+ Ci? +Crf Cx! + x' — Cx + Cx? — &c 
— Dx? - +Dx* + cDx* — dDx* + eDx? — &c 
E x*, Ee, cEx*, 4E, &c 
Fx, , e, Ke 
G 56 ⁵, &c 
1 
& c; 
( 


and conſequently the laſt compound ſeries, obtained in art. 19, (which is de- 
rived from the compound ſeries S by various operations that do not affect the 
ſigns that are to be prefixed to their terms, ) will, when the proper ſigns are 
prefixed to the terms of it's fourth horizontal row, be as follows, to wit, 


+ 4 
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411 eo 1 = gf de 
+ B — 4Be + eBi* — fBxr* + gBx* — &c 
+ EC & TTC = Cx + /Cx* — & 
— D — Dx + Dx — De + eDx* — &c 

Ex, E, cExX*, , &c 

FA 94, ceFs, Ut 

G3; 2G 0c 

H ax*, &c 

&c. 


Therefore this compound ſeries will be equal to o, or the ſum of the ſeveral 
terms in it which are to be marked with the ſign — will be equal to the ſum 
of all the other terms in it, which are to be marked with the fign +. 


But it has been ſhewn that the four terms + 4 + cB + bC_ — D, which 

form the firſt vertical column of terms in this ſeries, are equal to o. Therefore, 

if theſe four terms are left out of this compound feries, the remaining terms of 
it will alſo be equal to o, that is, the following compound ſeries, to wit, 


Ws — en + fe — gx + br! — &c 
© — dB; + eBx* — FB,. + gBx* — &c 
9 — Cx + dCx* — Cu + Nx. &c 
— Dx + cDx* — dDx? + eDx* — &c 

Ex, JE, ES, 5x Gt 

Ei; aFe, x, Cc 

Gx, Gat &c 

He, Ke 

&c 


will be equal to o, or the ſum of the ſeveral terms of it that are marked with 
the ſign — will be equal to the ſum of all the other terms of it, which are 
marked with the ſigg +. And this equality between theſe two ſets of terms 
will {till continue when all the terms ſhall be divided by x. Therefore the 
compound ſeries ariſing from ſuch diviſion, that is, the compound ſeries 


i 
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— e + fx — go + bx — &c 
— 43 + By — FBA + gBxi* — &c 
— C + dCx — eCa* + Cx — &c 
— 4D + cDx + dDi* + eDx? — &c 
E, J Ex, cEx dEx, &c 
Vr 
| Ga*, 5 Gπ, &c 
de 
&c, 


will be equal to o, or the ſum of the ſeveral terms of it that are marked with 
the ſign — will be equal to the ſum of all the other terms of it, which are 
marked with the fign +. And this will always be true, of how ſmall a mag- 
nitude ſoever we may ſuppoſe x to be taken: and therefore it will be true alſo 
when x is equal to o. But, when x is equal to o, all the terms in the ſaid 
compound feries which involve x will be equal to o likewiſe, and conſequently 
the whole ſeries will be reduced to the five terms — e —dB —cC — 2, L. 
Therefore theſe five terms — e — 4B —cC — D, E, taken together, will 
be cqual to o; and conſequently, as the four firſt of them, to wit, e, 4B, cC, 
and 4D, ate all marked with the fign —, the laſt term E muſt be marked 
with the contrary fign +, and mult likewife be equal to the ſum of the ſaid 
four firſt terms. Therefore the correſponding term, E x*, in the compound 
ſeries 8, (from which the laſt compound ſeries is derived by various operations 
that do not affect the ſigns that are to be prefixed to it's terms,) muſt alſo have 
the ſign + prefixed to it: and fo conſequently (by art. 15) mult the ſame term 
Ea“ in the ſeries 1, Bx, C, Dax3, Ea“, Fai, G', H“, &c, by which 
the ſeries 1 + by — cal + du — ex! + „ — gx + bx) — &c is 
ae 7 ; 


multiplied in art. 14, and which is equal to the quantity 1 + 4 , or to the 


Therefore the five firſt terms of the ſaid ſeries will be 


fraction 


3 


1 — BX + Cax — D + Ext, or 1 — x + * r 
— E, i A Bic 
22 Zu | N 271 31 

+ E x* 1. 


Art. 22. To determine the magnitude of the co efficient E, we muſt reſolve 
the ſimple equation E =e + dB + cC + 4D; which may be done as 


tollows : 
Since 
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Since 5 is = , and c is = — , and dis = -= x — * 
, and e is = Sx R r = ED, and Bi = =, and 
= * =, and D is = = x = x =, we (hall have 
=e+dB TCD —>X = X —— XxX E=—= + — x 


1 — 1 22 — I 1 — 1 2 8 2 1 
"a 32 . N 27 * 5.5 7 7 * R 
21 +1 (22 X B 1 , we Lon 


„ 241 * 2 4nd 0 
613 — 110n + Gn — 1 un — 12n + 4 Gunn — 6 dun + 122 + 4 •22 
24 * „ 7 2414 ” 241* . 


6 — 1 Iz + 22 + b — Z +85 _ Gn3 + 1 + 6n + 1 _ 2m + Zu + 1 * 33 +1 


240 24.4 2 240 
5 „) 2 
2 24n* 5 2u X 3u X 4 TIO 21 
22 ＋ 1 zu ＋ 1 
— Xx — , E. I, 
2 3” 4" = 


Therefore the five firſt terms of the ſeries 1, Bx, C, D, Ex, Fa“, 


21 


G, H, &c ad infinitum, which is equal to 1 + X, or to the fraction 


1 8 2 2 un ＋ 1 OVERS. n+1 2n + I 3 
| —, will be 1 = if r = 5” XX + 
ITA 
8. n+1 2n+1 3u +1 , REES be In+1 F 
0 —Ax + = B xx 7 Cx 
2n +1 
+ = Dat, 8 


— U Z—— ———————¶ P ju 


A SC HOLIUM. ; 


Art. 23. Theſe five terms of the ſeries 1, Bx, C, Das, EY 


— 21 — 


Ge, H x", &c ad infinitum, (which is equal to 1 + * A, or to the fraction 


„) agree exactly with the five firſt terms of the ſame ſeries obtained 


1 +a] 2 
above, 
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above, in art. 4, by the operation of Algebraick diviſion there performed, and 
therefore afford a confirmation of the juſtneſs of the reaſonings uſed in that 
firſt method of obtaining them. Indeed the ſecond method is ſo nearly related 
to the firſt that it may be conſidered as the natural way of proving it, ſince it 
is founded on a multiplication of the ſeries 1 + bx — c + dxf — ex* + fo 
— g —- bx) — &c, (which 1s the divifor in the operation of diviſion per- 
formed in the firſt method,) into the ſeries 1, Bx, Cx“, Dx, Ext, Fx, 
'Gx, H x", &c, (which is the quotient of the ſaid diviſion,) and ſuppoſing the 
product, or compound ſeries 8, thereby obtained, to be equal to 1, (which is 
the dividend in the ſaid operation of diviſion performed in the firſt method,) 
and deducing the values of the terms Bx, C, Dx, Ext, Fai, Gaf, He, 
&c, (which are the terms of the quotient,) from that ſuppoſition. For it 
thereby very much refembles the common method of proving the truth of an 
operation of diviſion in Arithmetick by multiplying the diviſor into the quotient 
to ſee if the product will be equal to the dividend ; fince in both caſes a reſult 
that is obtained, firſt, by an operation of diviſion, is afterwards confirmed by 
an operation of multiplication. | 


Of theſe two methods the firſt is the ſhorter and the eaſier, and enables us 
to find the foregoing five firſt terms of the ſeries ſought with much leſs trouble 
than the ſecond, But the reaſonings uſed in the ſecond method may, perhaps, 
be thought clearer and more ſatisfactory than thoſe in the firſt, inaſmuch as the 
operation of multiplication 1s generally conſidered as plainer and more con- 
vincing than that of diviſion, - 


The Inveſtigation of the Sixth T erm, F x*, of the Series 1, Bx, Cx, Dax?, Ex., 


—1 


F x', Gx, H“, Cc ad infinitum, which is equal to the Quantity 1 + KU 


or to the Fradl ion : a4 
1 +x\ n 


— —  — — — — — —  — — 


Art. 24. Since the ſign + is to be prefixed to Ex, the fifth term of the 
ſeries 1, Bx, Cx“, Dx, Ext, Fai, Gx, Ha', &c, by which the ſeries 
1 + be — a + di — ex“! + „ — g + bx! — &c is multiplied 
above in art. 14, it follows that the fifth horizontal row of terms in the com- 
pound ſeries S, which is the product of that multiplication, will be + E x* + 
EA“ —cEx + dE x? — &c, in which the figns prefixed to the ſeveral 
terms are, reſpectively, the fame as thoſe which are prefixed to the corre- 
ſponding terms of the ſeries 1 + bx — c + dif — en! + fe — ga“ + 
hx — Ke, which is multiplied into the ſaid term + Ex“; agreeably to the 

rules 
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rules of Algebraick multiplication. Therefore the compound ſeries S, obtained 
by the ſaid multiplication, will, when the proper ſigns are pietixed to the terms 
of it's five firſt horizontal rows, be as follows, to wit, 


1 +bx — c + df — ex + ff — gi? + 5 — &c 
— By — Bx + cBx* — dBx* + eBx* — f Ba" + 3. — &c 
+ Cx* + bCrf = * + Cx — C + C' — &c 
— Dx -D + cDx* - dDx* + ex? — &c 
+ Ext + bEx* — cEx* + dEs#! — &c 

F, JF, cÞF x*', &e 

GV, 3G, &c 

H x', & 
&Cz 


and conſequently the laſt compound ſeries obtained in art. 21, to wit, the com- 
pound ſeries 


— e + fs — ge + by — &c 
— 4B + eBx — BX + gBO& — &c 
— C + dCx — Cx + Cx — &c 
— D + Dx — D + Di — &c 

E, II., . x; &c 

Fs, e ef, &c 

G, 36, &c 

Hex, &c 

&c 


(which is derived from the compound ſeries S by various operations which do 
not affect the ſigns that are to be prefixed to it's terms,) will be as follows, 
to wit, | 


— e + fea — ge + r' — &c 
— 4B + eBx — fBx* + gB — &c 
—C +dCsr —eCx + fFCxH — &c 
— D + D. - dD#* TeD — &c 
+ E + bEx —cEx TAE — &c 
Fx, . 
Gx #Ga'Aac | 
0 1 

&C. 


Therefore i 
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Therefore the laſt compound ſeries will be equal to o, or the ſum of the ſeveral 
terms in it which are to be marked with the ſign — will be equal to the ſum 
of all the other terms in it, which are to be marked with the ſign +, 


But it has been ſhewn in art. 21 that the five terms —e — dB —cC 
— bD +E, which form the firſt vertical column of terms in this ſeries, ate 
equal to o. Therefore, if thoſe five terms are left out of this compound ſeries, 
the remaining terms of it will alſo be equal to o, that is, the compound ſeries 


+ fx — g' + bx — &c 
+ eBx — BK + BA — &c 
+ dCi — e CAN + /FCrH — &c 
+ De —dDx* TeD — & 
+ bEx—cEx + dE — &c 
Fx, 35 F, cFx, &c 
G 36, &c 
tree 
&c 


will be equal to o, or the ſum of the ſeveral terms in it that are to be marked 
with the fign — will be equal to the ſum of all the other terms of it, which are 
to be marked with the fign +. And this equality. between theſe two ſets of 
terms will ſtill continue, when all the terms ſhall be divided by x. Therefore 
the compound ſeries ariſing from ſuch diviſion, that is, the compound ſeries 


+ f —- gs + ba =- &c 
: +: 08 — fBs i- gB-* — &c 
+ dC — eCx + FC — 

| + D — dDs TeD — &c 
+ }E — E + 4E — 

| F, bF x, F, &c 
GA, 56x55 &c 
55 | | Ha“, &C 


will be equal to o, or the ſum of the terms in it which are to be marked with 
the ſign — will be equal to the ſum of all the other terms of it, which are to 
be marked with the ſign +. And this will always be true, of how ſmall a 
magnitude foever we may ſuppoſe x to be taken: and therefore it will be true 
allo when x is equal to o. But, when x is equal to o, all the terms in the ſaid 
compound ſeries which involve x will be equal to o likewiſe, and confequently 
the whole ſeries will be reduced to the fix terms contained in it's firſt vertical 


column, 


iu THE RECIPROCALS OF THE ROOTS OF A BINOMIAL QUANTITY, 41 


column, to wit, the fix terms + f + eB +d4C TeD + ZE, F. There- 
ſore theſe fix terms + f +eB +dC TeD + ZE, F, taken together, 
will be equal to o; and conſequently, as the five firſt terms F eB, dC, „, 
and 4 E, are all marked with the ſign +, the laſt term F mutt be marked 
with the fign —, or mult be ſubtracted from the ſaid five former terms, and 
mult likewiſe be equal to the ſum of the ſaid five terms. Therefore the cor- 
reſponding term, F, in the compound ſeries 8 (from which this laſt com- 
pound ſeries is derived by various operations that do not affect the ſigns that are 
to be prefixed to it's terms,) mult alſo have the ſign — prefixed to it: and ſo 
conſequently (by art. 15,) muſt the ſame term F“ in the ſeries 1, Bx, Cx, 
Dx, Ext, Fx, GV, Ha", &c, by which the ſeries 1 + bx — c + ds? 
— e + fi — g' + bx) — &c is multiplied in art. 14, and which is 
_ I 
equal to the quantity 1 + 7", or to the fraction TT . Therefore the 
NT 
ſix firſt terms of the ſaid ſeries will be 1 — B&T + Cx — Ds + Ex — 


= Lin $6.2 oe „ 
Ex, Of 2 o 1 * —— "—_— 


Ix EEE. ; I "+1 

= In X an ** — Fx, or Do A ne 
== + = Dx F x Q. E. 1 

Art. 25. To determine the magnitude of the co- efficient F, we muſt reſolve 


the ſimple equation F = f + eB +dC +cD + ZE ; which may be done 
as follows: 


Since 3 is = 1 . — vo 
and c is = — X ze and d is = — X — X 
20 — I . I 1 — 1 22 — 1 zu — t 1 n—1 
= and e is = — X A X * = , and f is = —_—_— 
2n — 1 3u — 1 41n—1 5 1 r 
55 = and B is r , and C is = — Xx — 
ad Di K K 1 2n ＋ 1 
S 5 ES n= * 9 
3 +1 5 
3 it follows 
In the iſt place, th oh fo. . 2n — 1 31 — 1 
Place, that F (which is = - N 2 * = X 
44 — I . 1221 Y 22 — 1 F =: 
will be ( = 37 gn — 1 28999 ＋ 
5n ) ( zn x 31n* * * * % 
* 1208 — 78 + 1 — 241* — 5073 + 35m — ton +1 
— — ew — 3 


203 1 2045 


Vol, V. G And, 
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I 1 — 1 2n - x 


4 1 
And, 2ndly, that e B will be (= e * TX 


$8 —- T 1 33. An LIES 


— m — — 
— — — 


4n 1 2.415 24 
5 * Un — 1I/½ + 62 ==) 30 — gon ＋ 302 — . 
E 5 X 245 98 120n 


And, 3dly, that dC will be (= = X & * * 2 = 


. . 
Hot 1215 425.2 125 * af 1205 3 


2 21 +1 


27¹ . 3n 


And, 4thly, that D will be (= 


2 — I „ 2 +1 EE ene, 20n3 + 10nn — 20 — 10 
LAs 1205 ge 


— — — ———— 
—— — 


1215 I 2145 


And, zthly, that & E will be ( = — * —— * — X —— ny ET 


2un + 3n + 1 X TEE 6 + 11 + 6n 225 = D 


75 24 | 2.41 12015 
\ . 42 34 TE 
Therefore F + eB + dC + ZE will be = = . 
3013 — 5511 + 30 — 5 20n3 — tonn — 20n + 10 2013 + 1lonn — 20n — 10 
12023 * 12015 + rages -: = 
gon? + 5 ＋.30 +5 2455 + gout + grow pon + 1 41: + x 63 + tins + 6n+1 
120275 12015 12013 
Ti zz T 1 xX 21 1 zà K 1 _ an+1xX3n+1X2n+1Xxn +1 8 
8 120n 17 12015 "_ 


Se ntl, anfr, 4 9 4 
| 5% X 4% X 3 K 20 X 1 25; 5 4n 3n * * 2 
X. 
75 | 
And conſequently the co-efficient F (which is equal to f + eB + 4C 


. RE > 3u +1 2n +1 1 ＋ 1 3 
+ e DT E) will be = . X W. 
. Xx F. E. 1. 


G *, H“, &c, which is . to the quantity 1 + , or to the fraction 


1 
TE We” POPE. in ds. ee n +1 21+1 2 
. will be 1 x + Har -w = * 2 X _ x 


I + x * 


Therefore the fix firſt terms of the ſeries 1, By, CM, D, Ext, Fr, 


—_ 1 Sus 


* 4 
FF 
. 
* 
Ty 
* 
* 


„ 


3 r 


. _ 
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7 1 ＋ 1 r * „ . „ . „ 


+ -Y X 8 X 3¹ 48 24 3 4 * 
＋ 1 
An + 1 T «rig D129! Cat — ES 
2. vs, ot ——As + — Ba * 8 
T7 ps Q. E. 1. 
5* 


Art, 26. It is evident that, if we were to inveſtigate the values of the fol. 
towing co-efficients G, H, I, K, L, &c of the terms of the ſeries 1 — B. 
+ C D EN — F G, Hy, Ix, K, Lox, &c, (Which 


3 i 

is equal to 1 +7", or to the fraction 3) in the ſame manner as we 
1+ ax}z 

have done thoſe of B, C, D, E, and F, the labour of making the neceſſary 

ſubſtitutions of the values of the former co. efficients B, C, D, E, F, G, H, I, 

K, L, &c that had been already diſcovered, and of the co-eflicients 6, c, d. 

e, f, , b, i, k, I, &c of the former ſeries 1 + bx — cx + dx — ex ＋ fo 


1 
— gs + ha — ix + kx? — Is* + &c, (which is equal to 1 + #Jz ,) 


in the ſimple equations by the reſolution of which the values of the new co- ef- 

ficients would be obtained, would ſoon become fo great as to make this method 

of obtaining thoſe co-efficients almoſt impracticable. I therefore ſhall content 

_— with having inveſtigated in this manner the five co-efficients B, C, D, 
, and F. 


Art. 27. But, though it will not be convenient to inveſtigate any more of 
the co-efficients of the terms of the ſeries 1, By, Cx, Dx, Ext, Fx, G af, 


1 I 
H x”, &c (which is equal to 1 + , or to the fraction 1 „) by this 
I + xj: 

ſecond method founded on the multiplication of the ſeries 1 + bx — ＋ d 
— ex* + fx* — o* + bx" — &c into the ſaid ſeries 1, Bx, CX, D, EN, 
Fx, Gx", Hx?, &c, on account of the labour of reſolving the ſimple equations 
by means of which the values of the ſaid co-efficients may be diſcovered ; yet 
it will be worth our while to employ our attention upon the ſaid method a little 
longer, 1n order to deduce from it a general demonſtration that, to whatever 
number of terms the ſaid ſeries may be continued, the remaining terms will all 
be marked. (like the five terms Bx,.C x*, Dx*, Ex*, Fs, already inveſti- 
gated,) with the figns + and — in alternate ſucceſſion, or that the ſaid ſeries 
will be 1 — Ba + Cf D + Ext = Fir + Gat — Ha! + 1 
— K* + La? — Mx + Nx — O + PX“ — Q + &c ad 
infinitum. 

G 2 | Art. 28, 
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Art. 28. Now, in order to demonſtrate this alternate ſucceſſion of the ſigns 
+ and — in the remaining terms of this ſeries, it will be proper to ſet down 
the compound ſeries S obtained above in art. 14, with the proper ſigns ＋ and 
— prefixed to the ſeveral terms of it's firſt fix horizontal rows of terms; which 
ſigns have been determined by the foregoing inveſtigations. Now this may be 
done in the manner following : 


The Multiplication of the Series 1 + bx = & + dif — ex! + fat — gif + 
bx! — Sc ad infinitum into the Series 1 — BT + Caf = D + EX 
Fax, G, H x'“, c ad infinitum, with the proper Signs + and — Pprefixed 
to the 2nd, 34, 4th, 5th, and 6th Terms of the Second, or, Multiplying Series, 


—_— 


I + bx — cr + di — * + fa* — g' + bs) — &c 
I — Bx + Ci — Di + Ext. — Fri, GY, H', Kc 


I + bx — cx + dx — ex + fi* — ga + bs) — &c 
= By — ZBx* + cBx* — dBx* + eBx* — fBx* + gB — &c 

+ Cx* + Cx — Cx + C — Cx + C’ — &c 

| — Dx — D + D — 4D + e Dx! — &c 

+ Ex“ + Ex — cEx* + dE? — &c 

| wen Fx Fx + Fx! — &c 
G, bGx", &c 

AT - - 

&c. 


Here we have the compound ſeries S with the proper ſigns + and — pre- 


fixed to all the terms of the firſt ix horizontal rows of terms. And from this 


exhibition of it we may deduce a proof that Gx*, or the firſt term of the ſeventh 
horizontal row of terms, muſt have the fign + prefixed to it, and that H x", 
or the firſt term of the eighth horizontal row of terms, muſt have the ſign — 
prefixed to it, and that Is, K *, L. X, Mx", Nx, Ox, P, Qu", &c 
ad inſinitum, or the firſt terms of the gth, 10th, 11th, 12th, 13th, 14th, 15th, 
16th, and other following horizontal rows of terms in the ſaid compound ſerics, 
to whatever nun ber of horizontal rows of terms the ſaid ſeries may be con- 
tinued, will be marked with the ſign + and the ſign — alternately, 


y Des 


2 I UNITY SF RD >. 5 2 0 p 
4 n 2 0. SEL SO. dr R TS. 
8 ' » 1 45S 24 J—A ß r 8 
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A Demonſtration of the Alternate Succeſſion of the Signs + and — to each other 
in the following Terms Gx, H', Iz", K*, LX, Max", &c ad infinitum 
of the ſaid Series 1, Bæ, Cx, Dx, Ex, Fai, Ga, Ha", IX, K, Lx“, 
Mx", c, or 1 = Ba + CY = DU) + Ent — F, G, Hr, 


Is, K, Lo, Mx, fc, which is equal to 1 + , or to the Fraflion 


1+alz 


— — — 


Art. 29. For, in the firſt place, it appears from the compound ſcries 8, as 
exhibited in the preceeding art. 28, that all the ſix terms that ſtand immediately 
above the term G x*, or the firſt term of the ſeventh horizontal row of terms, 
to wit, the ſix terms — gx? — FB — e C — 4D — Ex — Fx, 
are marked with the ſign —. But, by reaſonings exactly ſimiiar to thoſe by 
which we have inveſtigated the ſigns to be prefixed to the former terms B x, 
CV, D, Ex, and Fx*, and the values of the co-efficients B, C, D, E, 
and F, that are involved in them, it may be (hewr that all the terms in the ſaid 
vertical column of terms that involve &, including the loweſt term Ga, muſt 
be equal to o. Therefore the ſaid loweſt term G * muſt be marked with the 
contrary ſign to that of all the terms that ſtand above it, and muſt be equal to 
the ſum of all the ſaid terms; that is, the ſaid term G & muſt be marked with 
the ſign +, and mult be equal to the ſum of all the terms that ſtand above it, 
or to g + FB + eCa*f + 4DYν] TEN“ + SF. . 5. 


And, 2ndly, ſince G a*, the firſt term of the ſeventh horizontal row of 
terms, is marked with the fign +, it follows from what is ſhewn above in 
art, 15, that the ſame term G x* in the mulriplicator, or ſimple ſeries 1 — B x 
+ Cf — Dx + ENA — Fx, G, Ha, &c, in art. 28, muſt likewiſe be 
marked with the ſame fign +. Therefore the ſeventh horizontal row of terms 
in the ſaid compound ſeries 8, (which is the product of the multiplication of 
the multiplicand, or ſimple ſeries 1 + bx — 6x + dif — e + , — gx 
+ Ex” — Ke, into the term + G,) will, (according to the known rules of 
Algebraick multiplication,) have the fame ſigns + and — prefixed to it's 
ſeveral terms as are prefixed to the correſponding terms of the multiplicand, or 
ſimple ſeries 1 + by — af + d — en“ + I — g' + bs?) — &c, re- 
ſpectively, and con!equently will be as follows, to wit, GA + bG x! — 
Gu + 486 = eGx? + fGa" — gGa* + &c, in which the ſecond 
term 5 Ga has the ſign + prefixed to it, as well as the firſt term G a*. But 
all the terms in the fame vertical column with the term b Ga, that ſtand above 
it, to wit, the fix terms + bx? + g BA TFC TeD + 4E + 
c F x", have the ſign + prefixed to them. Therefore all the ſeven terms that 

are 


_ 
4 
[ 

. 
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are placed immediately above Ha“, or the firſt term of the eighth borizonts} 
row of terms, to wit, the ſeven terms + bx" + g Ba? + FCo?7? + eD# + 
EA + Fa? + 4G , will kave the fign + prefixed to them, But, by 
realonings exactly ſimilar to thoſe by which we have inveſtigated the Hgns to 
be prefixed to the former terms Bx, Ca“, D, Ex, and F x*, it may be 


 thewn that all the terms in the ſaid vertical column of terms involving 2, 


including the loweſt term H a*, muſt be equal to o. Therefore the ſaid loweſt 
term Hy muſt be marked with the contrary ſign to that of all the ſeven terms 


in the ſaid vertical column that ſtand above it, and mult be equal to the ſum of 
all the ſaid terms; that is, the ſaid term H x? muſt be marked with the ſign =, 


and muſt be equal to by” + gp BY! + fFC#u? + eDA“ + JdEX + Fa 
＋ bþG x, Q. E. D. 


And, 3dly, ſince the firſt term H x” of the eighth horizontal row of terms 
in the {aid compound ſeries S is to be marked with the fign —, it follows by 
art. 15 that the ſame term H x? in the multiplicator, or fimple ſeries 1 — B 
+ Cz Dy + Ext F, G, Hy, &c, or 1 — Bx + CX —- 
Dx + EY — Fa + GH, H, &c, in the multiplication exhibited in 
art. 28, mult likewiſe be marked with the ſign =, and conſequently the firſt 
eight terms of the ſaid multiplying ſeries will be 1 = By + Cx“ — Du + 
Ea“! — FX + Gaf — Ha”. Therefore the eighth horizontal row of terms 


in the ſaid compound ſeries 8, (which is the product of the multiplication of 


the multplicand, or ſimple ſeries 1 + bx — & + dxf — e + ff — gf 
+ hx" — &Cc into the term — H,) will, (according to the known rules of 
Algebraick multiplication,) have the contrary ſigns + and — prefixed to it's 
ſeveral terms to thoſe which are prefixed to the correſponding terms of the 
multiplicand, or fimple ſeries 1 + bx — c + ds? — en + for — gs + 
ha” — &c, reſpectively, and conſequently will be as follows, to wit, — H a! 
— H + cHxa? — 4H + Hit — H + g HK — H 
+ Ke, in which the ſecond term 4 H x* has the ſign — prefixed to it. But 
all the ſeven terms involving &, that would be placed immediately above the 
term — 4H x*, if the multiplication exhibited in art. 28 had been carried to 
a greater number of terms, mult evidently be marked with the ſame fign — ; 
becauſe all the ſeven terms of the next preceeding vertical column of terms, 
that ſtand in the ſame firſt ſeven horizontal rows of terms, immediately above 
the term — Ha, to wit, the terms + H + B TVC TeD“ + 
d Ex“ + cFx* + 36K, are marked with the ſign +, and the ſigns pre- 
fixed to the terms of every horizontal row of terms are, if we begin from the 
ſecond term of every ſuch row, alternately + and —, Theretore in the vertical 
column of terms involving a', of which the loweſt term will be I x*, the eight 
terms placed immediately above the ſaid loweſt term, (of which eight terms che 
loweſt will be — 4H x*,) will all be marked with the ſame ſign —. But, by 


reaſonings exactly ſimilar to thole by which we have inveſtigated the ſigus to 


be prefixed to the former terms B, Cx*, Dx, Ea“, and Fa, it may be 
ſhewn that all the terms in the ſaid vertical column of terms involving x*, in- 


cluding the loweſt term 1x*, muſt be equal to o. Therefore the ſaid loweſt 
term 
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term muſt be marked with the contrary ſign to that of all the eight terms in the 
ſame vertical column that ſtand above it, and muſt be equal to the {um of all 
the ſaid terms; that is, the ſaid loweſt term Izx* muſt be marked with the fign +, 
and muſt be equal to ix* + BA + gCo TY DN + eE# + dF 


+ eG TH“. 1. Do 


6 | And, 4thly, in like manner it may be ſhewn in general that all the firſt 
terms K*, LV, Mx", Nau, O, Pu, Q, &c of the following ho- 
rizontal rows of terms in the compound ſeries 8, will be marked with the ſign 
— and the ſign + alternately, or will be — K* + LX — Men + Net 
— Ox? + Px — Q, &c, to whatever number of horizontal rows of 


terms the ſaid compound ſeries may be continued. 1. 9; 


þ % For, whenever we have aſcertained the ſign that is to be prefixed to the firſt 
4 term of a new horizontal row of terms, which we will call the mth row, and that 
ö fign has been found to be contrary to the ſign that was prefixed to the firlt term 
We of the preceeding, or m — 1th, horizontal row of terms, (as we have found to 
| be the caſe in all the terms BX, Cx*, Di, Ex“, F xi, Gaf, H, and I, 
which are marked with the figa — and the fign + alternately,) it will follow 
that the fign to be prefixed to the firſt term of the m + 1]'h horizontal row of 
terms will be contrary to that which is prefixed to the firſt term of the mth 
horizontal row of terms, and conſequently the ſame with that which is prefixed 


to the firſt term of the -- ilch horizontal row of terms; as may be ſhewn in 
the following manner. 


When the proper figns are prefixed tg the terms of the mth horizontal row 
of terms, the ſecond term of it will he marked with the ſame ſign as the firſt 
term of it, and conſequently with the contrary ſign to that of the firſt term of 


the n- 1\th horizontal row. But in the * 11th horizontal row of terms the 
ſecond term is marked with the fame ſign as the firſt term. Therefore the 
ſecond term of the mth horizontal row of terms will be marked with the con- 


trary ſign to that of the ſecond term of the m— 11th horizontal row of terms. 
But the ſign of the third term of every horizontal row of terms is contrary to 
the ſign of it's ſecond term. Therefore the ſign of the ſecond term of the ch 
= Horizontal row of terms, (which has been ſhewn to be contrary to that of the 


ſecond term of the m—11th horizontal row of terms, will be the ſame with that 


: of the third term of the ſaid m— i th horizontal row of terms. But the ſaid ſe- 
| cond term of the th hoiizontal row of terms ſtands in the ſame vertical column 


| with, and immediately under, the ſaid third term of the m— 11ca horizontal 
3 row of terms: and all the terms of the ſaid vertical column with the ſaid third 


: term of the m—1th horizontal row of terms, and which ſtand above it, are 
A marked with tie ſame lign as the (aid third term. Therefore the ſaid ſecond 


; term of the th horizontal row of terms will be marked with the ſame fign as 
| the 
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9 
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the ſaid third term of the = 1/th horizontal row of terms, and as all the 
terms in the ſame vertical column that ſtand above the ſaid third term. But 
the ſaid ſecond term of the mth horizontal row of terins and the ſaid third term 
of the W- ih horizontal row of terms are in the ſame vertical column with, 


and ſtand above the firſt term of the next, or m + 11th, horizontal row of 


terms. Therefore all the terms that ſtand in the ſame vertical column with, 


and directly above, the firſt term of the next, or mich horizontal row of 
terms will be marked with the fame ſign, which will be the ſame as that of the 
firlt term of the th horizontal row of terms. But all the terms that ſtand in 


the ſame vertical column with the firſt term of the mich horizontal row of 
terms, including the ſaid fiſt term, (which is the loweſt term of the ſaid vertical 
column,) muſt be equal to o, for the reaſons alledged in the foregoing inveſti. 
gations, Therefore the ſign to be prefixed to the laſt, or loweſt term of the 


ſaid vertical column, or to the firſt term of the f 4th horizontal row of 
terms, mult be contrary to the ſign that is prefixed to all the other terms in the 
ſame vertical column, that ſtand directly above it, and conſequently to the 
ſign of the firſt term of the foregoing, or mth, horizontal row of terms, 

Q. k. b. 


And for the ſame reaſon the ſign to be prefixed to the firſt term of the 
m+2\th horizontal row of terms muſt be contrary to the ſign that is to be 
prefixed to the + 11th. horizontal row of terms, and the ſign to be prefixed 
to the m+ 3h horizontal row of terms muſt be contrary to the ſign that is to 


be prefixed to the + th horizontal row of terms; and ſo on ad nfinitum, 
And conſequently the terms K à˙, LA, Mx", Nx, Ox", Px, Q x5, &c 
ad infinitum will be — Ka? + La? — Mx + NX „ — Ox“, + 
PR“ — QX + &c ad inſinitum, or will be marked with the ſign — and 
the ſign + alternately, to whatever number the horizontal rows of terms, in 
the compound ſeries 8, of which the ſaid terms are the firſt terms, may be 


continued, Q. E. Ds, | 


Art. 30. But, by art. 15, the ſigns + and — that are to be prefixed to the 
firſt terms Bx, C, D, Ext, Fi, G, HN, I, K*, La”, Mx", 
Nx, Ox's, P x'*, Qx'5, &c of the ſeveral horizontal rows of terms contained 
in the compound ſeries S, are the ſame with thoſe which are to be prefixed to 
the ſame terms in the multiplicator, or ſimple ſeries 1, Bx, Cx, D#, 
Eat, F, Gaf, Hx", &c, in the operation of multiplication exhibited 
in art. 14 and art. 28. Therefore the figns — and + muſt be prefixed 
alternately to the ſecond and other following terms, Bæ, Cx*, Da, L*, 
F, G, Hx?, &c, of the ſaid ſeries; and conſequently the ſaid ſeries 1, 
Bx, Cx*, Dx, Ex, F, G, Ha, I, K*, L, Ma", Nat, Ox“, 

| —|[ 1 
P x**, Q, &c (which is equal to 1 + , or to the fraction — 1) 
: 1+3) - 
will, 
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will, when the proper ſigns + and — are prefixed to it's ſeveral terms, be as 
follows, to 5 — B x + Co — D + Ext — F + G — H“ 
+ If RK + La” — Man + No — Oc + Pat —Q# + 
& ad infiuitum, with the ſigns + and — ſucceeding each other alternately, to 
whatever number of terms the ſaid ſeries may be continued, 1. D. 


Art. 31. We have now, I think, ſufficiently conſidered the two firſt methods 
of inveltigating the terms of the infinite ſeries 1, Bx, Cx“, Dx, Ex, Fx“, 


—1 
Ga, H, &c, which is equal to the quantity 1 + K, or to the fraction 


N r; both of which methods are derived from a knowledge of the ſeries 
| 1 + by —- cx + 4 — er“ + „ — gr + bas” — &c ad infinitum, or 


1 + ＋ A — [x + = r Dat + . Een * 


_ Fx* + = Gu — &c ad irfinitum, which is equal to 1 +x.7 . 
Theſe two methods of inveſtigating this ſeries are, as I conceive, the eaſieſt 
and moſt ſatisfactory methods that can be taken for the purpoſe. But it may, 
nevertheleſs, be agreeable to the reader to ſee a third method of inveſtigating 


it, which does not require the previous knowledge of the ſeries 1 + bx — c* 


+ d — en + „ — g' + bx" — Ke, or 1 + — Ax — EB x 


21 


+ c.. =D 4+ En = Eo + — — 
37 42 5 0 00 


1 0 
&c, (which is equal to 1 +x)7",) but is derived from Sir Iſaac Newton's 


Theorem concerning the powers of a reſidual quantity in the more ſimple caſe 
of that theorem, when the index of the power is a whole number. This third 
method of obtaining the value of the ſaid ſeries 1, Bx, C x*, D, Ex4, F x5, 


IS 
G, H x", &c, which is equal to the quantity 1 +4, or to the fraction 
I 
—_— 1 , may be explained in the following manner : 
14 * 42 


Vol. V. 11 4 Third 
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A Third Method of Inveſtigating ibe Terms of the Infinite Series 1, Bx, Ci, 


—1 
Dx, Ext, Fx*, Ge, Ha", Sc, which is equal to the Quantity 1 *, 


or to the Frafion 5 


* . | * . 
Art. 32. It is ſhewn above in art. 3 that the quantity 1 + 17”, or the 


1 
fraction , Will be equal to an infinite ſeries of terms of which the firſt 


14" 
term will be 1, and the ſecond and other following terms will involve in them 
the ſeveral powers of x in their natural' order, without interruption, to wit, 
x, *, x*, , x, *, x, &c, combined with, or multiplied into, certain fixt 
numeral woes, which may be conveniently denoted by the capital letters 
B, C, D, E, F, G, H, &c; and that the whole of the ſaid ſeries mult always 
be leſs than I, or it's firſt term, and conſequently that it's ſecond term, B x, 
muſt be ſubtracted from it's firſt term 1, and therefore have the ſign — prefixed 
to 1t; and therefore that the ſaid rafinice ſeries will be 1 — By Ci, Dx“, 
Ex*, F, Gx, Ha", &c ad infinitum, This therefore is the ſeries in which 
we are now to endeavour to find the values of all the terms, except the firſt 
term 1, and to determine t7: ſigns + and — that are to be prefixed to all the 
terms after the ſecond term Bæ, to which we already know that the ſign — is 
to be prefixed. 


Art, 23. Now, ſince the whole of the ſaid ſeries 1 — By, Ca', Da, Ex“, 
Fx, Gx, H x', &c is lefs than it's firſt term 1, it may be ſubtracted from 
the ſaid firſt term. Let it be ſo ſubtracted. And the remainder will be the 
ſeries + Bx, Cx, D, Ext, Fai, Gai, H“, &c, in which the figns 
which ought to be prefixed to the terms , GY), 
H x”, &c, will be reſpectively contrary to thoſe which ought to be prefixed to 
the lame terms in the original ſeries 1 — Bx, Caf, Dai, Eat, Fe, Go, 
H x?, &c. 


Let this remainder, or new ſeries + Bs, CN, Dx, Ext, Fa?, Gai, 
H x?, &c ad infinitum, be called y. 
Then will 1 - y be equal to the ſeries 1 - Bx, CV, Das, Ext, Fx, Gf, 
I 


H, &c, and conſequently to the fraction . Therefore the ath power 
1 + az : c 
0 


- 
þ Ag by 
3 OR FP 8 7 | 
FI 1 of bs . == * No — KE 5 — = 4 * 
4 4 44 1 
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of the reſidual quantity 1 — will be equal to the th power of the fraction 


1 . SS - I 
— © K 
that is, to the fraction ES . or to the fraction 72 


OT 


I+a)x 


But, by the reſidual theorem in the caſe of integral powers, the ath power of 
1=y is equal to the ſeries 1 ——y + — xy —- „ M 2=2 gp 


2 3 
n n-T 1 — 2 8 1 1 2 22 23 

J ate qi x 5 * 

— . I . . . . 

— „* + &c; and the fraction —— is equal to the infinite ſeries 1 — * + 


* — * + a* — * + &c ad infinilum. 


X 


Therefore the ſeries 12 —y + TN —-F — — x ———, 5 
8 Sa. Ml n—2 22 1 — 1 1 — 2 1 — 3 


—_— „* + &c will be equal to the infinite ſeries 1 — K + ax — * + * 
— * + &C, 


Let us now, for the ſake of brevity, ſubſtitute 5 inſtead of —— „and c in- 


ſtead of — x , and 4 inſtead of — X — x —, and e, J, g, 
1 — 15 „ 2 „3 n n — 1 2 


* * 
2 3 4 I 2 


5, &c inſtead of 2 * 


— K - + and the following co-efficients of y* and y?, &c, reſpectively, 
in the former of theſe two ſerieſes. And the faid ſeries will thereby be con- 


verted into the ſeries 1 = by + cf - df + of — 5 + g —- by? + &c. 
And conſequently we ſhall have the ſaid feries 1 — by + 3* 4 + “ mm 
H* + gf — by + &c equal to the infinite ſerics 1 — x + x* = x + x* 
* + x = x + &c ad infinitum. 


Art. 34. Further, ſince y is equal to the ſeries By, C;, Daf, Eat, Fx“, 
G', H x", &c, it follows that yy, y3, 3*, 55, % y', &c will be equal to the 
ſquare and cube, and fourth power, and fifth, fixth, ſeventh, and other fol- 
lowing powers of the ſaid ſeries. Now theſe powers of the ſaid ſeries Bæ, Ca“, 
Dx, Ex,, Fx, G, H, &c may be obtained by multiplying it repeat- 
edly into itſelf in the manner following: 


H 2 | Mulli- 
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Multiplications of the Series Bx, C, Dx, Ext, Fai, Gaf, H x", Se 
into itſelf. 


+ By, C, Dy, Ex., Fai, G“, Hx', &c 
+ Bz, C, Di, EX, Fx, G, Ha", &c 
+ B', BC, BD, BExH, B F, BGx', &c 
BC, C*x*, CDxi, CE, CF, &c 
B D, CDai, D* x*, DEX", &c 
B Ex, C Ex, DEx', &c 
BFL», CFx', &c 
BGx', &c 


108! 
* 


8 * 
% ug,” . ** "3 
N 8 * 1 4 - 
Sat ty + — ** * p 
N — ES ALES at 1 [ 


C* x*, 2CDx5, 2CEx*®, 2CFx"', &c 
D* x*, 2DEx?, &c 


+ By, CM, Dx, Ext, Fx, &c = y. 


+ B, 2BCx*, 2BDx*, 2BEx*, 2BFx*, 2BGx", 6] 
— Y. 


— 


+ BY, 2B“ CH, 28 D, 2B* Ex, 2B* Fa", &c 
B C* , 2BCDa*®, 2BCEx', &e 

BD* x Ke 

B' CWM, 2B C* x5, 2BCDx*, 2BCExz'”, &c 

Co, 2C*Dx', &c 

B* D, 2BCDa®, 2BD* *, &c 


wrde 5 
B*E x*, 2BCEx', &c g 
B*rx', Ke 


+ B', 3B. C, 3B* Dai, 3B“ Ex, 3B. F, &c 
3B C* #*, 6BC Dx, 6BCEx", &c LET 
Cy, 2BD* x", &c dt 
30˙ Dx", &c 
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+ BS, Cx*, De, Ex, &c 


—— 


+ B', 3z FC, 3B Du, gB Ex! 


3B*C* x, 6B*CDx"?, 

BC x, 

FC, qB Cx", eos, 

3BC a7, 

B' Dx, 3B*CDa!, 

E, 
Fe, en, D,, ek 
6B*C*a®, 128 CDx“, 
4B C' x?, 


+ BK C4 He. ar 


+ Fs, FC De, ae 
6B* C* x7,  &c 
C, en, de 
BD, Ke 


+ B', NC, 5B D, &c 
1e, as þ 


[| 
G 
vo 


| 


+ - Bs, Ca, kc 


+ Fe, 3e, Ke 
Ci, &c 


Art. 35. 


Doo <-> — 
— — — 


— 


— - --- - - — 
COME: ———Ʒ ̃ ↄ 2 — —— = 


£ 5:2 — De 
- — Po — - — 
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Art. 35. Having thus found the values of y*, y*, „, , y*, and 37 in terms 
involving the powers of x combined with the numeral co-efficients B, C, D, E, 
F, G, H, &c, let the ſeries By, Cx, Dx, Ex, Fx, G, Ha“, &c and 
it's ſeveral powers here computed, which are equal to y*, y*, , 3*, 56, and 97, 
be ſubſtituted inſtead of y and it's ſaid fix following powers, in the equation 
1 - r- tf —f + -., & I- * — 
xt — * ＋ * — K“ + &c ad i»finitum, obtained above in art. 33. And we 
ſnall thereby obtain an equation between the compound ſeries into which the 
ſimple ſeries 1 — by + h — h + of — ff + g) — by? + &c will be 
converted by ſuch ſubſtitution, and the ſaid fimple ſeries 1 — * + * — * + 
* — * ＋ * — x + &c ad infinitum; which equation will be as follows; 
to wit, the compound ſeries 


Fe * 2 * * * * * 
| —#Br, C, I D, Ex, F, 356, H, & 
| + cB*x*, 2cBCx, 2cBDaf, 2cBEx*, 2cBFx*, 2cBGx", &c 
| cC*x*, 2cCDxi, 2cC EV, 2cC F, &c 
| c D', 2cDEx!, &c 
= dB* x*, 3d4B*Cx*, 3dBDx*, 3d4B*Ex*, 3d4B* Fa", &c 
| 34BC*x*, 64BCDx*, 64BCEx", &c 
dq Ci, 3d4BD*x", &c 
4 | 34C*Dx?, &c 
| + e“, 4eB*Cxi, 4eB*Dx*, 4eB* Ex“, &c 
6eB*C*x*, 12eB*CDx?, &c 
4eBC x?, &c 
— f B*x*, 5fB*Cx*, 5fB*Dx", &c 
10fB*C*x?, &c 
+ gB*x* 6gB* Cx, &c 
„ of of W -- 
| ons: + &c 


i OG Oe Og —_— 


= the ſimple ſeries 1 — ae if - bi — „ ＋ * — 47 + & 4d 
infinitum. And from this equation we may, by comparing together the homo- 
logous terms, or terms involving the ſame powers of x, on the oppoſite ſides of 
it, derive, one after another, the values of the ſeveral numeral coefficients B, 


C, D, E, F, G, H, &c of the powers of x in the feries 1 — Ba, C, D, 
2 —1 
Ex, F, G, H x', &c (which is equal to 1 + #| 7", or to the fraction 


I 
) and determine the ſigns + and — with which the ſeveral terms Cx", 
2 ; 
D 


2% nt We gt EF 
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Dx, Ex, Fes, Gxf, Ha", &c, of the ſaid ſeries (which follow the ſecond 
term Bx, which we already know is to have the ſign — prefixed to it, ) are 
to be marked. This may be done in the manner following : 


ͤ:Ü . . —— 


The Inveſtigation of the Value of the Second 7 erm, B x, of the Series 1 = Bæ, 
C, Dx*, Ex, Fa, G, Ha", &c, which is equal to the Quanttly 


1 + al7 , er to the Fraftion * 
I + x\n 


Art. 36, In theſe two ſerieſes the firſt terms are the ſame, to wit, 1. And 
the latter ſeries 1 — «„ +a — 4 + xt =x + * —x + & ad inſnitum 
is evidently leſs than it's firſt term 1. For, fince x is ſuppoſed to be leſs than 1, 
the ſeveral powers of it, to wit, x, *, *, *, &, x*, x", &, &c, will form a 
decreaſing progreſſion ; and therefore the odd powers of x, to wit, x, af, a, 
*, &c, which in this ſeries are all marked with the fign —, or are ſubtracted 
from the firſt term 1, will be greater than the next following even powers of. it, 
to wit, K*, *“, “, x", &c, which in this ſeries are marked with the fign +, or 
are added to the firſt term 1. Therefore every two terms of the ſeries, after 
the firſt term 1, (as, for example, the two terms — „ + *, and the two 
terms — * + x*, and the two terms — x* + &, and the two terms — x? 
+ „%) will ſomewhat diminiſh the magnitude of the firſt term 1; and conſe- 
quently the whole of the ſaid ſeries will be leſs than it's firſt term 1. Therefore 
the whole of the ſaid ſeries may be ſubtracted from it's firſt term 1. Let it be 
ſo ſubtracted. And the remainder will be the ſeries x — * + * — 4 + 
** — % + * — * + &c al infinitum, 


Further, ſince the ſimple feries 1 = x + * = * ＋ * — * + * — 
* + &c ad infinitum is leſs than it's firſt term 1, and the ſaid fimple ſeries is 
equal to the compourd ſeries, ſet down in art. 35, it follows that the ſaid com- 
pound ſeries will alſo be lels than 1, which is alſo it's own firſt term. There- 
fore the {aid compound ſeries may be ſubtracted from 1, or from it's own firſt 
term. Let it be ſo ſubtracted, And then the remainder of ſuch ſubtraction 
will be equal tio the remainder of the foregoing ſubtraction, or to the ſeries 
＋ * — * ＋ * — * ＋ 4 — 3 +3 - x* + &c ad infinitum ; that is, the 
compound ſeries 


+ B, 
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Bx, 5 C, 3 Dx“, „ F, 36, BH, &c 
— B*x*, 2cBCx*, 2cB Da, 2cBEx*, 2c BF, 20 BG , &c 
ne, e, 2cCFs', &c 2 
cD* a%®, aD Ex, &c = 
+ 4B, 3d4B*Cx*, 3dB*Dx5, 3d4B*Ex*%, 3dB*Fx", &c ; 
34BC*x*, 64BCDx*, 64BCE", & Ml 
dCi *, 3dBD*x", &c 7 
dC* Dx, 
I 4 3 3.6 l 3 CY 
— £B* x*, 4eB*Cx*, 4eB*Dax*, 4eB* Ex, &c 
6eB*C*x*, 12eB*CDx', &c 
| 4eBCx', &c 
+ f B*a*, FBC, 5fB*Dx", &c 
IFC“, &c 
— gB*x*, 6gB*Cs", &c 
+ bB, & 
— & c 
will be equal to the ſimple ſeries x — * + — „ ＋ — * + K — & 
ad infinitum. | 
Now let all the terms of this equation be divided by x. | 
And we ſhall then have the following equation, to wit, the compound ſeries 


+ 3, C, #&Dx, HEX Fx GH, b H af, &c 
— CB*x, 2c BC, 2cBDxf, 2cBEx*, 2cBFx, 2cBGxf, &c 
| C, 2cCDx?, 2cCEx*, 20 CF, & . 
5 | D', acDEX", &c I 
+ dB*x*, 3dB*Cx*, 3dB*Dx*, zdB Es, 34B Fx", &c =] 
34BC*'x*, 6A4BCDx*, 64BCEx', &c 

| dC' x, 34 B D', &c 

| | 34C*Dx*, &c 
1 — eB“ x*, 4B Cx, 4eB* Dx, 4B“ Ex, &c 
| | be BC, 12eB*CDxF, &c 
. 4e B C', &c 
| + fB* x4, 5fB*Cx*, 5fB*Dx*, &c 
| | 10fB*C* x*, &c 

— gB*x, 6g B C, &c 
+ B', &c 

| — &c 


_ * Fo N 2 
1 ”» . +654 4 ad ” 
% . . e 
oy 14 . » 4 = 
* - 5 
I 


— 


—= the 
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= the ſimple ſeries 1 — X * — * + at — 4 + * — & ad 
in fiuilum. 

Now this equation will be always true, of how ſmall a magnitude ſoever we 
may ſuppoſe the quantity x to be taken: and therefore it will alſo be true, 
when x is equal to o. But, when x is equal to o, all the terms of the ſaid 
compound ſeries that involve x, that is, all irs terms except it's firſt term 
+ bB, will become equal to © like«1fſe; and, in like manner, all the terms 
of the faid ſimple ſeries 1 —x T — * + xf — * + a — &c that in- 
volve x, that is, all it's terms except the firſt term 1, will allo become equal 


Aad 


to o. Therefore 4B will be = 1; that is, —— xXx B-will be 


conſequently B will be equal to —, as it was found to be by the two former 


methods of inveſtigation grounded on the diviſion of 1 by the ſeries 1 + —— x 


2 — X — + m_ X — * — — &c (which is equal to 


4 r 
1+3| ,) and on the multiplication of the ſame ſeries into the ſeries 1, B x, 


; — [ 
C, D, Ex, F, Gx, Ha", &c, which is equal to 1 + a] n *? ee 00 
the fraction —— Therefore the two firſt terms of the ſeries 1 — B x, 


I + 2 


C, D, Ex, Fx, G, H x", &c, which is equal to 147 ; or to the 


—, vill be 1 — — x. . 


I +x z 5 


fraction 


7 
E 
mo 
* 
k 
, 
75 
* 
N 
7 N 
* 
2 


——— —-—-—-— —— — — —— — 


The Inveſtigation of the Value of the Third Term, Cx, of the Series 1 =Bx, C, 


1 — 1 
Dx*, Ex, F, Ga*, Ha", Sc, which is equal to the Quantity i , 


S 
or to the Fraftion © 1 » and of the Sign that is to be prefixed to it. 


1 * 


Art. 37. Since 5B, or the firſt term of the compound ſeries fer down in the 
foregoing article, is equal to 1, or the firſt term of the ſimple ſeries 3 — * + 
* — * ＋ * - ＋ „ — &c ad infnitum; and the taid ſimple ſeries is 


. V. [ equal 


E 


88 INVESTIGATION or SIR ISAAC NEWTON'S BINOMIAL THEOREM 


equal to the {aid compound ſeries ; and the whole of the faid fimple ſeries is 
leſs than it's firit term i; it follows that the whole of the ſaid compound ſeries” 


will be leſs than it's firit term 4B. Therefore it is poſſible to ſubtract each of 
theſe two ſerieſes from it's firſt term. Let theſe two ſerieſes be ſo ſubtracted, 
that is, each of them from it's own firſt term. And the remainders thence 


ariſing will be equal to each other; that is, the compound ſeries 


P bCx, 3 D⸗, G#sEx, bFx 36, bH a, &c 
"i B*x, 2cBCx*, 2cBDx?, 2cBEx*, 2cBFx*, 204 3G, &c 
cC*x*, 2cCDx?, 2cCEx*, 2cCFxf, &c 
cD*x*, 2cDEx", &c 

— dB x*, 34B*Cx*, 3d4B*Dx*, 3dB*Ex*, 3 4B! Fx, &c 

| 34BC*x*, 64BCDx*, 6d4BCEx*, &c 
| | d C,? 3dBD*x*, &c 
| 34C*Da*, &c 
| | + eB* „, 4eB Cx, 4B Dx, 4eB E x', &c 
6e BC, 1268 CDx , &c 

46 BC, &c 

— fB* x4, 5fB*Cx*, 57B Dx, &c 

10fB*C* x*, &c 

+ gB*x*, 6g B Cx, & 

— 57 *, &c 

+ &c 


will be equal to the ſimple ſeries x- * „ — „ + * — „ + Kc 


ad infinitum. | 
Now let all the terms of this equation be divided by x. 


And we ſhall then have the compound ſeries 


10, 


'Y o 
» ks 
BY 
1 
9 
*. 
D 
© 56 
5 J wo 
+ _ 
© . 
_— 
= * * 
8 
. 
+ 
* 
7 
© a,» 
9 
p „ 
0 * 
« 
& 
\ 
PS 
= 
4 
Fat 
892 
& 
/> 
2+ 
A. 
Sa 
o — 
e 
H 
3D) 
v 
* 
wy 
A 
* 
1 2 


. S 
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1 3 C, 2 D x, 3LY RE + A 7 b H x*, &c 
+ c', 2cBCx, 2cBDx*, 2cBEx?, 2cBrx%, 2cBG x, &c 

| Co, 2c De, 2cCEx*, ge 
eD*x, ere 

— 431, 3d4B* Cx, 3B Dx, 34B*Ex*, 3a B F, &c 

| 34BC*x*, 64BCDx*, 64BCEx*, &c 
Ci, 3dBD* de 

zdC*Da?, &c 

1 + eB*x*, 4eB*Cx*, 4eB* D, 4eB* Ex,, &c 
| beB*'C*x*, 12eB*CDx*, &c 
4eBC x, &c 

— fB*x%, of B*BCx*%, 5 FB“ D, &c 

10f/B'C%*, &c 


+ g B', 6gB*Cxi, &c 
— B,, &c 
+ &c 


equal to the fimple ſeries 1 —x + if - + x* — * + &c ad infinitum. 
And this equation will be always true, of how ſmall a magnitude foever we 
may ſuppoſe the quantity x to be taken: and therefore it will allo be true, 
when x is equal to o. But, when x is equal to o, all the terms of this laſt 
compound ſeries that involve x, that is, all it's terms except the two terms 
þC and + «BY, will become equal to o likewiſe ; and, in like manner, all the 
terms of the ſaid ſimple ſeries 1 —x + f —£ A* — * + &c ad ins- 
nitum that involve x, that is, all it's terms except the firſt term 1, will be 
equal to o likewiſe. Therefore the two terms þ C and + c B* will, together, 


-_ Therefore 


be = 1. But, by art. 33, 3 is = , and cis = — X 


— * N., and 


0 will be = — x C, and Te will be = + — x 


conſequently — x C and + — * X B* will, together, be = 1, 


But B has been already found to be = _ Therefore B* will be = — x 


= and conſequently — * — * B* will be (= — * _ X _ X 
1 __n—1 1 ä 1 n—-T 
＋ 2 29 2 X _ — _— Therefore —_ X C and = will, tO 


gether, be = 1; that is, 4+ — together with ＋ x C, either added to 


2 | I 2 | it, 


— 
> 
5 Als * 
— — — — —— — — 


„ 
— : 


- „ 


vi 


* 


— 
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it, or ſubtracted from it, as ſhall be found neceſſary, will be equal to 1, But 


_ is evidently leſs than 1. Therefore — x C muſt be added to = 


and not ſubtracted from it, in order to make it equal to 1; and conſequently 
the ſign + muſt be prefixed to — x C, or to the term 4C in the laſt 


compound ſeries. And the magnitude of C will be determined by reſolving 


the ſimple equation + 6C + cB* = 1, or — x C + — = 1; which 
may be perſormed as follows: 


1 —TI 
2 


Since — x C + — is = 1, we ſhall have C + 


WPI, i r an—e+1 __ +1 

EN. 2m 2 205 ann 25 211 N 
n+1 

* * Q. E. I. 


Art. 38. Since the ſign + is to be prefixed to the term & C in the laſt 
compound ſeries ſet down in the foregoing art. 37, it muſt likewiſe be prefixed 
to the term 4C x in the next preceding compound ſeries, from which the laſt 


compound ſeries is derived by dividing all it's terms by x. But the terms of 


this ſeries muſt be marked with contrary ſigns to thoſe with which they are to 
be marked in the foregoing compeund ſeries, which is the laſt compound ſeries 
ſet down in art. 36, becauſe it is derived from that laſt compound ſeries in 
art. 36 by ſubtracting all the terms of it from it's firſt term + & B, which will 
occaſion a change of the ſigns of all the terms that are ſubtracted. Therefore 
the ſign that is to be prefixed to the term Cx in the laſt compound ſeries ſet 
down in art, 36 will be the fign —. And conſequently the ſign that is to be 
prefixed to the term þ C xx in the preceeding compound ferics ſet down in 
art. 36 (from which the laſt compound ſeries in that article is derived by di- 
viding all it's terms by æ,) will allo be the ſigg —. But this compound ſeries 
is derived from the compound cries ſet down in art. 35 (of which 1 is the 
firſt rerm,) by ſubtracting the whole of the ſaid ſeries from it's firſt term 1, 
which occafions a change of the figns of all the terms ſubtracted. Therefore 
the ſign that is to be prefixed to the term 4 C xx in that compound ſeries, ſet 
down in art. 35, will be the fign +, and conſequently the two firſt terms of 
the ſecond horizontal row of terms in the faid compound icrics will be — Bx 
+ Cx. But this ſecond horizontal row of terms in the ſaid compound ſeries is 
obtained by ſubtracting the value of , to wit, the ſeries 5Bx, Ca, Dx, bEx\, 
5 Fx, +þGx*, bH x?, &c, or 5 x ihe ſeries By Ci, Dif, Ext, Fx, GH, 


H x', &c, from 1; which occaſions a change of the gs in all the terms of che 


teries ſubtracted. I herefore the ſign that is to be piciixed ro the term Cx. 
in the ſubtracted ſeries „BK, ICY, bD x, Ex, S Fx, bGaf, bH x, &c, 


which 


— na bn 95 7 
2 © 
F Xx. , 
FS] 4 
0 


n 
* 1 51 o of whos 


”_ * 25 of We” 5 7 


In THE RTI ROALSs OF THE ROOTS or A BINOMIAL QUANTITY. Gy 


ich 1 | ill be the fign —. And conſequently the fign that is to be 
which is equal to , w 4 My. 5 ** n 
prefixed to the term Cx* in the ſeries By, Ca", Dx, a, „Ge, Ula“, Kc, 
which is equal to , will alſo be the ſign — . Therefore che ſign that is to be 
prefixed to the ſame term C in the ſeries 1 —Bx, Caf, Dax, Ext, Fx“, 
1 ' 2 La 4 I 4.6 

G, H', &c, (from which the ſeries B x, C, Dif, Bat, FA, Go, 
Ha“, &c, or By — Cx, Da“, EXE F xs, G *, H x?, &c, is derived by 
the ſubtraction of the whole ſeries from it's firſt term 1, which occalions 4 
change in the ſigns of all the terms ſubtracted,) will be the contrary ſig + 
and conſequently the three firſt terms of the ſeries 1 — By, Cx, D, l 


4 — 1 
Fx, Gx, H x', &c, which is equal to 1 ST „or to the fraction 


19 


— ts-now, 


1+ x)" 
in b Bx + Cx - x % = 
will be 1 — Bx + i — Ax 

n+1 © 
1 — Bs d. E. Is 


The Inveſtigation of the Value of the Forrth Term, D x*, of the Series 1 = Bæ, 
Cx*, Dx), Ex, Fai, Gx, He", Sc, which is equa! to the Quantity 


—1 1 

1 ＋ , or lo the Fraftion 1 » and of the Sign that is ta be prefixed 
I + xn 

to it. 


Art. 39. Since the ſign + is to be prefixed to the third term C of the 
ſeries 1 — Bs, Cx, Dx, Ea, F, G“, Ha", & (which is equal to 
: | 


—1 
1＋ 2, or to the fraction x „) or the three firſt terms of the ſaid 


ſeries are 1 — Bx + Cx, it follows that, when the whole of the ſaid ſeries 
is ſubtracted from it's firit term 1, and the remainder of the ſaid ſubtraction, 
to wit, the ſeries By, Caf, Da?, Ext, F, Gaf, H', &c, is called y, the 
fecond term Cx“ of the laid remainder muſt have the ſign — prefixed to it, 
that is, the two firſt terms of the ſeries which is equal to y will be B&T — Cx, 
Theretore the two firſt terms of the ſeries which is equal to 5, will be + B 42 


— 2BCx%, Therefore ihe two firit terms of the ſeries which is equal t) 25 


will be + þBx - þC #, and the two firſt terms of the ſeries which 1s equal 
to Cy will be + cB*x* — 2cBCx*?, Therefore, when the ſeries which is 
equal to by is {ub/racted from 1, aud the ſeries which is equal to Cy is added 


— 1 ag firſt terms of the compound ſeries reſulting from thele operations 
will be 
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I # * 


— 3B + CX 
+ cB*x* — 2cBC#*; that is, the four terms 5 Bx, Cx, 


B' and 2c BC & in the firſt compound ſeries ſet down in art. 35 will be 


— bþ Bx + Cx 
+ cB*x* — 20 BC. Therefore in the compound ſeries 


ſet down in art. 36, (which is derived from the former compound ſeries by 
ſubtracting the whole ſeries from the firſt term 1,) the ſame terms will have 
.contrary ſigns to thoſe they had before, and will be as follows, to wit, 


+ OBI — þCx 
— B. + 2cBCx*%, Therefore the correſponding 


terms to theſe in the next compound ſeries ſer down in art. 36, (which is de- 
rived from the former, or ſecond, compound ſeries by only dividing all its 


terms by ,) will be + 6B — þCx 


— cB*x + 2: BCx*. Therefore in the next, 
or fourth, compound ſeries, (which is ſet down in art. 37, and is derived from 
the laſt, or third, compound ſeries by ſubtracting the whole of the ſaid ſeries 
from it's firſt term + 2 B,) the three terms 5 CX, cB*x, and 2c BC will have 
contrary ſigns to thoſe they had before, and will be + 5Cx 

| + cB*x — 2cBCxr, 
Therefore in the next, or fifth, compound ſeries (which is derived from the 
laſt, or fourth, compound ſeries by only dividing all it's terms by x,) the 
correſponding terms to theſe three terms will be marked with the ſame figns 


that they are marked with, and will be + 4C 
+ cB* — 2cBCx, 


But the term 4 B' x in this fifth compound ſeries is alſo marked with the 
ſign —. Therefore the three terms that form the ſecond vertical column of 
this fifth compound ſeries, and that involve the ſimple power of x, will be 
2 Dx — 2cBCx — dB*x, of which the two latter are marked with the 
ſign —, and the ſign to be prefixed to the firſt term 4 D x remains ſtill to be 


determined. a 


Art. 40. It has been ſhewn in art. 37 that + C + B' in the fifth com- 
ound ſeries, or the laſt compound ſeries ſet down in that article, is equal to 1, 
which is the firſt term of the ſimple ſeries 1 —x + X — * ＋ * — * 
+ &c ad infinitum, to which the ſaid compound ſeries is equal. But the 
whole of the ſaid fimple ſeries is leſs than it's firſt term 1, Therefore the 
whole of the ſaid compound ſeries will be lefs than the binomial quantity 
+ þ6C + cB* which is equal to 1. And conſequently the whole of the ſaid 
compound ſeries may be ſubtracted from the ſaid binomial quantity + 4 C 


+ c BY 


Now let the whole of the ſaid compound ſeries be. ſubtracted from the faid 
binomial quantity + 6C + B'; and let the whole ſimple ſeries 1 — # 


£4 


8 Fa. . — 4 4 8 13 . i» Lite 
Dn, 3 N 8 g Fo * * 1 Ee Xe 


2 We WOO ky oP . 


P 


IN THE RECIPROCALS OF THE ROOTS OF A BINOMIAL QUANTITY, - 


63 


+ © —X* + of — * + & ad infititum, (which is equal to the ſaid 


compound ſeries,) be ſubtracted from it's 


firſt term 1, which is equal to the 


faid binomial quantity + Y + B.. And the remainders of theſe ſub- 
trations will be equal to each other; that is, the compound leries 


1 b56Dx, bF.x, 
+ 2cBCx, 2cBDa\, 
F4 Swe 


+ dB's, 3dB*Cw, 


— £eB* s, 


4 


will be equal to the ſimple ſeries x — ** ＋ * = 4 + & — &c 


infinitum. 


bF af, 
2cBEx?, 
2cC Dx, 


34B*Dx?, 
34BC'sx?, 


4eB* Cxò, 


5 Gx“, 
2cBF at, 
2cC Ext, 

46 
34B* Ex“, 

64BC Da“, 

1 


4eB Dx“, 
6eB*C*a?, 


+ 7B, 5fB*Cr, 


— gB* xt, 


od H x*, 
203 G, 
z2cC F, 
2c D Ex, 
34 B. Fas, 

64BCExò, 
34 BDA“, 
340 es, 
4eB Exs, 
12cB*CDxs, 
4e BO x, 
5fB*Dx*, 


lofB*C x, 


62B* Cas, 


+ bB x, 


Now let all the terms of this equation be divided by x. 


And we ſhall then have the compound ferics 


&C 
&c 
&c 
& c 
&C 


&c 


&c 
&c 
&c 
&c 
&c 
&xc 
&c 
&C 
&C 
&c 


LR 


ad 
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7 3D, 3E, 3 F, 36 &, 5 H, & · 
| + 2cBC, 20 5 Dæ, 2cBEx, 2cBFx, 20 B G, &c 
en, eee, tc 
. ; e Dei, 2cDExX, &c 
+ dB 3dB*Cx, 3d B' D, 3d B'. Ex, 3d B. F, &c 
 34BC*x*, 64BCDa®, 6dBCE x*, &c 
| dC x, 3d B D', &c | 
p za C' De, &c d 
— e' x, 4 B C, 4e B DYV, 4e B EA, &c 
| h 6be BCA, 12eB*CDx?, &c 


1 4e BC af, &c 
| + fB'x*, 5 FB! C , 5fB*Dx*, &c 
| - 0 | 1ofBC'x4, &c 
— gB*x*, 6gB*Cx*, &c 
| + bB' x*, &c 

L | — te < 


== to the ſimple ſeries 1 = X + #* — K* + a* — &c ad infinitum. And 
this equation will be always true, of how ſmall a magnitude ſoever we may 
ſuppoſe the quantity æ to be taken : and therefore it will alſo be true when x 
is equal to o. But, when wx 1s equal to o, all the terms of this laſt compound 
ſeries that involve x, that is, all it's terms except the three terms + D + 2c BC 
+ 4Bs, will become equal to o likewiſe; and, in like manner, all the 


terms ot the ſaid ſimple ſeries 1 — x + * — K + #* — &c ad in- 


nitum that involve x, that is, all it's terms except the firſt term 1, will be 
equal to o likewiſe. Therefore the three terms 4 D + 2cBC + 4B», (of 
which the firſt term 5 D has no fign prefixed to it, becauſe it has not yet been 
determined whether it is to be added to, or to be ſubtracted from, the ſum of 
the two other terms + 2cBC + 4B*,) will be equal to 1. 


But, by art. 33, 3 is =. —> and e is 2 — * — and d is = — 


21 NN — 2 
X 
2 3 


Therefore 2 D will be = —＋ x D, and 20 BC will be (= — K 


* BC) = -] x BC, and 4B“ will be (= x = * 2 x B.) 


X 


2 
13 — 3 + 22 


* B., and conſequently the trinomial quantity 6 D + 2c BC 


4+ 4B» will be = 1D + 1 x BC + — — X- BY 


[] 


But 


* 838 s o \ * 3 + BE D — 
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. — 1 G 3 1 nN + 1 
But it has been ſhewn that B is = , and that C is = — XS « 
7 ; NY I 1 +'2 
Therefore n- x BC will be (= mil x — X — * — =Y 
=o _ = and = „ Þ vill be (= = x 
225 FE 613 6 6 
| 7 1 
2 — — — „and conſequently r 5 — * B 
n R 
. __ 385 —- 3s n3 — zun + 2 42 — git — 2 _ 4in— 33 — 
will be (= ir t E 613 ) = = . 


Therefore the trinomial quantity 5D + 2: BC + 4B? will be = to 


3D + — —, or (becauſe 5 is equal to 2) will be = aD + 


aun 22821 


Gn 


But the trinomial quantity 5 D + WHC + dim =": 


Therefore » D + ns will alſo be = 1; that is, the fraction 
— — together with the quantity D, either added to it or ſubtracted 


from it, as ſhall be found neceſſary, will be equal to 1. 


But the fraction = e == is evidently leſs than the fraction — — „ and 
conſequently, @ foriiori, is leſs than the fraction . which is greater than 
Sd and therefore muſt be leſs than I, which is equal to Wh F 

Therefore, in order to make the two terms D and = _ — be equal 


o 1, the firſt term „D muſt be added to the ſecond term 


nn 


and conſequently muſt have the ſign + prefixed to it. Therefore we ſhall 


have + xD + 2 = 1, and conſequently (ſubtracting - 


Gu 6n 
from both fi = 1 — 22 (= © rm 
des,) + D = 1 bn (= Gnu bun * 
Gun — 4nn + 3 +1 2un + 3n +1 2nn + 
2 HOY . 5 Ww--123 a +1 
Gun ) $557 nn of and + D = bas -- 2n 
2n+1 X . . : 
X 8 Therefore the fourth term D x* of the infinite ſeries x — B x, 


oi . K | Ca, 
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Cx, D, Ext, F, Ga", Hx“, &c, which is equal to the quantity 


i +47, or to the fraction 1 „ will be 2 — X , or So X 
77 - WT 
n+1 2n+1 22 +1 3 | 
2 * - X *, or * Ci, Q& 1. 1. 


Art. 41. It remains that we determine the ſign ＋ or — that is to be pre- 
fixed to the ſaid fourth term D, or _— - 
1 - BI + Cx, Di, Ext, Fx, G“, H x', &c, which is equal to the 


C &i, of the ſaid infinite ſeries 


ws [ I : 
quantity 1 + , or the fraction T7 . This may be determined in 
T= 


the manner following: 


We have ſeen that the ſign + is to be prefixed to the term 1 D, or 4D, in 
the laſt compound ſeries ſet down in the preceeding, or 40th, article. There- 
fore in the compound ſeries next before the laſt, and from which the laſt is 
derived by only dividing all it's terms by x, the correſponding term 4D x muſt 
have the ſame ſign + prefixed to it. Therefore in the next precceding com- 
pound ſeries, or the fifth compound ſeries, or the laſt compound ſeries that is 
let down in art. 37, (from which the ſixth compound ſeries is derived by the 
ſubtraction of all it's terms from the two terms + b6C + c B?,) the ſame term 
b De mult have the contrary fign — prefixed to it; and ſo muſt the corre- 
ſponding term 5D x* in the next preceeding, or fourth, compound ſeries ſet 
down in the beginning of art, 37, from which the fifth compound ſeries was 
derived by only dividing all the terms by x. Therefore in the third compound 
ſeries, (which is fer down in art. 36, and from which the fourth compound 
ſeries that is ſet down in the beginning of art. 37 is derived by ſubtracting all 
it's terms from it's firſt term 4 B,) the correſponding term 4 D x* muſt be 
marked with the contrary ſign +, and conſequently the correſponding term 
bD a? in the next preceeding, or the ſecond compound ſeries, (from which the 
third compound ſeries 1s derived by only dividing all it's terms by x) will alfo 
be marked with the fign +. Therefore the ſame term 4D x* in the firſt com- 
pound ſeries, (which is ſet down in art. 35, and from which the ſecond com- 
pound ſeries is derived by ſubtracting all it's terms from it's firſt term 1,) muſt 
have the contrary ſign — prefixed to it, as well as the term B x, which is the 
firſt term of the horizontal row of which the term 4D x* is the third, There- 
fore in the ſeries Bx, Cx*, Dx, Ex, Fx, G af, H“, &c (which is equal 
to y,) the term D x* muſt have the contrary fign + prefixed to it; becaule the 
ſaid horizontal row of terms in which By and D x* occur, repreſents the product 
of the multiplication of the ſeries Bx, Cx*, Dx, Ex, Fai, Ge, Hx?, &c 
into 5 ſubtracted from 1, or the firſt term of the ſaid firſt compound ſeries, 


which ſubtraction produces a change in the figns of all the quantities * 
Laſtly, 
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Laſtly, ſince the ſign + is to be prefixed to the term Dx in the ſeries B x, 
C, Dx, Ex, Fx, G, H x“, &c, or ſince the three firſt terms of the ſaid 
ſeries are + BT — C + De, and the faid ſeries is equal to y, or to the 
remainder that ariſes by ſubtracting the whole firſt ſeries 1 —Bx, C, Dx, 
Ex, Fa, G, Hx", &c from it's firſt term 1, it follows that in the faid 
firſt ſeries 1 — Bx, Cx, Dx, Ext, F., Gaf, Hx', &c the ſaid term 
Dx* muſt have the contrary ſign — prefixed to it; that is, the fourth term 
D of the ſeries 1 Bx, Caf, DW, Ext, Fai, G, H x?, &c which is 
_ I "Y 
equal to the quantity 1 + , or the fraction 2 „ will be = Dx, 
1+x| uz 


or — _ WF 1 


Art. 42. We may therefore now conclude with certainty from this third 


method of inveſtigating the terms of the ſeries 1 — Bx, C, Dx, Ea“, 


—1 

F *, G, H“, &c ad infinitum, which is equal to the quantity 1 + 4lF,, 
1 

or to the fraction 1 , that the four firſt terms of it are 1 — —ax + — 

—— b n 


I +) n 


XLS = XxX —=xX =, or 1 — — As + 2 
zn n 2% Zn n 22 


= C x*, as they were found to be above by the two former methods of 
inveſtigating them. 


Art. 43. By reaſonings ſimilar to thoſe which have been uſed in art. 35, 36, 
37, 38, 39, 40, and 41, for determining the values of the coefficients B, 
C, and D, of the ſecond, third, and fourth terms of the ſeries 1 — By, 


I 
Cx, Du, Ext, Fai, Gaf, Ha, &c (which is equal to the quantity 1 + az, 
I 
or to the fraction x) we might determine ſucceſſively the ſeveral values 
I+aſz 
of the following co-efficients F, F, G, H, &c, and might likewiſe determine 
the figns which are to be prefixed to the terms Ext, F, Gx*, H x', &c in 
the ſud ſeries which involve the ſaid co-efficients, And it is evident that every 
new vertical column of terms in the firſt compound feries ſet down above in 
art, 35 would be equal to the correſponding term, or term involving the ſame 
power of x, in the ſimple ſeries 1 —x ＋* - ＋ A — K ＋ * —x + 
&c ad infnitum, to which the ſaid compound ſeries is equal; which would 
afford us a new ſimple equation for the determination of the value of the new 


co- efficient that is involved in the firſt, or higheſt, term of the ſaid vertical 
K 2 column. 
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column. Thus, for the determination of the value of the co-efficient E we 
ſhould have the equation 5 Ex“, 2cB Dx, Ca, 34 B' Caf, e BA = + x, 
or (dividing all the terms by x*,) þE, 2cBD, cC?, 34 B C＋ eBi = rx, 
by the reſolution of which (after prefixing the proper ſigns + and — to the 
ſeveral terms 2c D, cC?, and 34B*C,) we may obtain the value of the 
co-efficient E. And the three following vertical columns of terms in the ſame 
compound ſeries will afford us the like ſimple equations for determining the 
values of the three following co-efficients F, G, and H. But the reſolution 
of theſe ſimple equations would be found to be a matter of great intricacy and 
difficulty, as may eaſily be imagined from the difficulty we found in determining 
the value of the laſt co-efficient D of the fourth term, D x?, of the ſaid ſeries 
1 - BxT + C, D, Ext, Fx, Gx, H x?, &c, and the ſign — that is 
to be prefixed to it. And to reſolve any more of theſe ſimple equations after 


thoſe involving the co-efficients F, G, and H, in order to obtain the values 


of the following co-efficients I, K, L, M, N, O, P, Q. &c of the following 
me, i, Li, Mx", Nx", Oz, P, Qs, &c would be ſo 
exceſſively tedious and laborious that it may well be deemed impracticable. 
And, further, if theſe equations could be reſolved, it would ſtill be impoſſible, 
by means of the values of the co-efficients E, F, G, H, I, K, L, M, N, O, 
P, Q, &c obtained by means of ſuch reſolutions, to ſhew that the following 
co- efficients R, S, T, V, &c, of the remaining terms of the ſeries which had 
not been inveſtigated, would be generated, or derived, from the former co-ct- 
ficients (that had been inveſtigated,) and from each other by the ſame law of 
_ derivation, or continuation, that had been obſerved to take place in the co. effi- 
cients that had becn inveſtigated. We will therefore now abandon this very 
laborious and imperfect method of inveſtigating the values of the co-efficients 
B, C, D, E, F, 6, H, &c of the powers of x in the ſeries 1 — Bx, C, 
Dx, EN“, Fx, G', H, &c ad infinitum (which is equal to the quantity 


—1 I 
1 + *, or the fraction : „) and endeayour to find ſome other method 
1 + xn | 


of diſcovering the values of the ſaid co-efficients, by which it may be made to 
appear that the law of the generation, or derivation, of theſe co-efficients one 
from another, which is obſerved to take place in the co-efficients that are actually 
inveſtigated, muſt alſo take place with reſpect to the remaining co-efficients 
which have not been inveſtigated. And then we may juſtly reckon the inveſti- 
gation, or demonſtration, of this caſe of the binomial theorem to be com- 


pleat. 


Art. 44. We will, however, obſerve, before we enter upon this new, or 
fourth, method of inveſtigation, that it follows from the laſt, or third, method 
of inveſtigation, as well as from the firſt and ſecond methods, that the ſigns to 
be prefixed to the ſecond and other following terms, B x, C x*, Dx, E., F x*, 
Gax®, H, &c of the ſeries 1 — By, Caf, D, Ext, Fx, Gaf, H * 

3 | C 
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—1 1 


&c (which is equal to 1 + x|  , or to the fractio „) will be alter- 


14412 


nately — and +, to whatever number of terms the faid ſeries may be continued. 
This concluſion follows from the laſt, or third, method of inveſtigation, becauſe 
the inveſtigation of the value of every new co efficient in that method is per- 
formed by means of a ſubtraction of all the terms of the compound ſeries involv- 
ing the ſaid new co-efficient from ſome of the firſt terms of it, which ſubtraction 
cauſes a change in the ſigns of all the terms ſubtracted, But it follows till 
more clearly from the firſt method of inveſtigation, as is ſhewn above in the be- 

inning of this diſcourle in art. 7, 8, 9, 10, and 11. And therefore in the 
| 2" me By or fourth, method of inveſtigating the terms of the ſeries 1 — Bx, 
Cx, Dx, Ex“, Fai, Gx, Hx?, &c, (which is equal to the quantity 


—1 I. 
1+ 7, or to the fraction . ,) I ſhall ſuppoſe this alternate ſucceſſion 


17 
of the ſigns — and + in the terms of the ſaid ſeries to take place, and the 
ſaid ſeries to be 1 — B + Cf — DE + Et — FN. + Gx — 
Ho! + If — K. + LI“ — Ma + Net — O + Þ x 
Q + &c ad infinitum, or to whatever number of terms the ſaid ſeries may 
be continued, 


Art. 45. And, further, in this fourth method of inveſtigation I ſhall likewiſe 
ſuppoſe it to be Known that B, or the co-efficient of B x, the ſecond term of 


the ſaid ſeries, 1s = —— „ as it has been already ſhewn to be in each of the 


three foregoing methods of inveſtigation. In this fourth method of inveſtigation 


v } I 


it is therefore ſuppoſed that the quantity 1 + x , or the fraction "TT, 


. I+x\z 
is equal to the following ſeries, to wit, 1 — —— „„ + CO - DO ED 


F, + G — Hi + If — K + LX“ — MT + Nat — 
Ox + Pa“ — Q“ + &c ad infinitum, and the only object of the in- 
veſtigation is to diſcover the values of the co-efficients C, D, E, F, G, H, &c 
of the third, fourth, fifth, and other following terms of this ſeries, and the law 
of their generation, or derivation, one from the other, and to ſhew that the ſaid 
law will take place with reſpect to all the co-efficients of the remaining terms 
of the ſaid ſeries, as well as to thoſe co- efficients that ſhall have been actually 


inveſtigated, 


A Fourth 
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Fourth Method of inveſtigating the Third Term Cx“ and the other following 
Terms, after the third Term, of the infinite Series 1 — — E Ge: 
Dx + Ext — Fi) + G = H + Oc ad infinitum, which js 


I 


_ i 
equal to the Quantity 1 T A, or to the Fraftion "TT ; in which the 


I+s| 2 
Law of the Continuation of the Terms of the ſaid Series, or of their Generation, 4 
J or Derivation, one from the other, is aſcertained, and ſhewn to extend to all I 


the Terms of the Series, as well as to thoſe that have been atually inveſtizated. 


—  — 


—T 


I 
Art. 46. In the expreſſion 1 + *, or the fraction , the quantity 


I +x) 2 


x is ſuppoſed to be leſs than 1; and it is ſuppoſed alſo that, if it be of any 


I 
magnitude leſs than 1, the ſaid fraction TT" will be equal to the infinite 
1 ＋ 
ſeries 1 — — x + Cf — Dif + En — Fx + G — Hy + &c, 


in which the capital letters C, D, E, F, G, H, &c denote certain numeral 
co- efficients hitherto unknown. 


Therefore, if we ſuppoſe x to denote ſome particular quantity leſs than 1, 
and y to denote another quantity greater than x, but yet leſs than 1, it will 


: | 
follow that the fraction TT will be equal to the infinite ſeries x — — y 


5 
+ C — Dy. T EN. — F; ＋ 6G) — Hy + &c ad infinitum: 
Let the exceſs of y above x be denoted by the letter d, ſo that » + 4 ſhall 


be equal to y. And let x + 4 be ſubſtituted inſtead of y in the laſt equation. 
And we ſhall then have a third equation, which will be as follows; to wit, 


I 


the infinite ſeries 1 _ — x 44 + Cx x T- — 
i+x+d)n 


D X A +SEX#+4*—Fxx+d +G X *x+4M1* — 
H X +4") + &c ad infinitum, or (by expanding the ſquare and other 
| I 


"7. = the ſeries 


I 


following powers of x + 4), 


i+x+d\n 
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1 LIxXatF4+Cxxi* + x0+ 4 


_DxXFFIFE+O+ExXf+ad+ 6 + ax + 
= EF. x * + S5 + 10x 4 + 10x'4* + Sv + 45 
+ G „r + 1 + 20 d + 15. d. + af Ia 


—Hx7+7d+ 2184 + 355i + 3598 +218 + 7x6 + @ 
+ &c = the compound ſeries 


1222 4＋ Co — Di" + Ex — Fx + G — Hx! +& 


| — — d + 2Cxd— 3Dx*d + 4Ex*d — 5Fx*d + 6Gx*d — H + &c 


+ Cd. — 3Dxd* + Ex — 10 Fx + 15Gx*d* — 21 Hx*d* + &c 
| — D# + Ed —10Fif#+20Gu4 — 35Hxrt# & 
+ Ed! — 5Fxd! 15G —3;Hrd* + &c 
— Fd + 6Gx4* - 21H + &c 

+ Gd — Hd +&c 

— Hd” + &c 

L + &c. 


Art. 47. Now let F be = 1 + . 


bs X 
Then will F + 4 be = 1 + 4, and F vill be = ITT TU, 


I Z wand 
md "x5 will be = LE" 
f+dn | i1+x+4d\ = 


: . 
But F ＋ d is = f X 1 + A and conſequently f + 4) will be = 


I 1 ; 
f— X 1 + , and the fraction f will be = the fraction 


Fra 
wy 1 : T I 
＋ = the fraction FW. X the fraction 5 n 
77 11 y ws 14 


# 


Now, becauſe y, or x + d, is leſs than 1, it follows that 4 (which is leſs 
than à + 4) muſt alſo be leſs than 1, and conſequently, 2 fortiori, muſt be 


lels 
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leſs than 1 + x, or . Therefore the fraction 2 will be leſs than 1, and the 


binomial quantity 1 + — will be ſimilar to the binomial quantity 1 + # in 


having it's ſecond term leſs than it's firſt term 1. Therefore, ſince the fraction 


1 
is equal to the infinite ſeries 1 — —x + Cx — De 4t, 


TA n 


Fx + G& — Hs! * "has ad * it follows that the fraction 


1 


E 5 =—_— 
2 z will be equal to the ſimilar ſeries I — — X — — ＋ C x 1] a 


D «Ds + E x 7 eker — H x Ye. 


Therefore the fraction — X the fraction — will be equal to the 


7 — 
d \ n 
9 
fraction 2. x the ſeries 1 = — x < | — | 
fraction — * the ſeries 1 r D* = ＋ E 
X =\*—F X | + G * · * + & c ad infinitum, and 
conſequently to the ſeries - "aw * X —— * — + C x — — * =] 
FS my * 1 
I 45 
= x Fr e 
ary 
X — * 21 — H . * + &c ad imfinitum, 
** * 


1 1 
Therefore the fraction TT (which is equal to the fraction LE X the 


' f+d\ n n 
I 
fraction T) will be equal to the ſeries —— — — x —— X - 
_ . I 1 1 f 
1 + = 2 | | as IT 


+ C x 6 br 


2 
A 
„ 
25 
2 
1 


2 
* 


* 
* 
10 
7 
* 
8 
53 2 
., 
* 
* 
* 
4 
* 
* 
- of 
4 
* 
* 
* 
* 
1 7 
"1 
"4 
— 
* 
"1 
Y 
" 
\ q 
7 
= 
. -” 
„ 
ö 
= 
d . 
3 
q 
" 
" 
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I d 5 I *-” 4 * 8 1 | 
wx e + G Xx * 1 + &c 


F 
ad infinitum. 


Thereſore, if we ſubſtitute 1 + x in this laſt equation inſtead of /, (to 


which it is equal,) we ſhall have the fraction . — = the ſeries 
IT STN 
1 1 : 1 1 4 1 "ol 2 
. rr — * 2 * 
17 1＋ * 2 11 * 2 
I -4 1g I * I d 5 
r + E x 29 F * T9 7 ” 
IT 1 I +x) n 
1 4 \6 I d |” ä 9 
G * ER I'S x — H x REELS "> 17. + &c ad infinitum — 
I+x)n 1+) n 
. I I I | 4 ; I 4 
the ſeries 22 a X === — 
1+x|n I+x) : I+x = 
I a3 I de I 
ons metro other n 44 
i+z n I'+ x, * i+a)n 
ds I ds I 7 
GX — — H Xx | &c ad 
1+ x) + . X 1+ x)* 8. * 3 7 + 
I +x\n I+X\n 
infinitum. 
Art. 48, But it has been ſhewn that the fraction . — is equal to 
| TTD 


the compound ſeries 


Vor. V. | 1 3 
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= _ * 
_— - 


4. Aw IS4 


. Ci? — Di + Ext — Fx + G — HY! ＋ & 


* —— d + 2Cxd— 3Dx'd + 4Exd — SF + 6Gx*d — 7H + & c 


+ CZ — 3Dvd" + Ex — 10 Fx“ + 15Gx%d* - 21 Hxid* + &c 
— D#Z + 4Ex& —10Fid + 200 = 35H + &c 

+ Ea! — 5Fxi? +15;Gxud = 35 ,Hx d + &c 

— Fi + 6x4 — 21 Hd + & c 

+ Gd" — Hxd' ＋ &c 

— Hd” +&c 

+ &Cc, 


45 : 
p ERTIES L 12 28 
1+) z I+x\ # tho ok hg 
TR . : I 
+ &c ad infinitum (which is equal to the fraction —) 
| 12 +d) n 


dl 
gr per 


will be equal to the ſaid compound ſeries. 


1 Therefore, if we ſubtra& the ſaid ſimple ſeries from it's firſt term . -, 
| 1 + 1 * 
(than which it is evidently leſs,) and at the ſame time ſubtract the ſaid com- 
pound ſeries (which is equal to the ſaid ſimple ſeries) from the ſeries 1 — 


— x + Cf — DU + Ex) — FY + G H + &c, which 


forms the upper horizontal row of terms in the ſaid compound ſeries, and 


which 1s equal to 


* the remainders of theſe two ſubtractions will be 


8 | 

equal to each other; that is, the ſimple ſeries _ * . a * 7 — — C 
1 | 

«„ —— XxX ==, +D x — EN — „ 


1 1 + x)3 


| 
_- I 
_. 
1 
5 


ny = > 
r 
Fd * 


* 
nec eres 3 


E as 


1 —— 
tha. 
* R 
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2. ———— ̃« -m̃ .. 
e Thee: x 75 — 17” 
I+x 2 I + x} 8 
n a1 18 3 | 
— &c ad infinitum will be equal to the compound ſeries 
114 1 


+ —d — 2Cxd + 3Dx*d = 4Ex'd + SF — 6Gxid + /H — &c 


— Ca' + 2Dxd* — 6Ex*d* + 10 Fx — 15Gx*%d* + 21Hxd* — &c 
+ DA. - 4Ex& + 10Fi"d* — 20GH# + 35Hridf — &c 

— Ed* + 5;Fxd* — 15Gxd* + 35Hrdt — &c 

+ Fd — GA + 21Hx'4 — &c 

— Ga ＋ Hd“ — & 

+ Ha! — &c 

— &c. 


Therefore, if we divide all the terms of this lat equation by 4, we ſhall 


have the ſimple ſeries — * 


infinitum equal to the compound ſeries 


+ — — 2Cx + 3D. 4E + 5Fx* — 60 + 5H — &c 
— Cd + 3Dxz4— GEN + 10 F — 15Gx%d + 21Hr'd — &c 

+ Da — 4Exd* + 10Fx*d* — 20G ⁹⁰ bg + 35Hx*d*— &c 

— Eg + sFr — 1564? + 35H — &c 

+ Fe! — 6Gxd* + 21Har*d*— &c 

— Gd + Ha — &c 

+ Ha — & 

— &c, 


L 2 Art. 49. 
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Art. 49. This equation is always true, of how ſmall a magnitude ſoever we 
may ſuppoſe the quantity 4 to be taken: and therefore it will alſo be true when 
d is equal to o. But, when dis equal to o, all the terms in the equation that 
involve 4 will be equal to o likewile ; and conſequently the equation will then be 


as follows, to wit, — * I IT = the ſimple ſerics — — 2Cx + b 
1 ＋ * 1 1 

3D - 4E + FA — 6GH ＋ H — & ad inſinitum. And, * 
if we multiply all the terms of this equation by x, we thall have the equation 2 
1 [ bY . 3 8 5 
3 the ſeries 1 — 22 CX + 3 Dx 4 EA + ; 

5 F — 61Gx + 7H — &c ad infinitum, And, if we multiply F 
all the terms of this laſt equation into .1 + x, we ſhall have the equation 7 
i = the compound ſeries 4 

I + Dn 1 
1 — 2 C + 3u Dæ* DR a4nF.x* + gu Fx — 6G + jnHaxt — &c ; 

| + x— 21 C& + 3 DX — 4anExt + gn Fx — 6nGx* + &c. 7 
But is equal to the ſeries 1 — — xz + C — Dx + Ex 5 
yo £ 

— Fx + G — Hs? + &c ad infinitum. ; 
Therefore the ſaid ſeries 1 _— xz + CO — DO + Ent — F + | 
G — H“ + &c ad infinitum will be equal to the compound ſeries 5 
I — 2 C + 3 Dx — 4 Ex“ + 5¹ F — 65G + y H — &c Y 

1 + » — 21 CX + 3 Dx — 4 E. + gn F — 65 Ga + &c. 4 


Now by the help of this equation we may determine the values of the ſeveral 
co- efficients C, D, E, F, G, H, &c ad infinitum, by proceeding in the manner 
following: 
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The Inveſtigation of the Co-efficient C. 


— 


Art. 50. Since the fimple ſeries 1 — + C — Di? + Ext — 


FA + G&* — Hx? + &c is equal to the compound ſeries 


 1— 2#uCa + 3D —41Ev + g Fant — 65G + 7H — &c 
| + x —2nCx + zu Dx — 4nEx* + 5 Fa — 62G + &c, 


and the former of theſe ſerieſes is leſs than it's firſt term 1, it follows that the 
latter ſeries muſt likewiſe be leſs than 1. Therefore each of thefe ſerieſes may 


be ſubtracted from 1. 

Let them be ſo ſubtracted. 

Then will the remainder of the firſt ſubtraction be equal to the remainder 
of the ſecond ſubtraction; that is, the ſimple ſeries = x — C + D* 
— EN + Fx\ — Ga + H — &c will be equal to the compound 
ſeries 
+ 2 CY — 3 Dx + qu Ex — 5 Fx! + 6G = ynHx + &c 
{ — * + 2nCx* — gaDs + qnEx* — gn Fa + 6nGx* — &c, 


and conſequently (dividing all the terms of this equation on both ſides by x,) 
the ſimple ſeries — — Cx + Di — E + Fit = Gu) + He — 
&c will be equal to the compound ſeries 


au C — 3 DX + 4% Ex — gu FX + baFxt — 7nGx) + &c 
— 1 + 2nCx — zu DN! + Qu Ex — gn Fa! + 6G — &c, 


Now this equation will always be true, of how ſmall a magnitude ſoever we 
may ſuppoſe to be taken : and therefore it will alſo be true when x is equal 
to o. But, when x is equal to o, the ſeveral terms in the foregoing equation 
that involve * will be equal to o likewiſe z and conſequently the whole of the 


fad fimple ſeries will be equal to it's firſt term — , and the whole of the ſaid 


compound 
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compound ſeries will be equal to the two terms 2»C — 1. Therefore 


__ will be = 22 C — 1, and therefore (adding 1 to both fides,) we ſhall 


I eB 1 3 
have xp = | 2nC, and C — n + I (= 2nn + as 2as + 22 
28 
1 +7 1 ＋ 1 n +1 
— 2 ED — . E. | 
2nn 2nun ) n * 21 % 


- Therefore the three firſt terms of the ſeries 1 — — # + Cf — Dif + 


—1 
Ex! — Fx + GN — Ha? + &c, which is equal to 1 + N, or to the 


I 
fraction I , will be 1 — —-# + — * . or 1 ——As + 
IT 
2 B. .. 


2 


The Inveſtigation of the Co- eſſicient D. 


Art. 51. Since the ſimple ſeries — — Cx + Dx — EW + Fxt — 


GR + H — &c has been ſhewn in the laſt article to be equal to the 
compound ſeries 


au C — 3 Dx + 4ER — 5 F. + bnGrt — puHa* + &c 
| — 1 + 2uCx — 3 Dx + 4E — 51 Fx + n G — &c, 


and the whole of the ſaid fimple ſeries is evidently leſs than it's firſt term —, 
becauſe the ſecond term Cx is marked with the ſign —, it follows that the 
whole of the ſaid compound ſeries muſt alſo be leſs than — and conſequently 
than the two terms 22 C — 1, which have been ſhewn to be equal to . 
Thereſore the whole of the ſaid ſimple ſeries may be ſubtracted from it's firſt 
term — and the whole of the ſaid compound ſeries may be ſubtracted from 
the two terms 21 — 1. | 


Let them be ſo ſubtracted. 
Then 
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Then, will the remainder of the firſt ſubtraction be equal to the remainder 
of the ſecond ſubtraction; that is, the ſimple feries + Cx — D. + Ex? 
— Fx + GA — Ha? + &c will be equal to the compound ſeries 


+ 3 Dæ — 41 Ex + 55 Fa — GK“ + quHa* — &c 
{ — 21 Cx + 3 Dx — anEx + guFx* — bnGx* + &c. 


Therefore, if we divide all the terms of this equation by x, we ſhall have the 
ſimple ſeries C — Dx + Ef — F. + G — H' + &c = the 
compound feries 


3D — anEx + 5 Fx — 61Gx + quHa* — &c 
1 — 22 C + 3 Dx — 4E + 5 Fa — 61Gx+ + &C. 

And this equation will always be true, of how ſmall a magnitude ſoever we 
may ſuppoſe x to be taken: and therefore it will alſo be true when x is equal 
to o. But, when x 1s equal to o, all the terms that involve x will be equal 
to o likewiſe, and conſequently the whole of the ſaid fimple ſeries will be 
equal to it's firſt term C, and the whole of the ſaid compound ſeries will be 
equal to the two terms 3 * D — 2aC. Therefore we ſhall have C = 3#D 
— 22 C, and conſequently 33D C + 2#»C = 22 ＋ 1] x C, and 
2n+1xC __ 2n+1 n+1 I 


33 — 3 * 2n X "a. Q. E, I, . 


33 


Therefore the four firſt terms of the ſeries x — _ xz + Co — Ds 


Ext — Fi + G — H'“ + &c ad infinitum, which is equal to 


—1 1 
FEST . — — 6 1 1 | 
i +27, or to the fraction I „vill be 1 — * + => x = 1 
I + x} n 1 
1 1 1 1 
it „ N „ © hs + 200 1 
u 2 3 1 21 
en. Q E. I. 


37 
JJpummuu___________—_——— r Z 


The Inveligation of the Cu. eſicient E. 


8 _ x —- — — — — 
—_ — bo. = i. — 
— —— — — 


— 


— 
— — 


Art, 52. Since the ſimple ſeries C — Ds + Ef — FK + Gat — 
H“ + &c has been ſhewn in the laſt article to be equal to the compound 


© * 


{eries 


3 


zu D — E + 5n Fx — 61Gx + ynHæx! — &c 
— 21 C + 35 Dx — 4 EA + 5 F? — G + &c, 


* 


and 


. = * — "1 
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aad the whole of the ſaid fimple ſeries is evidently leſs than it's firſt term C, 
becauſe the fecond term Dæ is marked with the ſign —, it follows that the 
whole of the faid compound ſeries muſt alſo be leſs than C, and conſequently 
than the two terms 33 D — 21 C in the ſaid compound ſeries, which are 
equai to C. Therefore the whole of the ſaid fimple ſeries may be ſubtracted 
from it's firſt term C, and the whole of the ſaid compound ſeries may be ſub- 
tracted from the two terms 33D — 22 C. Let them be fo ſubtracted, 
Then will the remainder of the tormer ſübtraction be equal to the remainder of 
the latter ſubtraction ; that is, the ſimple feries Du — Ex“ + Fi — G 
4 Hx* — &c ad infinitum will be equal to the compound ſeries 


4: Ex — gnFx* + 61Ga* — 7uHx ! + &c 
1 — 33% D + 4 EX — 5 FX + 6 G — &c. 


Therefore, if we divide all the terms of theſe two ſerieſes by x, we ſhall have 
the ſimple ferics D — Ex + Fi — G + H' — &c ad infinitum” 


equal to the compound ſeries 


{ 4 E — 5 Fx + 630 — pnuHy? + & 
— 33 D + 4 Ex — 5 FX + 6G — &c. 


And this equation will always be true, of how ſmall a magnitude ſoever we 
may ſuppoſe the quantity x to be taken: and therefore it will allo be true when 
* is equal to o. But, when x is equal to o, all the terms in this equation that 
involve x will be equal to o likewiſe; and conſequently the whole of the ſaid 
ſimple ſeries will be equal to it's firſt term D, and the whole ef the ſaid com- 
pound ſeries will be equal to the two terms 4 E — 3# D. Therefore D will 
be = 4nE —-3nD, and 4 E will be = D + 3uD = 3 ＋T i] x D, 

| n+1 2n + 1 
25 2 


and E will be = —7 - D, or (becauſe D is = —— * 
. RE ILY n +1 2n+1 za +1 
E will be = — x — . 


. QB. I. 


Therefore the five firſt terms of the ſeries 1 — — x + Cx - D + 
Ex! — Fx* + G — Ha? + &c ad infinitum, which is equal to the 


_ | 3 
quantity 1 *, or to the fraction 1 , will be 1 — — HD — 
I+x n- 


#+ 1, 28 +1 . 
2 n 271 * 37% os + n * 


or 1 — —As + B — = Cx + = De. G. E. I. 
The 


n+1 
2n X 3u 4n 


45 
5 
* 
. 


21 ＋ 1 X 2 22 ,, 


- 
— 
„ 
— 
* 5 a 
* 
+ 
8 
1 
4 
- 4 
* 
* 
1 
4 
. 
1 
+4 
* 
” 
4 
by 
+ 
L 
; ; 
8 7 
f 
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The Inveſtigation of the Co- eßicient F. 


— — —— — 


Art. 53. Since the ſimple ſeries D — Ex + F -G + Hat— &c 
ad infinitum has been ſhewn in the laſt article to be equal to the compound 
ſeries 

E — g Fe + 6nGx* He + Ke 
{ — 3D + quEx — gnFx* + 6 — &c, 


and the whole of the ſaid ſimple ſeries is leſs than it's firſt term D, it follows 
that the whole of the ſaid compound ſeries mult alſo be leſs than D, and con- 
ſequently than the two terms 4» E — 3 D in the ſaid compound ſeries, 
which are equal to D. Therefore the whole of the ſaid fimple ſeries may be 
ſubtracted from it's firſt term D, and the whole of the ſaid compound ſeries 
may be ſubtracted from the two terms 4# E — 3 D, which are equal to D. 
Let them be ſo ſubtracted. Then will the remainder of the former ſubtraction 
be equal to the remainder of the latter ſubtraction ; that is, the ſimple ſeries 
Ex FN + Gif = Hat + &c ad infinilum will be equal to the compound 
ſeries 


| gnFy — 6 Gτπ])]¾ + 7H — &c 
{ — 4 EXT + 5nFa* — bn G + &c. þ 


Therefore, if we divide all the terms of theſe two ſerieſes by x, we ſhall have 
the fimple ſeries E — Fx + Gif = Ha) + &c ad inſniium = the 


compound ſeries 


In F — En G + TnHxs — &c } 
1 — 4 E + gnFx — 63 GU + &c. 


And this equation will always be true, of how ſmall a magnitude ſoever we 
may ſuppoſe the quantity x to be taken: and therefore it will alſo be true when 
* is equal to o. But, when x is equal to o, all the terms in this equation that 
involve x will be equal to o likewiſe, and conſequently the whole of the ſaid 
ſimple ſeries will be equal to it's firſt term E, and the whole of the faid com- 
pound ſeries will be equal to the two terms 57 F -— 4 E. Therefore E will 


be = 5uF — 4 E, and 5 F will be = E + quE = 4 + 1 x E, 


and conſequemly F will be = == x E. Q. E. . 


Vor. V. M Therefore 
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. 88 4 

2 5 

. , wo * 
r 


Therefore the fix firſt terms of the ſeries x — —— 4 1 C — Dx + 


Ex! — F., + G — Hw + & e 4d iuſinitum, which is equal to the 


1 I 
£ 8 a , . 8 — —— — L 8 8 P 8 
quantity 1 + , or to the fraction ode S 
1 + £47 x 1 4. PF; i. 2n +1 5 H C21 n+ 21 41 zu + 1 * 
* — — * — 8 — — — — — 
* 21 a” x 22 & 33 + n⸗„ 2 * Zu : 47 
I 1 + 1 2n +1 3 +1 4n+1 > 4 1 112 
u 8 32 % 41 X 8 1 T 2% 
2 1 Zu T 1 ; [an +1 
33 4 u | 


Art. 54. After theſe | full inveſtigations of the four co-efficients C, D, E- 
and F, I believe it will be evident to the reader that, by reaſonings ſimilar to 
thoſe by which we have diſcovered the values of theſe four co-efficients, we 
might obtain the two following ſimple equations, to wit, F = 662 — 5 F, 
and G = 7H — 6 G, tor the determination of the values of the two 
following co-efficients G and H, and conſequently might infer that 6 G would 


be = 3 F + F = 5n+13| Xx F, and therefore that G would be = 


conſequently that H would be = 2+ - „ G. And therefore we may now : 


conclude that the firſt eight terms of the ſeries 1 — — x + Cx = Da + 


Ext — F + G&K — Ha! + &c ad infinitum, which is equal to the 
ew [| I 
quantity 1A, or to the fraction „ Will be 1 — — Ax + 


14 99 1 

+ - Pic} + ZH D Es + OE F/ - ] 

21 Zu ; 411 ; | 5n On Y 

—— G 3% . . 1. : 
{ 


e r 


Art. 55. And, further, after theſe full inveſtigations of the four co-efficients C, D, 
, and F, of which we have found the values by reſolving the four ſimple equations 
1 


— S 21 C —1, Cg 32D — 22C, D = 41 E — 3, and E = 5F 


aA 


8 1 * 
: * 
„ ˙ 


— 4 E, I apprehend it will be eaſy to perceive not only that the two following 
co-eticients G and H may be determined in the ſame manner by the reſolution 
of the two following ſimple equations F 62 — 5nFand G = 7 Hh 
— 6a G, but allo that the following co-efficients I, K, L, M, N, O, 

7 


9 c , 


* 
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P, Q, &c (to whatever number of terms we may think proper to continue 
, pit I Pb 5 

the ſeries 1 — 7 * | C x* — D a? —— E x 3 F 4s + G a © H x? 

+ If — Ki) + Le” — Mx" + Ni O + Px = Qs" 


| a 
4. & ed infinitum, which is equal to the quantity 1 + x}, , or to the 
I 
fraction T1 ) may be determined in the ſame manner by the refolution 
I + alz 
of the like ſimple equations deduced from the equality of the ſaid ſeries to the 
compound ſeries obtained in the latter part of art. 49, to wit, the compound 


ſeries 


1 2 Cx + 30 D — 4n Ex + 5 Fat — 6% G + mulls — 8 la“ + &c 
+ a—2iCx + 3D — 4u Ex! + 5 Fx — a' + puns - &c, 


which ſimple equations will be as follows, to wit, iſt, H = 8x1 = 7H, 
2ndly, he — gn K — 8 ul, 3dly, K 101. 9K, 4thly, ＋— 
111M — 10m L, sthly, M = 122 N — 112M, Gthly, N= 1330 — 
12 nN, jthly, O = 14uP — 13 O0, Sthly, P = 15 Q — 142nP, 
and the like equations for the following co-efficients, whatever may be their 
number, the firſt, or left-hand, fide of each equation being the co-efficicnt of 


ſome power of * in the aforeſaid ſimple ſeries x — _— x + Ci = Dy? + 


Ex — Fi + Gi no Ho + oO = KO + Le —= MAE Ny” 
— OA + PX“ — Q x* + &c, and the tecond, or right-hand, fide of the 
ſame equation being the exceſs of the co-efficient of the fame power of x 
contained in the upper row of terms of the ſaid compound ſerics, which is 
equal to the ſaid ſimple ſeries, above the co-efficient of the ſame power of x 
in the ſecond, or lower, row of terms in the ſame compound ſeries. Therefore, 
by adding the laſt term in each of theſe. equations (which is marked with the 
fon —, or ſubtracted from the ſecond term,) to both fides of is, we ſhall 
obtain a ſecond ſet of equations, which will be as follows ; to wit, 


iſt, 638 = F + gnF=5n +13) x F; 
2ndly, 7 H = G + 6nG = 6n + 1) x G; 
zdly, 8aul = H + 71H = Tn XH; 
4thly, gn K = I + 8ul = 8. + 0D x I; 
zthly, 103 LS K + guK = 9 + 1) 1 


M 2 6thly, 


? 
| 
| 
| 
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6thly, 111M = L +10uL = 10 + 1) x L; 
2thly, 122 N = M + 112M S IIA + 1) x M; 


8thly, 13 O = NT 12 Ng 12# + 1) X N; 
gthly, 142 Pg O + 1330 = 13n +4) x O; 


and 1othly, 159Q P + 14 P 14% + ilx P- 


and the like equations for the following co-efficients, whatever may be their 
number; and laſtly, by dividing both ſides of each of theſe laſt equations by 
the ſeveral quantities 6, 7#, 82, gn, 107, 11, 127, 137, 14n, 159, &c, 
which are the multipliers of the ſeveral co-efficients, G, NH, I, K, L, M, N, 
O, P, Q, &c, we (hall obtain a third ſet of equations which will exprels the 
ſeveral values of the ſaid co- efſicients by their relations to the co-efficients 
immediately preceeding them, to wit, the equations 


r . . 65 ＋ 1 = 1 71 4 1 ; _ %@+c 
G=S= * F. H= N * , I. N * H, K 2 


XI, L = == x: KNM S NM oa 


ON 117 12% 


121 +1 138 KK i 206 6 3 . 
© tia N;-P:ii= Re O, and Q = * P, &c, in which 
zu TI 6A T1 mE+1 
| , Gs ESL "hs 
8 1 u ＋ 1 10 +1 11 TI 12, T1 132 ＋ 1 I : 
gz, Ez —, —, 2 and , by which 


— . 7-236 | -- 248: 1577 


the law of continuation of the ſeveral fractions 


the ſeveral co-efficients G, H, I, K, L, M, N, O, P, and Q are generated 
from the co-efficient F and from each other, is evidently this, * that every new 
generating fraction is derived from that which immediately preceeds it by adding n 
to both it's numeratcr and it's denominator.” And this law of continuation muſt 
neceſſarily take place in all the following generating fractions of the ſerics as 
well as in thoſe that have been here ſet down, becauſe the ſaid generating 
fractions are derived, in the manner that has been above deſcribed, from the 


ſimple ſeries 1 — — x + Cax* — Dx? + EX — Fx + G — 


HZ +I - KY + La = MT + NZ — On + PY — 
Qs + &e ad infinitum, and from the compound feries obtained in art. 49, 
which is equal to it, in both which ſerieſes the terms ſucceed each other, aud in 
the latter ſeries are generated one from another, in a known and regular 
manner, af which the 1aid law of continuation in the ſaid generating fractions 
is a neceflary conſequence. | 


Art. 56, 
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Art. 56. We may therefore now conclude with certainty that the quantity 


—1 . BE. TOS: : RET.” 
1 + x75 , or the fraction „, Will be equal to the infinite ſeries 


1 T* * 
er 
1 A1 Bepo EH EW + 
n 21 3 4 9 2 


107 


r... + = Ha! _ —— Iz + 2 
{ 0/4 


(a7 1 11 ＋ M x — [TI NA + 12» +1 O 
1 41 


112 152 
5 — Px's + &c ad infinitum, or, in other words, that Sir Iſaac Newton's 
U 5 


— [ 
binomial theorem is true in the cafe of the quantity x +417", or the 
I 


fraction , as well as in the firſt and ſimpleſt caſe of 1 T*, and 


1 
1 
in the caſe of 1 KI 1. . 


Art. 57. In this laſt, or fourth, method of obtaining the values of the 
co- efficients C, D, E, F, G, , &c, it is evident that the latter co efficients 
F, G, H, &c are obtained with nearly the ſame eaſe as the firſt co-efficient C, 


to wit, by mukiplying E, F, and G, &c into the generating fractions —_ , 


cn +1 Gn+1 


EE 


&c reſpectively, as C is obtained by multiplying _ or B, 


into the generating fraction —.— ; Whereas in the three former methods of 
obtaining the values of theſe co-efficients, and more eſpecially in the third 
method, the labour of inveſtigating every new co- efficient was much greater 
than that of inveſtigating the co-efficient immediately preceeding it, and the 
difficulty of inveſtigating the values of the co- efficients G and H would be fo 
great as to be almoſt inſuperable. This fourth method, therefore, of obtaining 
the values of theſe co- efficients is, in a practical view, very greatly ſuperiour 
to either of the three former methods of obtaining them; though the proceſſes 
employed in it in order to obtain the compound ſeries conſiſting of two rows 
of terms, which is ſet down at the end of art. 49, are very numerous, and 
the reaſonings that accompgny them are ſeemingly fomewhat remote and 
fubtle. But the great facility with which the coefficients C, D, E, F, G, 


H, &c (to whatever number we may think proper to continue them,) may 


be obtained in this method muſt be conſidered as an ample compenſation for 
the great number of Algebraick operations, and for the ſubtlety and re- 
moteneſs of the reaſonings made ule of in inveſtigating the ſaid ſeries. 

Art. 58, 
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Art. 58. This laſt, or fourth, method of inveſtigating the terms of the ſeries 
J | — — + C“ — Dx + Ex* — Fx + G — Hex + &c, 
— 


which is equal to the quantity 1 +], or to the fraction 7, 


ny 1 2 


has been drawn up in exact imitation of the inveſtigation that is given of the 


I 
infinite ſeries that is equal to 1 + n in the ſecond volume of the Scriglores 


Logarithmici, pages 225, 226, 227, &c - 241, and which is either the fame 
with, or derived from, the.inveſtigation that had been given of that ſeries in a 
more conciſe manner by the late learned Mr, John Landen of Peterborough : 
ſo that the reader of theſe tracts is in ſome degree indebted to Mr. Landen tor the 


. ha I 
preſent inveſtigation as well as for that relating to 1 + |,” in the ſaid former 


volume. But neither Mr. Landen, nor any other writer of Algebra whoſe 
works have fallen under my obſervation, has ever, as far as I can tecollcQ, given 
an expreſs inveſtigation of the binomial theorem 1n this cale of it, or when the 


index of the power of 14 is — _ „or the quantity to be expreſſed in an 


| 1 : I 
infinite ſeries of ſimple terms is 1 + , or the fraction ce I 
IAI 


after this famous theorem has been publiſhed more than an hundred years, it 
ſeems to be high time that it ſhould be demonſtrated in all it's caſes, 
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| PRAFATIO: 


VER TuEorRTAM FquaTIONOUM ALGEBRAICARUM atgue FLUXI- 
[ ONALIUM tanta inlercedit Analogia, eed/mque tam ard affuntate, imo 
cognatione, inter ſeſe conſociantur et conjurguntur ; ut abjque hbujus oße, illa 
jure imperfefta, et quaſi manca, exiflimari debeat: Nam per calculum 
FLUXIONALEM, eu, ut ab exteris defignatur, DIFFERENTIALEM, (vi 2/7 
nomine et notatione d fe invicem diſcrepantes) optime promovenda eft AL- 
GLBRA. Sicut unico patere fpolertt exemplo, I HEOREMAT1IS BINOMIT, 
quod, licet ind les ejus fil omnino fiuxionalis, omnes tamen MATH» SEOS 
regiones permeat et adauget. Hunc igitir ANALYSIN FLUXIONUM, 
ANALYSI ZE QUATIONUM pridem edite (, plane gemellam, ecere jan 
libet ; ut pro virili fungar munere interpretis fidi ANALYSEOS AN- 
IE illius, vere et genuine :—* Que cum Algebra Specinſe! facilitate 
contendit, evidentia vero et demonſtrationum elegantia cain longe ſu— 
perare videtur;”— 9e, peritifſimo Geometrd ſimil ac Analy/li, EDMU NDO 
HALLEY ; gualem eam optime exfponit PAPPUS ALEXANDRINUS (Cin AP- 
PENDICE, I. \ 136.) ex /criptis Veterum Analyſtoarum :—ARCHIMEDIS, 
in Q:adraruri Parabolæ; ApOLLONII, in tractatu de Sectione Rationis ; 
EvcL1D1s, in Libris Datorum et Poriſinatum; ERATOSTHEN1s, de Mediis 
Proportionalibus, &c.—FHanc vero Ax ALYSIN ANTIQUAM pane amiſſum, 
(CarTESIO, s, ſefatoribus, haud minis MATHESIN u,] PU os o“ 


PHIAM mmgquimaniibus, adbibendo demonſtrationes, antiqurs quidem bremores,. 


() TraFatum priorem (ANALYSsIN ZqQuUaTiONUM) impenſes proprits edidi anno 1784 ; 
unc verò, pro fingulari fus in MATHESIN, PHILOSOPHIAM QUE BRELTANNICAM Audis, im- 
penſes ſuis editurus eft vir cl. Fx. MaStEREs, vel 7 flagitante. Negue, ut ſoero, in amici 
digniſſimi modeſtiam peccafſe cenſebor, fi in lucem, (etiam illo invite , excerpia quædam deprampſer im 
ex chiſtold ejus, hanc rem ſpectantia; Sept. 17. anne 1799 datd : 

* | am glad to find that you have been fo actively and uſefully employed, ſince your 
return to IRELAND, as in reviſing and enlarging your naly/rs Flurionum ; which I hope you 
will foon publiſh. If you will ſend it to me, I will print it for you, either in the 7/75 
Volume of the S-rip79res Loparithmici, or by itſelf ;—or half the number of copies in the 
Seripteres Legarithmici, and the other half by themſelves, as you thall. direct. And I be- 


lieve that laſt manner of printing it would be the belt :—that is, to print 259 copies in the. 


Seripiores Logerithmici, and another 250 ſeparately ; as, by this way, it will come ſaoner 
into the hands of the Learned.” 

— 1 wiſh you every opportunity of propagating your taſte for ſound literature and. 
ſcience z and thereby of becoming eminertly ie to your COUNTRY : than which, nothin; 
can afford you greater fetisfaftion.” 


See 5 4, Note (a); 5 17, Note (d); and $137. 


— — — 
— — _ 
— — — — = N 
& _— — 
< 7 " . 
— - — — — 


— 


— — — 


— 
— — — 


"> — . 
— 
— I — 
— —— 


— D — 
— — 


—ä]— <> Deo 


—— Oo CO - — — — 
— = 


92 PRAFATIO 


at longe laxiores alque injirmures ) curioſd Alle itate reflituit, et inflauravit 
72 Verfecit NEwWTONUsS, Veterum evidentiam ct cerlitudinem, Recentiorum 
brevitatem ct faciltatem, rarifſimd conjuucſione afjecutus ; /t mod? rite ex- 
pendatur cl probe intelligatur umperato; ia brevitas gud METHODUM 
Fi.ux10NUM deliberdo tranſcurrit Inventor ille ſagaciſſiuius. 


Aujus Methoat jons cl origo eff Doftrina RATIONUM PRIMARUM ET 
ULTIMARUM; cujus oe demonſirantur LEMMATA 1112 preclara ſeu 
PRINCIrIA MATHEMATICa, perbrevia et ſubtilifjima, in primd ſeclione 
dochiqſimi et celeberrimi illius libri cui lilulus, Philoſophiæ Naturalis Prin- 
cipia Mathematica. Hlæc vero Doctrina, nualem ipſe autor eam orbi 
litterato in divenſis ſis ſeriptts propoſuit, pulcherrimam exhibet ſynopſin 
pariter ci caxtenſionem METHODI ExiAUsTIONU M d veleribus geometris 
uſurpate et exculie, quam vir mirandd ſagacitate prediius uno codemgue 
tempore in compendium redegit et ad novas ef maxime arduas ſpeculations 
feliciffime promovit et applicutt, 

Cuterim fatendum eft hanc Dofrinam RATIONUM PRIMARUM ET 
ULTIMARUM, cx intimis METAPUYSICA ſontibus hauſtam, ct * qui potuit 
brevitate *' d NewToNO 77 aditam, obſcuritaie non facile diſcutiend involui: 
quocired exprfitio gufdem, fon lucida, evidens, et accurata (uon obſtantibus 
Lot tantijque Interpretibus Analyſeus Newtoniana) hafteniis defiderart videtur; 
efique conditio fine gud non clare cernere alque animo coimplecli ticebit fun- 
Aamentum ſolidum cr nullis cavillationibus dimovendum, cut adfiruitur lola 
TarEeoRIaA FLUSIONUM, megue. diluere objefliones doctorum quorundam vi- 
rorum, qui eiam his ſeris temportbus gu/dam evidentiam et certitudinem 
impugnant, five ex inſcilid vel imperitid, vel denique ex invidid ct parlium 
quodam ſtudio, orinndas. 


Hague, ne falfis crimmibus ullteriits premi videatur Methodus Fluxionum, 
in PRIMA PARTE, auſus ſum fontes iþſos METAPHYSICOS recludere ex 
quibus derivantur PRINCIPIA MATHEMATICA FLUXIONUM, i SECUNDA 
PARTE; Analyſeos Antique et vere quaſi cuſtor rigidi/que Satelles ; et 
mag mirandique ANALYSTAZ BRITANNICI @guus & candidus vindex ; 
excuſſis quam fideliſimè et quam accuratiſſime potuerim, objeftionious Ana- 
Ivſtarum magni nominis, BERKELEY, LANDEN, D'ALEMBERT, TORELLT, 
DE LA GRANGE, &c, et nuperrime, Cxxsokis (ut ferunt, Prefeſſorii et 
Academici,) 3 THz MoNTRHLT REVIEw, Appendix, April 1798, 
Vol. 28. N. & | 


In bic Dijquifitione, ſubliliſimd Jane el reconditiſſimd,. et inter laborem 

* tarde eruend1 quæ tam alte jacent, " Demonſtrationem Theorematis Bi- 
nomii, d dotiifſimo viro, Johanne Landen, inventam, (quam ego du 
admiralus fucram ct in ANALYsI ZEQUATIONUM adbilueram et excolu- 
eram,) 
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eram,) iterùm ad examen revocare viſum g; et, cum ifla dernonſiratio vin, 
et ne vix quidem, in principiis in quibus fundatur, d computo fiuxional dif 
crepare videtur, aliam demonſ/rationent ent dem Theorematis guninò, novam, 
ot In principis Method! Fluxtonum, ſundatan, Hue Landeniauæ ſubflttuendam 
efſe judicavi; quæ quidem eft ipſd longe factor, et fimplicior, et ad naturam 
Theorematis demonſiranat mag1s accommodata, ulpole que derivatur ex ana- 
agi guidam elegantifſinid, gue intercedere obſervatur inter SERIEM BINO= 
MIAM ef SERIEM FLUXIONUM ORDINUM SUPERIORU M, Quarim ferierun 
termini correlativi fint ad fe invicem ſemper in dat quidan ratione. 


His VI NDICIISs NEWTONIANIs—METAPHYSIC1IS % MarHeEMAs 
Tic1s—in APPENDICE II. alias grogue—PHYSICAS ef THEOLOGLICAS— 
ſubjungere viſum ct ; ut laus debita illi PHiLOSOPRO CHRISTIANO, inte- 
gra ſervetur et iiibata ; quam iuquinase non verentr, fuld atque ignave, 
MINUTI gu/dam PHILOSOPHJ, hoc * SZCULO perperam ſane ab tis, eortumgue 
ſecfatoribus, RATIONIS id. Pudeigue inter hujuſmodi obtreftatores, invenirt 
irs NEWTONIANE@s PHILOSOPHIZ® (ad THEOLOGIAM i et bumiliter 
haFenis ancillantts,) non ſolùm Diſcipulum ſed etiam Profefjorem, ROBISON, 
aþrd EDINBURGENSES 7emere inculpantem theoriam ulam ſublimem at longe 
/ubil;/imam © De pulſibus meair ethern, vibrando propagatis a corporibus 


0 { N DEE - : = i p - 
tremutrs ad ſenſorium uſque; ibique, a ſub/tantid ſenſitrod, ſeu vi ſentiendi, 
intelligend:, et qgendi perceptis :'—cujus ol jectiones penitiùs et fuſiùs, ex 
NewTONI Ariptis, et teſitmoniis PHILOSOPHIZE PRIMARIZE A SACRE, 


ant1quitits in honore habite, in hic ſecundd Appendice excutiuntur, 
Quom cante vero, et quam-timide procedendum in luce ſubluſtri Analyſeos 


ſubiimioris,—NATURAM DIVINAM HUMANAMQUE explorantis, ideiſque 


claras et determinaias INFINITATIS arripere geſtientis, —monet Mac- 
LAURIN optemnus : 


In reaſoning concerning #:te quantities, WE apprehend that Geo- 
METRICIANS cannot be too ſcrupulous in admitting or treating of H- 
ien; of which our ideas are / very imperfet.—PHILOSOPHY probably 
will always have its my/tertes; but theſe are to be avoided in GEOMETRY(*), 

and 


(*) GromeTRy has its myſteries, no leſs than Pumosorur and RELIGION: Witneſs the 
elementary doctrine of Parallels, reſting on the difputed ſoundation of the eleventh axiom of 
Ec/:d, the intuitive evidence of which is denied by Tacguet and others; and the ovadrature 
ide circle, which can only be ſolved by approximation, ſtill remains the reproach of Geo- 
metriclans. In ALGEBRA, the irreducible caſe of cubick equations exhibits two of the roots 
under an impoſſible form, when all are real: which, notwithſtanding, can be accurately 
*Xtracted in ſome particular caſes; and in the reſt approximately, by means of the Binomra/ 
Jrwormm. And in FLUX10Ns, too, the famous Problem of the Three Bodies, ſo neceſſary to 
termine the accelerations or retardations of the motions of the Planets and thc derange— 
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and we ought to guard againſt abating from its ſtrictneſs and evidence 
the rather, that an abſurd PHILOSOPHY ig the natural product of a vitiated 
GEOMETRY.” 8 


KI. LESANDRA, { 
Oct. 23, 1799. 


ments of their orbits, by their mutual attractions, (of which approximate ſolutions have 
been given by Euler, Clairaut and D' Alembert,) is thus repreſented by the firſt of theſe three 

reat men, with all the candour of a profound Mathematician:.—“ Hujus problematis eno- 
datio completa omnes ANALxSEOS vires tranſcendere videtur.“— The difficulty conſiſts in inte- 
grating three differential equations of the ſecond order; or, in the language of Newton's 
doctrine of Fluxions, in finding the fluents of three fluxionary equations of the ſecond 
order.— Indeed the whole theory of the Reſolution of the Higher Equations in Algebra, and. 
the Inverſe Method of Fluxions, which correſponds thereto, is extremely imperfect ſtill, in. 
this OUR INFANCY OF SCIENCE,-See Maclaurin's dying words, Appendix, II. 5 162, 
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PARS PRIMA. 


DE FLUXIONUM INVENTIONE. 


$1. /"HEORLE Fluxionam preftantia inſignis, omnis Mages hnes per- 

agrantis, promoventis ct illuſtrantis, prorsus poſtulare videtur ut præ- 
mittantur aliqua, more hiſtorico, de ejus inventione; qualia extant in Commercio 
Epiſtolico Joheamts Collins et aliorum, anno Domini 1712, edito, atque iterùm 
auctiùs anno Domini 1722; in Raphſon's Hiſtory of Hluniuns; in diverſis edlitionibus 
Principiorum Newtoni;  Hutton's Mathematical Diftionary ; et Mcontoly Review, 
Append. Vol. 28, 1799. 


2. Utrum Newtono an Leibnitzio tribuenda fit laus hujus inventionis, et uter 
horum eam priùs meditando extuderat ; diù atque acriter conteſtatum eſt inter 
fautores calculi fluxionalis et calculi diſſerentialis, vix ab invicem niſi mera nota- 


tone diſcrepantium; et adbuc ſub judice lis t. 


3. Veruntamen hanc controverſiam penitiùs inſpicienti, et fine partium ſtudio 
perpendenti, fatis conſtabit, utrumque horum illuſtrium Geometrarum pro ejuſ- 
dem inventore jure cenſeri poſſe; utrumque, præcellenti ingenio et mira ſagaci- 
tate preditum, utrumque eodem ** /abore improbo,“ et “e cogitandi vi indefeſſa” 
functum, ex iiſdem fontibus ſcientiæ utrique patentibus, tandem cadem eementa 
metaphyſica, eadem principia mathematica, methodi five fluxionalis five diſſerentialis, 
hauſiſſe; atque ſectatoribus ſuis delibàſſe, principio, carptim, ac fine demonſtra- 
tionibus edita. Haſce quidem Newtonus poſteà, obitèr tantùm, et quaſi invitus, 
longo poſt tempore ſupplevit, parcè et & gud potuit brevilate,” in Len male Secunda 
Lib. II. Princip.; in Quadraturd Curvarum; et in Analyſ per Æquationes numero 
terminorum infinitas. Hanc curam Leibnitzius (vir omnimodæ ſcientiæ avidus, 
et a Geometriæ ſtudio nimis ſæpe ad alias ſpeculationes ingenii vires transfe- 
rens) prorsus neglexit, diſcipuliſque ſuis celeberrimis, Jacobo et Janni Bernoulli, 
corumque ſucceſſoribus Euler, D' Alembert, La Grange, et La Place, legavit; 
qui munus ſibi demandatum, demonſtrandi et in immenſum promovendi fines 
fluxionum, longè ultrà limites Newtoniancs et Leibnitxianos, ingenti cum emolu- 
mento ipſius Mar RES EOS, exſecuti ſunt. 

\ 4. Glo- 
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4. Gloriabatur certè Leibnitz,—* ſe Newtono nil debuiſſe;“ nec inficiabatus 


Newtonus: pro ſua modeſtia inexpugnabili nihil fibi arrogans, et tantum poſtulans 
jus equum partitions, patiens et commodus ; “ cui ommum mortalium miniine 
neceſſarium fuit ** laudem aliunde mutuari :—Hanc fibi ipfi peperit.“ (a). Audi. 
amus ipſum, in primd editjone PRINCIPIQRUM,. anno 1687, p. 253. de Fluxionun; 
inventione diſſerentem: 


« In literis quæ Mut cum Geometrd peritiſimo GuLIELMO, Gor HOF RE Do, 
LEIBNIT IO ais abhine decem 1677] intercedebant, um fi uiſicarem me compoten 
eſſe methodi determinant; Maximas et Minimas, ducendi Tangentes, et ſimilia peragendi; 
gue in terminis ſurdis æquò ac in rationalibus procederet ; et literis tranſpoſitis hanc ſen. 
lentiam continentibus—** Data æquatione, quotcunque fluentes quantitates invol. 
vente, fluxiones invenire ”"—eandem celarem : reſeripfit vir clariſſumus * le quoque 
in ejuſmodi methodum incidifle ;* et methodum ſuam communicavit, a med vix ably. 

 dentem, præterquam in verborum et notarum formilis,” [** et ided generationis quan. 
titatum inſeruntur hæc quatuor verba in editione ſecunda PRINC1PIOR UM anno 
1713]—* Utriu/que fundamentum continetur in hoc lemmate,” [II. Lib. II. PRI xi. 


5. Et certè fatendum eſt, ſemina non obſcura method: ſux differentialis, po- 
ſuiſſe Leilnitzium, in Theorid Notionum Abſtrafarum, Academiæ Regie Pariſenſ. 
dicata, anno 1671; antequam cum Newton commercium aliquod epiſtolicum 
inſtituiffet. Hanc methodum poſteà publici juris fecit, in epiſtolà quidam in 
Attis Lipſ. Jan. 21, 1677, edita, verùm abſque demonſtratione prolatam; 
quam poſteà ſuppleverunt, celeberrimi fratres, Daniel et Jobannes Bernoulli, fame 
Leibnitziane vindices acerrimi, iſdemque fontibus analyſeos ſublimioris haud 
leviter imbuti. | 


(a) Dr, Halley, in his letter to Mr. Newton, dated May 22, 1686, informing him that the Nopal 
Society had reſolved to print his“ Incomparable Treatiſe intitled Puilosorhi NaTURALISs PriN- 
ciria MATHEMAT1CA,” at their own charge, in a large quarto of a fair letter“ judging that ſo 
excellent a work ought not to have its publication ge/ayed '”—concludes with ſtating Mr. Hole's 
claim —“ as having ſome pretenſions upon the invention of the rule of gravity being reciprocally as the 
ſquares of the diftances from the centre. He ſays you had the notion from him, though he owns the 
demonſtration of the curves generated thereby to be wholly. your own.—-How much of this is ſo, you 
know beſt ; as likewiſe, what you have to do in this matter. Only Mr. Haole ſeems to expect yon 
ſhould make ſome mention of him in the Preface, which it is poſfible you may ſee reaſon to prefix.” 

“ I muſt beg your pardon that it is I that ſend you this ungrateful account; bur 1 thoaght it my 
duty to let you know it, that ſo you might a& accordingly : being in myſelf fully ſatisfied, that th: 
greateſt candc ur imaginable is to be expected from a perſon he has of all men the leaſt need to burrow 
reputation. 

See the whole letter, and the proceedings of the Royal Society on this buſineſs, in Birch's Hiſcar 
of the Royal Society, Vol. IV. p. 484. 

In conſequence of this unfounded claim of Dr. Hoke, and his own averſion to eontroverly, 
Newton withdrew the third book of the Principia, which treated of the Sym of the World in a 
popular way; wiſhing not to let it go abroad into the, world, without a ſtrict and rigorous demon- 
{tration ; as it appeared afterwards :— 

« De hoc argumento comprſurram librum tertium [De Munor SySTEMATE] methods poputart,. ut 6 
Pluribus legeretur. Sed quibus principia poſita ſas intelletta non fuerint, ii vn eomſequentiarum mi- 
nime percipient, neque præjudicia deponent, quibus a multis retro annis inſueverunt : Et propterei 
ne res in diſpututiones trahatur, ſummam libri illius ttauſtuli in Propofitiones, more mathematico, ut 
ab iis ſolis legantur qui principia priùs evolverint.“ Prafat. in Lib. III. Princip. 
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6. Nee extant teſtimonia, N-wfonum methodum ſuam fluxionum cuieis com- 
municàſſe ante annum 1672; regerit enim Newtonus, in brevi lh hiſtoria de 
Auxionum inventione, Schol. Lem. II. Lib. II. Princip. gua edit. 1726, p. 245, in 
his verbis. | 

« In epiſtoli quadam ad D. Clinfam noſtratem 10 Decemb. 1672 dad, 
cum deferipfifſem methodum Tangentium quam ſuſpicabar eandem elle cum tee 
thodo Si (tum nondum communicata), ſuljunxi:“ 

oc eſt unum particilare, vl COROLLAKIUM potùt, METHODI GENERALITS 
J ex en dis ſe citrd mole/tum ullum calculum, nen modo AD DUCEND AS TANGENTES 
ad guaſvis curvas, five gecmetricas five mecbanicas; vel quomdorusq e reges lineas, 
2 % de curvas, reſpicientes ; verùm etidm ad ręolveudum alia abſt uſiora pi obe natun. 
genera DE CURVITATIBUS. AREIS, LONGITUDINIBUS, CENTRIS CRAYITATIS 
cunVarRuUM, &c. Negue (quemadmocun HuUDDENIt metbodus de MAxXIMIES of 
MINIMIS) ed ſo/as reſtringt:ur @quation?s gue quaulilatibus |: rdis ſunt tmmu'ies. 
Haxc METHODUM He rt xui alteri iſti [DE ANALYSI PER ZQUATIONES NUMERO 
TEYMINORUM INFINITAS, quam anno 1671 de his rebus feriperam | quid wegquas 
tionum exegcſin inſtitu» reducendo eas ad ſeries infinitas,”'— 


7. A'teram quoque epiſtolam, 13 Jun. 1676, ſcripſit N-wtons adl Oldenvurgum, 
um Leib nitzio communicandam, in qua celeberrimum Tye:rema Binomium, primò, 
abſque demonſtratione propoſuit, (nec unquam poſteà demonſtratione ipſe mu- 
nivit) cujus ope numirum, * equationum illam exegeſis pot iſſintm, inſtituerat. 
Hoc autem, ex intimis penetralibus fluxionum hauſtum, Newtono, falkem ante 
Peſftem Lendinenſem, anno 1665, innotuiſſe, antea memoravimus, ANALYS. 
Awar. p. 33. not. Vide quoque $ 96 hujus.—Cæterùm he duæ epiltolz, 
Leibnilzianam illam Jan. 21, 1677, tempore antegreſſæ, primi inventoris honorem 
Newtono ſervare videntur; nec inficiabitur æqua poſteritas. 


8. De fama Leibnitzii plus æquo forsan detrectans, cactus Analyſtarum Ang/icorum 
adjudicavit, “ That in the letter of 10th December 1672, from Newton to Collins, 
the method of fluxions was //fficiently deſcribed to any intelligent perſon.” —Veram, 
1 c hæc methodus /a77s in 1ita epiſtolà deſcripta fuit ut ab aliguo harum rerum 
modicè perilo pofet iutelligi, quæri poteſt,” cur Newtorus, anno 1977, ad æmulum 
ſuum *7ntelligentifimumcerte atque peritifimun” Leibnitgium ſcribens, anagrammate 
quodam metbodum ſuam fluxionum dir ectam diutiùòs celaret ?—Diſputationes ſanè 
que adhuc, etiàm noſtro evo, vigent de evidentia et certitudine hujus methodi, 
inter Analyſtas perſpicaciſſimos, ſcholæ tam Neicniaræ quam Leibutgianæ, (non 
obſtantibus, vindiciis, expoũtionibus, et commentariis diſcipulorum New!ont cele- 
berrimorum) ſatls oſtendunt cur am lard eruantur, que tam al'e ſacent. Seneca. 
Adde quod, fi verum fuitlet, quod ex ſcriptis Neœtoniais primos theoriæ ſuæ 
igniculos clicuerat Leibuit⁊ius, haud mediocris laus idcirco ith concedenda vide- 
retur, qui arcanum moleſtiſſimum et longe difficillimum in lucem ex tenebris 
proferce poterat: | 


Quem vituperare ne inimici quidem poſſunt, niſi ut fimil laudent. 
9. Veruntamen tutò colligere licet, neque Newwtonum neque Leibniizium pro 


inventore abſoluto hujũſce methodi habendum eſſe; nam ſi manifeſtò conſtat, 
Vor. V. O utrumque 
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utrumque methodum ſuam à methodo ducendi Tangentes Barroviand mutuaſle ; 
nonne utrique laudem pleni perfetique ab integro inventoris, detrahet æquus 
controverſiz judex ? 


Audiamus Leilnitzium in epiſtola quadam April 9, 1716, data : 


% M. Newton hazarde icy un accuſation qui va tomber ſur lui-meme : Il pretend 
que ce que jay écrit pour lui a M. Oldenbourg en 1677 eft un geguijement de la 
mol hode de M. Barrow. Mais, comme M. Newton avoue dans la page 2 53 et 254 
de la premiere èdition de ſes principes:”—* Me, [ Leibnitzium] ipſi | Newtono | tunc 
methodum communicdſſe a methodo ipſius vix abludentem preterquam in verborum et 
notarum formulis*—* il s' enſuivra que /a methode auſſi n'eſt quun degui/ſement de 
celle de M. Barrow,” Et non infelicitèr ſane retorquetur a Leibnitgio; Newtonum 
enim potiùs mutuifſe ab amico, ſocio, ſtudiorimque patrono, iphuſque præde- 
ceſſore in munere profeſſorio Lacaſſano CANTABRIGLE, optimo eruditiſſimõque 
Barreto; quim Leibuitzium ſuam methodum ab eodem Barrow deri väſſe, ſcriptore, 
tcilicer, quoad Leibnitzium peregrino et fortaſſe parum noto, longè veriſimilius eſt. 


10. Quantum vero debuit Newtonus anteceſſoribus ſuis, ipſe haud rarò ingenus 
fatetur—modeſtia quam ingenio non mints ſpectabilis. Debuit S 2 quidem 
in methodo Tangentium, imptimiſque Barrow, in methodo ducendi Tangentes per 
triangulum arithmeticum ; Nicolao Mercatori, in Logarithmotechnia, quam à divi/iont 
frattionum ad extrattionem radicum per theorema binomium, extendit Newtonus ; 
Hugenio, in eximio ſuo tractatu de horologio eſcillatorio, cujus methodum de- 
terminandi vires centripetas et centrifugas corporum revolventium in circulis, ad 
vires corporum revolventium in cuſvis guibuſcunque, ſolertiſſimè extendit Neu- 
tonus per circulos ejuſdem curvature ; debuit etiam Walliſio, in quadraturd curvarum, 
reducendo ordinatas irrationales ad rationales, per ſeries infinitas ; Fermatio, in ſo- 
Jutione problematum de maximis et minimis ; Cavallerio, in methodo indivifibilium ; 
atque ipſi Carięſio, in applicatione Aigebre ad Geometriam, quam iple tantoperè 
auxit, atque ad mechanicam rationalem, (eu ** ſcientiam motuum qui ex viribus qui- 
buſcunque reſultant, et virium que ad motus guoſcungque requiruntur, accurate pro- 
politam ac demonſtratam *)—ſolertiffime extendit et accommodavit. 


11. Magnus {ane habendus eſt ille ?zventor, qui obſcura et involuta ſcientiæ 
arcana, arte ſua indagatrice, enucleavit et detexit, lucem ex tenebris promens ; 
major tamen eſſe videbitur, ſi zp/e expeſiter, quæ detexit, ea noverit et voluerit 
certa ac idonea ratione demonſtrare ;—* analyſi breviſſimd et ſimul perſpicud, 
ſyntheſt concinnd et minimè opercſa,” qualem exercebat olim magnus ille Geometra 
Apollonizs, in libro ſuo eximio de Sefione Rationis, teſtante Halley ; atque minime 
deficit ab ejus veſtigiis Newtonus, in Lemmate II. Lib. II. Princip. 1mperatoria 
quadam brevitate, et lucido ordine, fundamentum methodi ſuæ generalis fluxi- 
onum poſiturus. 


12. Veruntamen fatendum eſt, quod Newtonus, nimis forsàn brevitatis ſtudioſus 
et moram et moleſtiam interpretandi refugiens, non niſi © peritos allequens,” ſemina 
tantum expoſitionis vere atque genuine ſevit, à poſteris ſerò explicanda in 
frugem 
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frugem uberiorem juſtz atque legitime demonitrationis, ubi © Opinionum com- 
menta deleverit dies; et tandem, poſt lapſum annorum centùm, conſenſu communi 
ſetatorum ſcholæ Newteniane et Leivnitziane, methodi iphus generalis five 
fluxionclis fine differenticlis, rudimenta meliùs intelligantur, euique elementa prima 
« gue tam ali jacent,” imis in penetraſibus ſcientiæ metaphyſics, cautius atque 
cutratiùs “ eruere,” ct argumentis idoneis et ad naturam {c:cniiz illuſtrandæ ac- 
commodatis tandem confirmare, fas fit, 


13. Neutiquam cuivis homini contingit inventa ſua, à piimordiis ad ultimum 
erfectionis ſtatum, ſpatio vite vel longiſſimæ perducere, Artis ſcientiaëve 
cujuſvis elementa fimul invenire, et inventa demonſtrare, vel maximis ingenis 
rariſime conceſſit Deus. Gradatim et ſeriatim fit vERIT AIs exploratio.— 
« Plantabat Paulus, irrigabat Apollos, fed Devs augebas ''— haud minùs verum ell 
in Pbilaſepbid quam in Religione, 

« Felix” quidem cenſendus eſt, “ gui potuit”” vel paucos annulos arripere 
tantiun, eoſdèmque mes, immenſœ illius catenæ VERITATUM ATERNARUM, 
quam a cœlis ad tellurem uſque demiſit, ægris mortalibus et hallucinantihus, 
benignus ILLE DEus, qui variis gaudet nominibus—O AOFHOS TOT OEOT, 
H ZOGTA, ſeu © RECTA RATIO,” “ SAPIENTIA,” © VERITAS,” —tàm apud 
philoſophos profanos quam apud ſacros; et qui hanc catenam non viris ingenii et 
ſcientiæ ſuæ opinione tumidis, ſed potiùs 11s qui humilitts de fe ſentiunt et vitæ 
et morum ſanctitate inſignes fiunt, porrigit,—paucis quidem “ quos æguHMnavi: 
Jorrr g“ Divum bominümque eterna poteſtas ; tales verſus ſeſe, lenitèr et 
indeſinenter attrahens atque attollens :—alligatur enim ſummus hujũſce catenæ 
annulus ad baſin ipſius throni divini. Vid. Jobn xii. 32. 


Kai eds H LOOTA ano tw ven rg Gα , Luk. vii. 35. 


Licet enim puſilli Sophie, ſeu Pſeudo-Philoſophi, verilales æternas haud ratd 
obfuſcent, iplamque * ALM AM sAPIENTIAu“ vilipendant et ohtredtent in- 
grati; © indies nibilominus, animosè vindicatur et“ juftificatur, liberis ſuis ome 
nibus“ vere philoſophanubus, a primordus rerum; quales identidem prodierunt, 
* /Juciga ſidera,“ preclara lumina mundi: (5) Exocn, Noan, Jon, ABRAHAM, 
Mosks, DANIEL Archimagur, et Paulus Tarſenſis; Tnarks, PYTHAGORAS, 

SOCRATES, 


(+) 1, Exock autediluvianus, et“ ab Adamo ſeptimus,“ tranſcendentem ob pietatem vivus 
tranſlatus eſt in eœlum, ætatis ſuæ anno 455mo ; veros dies anni ſolarit mire exponente ; Deo forſan, 
ill, quaſi afronomo, id revelante; ficut 15 quali prophete, revelavit fatum fururum, et judicium ge- 
rale, que prædixit Enoch, denunciavitque impiis, 2 xiv.— Hoc cnim (licet inficiantur mi- hi- 


iofophi et ſemi-theologi hodierni) dogma fuit sa IENXTI& PRIMAYE antiquiſſimum: 


07 O OEOT EETI, xa; Tos exdylaciy 
Avloy MIEQATIOAOTHE TINETAI. 


ud DEvs kEsr, et exquirentibus Ipſum 
REMUNERATOR fit,” Heb. xi, 6. 


Et © u/iimis quoque dicbus,” T7 TxAYYyeveric—ubi . magnur ab integro ſæclorum naſcitir ars 
© cet vir“ omuis vert philoſophans ; 
Oz % Certt 
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SockAT RS, PLaTo, ARchHIMEDEs, et HipparcHvs d Aannfge]o; CopfRN,νe 


GALILEO, Roc ERUSs BacoN et FRa NS cIscuS Bacon, PASCAL, BOYLE, 
NewTon, Macraurin, Cores, DANIEL BERNOULLI, &c. & c. & 
viſhme quidem doctiſſimus vir, Gulielmus Jones, eques auratus, Curiæ 


BARROW, 
0. 
3 

Supren æ 


Britannicæ apud Calcuttam in India Juſticiarius, (Gulielmi Jones, celeberrimi 
Mathematici ſub initio hujus ſæculi, filius,) Iuderum Apofolis ; qui, tus in {wn 
culis non magls claruerunt omnes, famà ſcientiæ reconditioris, quam virtut.s 


pietatiſque ſublimioris ; et etiamnum, unuſquiſque eorum e799aYuy er 


ya 
N t, 


& /icet mortuus, adbuc laudantium in cre ; honoſque eorum in & rnum vigelu, 


_——— k ——.————̃ͤ—K— — . ——ñ— 


De Objectionibus allatis contra Methodum Fluxionum a præcipuis Aidic 


bafenus impugnant ejuſdem Evidentiam et Certitudinem, 


rin 41 


14. Cox FEST IM à prima expoſitione perbrevi Methoai Flixionum, novæ, 
ſubtilioris et reconditioris, objectiones variæ ſuboriebantur, Analyſtirum tam 


peritorum 
« C:rte fructus eft juſto : 
Crrie Deus, judicans in terrd.“ P/al. Iviii. 11. 
„An Jupkx rorius TERR& non facict judicium f”? Gen. XVill. 25. 


2. Noan, magnus ille-propheta et inflanrator generis humani, * gui gratiam invenit apud DE uu, 
A diluvio ſervatus; quod prædixit, fruſtrique denunciavit, 2 Pet. it. 5. et fortunas Noachidorum ce- 


cinit moribundus, Cen. ix. 2 5.— Et Inſtiiutionis Menu”? apud Indo, (qui Mines eſt 


fe 


o notatus, ætatem Noe tempore diluvii mire ſervat. 


dictus apud 


-— 420k etiamnum traditione celebrantur.—-Cyclus magnus Gd annorum, Antidiluvianus, A 7o- 


3. Jeb, a Diluvio ſeptimus (Vide A%»lfaragi, p. 13.)—6 peyas ovlvg exeivos ai js Ths 
* ,p ay wins —* mag nus ille et nobilis vERITATis M ̃ —S, da- peritiſſimùſquc ener ts, 
qui conitellationcs cardinales ſphæræ primitive recerſei, J ix. ꝙ ct xxxviii. 2. Als, China, 
CnuzsiL et MazaroTH, five © Urſa Major, Taurus, S:rrpio et Can, re ſpectivè; ut videre licet in 


opere quodam an. 1799 edito, cui titulus, Tuk Ins pxcToR— London, White. 


4. ABRAHAM,—** Amicus ille Den,” et © Pater fdelium; idémque peritiſſimus aflronomus ; put 
per totam Orientem adh celebratur Ac beig, xala Toy T61pivy VEUOY, TAS TWY EMYCAVICY KF EEWV 
XIy/7Telg* x0 SON000per©» wi 8% ey Tels (gala 79 PEYGAEpY ov , Baypuerys TUvINGE , a 
e Tia Tos AUMIOTPUON xa xiverig 3:4: lievbuvorig THY EYREONINY TWY GSERWY ,, KA TB. 


X60 148 THy.05 TY l AT, 


& Exercitatus, patrio more Chaldzorum, in aftrorum motibus obſervandis : atque conjecturà afſecutrs 
eſt, quod non in 27s ipfis conſiſtit vis magna ci i apparentis hujdfce creations; fed quod put ts 
habet aliquem oe1yIc:m eUBLICUM, qui et movet et dirigit har.4uitum altrorum curſum et mund! 


univerh conſtitutionem.“ Suidas. 


5. Mosrs,—maximus ille legiſlator, “ in omni ſapientid Ecveriorum tſiruTus ;” qui 
Poſche, (Deo forsan revelante,) cyclum illum deeennovalim lune, cchberrimum tradidit, 
tandis noviluniis, et p4/chalibus pleniluniis, apprime neceſſarium; cujus ope, Meton, long 
pore, Calendarium Athenicnſe emendavit, 


inſtitutione 
in compu» 


o polt tem- 
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peritorum quam imperitorum, validitatem ejus denegantium; ac, (non obſtantibus 
magnis Illis Newton diſcipulis. Corso x, qui anno 1736, Newtoni Methodum 
Flixionum Anaiyf Fiquationum per ſeries inſiuitas iutertextam, verhone Anglica et 
commentario copiolo donavit et illuſtravit; - VACLAURIx, qui anno 1742, Trac- 
ſatum ſuum Fluxionum, Anglicè edidit, fundamentum totius methodi generalis à 
primordiis ad mentem Neultui in Lemmate Secundo, Lib. H. Princip. explicare 

rofeſſus ;—et STEWART, qui anno 1745, duo ipſius Newtoni celeberrima opera, 
Analfen Ag letionum per ſeries numero terminoruis inſiuitus, et Quadraluram Cur- 
varum,verhone Anglicà et commentario uberrimo inſtruxit ;—alli:que ſcholæ New. 
tenianæ diſcipulis celeberrimis, Simpſon, Saunderſon, Emerſon, Waring, &c.) adhuc 
vigent objectiones tam noſtratium Berkeley, Landen, &c. ac nuperiimè ſeriptoris 
doct iſſimi in libro cenſorio, ſingulis menſibus edito, cui titulus, The Menthly Ree 
vieto; quam excerorum DJ Alembert, Torelli, La Grange, &c. optimorum, ſcilicet, 
expoſitorum Methodi Digerentialis,et acerrimorum obtrectatorum Meſhodi Hluxianum. 

Lt certè fatendum eſt, non obſtantibus tot commentarus tantorum Analyſtarum, 
qui fines Fluxionum magnoperè extenderunt, hattenus defiderari ipſius Textis 
Newtoniant, (brevithmi ac reconditiſſimi,) interpretem fidum atque perſpicuum, 
metliodi et lucidi ordinis ab ipſo auctore inſtituti ſtrenuè ſequacem, et expoſitione 
nec nimis curta, nec nimis prolixa, difficilia illuſtrantem; (vitia, quæ utcunque 
ſibi mutuò contraria videantur, tamen haud rarò ſimùl et ſemèl inveniuntur;) ac 
de ſenſu nativo ipſius authoris eruendo, quam de ſua eruditione aut facundia 
oltentanda, magis ſollicitum. 


6. DANK ille Archimagus, in omni fapientia et diſciplina Magorum et Cla drorum inſtructus, 
atque ita celebratus ut © fapienttor Daniele in proverbium eſt evectum, per totam Ortentem, 
Exel xxviii. 3,—Et in Sacris Scripturis honoratiſſimè diſtinguuntur—* Noah, Daniel et Job — 
quaſi prepotentes ztercefſores cum DEo—£zeb. xiv. 14.— Noah, pro fe ſuaque familia, hberatis ab 
excidio diluvit—Dxzel, pro reditu Fudæorum Captivorum ;—et Fob, pro amicis ſuis temerè philo- 
ſophantibus, et Pao VIDE NTIAM Divinam 1gnave vindicantibus. 


7. Paurvs Tarſegſis “ apud pedes Gamahielis, celeberrimi præceptoris Judienrum, educatus ;* 
Ads xxii. 3 et in omni diſciplina ſcholarum philoſophicarum Al æ ani, Athenis et Roma, non 
leviter inſtructus. 


8. Tuarrs, eclipſin illam ſolarem prædixit, que diremit pugnam inter Zvdios Mediſaue com» 
miſſam, Julii 30, anno 607, ante aran Chr ti vulgarem, (ut poithac forſàn probare mihu dabitur 
occaſio in drfſertatione quadam De Cbronolo id Aniſid, mex edenda—fi De vs dit vitam, det opes)— 
epocha, nimirum, ab aſtronomis chronologilve hactenùs non ſatis notata, Hane vero ecliphn, 
tantoperè litigatam, facilè computare potuiſſot Thales, „pe Cyc'z illius Decennovalis, ex Jude, 
Chaldeifve mutuati-à Gracis et M, qui accuratius conſtabat ex /unationibus 223, ipatio un- 
norum 18 cum diebus 11, peractis quem figurate ct apte innuit Theucr.tus, Idyll. XV. 


— "\ 1 
Ortunaideralss 1 Eid e 6 yancsO- 


De nuptiis Adonidis loquers, ſeu conjurtionibus Solis ot Lauæ “ ofod:cimo wel nonodecimo anno,” 


9. Prruacon As, ille Samius, cujus alle goriam eximiam de ſemitis vit Civergentibus ad veritatem 
vel ad errorem, per furculas titer T, delignatis, notat Paſus, Sat. III. 56. 
C 
Et tibi que Autos di lit ra ramos, 
Surgeulem bExrao mor/travit limite callem, 
Quam lucubentiſſime exponere non dedignatus eſt ipſe Jesus Custsrus, Mat. vii. 14.—Verum 
quoque mundi ſyſtema, ſeu Cpernicauu n, aut detexiſſe, aut ſaltem ex Chatdeis didiciſſe, videtur.— 
* . - 

Vide Mac aurin's Account, Chap, 2. 


15. Audli- 
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15. Audiamus Tus MoxnTaLY Review, in erudita admodum recenſione 
ſua libri cui titulus Theorie des Fonftions Analytiques, par La Grange, Paris 1798. 
Art. 1. Append. Vol. 28. 


« The Metbod of Fluxions had never ſo acute, ſo learned, and ſo judicious a 
defender as Maclaurin.— His work is moſt valuable for the variety of information 
which it contains, and for many ſpecies of clear and forcible argumentation : 
yet whoever conſults it, and ſees the various artifices which he is obliged to 
employ for the purpoſe of demonſtrating the ſeveral parts of the method ; and 
the grounds of it not eſtabliſhed in leſs than fifteen long theorems , and, in an 
enquiry purely mathematical, finds the author ſpeaking of “ cauſes and effects,“ 
of the ſprings and principles of things,” and propoſing to deduce * the re- 
lations of quantities by comparing the powers which are conceived to generate 
them ;”—will be convinced that this could only happen from ſo able a mathe- 
matician having failed to ſeize he right principle and the true mode of expla. 
nation,” 


16. Atque hujus acutiſſimi cenſoris ſententiæ multis nominibus accedo : nam, 
primo, a vera interpretandi via deflectens, Maclaurinus illuſtrationibus geo- 
metricis, à natura mois petitis, nimis immoratur in libro primo; longo ſer- 
mone luxurians, et argumentationis ambagibus ad faſtidium uſque indul- 
gens, à genio Newtoniano prorsùs alienis ; qui me/bodum ſuam Huxionum exco- 
gitavit, © ut effugeret tedium deducendi longas demonſtrationes, more veterum 
eometrarum, ad abſurdum; — et © contrafttores*” his, et ſimùl accuratiores 
illis que per methodum indiviſibilium à Cavallerio ejũſque diſcipulis elicieban- 
tur, magno ſcientiarum emolumento, ſubſtituit. Contra, dum brevis eſſe 
laborat, obſcurus fit Maclaurinus in libro ſecundo; et, quaſi interpretandi per- 
tæſus, primo hujus capite, ſtrictim tantùm, principiis veris ac genuinis methodi 
univerſalis, (ex natura relationum quantitatum variabilium abſtractè conſidera- 
tarum, manantibus,) vix, aut leviter tantum notatis, elementa prima ſeu meta- 
phyſica, a Newtono poſita, feſtinanter tranſcurrit; et principia mathematica 
quoqae nimia et prepropera celcritate abſolvit; et denique, ipſius inventoris 
lucidum ordinem ſtatim ab initio deferens, multa mutat ; et quæ mutat, 
corrumpit: nam, 


2. Prop. 1. Totius theorize ſuz fundamentalem, & 707, * flaxionem quadrali 
A“, æquari 2H; non nifi imperfectè demonſtrat ; unde enim hanc fluxionem 
aſſumpſerat (c), minimè oſtendens, tranſit, per ſaltum, ad demonſtrandam veram 
fluxionem hac, nec majorem eſſe, nec minorem, argumento ad abſurdum prolixiore 

ulus. 


(e) The defect of Maclaurin's demonſtration may thus be ſupplied, from his own principles rightly 
conceived, though rather confuſedly expreſſed, 5 701—706. 


707. Prop. 1. The Auxion of the root A being ſuppoſed equal to a, the fluxion of the ſquare AA 
vill be equal to 2a A. 


Let A—a, A, and A + a, be ſucceſſive values of the variable root ; and the correſponding 
values of the variable ſquare will be A = 2aA + 4, A?, and A* + 2aA + a*; of which the fir 
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uſus. Et inde, & 708, fluxionem rectauguli A + B equari aB + 5A,“ pro 
corollario, deducit. At artifex ipſe, longe elegantiùs atque peritiùs, auſpicando 
à caſu primo, et generaliore, u rione nempe redtanguli, inde particularem.— 
fluxtonem nempe quadrati, — facillimè deducit, Caf. 3. 

3. Per varios anfractus procedens, /emmata compluria, ad demonſtrandas 


propoſitiones inſequentes, tortuosè introducit Maclauriuus, a quibus immunis erat 


Methodus Newtoniana. 
4. Ad methodum inventoris jam ſerò reverſus, quam adeò infeliciter initio 


8 ; : 3 
deſeruerat, breviùs et meliùs demonſtrat © fluxionem A equari nab „ more 
Newtoniano, $ 716, quam imperfectè et prolixè demonſtraverat antca, 5 712, 


ſecutus Prop. 1. 


. Negligentia minimè condonanda, Theorematis iilius generaliſimi, Lem. II. 
Lib. II. Princip. ultimum caſum, quem à præcedentibus, directo atque imme— 
diato nexu, ſummo acumine, ſummaque peritià Algebraica, deduxerac New- 


tonus, nempe, fluxionem A B“ equari aoFA””” + xb ABD prorius 
omittit ; itemque ia corollaria inſequentia; elegantiſſima atque uberrima qui- 
dem, quz calculo fluxionali concinnando, ubi de proportionalibus agitur, et de 
legaritbmis præſertim, magnopere inſerviunt, eadem negligentia omiſit. 


is the leaſt, and the laſt the greateſt. From this laſt value of the ſquare ſubtract the firſt, and, the 
extreme terms A* and àa* being deſtroyed, there will remain the exc:/ + 44A; which will denote the 
«hl: increaſe of the ſquare from the firſt (A - 4)? to the laſt (A+a)?, with the increment a, twice, 
or 24; (which is the difference between the extreme values of the root, A—a and Aa); and con- 
ſequently half the exc;f5, namely 2aA, will denote the increaſe with the increment @ once; or will 
meaſure the rate variation, or be the fluxion of the variable ſquare, from its lea to its mean 


ſtate AA. 

If you deny it, let the true fluxion be either greater or leſs than 2aA, by any aſſignable differeace 
D, or equal to 24A K D. But if greater, the laſt increment muſt neceſſarily be greater than 
+ 24A + 453 if leſs, the firſt increment mult be leſs than + 2aA — a® (or the difference between 
the firſt and mean values of the variable ſquare), contrary to the hypotheſis, Qz FE. b. 


In numbers the caſe is plain: 
Let the root A = 10; and its momentary increment a = 1. 


Val. Dif. 
(As) „ -u) = 9 x 9 = 8. , 
AX — - - = 10 X 10 = 100 9 
(ATS) x (A+a)= 121 x 11 = 121 2 


But - - 44A --- = 4 X 10 (40 = 19 21. 
Therefore 24A - « - = 2 „ 10 = (20 =) — 


Conſequently 22A expreſſes the fluxion or rate of increaſe of the variable ſquare in its advance to 
the mean ſtate A x A. The demonſtration might be abridged upon Newton's principles, by taking 
only the half increment :—Por the leaſt value (A — 24)® becomes A - AA + 47, and the greateſt, 
(AT“ = A®3 + aA + 4. But the exceſs, + 24A, gives the Huxion at once, during the 


wbole momentary increaſe. See 5 84 and 85. 
6 17 Di- 


1 ä is 
8 Ks Sun 


— PIE.” a 
— * l 2 


„ 
a 2 


9 


— Ll. > 2 
_ _ D— 


r 


— 
— 


104. ANALYSIS FLUXIDNU M, 


17, Diluendis igitùr objectionibus eorum qui method! fluxionum generalis 
evidentiam atque certitudinem impugnant, omninò imparem eſſe commentariun 
Maclaurini, quamvis valdè eruditi, et in hifce ſcientiis verſatiſſimi, et (quod aucto- 
ritatem majorem ipfi parere debere ſuper hoc argumento videatur,) in ipſius New. 
toni amicitiam(d) admiſſi, quis mathematicus non videt?—At non levi detrimento 
theorize ſfuxionum, iſte commentarius fuſior, qualis qualis fuerit, mox ſupplantavit 
originalem textum, paullo ſubtiliorem atque difficiliorem intellectu, ob znp-rato- 
nam auctoris brevita'em, non niſi auribus rite purgatis capiendam— 


(Pwerro% FUETOUOL. 


Ex hoc fonte igitur profluxerunt vel perſpicaciorum peritiorümque analyſ— 
tarum objectiones, ſcholæ Leibritziane præſertim, aqverſùs ipſam fluxionum 
methodum ; quaſi methodo diferentielh, evidentia et certitudine, cedentem, et in 
principiis a geometria aliens fundatam. 


18. Audiamus D' Alembert, analyſtam adeo celebratum, in Mathe/; perſpica- 
ciſſimum, ix religione hebetiſſimum, argumento paulò ſubtiliore validitatem ex- 
ponendi fluxiones per velocitates, impugnantem: 


6 Introduire ici de mouvement, c'eſt y introduire une idée ctrangère, et qui 
n'eſt point zecef/arre a la demonliration : d'ailleurs, on n'a pas d'idee bien nette 
de ce que c' eſt la vi ee d'un corps a chaque inſtant, lorſque cette viteſle* eſt 
variable. La vitefle n'eſt rien de rc, c' eſt le rapport de l'eſpace au tems, lorſque 
la vitetle eſt zniferme; mais lorſque le mouvement eſt variable, ce n'eſt plus le 
rapport de Peſpace au tems, c'elt le rapport de la differentielle de Veſpace a cette 


(d) The following letters of Newton reflect high honour on his liberality of mind and delicacy of 
friendſhip towards the excellent Maclaurin, when a candidate for the joint Pr ſorſbip of Mathematic; 
in the Univerſity of Edinburgh.—In one of theſe letters, addreſſed to Mr. Maclaurin, (with permiſſion 
to ſhew it to the Patrons of the Univerlity,) Sir Iſaac expreſſes himſelf thus: 


“J am very glad to hear that you have a proſpe& of being joined to Mr. James Gregory in the 
Profeſſorſhip of the Mathematics at Edinburgh, not only becau/e you are my friend, but principally 
Becauſe of your abilities; you being acquainted as well with the new improvements of Mathematics, as 
with the former ſlate of thoſe ſciences: 1 heartily wiſh you good ſucceſs, and ſhall be very glad of 
hearing of your being elected. I am, with all ſincerity, your faithful friend and moſt humble 


ſervant. ?? 


In a ſecond letter, which was addreſſed to the then Lord Provoſt of Edinburgh, (which Mr. Mac- 
Ia:rin knew nothing of till ſome years after Sir //aac's death,) he thus writes: 


&« ] am glad to underſtand, that Mr. Maclaurin is in good repute amongſt you for his ſkill in 
Mathematics; for I think be deſerves it very well : And, to fatisfy you that I do not flatter him, and 
alſo to encourage him to accept the place of aſſiſting Mr. Gregory, in order to ſucceed him, I am 
ready (if you pleaſe to give me leave,) to contribute /xventy pounds per annum towards a provition for 
him, till Mr, Gregory's place becomes vacant, if I live fo long, and I will pay it to his order in 
London. 

See an Account of the Life and Writings of Maclaurin, prefixed to his Account of Sir Iſaac Newton's 
Philoſophical Diſcoveries, in which, are many curious and valuable particulars of the life of that 
CarisTIAN PHilLOSOPHER, eſpecially in his laſt moments; ſo different from thoſe of that mi- 


ferable infidel D' Alembert.——Arrtxvix II. < 161 & 164. F 
| | * 


PAS FEXMT a 195 


9712 : oi 8 
au tems; rapport dont on ne peut donner d'idee nette que par celle des /imites, 


Ainſi it faut veceſſairemeit en reveair d cette derniere idée, Pour dauer une idee 


actte des fluxions.” - 


19. ainquaginta retro annis circiter, talia objecit vir clariſſimus D' Alumbert. 
cujus auctoritas nunc tanti eſtimatur, Ac nuperrime quidem, (** de enim 
ocquirwit eundo,”) maximus ille promotor Algebrz purz, nec non analyſeos 
ſablimioris, De La Grarge, in opere quodam elementari, cui titulus, ' THEORTE 
DES Foxcriovs ANALYTIQUES, 1798, Paris, autumat ſe ſerò tandem vera et 
genvina principia calcult qifferentialis extudiſſe, ab omni confideratio:e five quar- 
:itatum infnild pervarum, ſeu evaneſcentium, five limitum vel fiuxionum, libera atque 
immunia; uſurpando tantum Qrantitatum finitaram Analyſin Algevraicam. 


20, Fiſce magni nominis viris conſentiens Landen noſtras, ita doctrinam 
fluxionum perſtringit in Analy/i Jud refidud, anno 1758—Analyilta et ipſe ex 
peritiſſimis. 


It ſeems more proper, in the inveſtigation of propoſitions by Mgelra, to 
proceed upon the ancienthy- received principles of that art, than to introduce 
therein, without any neceſſity, the new fluxionary principles derived from a con- 
4iJeration of mction : and the rather, as the introduction of theſe new principles 
is not attended with any peculiar advantage.” 


21. Tantis opponentibus accedit quartus, - nimirùm cenſor ille, in hiſce ſcientiis 
non leviter verſatus, (quiſquis fuerit,) apud TE MonTHLY Review, Append. 
Vol. 28, 1799, —ex cathedia moderatoris, ita pronuncians judicium, in Ner- 
lenum ejaſque commentatores et diſcipulos : 


« Of the Methed of Fluxiens, properly fo called, Non is the ſole and un- 
diſputed inventor ; to him, beyond all doubt and controverſy, is to be attributed 
the H iſbment of that doctrine on the conſideration of Motion. 


Had not Netten been the inventor of this method of conſidering Fluxions, 
WE are of opinion, that very few perſons would have contended either for its 
metapt ical or mathematicol excellence: for, on the ground of perſpicuity and 
evidence, the underſtanding is not much aſſiſted by being directed to contider 
all quantities as generated by Motion. Lines we can conceive generated by the 
motion of poin's ; ſurfaces, by the motion of lines; &c. But when ſuch quantities 
as Weight, D-nſilty, Force, Reſiſtance, &c. become the objects of enquiry, an! are 
ſaid to have their fax and velecity, then the true end of the figurative mode of 
ſpeech—[{lyftraticy—is loit : On the ground of mathematical convenience—thar 
the definition of Fluxions, as given, is commodious to deduce thence their pro- 
perties and affections—nothing is gained; fince the enquiry is reduced ““ wtt- 
viately”” (en derniere analyſe) to the determination of tbe ultimate ratio of va- 
viſhing quantities, or of the limits of fuch quantities; which latter method 1: 
only the former, a'gebraically expreſſed. 

Vol. V. P | de That 
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“ That which happened to Ariatle has happened to Newto;: : His followers 
have bowed fo implicitly to his autbority, that they have not exerciſed their 
reaſen.—If the Ergiih Mathematicians firſt adopted Newton's Method from ve. 
neration to him, or for want of better information, they have ſince perſevered in 
it, (WE may almoſt ſay) aint convittion, — | 


e Ic has been ſaid, that /h true principles of any invention are moſt ſalisfaForily 
and truly ſtated by the inventors themſelves yet it is at the diſtance of more than 
a hundred years from the dilcovery of the Fluxionary Calculus, that its. principles 
are firit clearly and rigorouſly eſtabliſhed. It has been reſerved for the Mathe- 
maticians of ee days, to effect what was denied to a Newton and a Leibnitz; 
and to ſupply to their theory that evidence and exactneſs, the want of which 
makes us attribute its invention rather to the felicity of the times in which they 
lived, than to the excellence of their genius: to eſteem it, not pro parts ingeni!, 
put pro parts tempuris.” 


22, Eruditorum ſane graves ſunt hz objectiones, et graviter pronunciatæ. 
Veruntamen, non obſtantibus tantis judicibus, et poſthabita omni auForitate, (que 
in MaTRESI minime valere debet,) fidenter affirmare auſim, propriis ex inveſti- 
gationibus, Nullius addictus jurare in verba magiſtri—a nemine, ne vel ab ipſo De 
La Grange, — evidentiùs, accuratiùs, ſolidiùs, invictiùs et generaliùs, ſtrut funda- 
mentum totius Tbeoriæ Fluxios um, quam à celeberrimo inventore, ſagaciſſimi ingenii 
viro; ft modo, miſſis aliorum commentis, adeamus ipſius “extum originalem; nam, 
ſi attentè et circumſpecteè hic textus inſpiciatur, et, contextu examinato, cæteriſque 
auctoris documentis criticè collatis, probè intelligatur, terminis technicis aptè 
definitis, atque ellipſibus rite ſuppletis, (quæ cauſe ſunt ex quibus præcipuæ 
difficultates in Newtoni ſcriptis oriuntur) cenſebit, ni fallor, omnis æquus peri— 
tůſque controverſiæ hujus judex, objectiones hactenùs prolatas, ve] graviſſimas, 
ex 1nfcina potiùs, ex 1mperitia, præjudicio, vel livore, quam ex juſtis ratiocinus 
et veritatis perceptione ortas eſſe; imò in iptos objectores jure retorqueri poſſe. 


23. Analyſtas exteros quidem, eoſdemque Gallos, nomini Britannico olim in- 
fenlos et nunc acerbillime,— D'Alembert aut De La Grange (e) —ipſius Newton! 
æmulos minime impares, de laude ejus detrectare voluiſſe, non eſt mirum; qui 

nec 


{-) Dr La Graxce.—Quindecim retrò annis, hæe notabam fidus Nx wToxI diſcipulus, Au4- | 


„s. Eavar. 8259. 


Ex dictis facile judicabit lector, an valent multi nominis viri La Grange objectiones. Diſſrt. 
4 ad. Berlin, an. 1768 : nempe quod methodo Newtoriand [extrahendi radices æquationum quam 
proxime, in Ana/yj AZquatiorum per ſeries infinitas, quam demonſtratione generali munieram 
$ 249—259-] ignoratur quantum ad veritatem accedit tum valor (4) primo aſſumptus, tum valor 
cujuſque complement inſequentis (p), (%), &c.—Methodus certè quam ut accuratiorem commendat, 


Neruronianæ facilitate longè cedit ; quippe quæ ex inventione quantitatis V7, f 234, non niſi per 


tentamina, 


- 
* 
a4 
LF 
F 
__ 
* 
5 
# 


2 


1 
ME," 


c 


Cnc 


> at, IN, Fae 


PARS PRIMA, 197 


nec rarò nec parce, quamvis furtim, inventiones ejus reconditiſſimas enuclcate 
compotes, ad ſe ſu6{que tranſtulerunt : Cæterùm biſce temerè conſentire Ana- 
Iyſtas Britannicos, auctoritati alienæ ignave ſuccumbentes, pudet dolétque. 
Horum ſane adſcribi ordinibus Landen patiamur forsan, qui ſuis ſtudiis, ſuiſque 
opinionibus nimis et pertinacitèr erat addictus, ita quod Ana/y/in ſuam i- 
Cualem, (qui tantoperè delectabatur,) ipſi Methado Piuxienm, (cujus larva 
tantùm nabenda fit, ut mox oftenditur,) arroganter et falſò antepoſuerit z et 

ui, cum Analyſtz, hujus evi, celeberrimi, D' Alcmbert et Euler, adſtipulun- 
tibus Mildbore et Fri, communi conſenſu, ex diverfis principiis, determinarant 
eandem veram quantitatem motis cer pcris circa oxem libere rotentis, ubi attiore 
vis cijuſdam extranees, aut percutientis aut accelerantis, perturbatur—luam con- 
cluſionem, ab eorum conclulione non modice diſſentientem, eorum auctoritatt 
quadruplici opponere ad mortem uſque non deſüt; pertinaciæ exemplumn 
prebens, quod maximis ingeniis haud raro contingit, plus æquo * i fden- 
tibus aliague ſpernentipus :”” Ar verd cenſorem publicum, apud M. R.; iptun- 
que, ut ferunt, Preſeſſorem Matheſeos Academicum, ita peccaſſe, minimè condo— 
nandum eſt, Valde equidem ſuſpicor, illum, Aoy: agys, ignavã ratione“ len 
negligentia, ex nimid et preproperd mentis feſtinatione, hæc opinionum commenta 


tentamina, valde laborioſa in æquationibus altiorum demenſionum, ernende, auſpicatur; per inventionem 
Limitum A quationum ex binomiis compluribus ſucceſſive ſubſtituendis, procedit ; et per combisa- 
tionem plurium Fractionum continuarum, ex his operationibus elicitarum, concludit.“ 


Quanta autem comitate, quanto animi candore ſuſtinuit Yindicias haſce Newtonianas, haùd temerd 
excitas, animadverſioneſque certè non leves ; ex inſequenti patebit epiſtola, quam mihi, homini obſcuro, 
poſt acceptam Analyſin Aquationum, ſeribere non dedignatus eſt vir clariſſimus. Hane verd, in ſcriniis 
meis hactenùs latentem, edere jam libet, minimè jaQantiz gratia,—ſtudis meis din converfis, Ma- 
rukst reli, in Musas HxBrzas—* guarnm ſucra fero, ingenti perculſus amore — “ ſmit with 
the love of ſacred ſong — ſed qui par eſt obſervantia ; ne cuivis Finawias ſecundas legenti naſcatur 
ſuſpicio, me, animo utcunque infenſo, ſimultate quavis, aut odio hoſtili, denegare velle grata “ preymio 
laudi” tam infigni : quem ex pexitiſſimis Newton ſucceſſoribus, (excepto forſan La Plece) maximiſque 
Algebræ puræ et Analyſeos ſublimioris hoc ævo cultoribus, facile principem, coacedere cogor Hri- 
tannut, et non inficiabitur æqua poſteritas: 


Moxsisua, Berlin, Nov. 1. 178 5. 
Agreez mes tres finceres remerciemens de honneur que vous m'aves fait en menvoyant votre ANaiyss 
DES /EQuaTIONs ; que j'ai lue avec toute la ſatisfattion poſſible. La clartè & la precifion qui reguent 
Cans cet owvrage, et la reunion qu'il preſente des METRODES ELEMENTAIRES ef des THEORIES SU ELIN 
davent lui donner un des premiers rangs parmi ceux de ſon genre; ct par Pinterefl que je prends aux 
frogres de lu GEOMETRIE, je partage la reconnoiſſunce que 495 COMPATRIOTES vans doivent prur ce 
travail. Te d:ſirerois fort pouvoir meriter Popinion avaniagenſe que vous voulez lien avoir de moi, mat: 
4 ne puis y repondre, que par la veritable eftime, et lu con ſiderution diſtinguès à vcc laguelle, Pai Phanneur 

are, | 
Moxs1tuR, 
Votre tres humble et tres obciſſunt ſerviteur, 
Dr La Graxce. 


Neque exiſtit ratid quævis, cur (in Mathematicis ſaltèm) animo infenſo judiciis cenforum erudi- 
torum M, R. meum opponerem, qui ſatis ſuperque laudabant AnaLysIs Eauriox un in recenſione 
tractatus ilhus, eodem circiter anno; ſed cum ambitiose in lucem proferuntur Extirorum opera Ma- 
ematica - Curſus Mathematici Sauri et Bexart; Inftitutiones Analyticæ Eultri et Cluiraut, De La 
Place ct De La Grange; at Noftratiam, faſtidiosè in umbram relegantur, iniqua forſan comparatione, 
4 cenſoribus Britannis ; cur non mihi æquo ſaltèm juie liceret v:iciſsim, afferre tanti cenſoris Galli 
tellimonium, de und faltem inſtitutione elementaria—etiim H.b:rad ? 
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ex aliis potiùs temere aſſumpſiſſe: ique vel ex med ipfins fortunũ in hicre veri. 
ſimile mihi videtur, cui contigit adoleſcent: Rndimenta Fluxtonum ex Maclaurin's 
Treatiſe of Fluriens didiciſſe; et qui non nil anno ſuperiore (1798), tandem, 
cum forte curioſiùs ipſum textum Neætetonianum infpexiſſem, atque ipſius auctoris 
hmplicitatem elegantiamque demonſtrandi, cum commentatoris juolixitate et 
ambagibus, contuliſſem, ſententiam ſuper hac re mutare {um co-actus, et à 
commentatoris partibus in ipſius auttoris -paites traniire, et cum admiratione 


exclamare, 


Flomo homini quid praſtet — Inventor 
Interpreti quanto antecellit! 


24. Et mecum quidem et ſentit et loquitur Cœꝗοοτ, {Methodi Fluxionum ven 
fordigns auticr) hiſce verbis: 


« The principles of the method here taught have been /crupuloufly examined 
and ſifted, have been vigorouly oppoſed, and, we may lay, ignorantly rejected as 
inſuſlicient, by /cme- mathematical gentlemen, [ Berkeley, &c. ] who ſeem not to 
have derived their knowledge of them from zbeir only irue ſource ; that is, our 
author's cit treatiſe, written expreſsly to explain them. 


25. Placet igitòr, reſuſcitatis hodid objectionibus obſoletis, noviſque ingru- 
entibus, et per Augliam, orbemque literarum, 2 a Gallid graſſantibus, totam me- 
thodum fluxionum ab ipſis fontibus, tam metaphy/icis quam matbematicis, ab 
integro ad examen rigidum revocare; ut, his perſpectis et per ſcrutinium in- 
veſtigatis, ne diutiùs falſis laboret criminibus evidentia ejus et certitudo; neque 
injurigſo pede proruant ſtantem cclumnam laudis NEH ro, vel imperiti vel 
in vidi, ſublimem et ſubtiliſſimam methodum ex ſacris fontibus ANALYsE0sS 
Axriquæ hauſtam promotamqug, quaſi * partum temtoris“ abortivum, ex 
elementis incongruis conflatum, atque caducum, inſimulantes, et non potids 
partum ingenii,” divinitus conceptum, atque ad ſtatum parturæ maturum atque 
perfectum, plenitudine tempotis in lucem editum, beredem immortalitatis, ve: 


ncrantes. 


26. Nec minds urget impellitque ſolicitudo, curaque non levis, NE QUID 
DETRIMENTI CAPIAT REEPUBLICA—influxu hoc infauſto opinionum Gallicarum, 
tanto fludio, tantiſque illecebris, tant6que auctoritatis pondere, PHILOSOPHIAM 
Br1TANNICAM invadentium; et niſi mature et ſtrenuè et perite, “ zel ſecundin: 
ſcientiam” repellantur animosè, et rejiciantur indignanter, 1PSAM una cum RELI- 
GIONE 1LLA, (cui modeſtè et ſobriè hactenùs ancillari ſolita eſt) ſub erroris et 


zmpictatis fluctibus obruere minitantium. 


Es ro PERPETUA | 
STATE SUPER VIAS ANTIQUAS |! 
PRO FIDE SANCTIS COMMISSA, CONTENDITE | 
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27. Nec operam JuVENTUTI STUDIOSE, (noſtrati potiſſimùm) ingratam aut 
imnilem me præſtiturum ipero, ſi ſtudia Mathematica, jamdudò n intermitſa, 
recolens, SUBSIDIA QUADAM ELEMENTARTA ad Phvjicam Newtonianan (er 
præſertim feronomiam) PHLLOSOPHLAE PRIME, SACRISQUE LITERIS, optim& 
contentientemy pro virili, breviter, fideliter, et tamen imphciter perlprcucque, 
proponere aggrediar : 

« To illuſtrate Nætoon is to cultivate real ſcience; and to make his diſcoveries 
caly and familiar, will be no ſmall improvement in MATHEMATICS and Par- 
Colſon. 


Losor HY.“ 


— — — — — 


De Mel bodo Rationum Primarum et Ultimarum, ſou Limitum. 


28. Torrus Methodi Fluxionum fons atque origo eſt doctrina Ration: 


Primarum et Ultimarum, fi Geometricè loquamur, ſeu Limitum, fi Algebraice ; 


ut rectè perhibent D*Alembert et Cenſor ille profeſſorius, Newtonum ipſum vel 
tecuti, vel cum eo (inſcii forsan,) conſentientes; qui ita loquitur: 


© Præmiſi vero hec Lemmata, ut effugerem tedium deducendi longas 
demonſtrationes, more veterum Geometrarum, ad alſurdum. Contractiores 
enim redduntur demonſtrationes per methodum indiviſibilium : {ed quoniam durior 
eſt indiviſibilium hypotheſis, et proptereà methodus illa minùs geometrica cen- 
ſetur, malui demonſtrationes retum ſequentium ad ltimas quantitatum evanet- 
centium ſummas et rationes, prim4/que naſcentium; 1d eſt, ad mites fummarun 
et rationum deducere ; et proptereà limitum illorum demonſtrationes, qua potui 
brevitate, præmittere: his enim idem preſtatur quod per methodum indivili- 
bilium; et principiis demonſtratis jam tutiùs utemur. —“ Vimgque talium demon- 
itrationum ad methodum præcedextium lemmatum ſemper revocavi.” 


29. Pendet ſane omnis hæc Methedus Limitum, ex Lemmate primo, Lib. I. 
Princip. 


*© QUANTITATES, 2? ef QUANTITATUM RATIONES n ad equalitatem lempere 
gu, finito conflanter tendunt; et ante finem temporis illius propiùs ad invicen 
eccedun! quam pro datd quivis differentid , fiunt ULTIMO A QUALES.” 

Si negas, fiant u!/ims inequales ; et fit earum ultima differentia D: Ergo, 


nequeunt Propius ad equalitatem accedere, quàm pro data differentia D: Contra 
bypotheſin,” Q. k. o. 
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Uiltime rationes igitùr, ipſo definiente Newtono, et. quam accuratiſſimè, et di. 
ſtinctiſſimè, ſunt * mites, ad quos quantita!um fine limite decreſcentium rationes, 
1. ſemper afpropinquant ; et 2, quas propius aſſegqui poſſunt quam pro datd qudvis 
ni ſſerentid; 3. nunguam verò tranſgredi ; 4. neque priùs attingere quam quantitate; 
aminuuntur vel augentur in inſinitum.“ 


30. Sedulò autem et ſolicitè diſtinguit Netonus inter harum quantitatum 
magnitudines ultimas, et rationes ultimas,—** In ſequentibus igitùr fi quando 
facili rerum conceptui conſulens, dixero guantitates qudm minimas, vel * eva- 
neſcentes ” vel © ullimas, cave intelligas quantitates magnitudine determinatas fed 
cogita ſemper diminuendas ue limite. —Atque iterùm: ſi quando quantitates 
tanquam ex particulis conſtantes conſideravero, vel fi pro reais uſurpavero lineola; 
cur das; nolim 7ndivifibilia ſed evaneſcentia diviſibilia, non ſummas et rationes 
partium determinatarum, ſed ſummarum et rationum limites intelligi. 


31. Nec minis ſolicitè diluit Newtonns objectiones impugnantium evidentiam 
et certitudinem doctrine limitum. 


Objectio elt ©* Analyſtæ ( Berkley), quod “ guantitatum evaneſcentium nulla /i! 
ultima propertio ; quippe quæ anteguam evanuerunt non eſt ultima; /i evanu- 
erunt, nulla eſt.” Sed et eodem argumento, regerit Newtonus, æquè contendi 
poſſet *©* nullam ęſſe corporis ad certum locum ubi motus finiatur pervenientis, veloci- 
tatem ultimam : hanc enim, anteguam corpus attingit locum, non eſſe ultimam ; 
ubi attingit, nullum eſſe.“ At reſponſio facilis eſt : Per“ ve/ocitatem ultimam in- 
telligi, eam, qua corpus movetur E neque antequam attingit locum ultimum et 
motus ceſſat, neque poſteà - ſed tunc, cum attingit; 1d eſt, illam ipſam veloci- 
taten gudcum corpus attingit locum ultimum, et gudcum motus ceſſat. Et fimi- 
liter, per © ultimam rationem quantitatum evaneſcentium,” intelligendam eſſe ra- 
tionem quantitatum, non antequam evaneſcunt, non poſteà, ſed gudcum eva- 
neſcunt. Pariter et ratio prima naſcentium, eſt ratio qudcum naſcuntur. Et 
ſumma prima et ultima, eſt qudcum eſſe (vel augeri aut minui) incipiunt et ceſſant. 


Extat /zmes quem velocitas in fine motus a//ingere poteſt, non autem tranſgredi; 


hec eſt velocitas ultima: Et par eſt ratio /imitis quantitatum et proportion 
omnium incipientium et ceſſantium. Cum hic limes tit certus et definitus, pro- 
blema eſt ver? geometricum eundem determinare. Geometrica verò omnia in als 
Geometricis determinandis ac demonſtrandis, legitime uſurpantur. 


32. © Contendi etiam poteſt, quod * / dentur ullimæ quantitatum evaneſcen- 
tium rationes, dabuntur et ipſæ magnitudines ultime.” H'æc vero conſequentia non 
eſt neceſſaria. Nam fieri poteſt ut claram ideam habere poſſimus relationis ul- 
timo intercedentis inter duas quantitates quam minimas, licet uta magni- 
tudo ipſarum quantitatum nec inveniri nec concipi poteſt. Res clariùs intel- 
ligetur in infinite magnis: fi quantitates duæ quarum data elt differentia, auge- 
antur in infinitum, dabitur harum ratio ultima, nempe ratio equalitatis ; nec 


tamen idcircò dabuntur et ipſe quantitates ultime, ſeu maxime, quarum iſta eſt 
5 ratio: 
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ratio: hz enim, cùm in immenſum excreverint, omnem calculum, imò omnem 
abſolute magnitudinis conceptum, longè tranſiliunt et prorsùs refugiunt. 


33. Illuſtrari poſſunt hæc, paulo ſubtilids forsan et abſtractiùs diſputata quam 


pro tyronum captu, ex conſiderationibus Algebraicis et Geometricis, et Arith- 


meticis, 

1. In reductione æquationum guadraticarum, Analy/. Aquat. $ 30. prodiit 
duplex valor radicis, nempe x = 4p , eritque valor uterque realis, 
ubi 27 fit major quam 4; uterque vero impoſſibilis, ubi fit minor; et ipſo in 
limile, ubi p- fit ægualis 2, erit unicus valor radicis; evaneſcente jam quanti- 
tate radicali Y 4 — 9. | 

2. In reſolutione cubicarum quoque, & 307, ipſo in limite, ubi 2 fit ægualis g. 
duplex valor factoris quadratici, x = — ip + / in unicum pa- 
riter coaleſcit. 


34. Et ipſe Landen, in demonſtrationem ſuam Theorematis Binomti, pure 
Algebraicam (ut refert) clanculùm introducit methodum /imitum, ſeu fluxi- 
onum, ubi fingit quod = lu zquatione variari poteſt y ad libitum, donec 
fiat y = x,” - AN ALYS. ALQUAT. p. 38. 


Nec minus De La Grange, naturam radicum æquationis optimè exponens, et 
theoriam æquationum Algebraicarum peritiſſimè promovens, ut docuimus 
AxNaLYS. AQuarT. § 145—148; methodum /imitum feliciter ſane introducit. 


Hinc pendet omnis inventio /imitum vel radicum æguationis, vel extremarum, 
vel intermediarum ; quorum inventio- inveſtigandis ipſis radicibus apprime 
utilis eſt, per varias approximandi-methodos. 


35. In ſeFionibus conicis quoque luculentiſſimè obtinet methodus limitum ; 


ode enim pendet omnis theoria circulorum et parabolarum curvas alias oſeu/antium, 
ugenti cum commodo theoriz motuum planetarum atque cometarum adhibita, 
2 fummis Analyſtis, Newtono, Halley, Clairaut, &c. 


Nam, ſi concipiantur ſingulæ ſectiones conicæ gigni ex interſectionibus plani per 
axem coni per petuò rotantis, cum ſuperficie conicà vel ſuperficiebus conicis: 


1. Sectio plani generantis, aut paralleli ad baſin coni, aut ſubcontrariè poſiti, 
erit circulus. 


2, Circulus, rotante plano, ſtatim migrabit in ellip/m; cujus eccentricitas, 
rotando, continue augebitur, donec planum fiat parallelum lateri oppoſito coni 
pſius; in hoc vero ſtatu mutationis, ellipſis viciſsim, in parabolam, centro in 
iafinitum abeunte, migrabit : deinde, rotante adhòùc plano, parabola ſtatim 
migrabit.in hyperbo/am at que hyperbolas oppefitas, centro ſectionis jam extrinſecùs 
tranſlato 
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tranflato inter vertices; et hyperbolarum eccentricitas augebitur, donec, plano 
cum ipſo axi tandem coincidente, hyperbolæ oppoſitæ in friangula verticalig 
migrabunt. Atqui eadem contingent, fed ordine contrario, donec, tota rotatione 
peratia, reſtituitur circalus. 


2. Hinc conſtat circulum eſſe limitem naſcentium ellipſium; parabolom, eva. 
neſcentium ellipſium et naſcentium hyperbolarum; ct triangulum, e vaneſcentium 
hy perbolarum. Sed calculus limitum longè facilior prodit quam calculus 
ſectionum intermediarum; quoniam circuli omnes ſunt figure ſimiles; necnon 
Farabole omres ; ſed ſingulæ ellipſium vel hyperbolarum ſpecies, rotando genitæ, 
ſunt inter ſe diſſimiles, et diverſos calculos, nempè, unaquæque ſpecies calculum 
bi proprium, requirunt. | 


36. Ex rationibus arithmeticis, haftenus poſita quoque illuſtrare fas eſt, 


1. Si data quantitas (aa) dividatur inequaliter, exponente (x) partem intermedia 
wvarichilem ; erit ra'io facti ſub partibus inaqualitus (a + x) x (a — #) ad gu. 
dratum ſemiſſis, ratio minoris inequalitatis ; propter defectum quadrati x*. Per 
Prop. 5. Lib. 2. Elem, 

Primo quidem, ratio zaſcentis fact i ſeu rectanguli, (quantitate quam maxim 
inæqualitèr divisa) ad hoc quadratum, fere infinita evadit, propter x ferc 
æqualem a; dein, decreſcen'e x, ratio rectanguli ad quadratum perpetuò accedet 
ad zqualitatem ; ct ultimo, evaneſcente x, ipſo in limite, fict ratio equalitatis, 


Fx. gr. Sit @ = 101, et primo, variabilis à = 100; erit rectangulum ad 
quadratum in ratione 201 Xx 1 ad 10 Xx 101; ſeu 201 ad 10201, ſeu 1 ad 
50.7, hoc eſt, in ratione longè minore. Dein, fit x = 10, et ratio rectanguli 
ad quadratum jam fiet 111 X 91 ad 101 X 101; ſeu 10101 ad 10201, 
ſeu 1 ad 1.009; prope ad æqualitatem accedente. Poſtremo fit x = 1; 
evaderque ratio, 102 X 100 ad 101 X 101, ſeu 10200 ad 10201, ſeu 1 al 
1. oo, og, proxime ad æqualitatem accedente. 


37.“ Res clarius intelligetur in infinite magnis.“ 


Si eedem quantilas (24) perpetuꝰ augeatur, deſignante jam x, aug mentum varia- 
Zile, eit ratio rectarguli (2a + A) X * ad quodratum (a + x)*, ratio quuque 
mineris inægualitatis. Propter defectum quadrati conſtantis, *. Per Prop. 6. 
Lib. 2. E'm. | | | 

In hdc caſu quoque, creſcente x, ratio reQanguli ad quadratum, perpctuv 
ad æqualitatem accedit; et ultimò, in i,finitum auto x, fit ratio æqpalitatis. 


Ex. gr Sit à S 1; et primd fit variabilis x = 1; erit rectangulum ad 
quadratum in ratione 3 X 1 ad 2 X 2; feu 3 ad 4, ſeu 1 ad 1.3333, Ke. 
Dein, fit x = 10; evadetque ratio 12 X 10 ad 11 x 11; ſeu 1:0 ad 121, 
ſea 1 ad 1.0c8; propiùs ad equalitatem accedens : denud fit x — 100; et 


Het ratio 102 X 100 ad 101 & 101 ; leu 10200 ad 10201, ſeu 1 ad 1,000,058; 
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longè propiùs quam in caſu ultimo. Jam vero fit x = 1000; et ratio ejuſdem 

O | : . N . . . 
rectanguli ad dictum quadratum quam proxime ad rationem æqualitatis accedet z 
erit enim æqualis rationi 1002 x 1000 ad 1001X 1001, feu 1002000 ad 1092001, 
ſeu 1 ad 1,c000008, Denique fit valor x infinite magnis ; et fiet ultimò ratio 
rectanguli ad quadratum ratio æqualitatis; ditterencia conſtanti, a*, = 1, tandem 
pro nihilo evadente reſpectu magnitudinum iptarum adeò iinmenſarum: hæc 
;githr differentia 9 evaneſcit, licèt nunquam adi evaneſcit. Claram igitur 
habere poſſimus ideam relationis inter duas quaſcunque magnitudines utcunque 
auctas vel diminutas in infinitum, licet ipſarum magnitudinum @/e/utaruym ideam 
determinatam ſeu poſitivam nullatenus effingere fas fit, mortalibus, Anitas tantum 
facultates ſortientibus. 


38. Quo melids intelligatur natura rationum primarum et ultimarum, quam 
e preſſiùs expoſui; principia Newtortane, breviſſima et ſubtiliſſima quidem, 
qui potui fidelitate evolvendo ; placet inſupèr ſententias interpretum fuſids 
adducere ; non ſolùm illuſtrandi gratia, verùm etiam ex abundanti confirmandi 
hactenùs ex poſita, atque obtrectatorum inſcitiam pleniſſimè redarguendi, ex 
peritiſſimis Newton? diſcipulis. 


I. —Colſon's Account of the Method of Fluxions. 


39. © Tut chief principle upon which the Method of Fluxions is built is 
this very ſimple one, taken from the Rational Mechanics ; which is, that ma- 
thematical quantity, particularly extenſian, may be conceived as generated by 
continued local motion; and that all quantities whatever, (at leaſt by analogy and 
accommodation,) may be conceived as generated after a like manner: conſe- 
quently, there muſt be comparative velocities [or rates] of increaſe and decreaſe 
during ſuch generations; whoſe relations are fixed and determinable, and may 
theretore (problemarically) be propoſed to be found. 


This problem our author ſolves by the help of another principle not lets 
evident ; which ſuppoſes that quantity is infuitely diviſiole, or that it may 
(mentally at leaſt) /o far continually diminith, as at laſt, before it is totally ex- 
tinguiſhed, to arrive at quantities which may be called vanz/g quantities, or 
which are infnitely little, and leſs than any ae quantity: or it ſuppoſes 
that we may form a notion, not indeed of a2/2/ute, but of relatide and compa- 
ralive infinity, 


It is a very juſt exception to the Method of Zidiviſibles {of Cavalerins ], as 
alſo to the foreign [1fnite//nal Method [of T.eihuitz], that they have recourle af 
Vol. V. . once 
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once to infinitely little quantities, and infinite orders and gradations -of ti.e{c, 
not relatively but abſolutely ſuch : they aſſume theſe quantities {mil et fend, 
without any ceremony, as quantities that actually and obviouſly exiſt, and make 
computations with them accordingly ; the reſult of which muſt needs be as 
precerious as the abſolute exiſtence of the quantities they aſſume, 


« A ſolule infinity, as ſuch, can hardly be the object either of our conceptions 
or calculations; but relative infinity may, under a proper regulation. Our 
author obferves this diſtinction very ſtrictly, and introduces none but 7nfinileh 
Aide quantities that are relatively ſo : which he arrives at, by beginning witli 
finite quantities, and proceeding by a gradual and neceſſary progreſs of dimi- 
nution : his computations always commence by fnite and intelligible quantities; 
and then, at laſt, he inquires what will be the reſult, in certain circumſtances, 
when ſuch or ſuch quantities are diminiſhed in infinitum. This is a conſtant prac. 
tice even in Common Algebra and Geometry; and is no more than deſcending from 
a general prepoſition to a particu ar caſe which is certainly included in it.” 


40. © And from theſe eaſy principles, managed with a vaſt deal of {kill and 
ſagacity, he deduces his Method of Fluxions : which if we conſider only / far 
as he himſelf has carried it, together with the application he has made ot it, 
either here or elſewhere, directly or indirectly, expreſsly or tacitly, to the moſt 
curious diſcoveries in art and nalure, and to the ſublimeſt theories, we may de- 
ſervedly eſteem it as the grea/e/t work of genius, and as the nobleſt effort that 
ever was made by the human mind.” 


41. © Indeed it muſt be owned, that many uſeful improvemen's and new appli. 
cations have been ſince made by others, and probably will be i made, every 
day: for it is no mean excellence of this method, that it is doubtleſs ſtill capable 
of a greater degree of perfection, and will always afford an inexhauſtible fund 


of curious matter, to reward the pains of the ingenious and induſtrious anat.“ 


42. © It ſhould be well conſidered by theſe gentlemen objectors, that the great 


number of examples they will find here, to which the Method of Fluxions is 
ſucceſsfully applied, are fo many vouchers for the truth of the principles on 
which that method is founded: for the deductions are always conformable to 
what has been derived from other uncontroverted principles; and therefore mult 
ve acknowledged as rue. | 


This argument ſhould have its due weight even with ſuch as cannot, as 
well as with ſuch as will not enter into the proof of the principles themſelves. 
And the Zypethe/is that has been advanced to evade this conclufion—of ene error 
in reaſoning being ſtill correfted by anther equal and contrary thereto—and that, /0 
regularly, conſtantly, and frequently, as it muſt be ſuppoſed to do here ;—this 
hypotheſis, I ſay, ought not to be ſeriouſly refuted, becauſe I can hardly think 
it is ſeriouſly propoſed,” ——Preface to Colſon's Method of Fluxions, p. 11. 

| II. — Mac- 
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II. Maclaurin's Account of the Method of Fluxions, 


43. We would not be underſtood to affirm that the Methods ot Tidiviſibles 
and Infiniteſimals, by which /o many unconteſted truths have been diſcovered, are 
without a foundation: we acknowledge further, that there is ſomething mar- 
vellous in the doctrine of Infinites, that is apt to pleaſe and tranſport us; and 
that the Method of [yfenitefemals has been proſecuted of late, with an acuteneſs 
and ſubtlety not to be paralleled in any other ſcience. But GroMeTRy is beſt 
eſtabliſhed on clear and plain principles; and theſe ſpeculations are ever obnoxious 


- to ſome difficulties : If the greateſt accuracy has been always required in this 


ſcience, in reaſoning concerning finite quantities, we apprehend that Geome- 
tricians cannot be 200 ſcrupulous in admitting or treating of infinites, of which 
our ideas are /o imperfect. 


44. © They who have made uſe of infinites and infinitgſimals with the greateſt 
liberty, have not agreed as to the frutb and reality they would aſcribe to them.—. 
Cavalerius, the ingenious author of the Method of Indivi/ibles, diſcovered a 
method which he found to be of very extenſive uſe, and of an eaſy application 
for meaſuring and comparing planes and ſolids, and would not deprive the world 
of ſo valuable an invention. In propoſing it, he ſtrove to avoid the ſuppoſing 
magnitude to conſiſt of indiviſible parts, and to abſtract from the conſideration 
of infinity: Quoad continui compoſitionem, manifeſtum eſt ex præoſtenſis, 
ad ipſum ex indiviſibilibus componendum, nos minime cogi : ſolùm enim con- 
tinud ſequi indiviſibilium proportionem, et è couverſo; intentum fuit : quod quidem 
cum utraque poſitione ſtare poteſt. Tandem vero dicta indiviſibilium aggregata 
non ita pertractavimus, ut infinitatis rationem propter infinitas lineas ſeu plana 
ſubire videantur, & c. Cavalerii Geom. Indiviſ. Lib. 7. Pref. But he ac- 
knowledged that there remained /ome difficulties in this matter, which he was 
not able to ſolve: and he ſpeaks as if he foreſaw that it ſhould be afterwards 


delivered in an unexceptionable form, which might ſatisfy the moſt ſcrupulous 


Geometrictan ; and leaves this gordian knct (as he expreſſes himſelf) to ſome 
Alexander,” | 


45+ © The celebrated Mr. Leilnitz, juſtly eſteemed for his various writings, 
owns infinites to be no more than Actions:. On s' embaraſſe dans les ſeries des 
nombres qui vont à Pinfui: On congoit un dernier terme, un nombre infini, ol 
:nfiniment petit: mais tout celà ne ſont que des fiftions. Tout nombre eſt font 
ct a/fgnable ; toute ligne Veſt le meme.” —Efai de Theodicee, diſc. prelim. $ 70. 
—They who treated of infinites before him proceeded, as he obſerves, with a 
imnorou/aeſs which the contemplation of ſuch an object naturally inſpires := 
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« Quand on y Etoit arrive, on Larreſtojit avec un eſpe-e Pefiroy et de ante 
tirrewr—on regardoit Pinfini comme un tere, qu'il falloit re, et qu'il 
1 Sh, pas Fermis d approfondir. —“ They ſtopt when they came to 7nfnity with 
a fort of holy drea /, and reſpedted it as an 1nfathomalle myſtery.” —lHe adventures 
farther, in order to diſcover the ſource, and penetrate into the firlt principles of 
GEOME”RICAL truth, INpINITY, according to him, is tte great t#uik from 
zobich its vrieu branches are derived, and to wuich they all lead. In this great 
pur:uit, he diſplays 7fiaite and finite, with a freedom that puts us in mind of 
the ancient poet | Hlemer and his gods—whom he repreſents with the peſſicns © 
nen, and mingles in their 4s.“ | 


« We doubt not that if a full and perfect account of all that is myf profound 
in the Hicn GEOMETRY could have been deduced from the D:&rine of {finite:, 
it might have been expected from this author: but our ideas of infiiites are 109 
cure and inadequate to anſwer this end: and there are many things advanced 
by all theſe who have applied them with great freedom in Gο ERL, that give 
ground to a remark e to M. de S. Evremond's, when he obſerves, that 6 it is 
turprifing to find the ancient poets fo ſcrupulous to preſerve probability in actions 
purely human; and fo ready to violate it, in repreſenting the actions of the Gods,” 
Some have not only admitted i frites and infiniie/imals of infinite orders; but 
have diftinguiſhed even nothings into various kinds !—and if ſuch liberties 
continue, it is not eaſy to foreſee what ab/irdities may be advanced as diſcoveries 
in what is called the SUBLIME GEOMETRY,” '—** PrrLosoPHY probably will 
always have it's my/terizs ; but theſe are to be avoided in GzoMETRY, * Jar as 
is palſible, and as much as in us lieth]; and we ought to guard againſt abating 
from it's ſtrictneſs and evidence the rather, that an ABSURD PHILOSOPHY ig the 
natural product of a VITLATED GEOMETRY.” 


46. © Sir Isaac NEwrTon accompliſhed what Cavarerivs had wiſhed for, 
[and avoided the rock on which the daring Leibnitz had ſplit] by inventing the 
Method of Fluxions ; and propoſing it in a way that admits of ſtrict demonſtration: 
which requires the ſuppoſition of no quantities but ſuch as are finite, and eaſily 
conceived, The computations in this method are the ſame as in the Method 
of Tnfinite/mals ; but it is founded on accurate principles agreeable to the Au- 
CIENT GEOMETRY: In it, the premiſſes and concluſions are equally accurate; no 
quantities are rejected as infinitely ſmall *, and no part of a curve is ſuppoſed to 
coincide with a right line. The excellency of this method has not been ſo full 
deſcribed, or ſo generally attended to, as it ſeems to deſerve; and it has been 
ſometimes reprelented as on a level, in all theſe reſpects, with the Method of 
Jufmitefhmals. The chief defign of this treatiſe, is to ſhew it's advantages in a 
clearer and fuller light, and to promote the deſign of the great inventor, by 


Compare Newton's Demonſtration of the Fluxion of Redang le, $4, 85, with Euler's, derived 
from the /»/initeſimal Method, & $7, to which it is infinitely ſuperior in accuracy and elegance. 
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ettabliſhing the Hiouzr GEOMETRY ON plain principles, perfectly conliftent 


wich each other, and with thole of the ancient Geametricians.” — Maiciaurin's Ju- 
traduction to Flux1ons, 
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De Applicatione Methedi Rationum Primarum et U bimarum jou Limitum, at 


Quadraturam Curvarum, atque ad Me hauicam Rationatem, 


— — 


47. Hvjvs applicationis elegantia quædam proferuntur exempla a Newtono 
in Lemmatilus inſequentibus : LE. Il. et III. Si fo'ygonorum rectilineoriuim figure 
cuivis curvilinee fimiliter inſcriptorum et circumſcriptorum augeaticr nu nerus /atorum 
correſpondentium, et diminuatur magnitudo in infinitum, ita ut differentia pong 
inſcripti et circumſcripti tandem fiat minor qud vis aatd : ultime ratiunss quas habn 
polygonum inſcriptum et circumſeriptum, ad ſe invicem, (et multd magis ad fguram 
curdiliueam intermediam ) erunt rationes equalitatis. 


Immediate et nullo negotio ſequitur hoc, ex Lemmate primo fundamental ; 


idque five polygonorum latera ſint equalia, ut in Lemmate ſecundo; five inæqualia, 


ut in Lemmate tertio. 


Cor, 1. Hinc polygona inſcripta et circumſcripta, tandem evaneſcente diffe- 
rentia, ultimò coincident omni ex parte, cum figurd curvilined. 


Cor, 2. Et proptereà, polygona ultima, quoad perimetros ſuos, non ſunt refi- 
linea, fed rectilineorum limites curvilinei. 


48. Atqui hæc eſt ipſa Methods Exhauſtiomun quam exercebant Geometre 


veteres, in compendium redacta, et longe promota, ab hoc artifice ſummo; ficut 


luculentiùs oſtenditur in Iutroductione Maclauriniand: 


e The Method of Exbauſtions was that by which the Ancients demonſtrated 
all their theorems for meaſuring and comparing curvilinear figures. It is often 
ſaid that curve lines have been confidered by them as pelygons of an infinite 
number of ſides ; but this principle no-where appears in their writings : we never 
find them reſolving any figure or ſolid into infinitely ſmall elements: on the con- 


trary, they ſeemed to avoid ſuch ſuppoſitions ; as if they judged them unfit to 


be received into GzoMeTRY, when it was obvious that their demonſtrations 
might have been ſometimes abridged by admitting them.” 


They conſidered curvilinear areas as the limits of circumſcribed or inſcribed 


lines 
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Figures of a more. ſimple kind, which approach to theſe limits (by a biſcction of 
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lines or angles that is continued at pleaſure) ; ſo that the difference betwixt them 
may become leſs than any given quantity : The inſcribed or circumſcribed figures 
were always conceived to be of a number and magnitude that is af/ignable ; and 
from what had been ſhewn of zhe/e figures, they demonſtrated the menſuration 
or the proportions of the curvilinear limits themſelves, by arguments ab abſurd. 
They had made frequent uſe of demonſtrations of this kind from the beginning 
of the ELEMENTS [as where the affect ions of ſimilar polygons, found in the firſt 
fix books, are transferred to circles in the twelfth book. | And theſe are in a 
particular manner adapted for making a tranſition from right-lined figures to 
ſuch as are bounded by curve lines. By admitting them only, they eſtabliſhed 
the more difficult and ſublime parts of their Geometry, on the ſame foundation 
as the firſt elements of the ſcience. Nor could they have propoſed to themſelves « 
more perfect model.“ 


49. We have already obſerved how ſolicitous Archimedes appears to be, 
that his demonſtrations ſhould be found to depend on thoſe principles only that 
had been univerſally received before his time. In his Treatiſe of the Quadrature 
of the Parabola, he treats of a progreſſion whoſe terms decreaſe conſtantly in the 
proportion of 4 to 1 (which we expreſſed by the trapezia CD 5a, DGcb, 
GR dc) ; but he does not ſuppoſe this progreſſion to be continued to infinity, 
or mention the ſum of an infinite number of terms; though it is manifeſt, that 
all which can be underſtood by thoſe who aſſign that ſum, was fully known to 
him. He contented himſelf with demonſtrating this plain property of ſuch a 
progreſſion : That the ſums of the terms continued at pleaſure, added to the third 
fart of the loſt term, amount always to four-thirds of the firſt term: (as, for in- 
ſtance, in the Quadrature of the Parabola, Introduct. p. 27—29. Pl. 3. Fig. 13, 
the ſum of the trapezia C Dia, DG cb, GR dc, added to one-third part of the 


| laſt trapezium G Rdc, amounts always to four-thirds of the firſt trapezium 


CRaa, or to it's limit, the triangle CAa;) but while this firſt trapezium 
approaches continually to it's limit, the inſcribed polygon at the ſame time is 
approaching to the parabelic ſegment it's limit; and theſe are equal to each 
other, as there demonſtrated, or in Hamilton's Conic Sections, (De Quadraturd 
Parabolæ, according to Archimedes.) After all the methods that have been 
propoſed for demonſtrating the Quadrature of the Parabola, this of the inventor 
himſelf ſeems to have a particular accuracy and elegance: he does not ſuppole the 
chords of the curve to be biſected to infinity; ſo that, after an infinite biſection, 
the in/cribed polygon might be ſaid to coincide with the parabola. Theſe ſuppoſi- 
tions had been new to the geometricians in his time; and ſuch he appears to 
bave avoided carefully,—On this occaſion, he ſhews how to find the ſum of any 
number of terms that decreaſe conſtantly in the proportion of four to one : and by 
this example of a geometrical progreſſion, (as it is commonly called,) opened 
up a ſubject, which has been treated at great length by the modern geome- 
triclans,” | 
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o. © But even Archimedes himſelf has not eſcaped the cenſures of ſome 
writers, Hobbes, Joſeph Scaliger, &c. who, being uu in Geometry, and 


wiable to reconcile their own conceits with his demonſtrations, have repreſented him 
as in an error, and “e mifleading mathematicians by his authority,” —Plutarch, 
however, celebrates the ſimplicity and plainneſs with which he treats the moſt 
diflicult and abſtruſe queſtions: 


Ov vg egy e Tear xenemuripag N [Sourioxg Hoe er af hug eg Mages 
104 tig gol teig ge PoHcrg. 


For it is impeſſible to find more difficult and weighty ſubjefAs written in fempl:y 
ond purer elements.” 


« He appears indeed to have been more fond of preſerving to the ſcience ali 
it's accuracy and evidence, than of advancing paradoxes.” 


« And although the purſuit of general and caſv methods may have induced 
ſome moderns to make uſe of excep/ronable principles, and the vatt extent 
which the ſcience has of late acquired, may have occafioned their propoting 
incompleat demonſtrations, yet the 7775 Jas were deduced trom a careful 
attention to his ſteps :—© Cot en obſervant de pres la marche d' Arcaulmepe, 
qi (M. De Roberval) @tort arrive à cette ſublime et merveilleuſe ſcience,” Acad. 
Scient, an, 1693.— This is generally acknowledged by the writers of that time.“ 


51. Hence it was with caution that the Doctrine of Indivi/ibles was at firſt 
employed in Geometry by Cavalerius; therefore he ſubjoined more wunexception- 
able demonſtrations to thoſe he had deduced from his own principles : and the 


diſputes which enſued (the firit of any moment that were known between 
geometricians) juſtified his precautions.“ 


52. Geometricians of the firſt rank had recourſe to this method of Ami 
long ago, on ſeveral occaſions, as a method of the ſtricteſt kind: M. de Fermat, 
in a letter to Gaſſendi, and M. Huygens, in his Horologium Ofci//atorium, have 
emplyyed it for compleating the demonſtrations of ſome theorems that were 
propoled by Galileo, and proved by him in a leſs accurate manner; and Dr. 


Barrow has demonſtrated by it a theorem concerning the Tangents of Cur: 
Lines,” 


„53. In Quarto Lemmate demonſtrat Newtonus rationes limitum curvilincorum, 
ultimò efſe eaſdem ac polygonorum inſcriptorum. 


Nam ut partes fingule polygonorum inſcriptorum ad fingulas, ita (compo- 
nendo) fit ſumma omnium ad ſummam omnium ; et proinde (per Lem. 3. Cor. 2. 
præced.) limes curvilineus ad limitem curvilineum. 1. . 


Cer, Hinc, fi due cujuſcunque generis quantitates, in eundem partium numerum 
utcungue dividantur; et partes illæ, ubi numerus earum augetur et magnitudo 


5 diminuitur 
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diminuitur in infinitum datam cbtincant ad invicem rationem, prima ad primam, 
ſecunda ad ſecundam, cate æque tuo ordine ad c#teras : erunt vet ad invicem 
in eddem illũ datd ratione. Nam, f ſumantur tota inter ſe ut partes, erit totun; 
prius ad ſummam partum, et totum poſterius ad ſummam partum, in ratione 
æqualitatis; et proinde, per hypotheſin, in ultima ratione partis ad partem. 

Q. ZE. b. 


54, Ope hujus principii generaliſſimi, tam GEOMETRIAM quam ATG EBRAu 
permeantis, emendare licet demonſtrationem Tacguelianam, Prop. 1. Lib. 6. E.. 
Nempe „ triangula aquialta, &c. ee ad invicem in ultimd ratione baſium;“ qua 
deficit, ubi de imcommen/uratilibus agitur ; cum “ mdicium proportionis ” pro 
Euclidiano malè ſubſtitutum a Tacquet, commenſurabilibus tantum reſtringitur. 


Sumptis partibus ſimilibus DEG et DG trianguli prioris DEF, et baſis 
prioris DF; fi ſubſtituantur he partes in triangulum poſterius ABC et bafin 
poſteriorem AC reſpectivè, quoties fieri poteſt; ubi numerus partium avugetur 
et magnitudo diminuitur in infinitum, ultimo datam obiinebunt ad invicem ra- 
ticnem : et proinde, erunt tte ad invicem in eddem illd datd ratione : hoc eſt, 
erit triangulum prius DEF ad poſterius ABC, ut baſis prior DF ad poſteri, 
orem AC. . D. 


55. Quim iniquæ 1githr ſunt in New/onum criminationes, quaſi “ methods 
recentem,” © veteribus ignotam, * alienis principus fundatam, a doctrinà motis 
tranſlatis,” nſdemque “ minim? neceſſariis“ excogitaſſet! - Pudet equidem tales 
cavillationes unquam admilifle analyſtas ex peritiſſimis Landen, D'Alembert, et 
Cenſerem illum Profeſſorium, pre incuria et oſcitantia ſaltèm, ft non ex invidiä 
oriundas. Maxime autem pudet viri clariſſimi De La Grange :—nonne dormila! 
bonts, ubi profitetur “ ſe traditurum funionum analyticarum theoriam, ab omni 
conſideiatione limitum immunem !*—(f1 tides habenda fic iſti Cenſors apud Tu 
MoNTHLY REVIEW.) 


* 


Dic quibus in terris 
et eris mibi magnus Apollo 


£6. Atqui luce clariùs conſtat, ex his documentis, principia infirma et va- 
ciliantia metbods differentialis, quæ primo poſuerat Leibnitz, ex notionibus ſuis 
vagis et incongruis de inis, (ſeu quantitatibus infinite parvis) gradatim 
et lentè purgatle, et tacitè, diicipulos ſuos; atque ad New!tonianam veritaten, 
atque vigorem Geometricum, tandem et quaſi proprio jure, perfeciffe: nunc vero 
reclamare audent ingrati, debito ſuo honore Newton!mm, ſucceſſorem dignum 
veterum analyſtarum, Archimedis, Apellomi et Euclidis, iniquiſſimè defraudantes 


57. Demonſtrarat Euclides, Prop. 20. Lib. 6. El. quod © Polygonorum ſimi- 
lium latera omnia que ſibi mutud reſpondent ſunt proportionalia, et, 2. Areæ ſin! 


in duplicald ratione laterum:“ hanc proprictatem infignem ad circulum tranſtulit 
Archimedes ; 
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A*chineges 3 et ipſe Euclides in Pep. 2. Lis. 12. Il. Et gencralitèr, extendic 


Newtonus ad vas que, in Lemnct? qiito ; code ratiocinio politos 
idgue, hve {atera ſint carvif.ea, hve refhilned, 


:8. In Lemmate ſeptimo, demonſtrat Newtozus, (per evaneſcentiam anguli 
contactus, Lem. 6.) quod ultima ratio arcs qutm mi; ini, chord et dane is 67 
ratio aquulitatis ; pariterque ſemiarcits, ordinate ct abjc 1}, (aNgentls ; vol C9F Ee 
ſemiarcis, or duiate, &c. Et propterca h cm line in inn de Fatt tc us e 
argumentatione pro ſe invicèm ulupart poitunt, 


59. In Lemmete cclavo, quod tima forme triangulo um eraneſtentium, (ubi ex 
rectis à centro quodam quaſi vertice, ad haſin productis, ſive hæc batis, t vel 
acus, vel chorda vel tangens, fiunt hæc triangula) /f famiittudines, ct 1149 
ratio aqualitatis, Et hinc !riaagula ia in omni de ralionibus uitimis argumeit- 
tatione pro le invicèm uſurpart poſſunt. 


60. In Lemmate nouo, demonſtrat (per Lem. quintum), quod arte !rimgu or 
cur vil neorum ſimiiuni ex curvarum tangentibus ſeu ſecantibus, et πσ.rα,H,ũñ Ten 


ſubtenſis externis angulorum contactùs fuctorum, erunt uliiud ad invicem in du 
Plicald ratione laterum. 


61. Elegantiſſimà tranſlatione factà ad Mechanicam Rationalem, in Lemmate 
decimo demonſtrat, quod / corpus, urgente vi qud ungus finita, maveatur ; five, 
1. vis illa determinata et immutabilis ſit; live, 2. eadem coutinig augeatur vel ceu- 
tinuo diminual ur; erunt ſpatia ipſo motils initio in duplicald ratione temporum. 


Nam, fi ſempera motùs exponantur per aZ/ciſſas, et velocitates genite per ordt- 
nalas externas, (ſeu ſubtenſas angulorum contactùs) ſpatia, hac vi urgente, de- 
ſcripta rite exponentur per areas ſriangulares curvilineas hilce ordinatis de- 
ſcriptas; et proinde (per Lem. 5 et 9), erunt in duplicati ratione laterum 
correſpondentium, h. e. abſciſarum ſeu temporum. 


Cor, 1. Et quoniam virium diverſarum intenſitates ritè exponuntur per veleci- 
tales quas genc rant, erunt H wires, ut /patia, ipſo motus initio deſcripta directè 
ct quadra!a temporum inversè; per Prop. 23. Lib. 6. El, 


62. In Lemmate undecimo demonſtrat Newtonvs, quod erdinata externa (ſeu 


Subtenſa evaneſcens anguli contactus) in curvis omnibus curvaturam finitom od puntium 


contattits babentibus, eſt ultimd in ratione duplicatd chirde ariiis contermini. 


Nam, ex natura circu/orum æquicurvcrum, Circa has areas triangulares defcrip- 
torum, erunt ordinatæ ex/erne, ſcu circulorim ſagittæ, his proportionales, ut 
quadrata chordarum arcuum conterminorum directè, et diametri circulorum in- 
versè; ſed, ultima ratio diametrorum, evaneſcente differentià, fit ratio æquali- 
tatis; adeõque ordinate externæ erunt ut quadrata chordarum. 


Yor, V. R Cor, 1, 


I22 ANALYSIS FLUXIONUM, 


Cor. f. Hinc, ſagitie curvarum quoque, que chordas arcuim duplorum biſecant, 
et a datum centrum motus convergunt, ſunt ettam wultimo ut quadrata arcuum 
contermimorim. Nam fagitte ille ſunt ut ordinate externa, et arcus cum chorgis 
ultumo coincident, per Lem. 7. 


Cor. 2. Ieoque /ag/tle lie ſunt in duplicatd ratione temforum quibus corpus 
data velocitate defer bit arcus quam minimos. Nam data velocitate, hi arcus ſunt 
ut tempora; ct ptoindè quadrata arcuum ut quadrata temporum. 


63. Atque ſunt hec: principia mathematica generaliſſima, quorum ope demon. 
ſtrat New!oaus in ſequentibus propoſitionibus, Sec. 11. rationes virium centris 
petarum ad invicem ; legeſque ſecundùm quas corpora circa commune cent um 
motus revolventia, accelerantur aut retardantur pro diverſis à centro diſtantijs, 
Vide 5 88, 89 ct 103. 


De Zluxionum Elementis Primis. 


64. Quo magis pateat hujuſce Methodi, five Fluxionalis five Differentialis, 
evidentia et certitudo, viſum eſt ©« fundamentum totius methodi” inipicere ct per- 
ſcrutari, quale illud ſtruxit artifex ille egregius in Lemmate ſæcundo Lib. 2. Princip. 
ulteriaſque obitèr expoſuit, in Analyſi per Series Numero Terminorum I;finilas, 
atque in 2adraturd Curvarum ;—quz tria opera © cherdam !riplicem haud Jacile 
dijrumfendam” conſtituunt, vel viribus obtrectatorum Britannorum vel Gallorum, 
vel aliorum quorumvis contri hanc doctrinam infauſtè combinatorum. 


65. Terminos fluxionum 7echnicos ſcitè definit Newtonus, et expoſitione fatis 
dilucidà diſtinguit: 


1. * Genitam voco, quantitatem omnem que ex latetibus vel terminis qul- 
buicunque, in Az1THMETICA per multiplicationem, diviſionem et extract ionem 
radicum ; in GEOMETRIA, per inventionem vel comentorum et laterum, vel 
extremarum et mediarum proportionalium, fine additione et ſubductione gene- 
rantur : ejuſmodi quantitates ſunt adi, queti, radices; rectangula, quadiela, 
cubi, latera quadrata, latera cubica, et ſimiles. Has quantitates, wt indeterminalas 
et inſtabiles, et quaſi mo!u fiuxive perpetug creſcentes vel decreſcentes, hic con- 
idero: et 


2. © Earum incrementa vel decrementa momentanea, ſub nomine momern!gri 

_ intelligo : ita ut Incrementa, pro momentis addititiis ſeu affirmativis ;z ac Decrementa, 
pro ſul ductiliis ſeu negativis, habeantur. | 

9 8 66. 80 Cave 
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66. Cave tamen inteltexeris {fab nomine momentoru'n | pa licu as Huitas: 

particulæ finitæ non Wh as nenn, led quantities TIES: momentis gente 3 

per vocem monenta] intelligenda ſunt princi pia Jamjain mesh nuſtarum 

matnituchnum. N eque enim tpectatur in hoc lemmate WGaTHISYEG Q omenorum, 
\- . . £2 08 

{cd . „N nac Pichbellid. 


dem quoque fufus exponit in Au er Aquationes ; doctiſſimo Coſſen ita 
Arnie eam reddente: 

« The meme nis of flowing quantities are their in fini/ely ſua! parts, by the 
acceſſions of which, in 21definitely jimall portions of lime, they are continually 
0 2 
INCTETRITU. 

3. Now theſe quantities, which J confider as gradually and indefinitely 
increaſing, I ſhall bercaiter call /zents, or floving quantities,” 


67. 4. © Whereas. only quantities of e , ſame kind can be compared together, 
and alto their veloci/res | or rates] of increaſe or decreaſe ; therefore, in what 
follows, I ſhall have ns regar.! to /zme, formally conſidered ; but I (hail ſuppoſe 
ſgme ove of the quantities propoſed (being of the fame kind) to be increaſed 
by an eee quamuy, to which be g may be reterred, as it were, to time : 


* 


} 


an therefore, by way of analogy, it may not improperly receive the name of 
Tim:. . When, therefore, the word ti occurs in what follows, (which, for the 
ſox of /erfpievity and ditinfion, | have ſometimes uſed,) by that word, I would 
not have 1t underſtood as if I meant time in its formal acceptation, but only 
that other quantity, by the equable. increaſe or flux whereot time is exponnded 
an ma/ured.”' 


68. 5. © Eodem recidit, fi loco momentorum [ipforum, ] uſurpentur vel velb- 
cates incrementorum ac decrementorum, (quas ctiam, “ moths mutaticones,”” et 
& faxiozes quantitatum,“ nominare licet,) vel Aue guevis quaniitates, velocita- 


| tibus hiſce proportionales. 


Et pariter quoque, ſcribit Newtonus in Quadraturd Curvarum: “ Fluxiozes 
fun quam proxime ut fluentium augmenta equalibus temporibus quam minim!s 
genila; et, ut accurate loquar, ſunt i prins ratiane momentorum 1nafceilium.” 


And again, in the Analyſis ;—* The momzits of flowing quantities—are as the 
veiccities [or rates] of their flowing or incteaſing;“ -“ and the velocities [or 
rates] by which every fluent is increaſed, by it's generating motion | whatever 


that may be], I may call I xs; or ſimply, Fel: cities or Celerities.” 


6g. Ex his documentis undique congeſtis et intertextis, luculentiſſimè con- 
ſtat, quanta peritia, folicitudine et cautione, method i ſuæ generalis fundamentum 
poſuit Newtonus, in definiticnibus, dilin&/onibi/que accuratiſſimis; ** per ſpicut- 
?a!ts (ut ipſe dicit) quam maxime fludioius, in re longè difficillimà et ſubti- 
R 2 liffims., 
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Iifima. Abunde autem liquet, eum uſurpaſſe vocem “ gelocilies, (que tantas 
tragodias excitavit), in latiore ſenſu, pro rationivus creſcendi vel decreicendi— 
« rates of increaſe or decteaſe. Et inde ſenſu generaliſſimo definiri poſfunt 
furiones— Menſuræ quevis rotionum ſecundim quas quantitates fluentes qualibe! 
ejuſdem generis, quolibet in ftatu mutalionis, utcunque Variantur, 


70. Quidni autem eadem licentia Newtcro concedatur, quam ſibi ſumebant 
Analpſtæ vetcres ? Cur non, #quo laitem jure, New!0:0 ſas fu crit, in rebus geo— 
metricis principium geometricum ad hibere, et genilas quaſcunque quantitates, 
ex fluxu, feu © graft motu perfeluo, oriundas, conſiderare; quam Archimzd;, 
Apolloni, et Euclil, concipiendi lineam quali ex motu pundti, ſuperficiem, quah 
ex motu paraliclo /z7e@, et ſelidum, quaſi ex motu parallelo Super ficier, reſpec- 
tive genita? idque, % frandi gratia, nimirùm, in rebus metaphy/icis a ſenfibilibus 

valdè abſtratis ? Nonne GEOMETRIA pla, exiguos fines its 70 is alper- 
nans, longe, imò longiſſimè, ultra © menſurationem teri@, five agrorium,”—* I; nd. 
ſurde ing in rem tiſſimas cœlorum regiones, ultra orbem planetarum, cometartin 
atque afro: um, ad ipſam diam la Jean excurrit—frant impatiens, © nec audit 
habenas 7” Et quidnt vocabulum “ axle,“ quoque, in ſenſu latiſſimo atque ame 
pliſſimo, ad omnigenas fndtiones, MECHANICA RATIONALIS,—U7eS, Pondera, 
denſitates, r eſiſtentias, reflexiones, reſrattiones, infrattiones, aberrationes, &c. ſeu 
qualcunque quantitatum mutationes, ſecundum magnitudines et directiones, rite 
exponendas, extendatur ct amplictur ?—De defmilionibis nominum diſputare, 
(non x&7% $voy ſeu * ſecundum ret ipſius naluram, ted mare Seu, © pro defini 
ents arlitrio el inſtiluto) - puſilli eſt ingenii, minurigue philoſophi,—Eodem 
redeunt Huxiones NEW TON1 et Tunctiones De La GRANGE ; ut ex definitione 
vocis polterioris, apud TE MoxTHLyY REVIEW, conltabit : 


71. © A funfion of one or more quantities, is every exprefion in which theſe 
quantities enter after any manner whatever (combined, or not, with other quan- 
tities of given or variable values), wie the quantities of the fun#iom may 
receive all prſ/tb.e values. 


72, Eodem quoque recidit Aethodus Differentialis, (definiente analyſt peri- 
tiſumo, Eule, in ſuis Iſtiltiticnidus) ac ipsa Tluxionalis: 


„ AMethidus debe minandi raticnem incrementorum evaneſcentium, guæ functions 
querungue accipiunit; bun guantitati variabiii cijus ſunl functiones, incrementui 
evarieſcens itil uitun.“ 

Velut ſi quantitatis variabilis x, incrementum fit 7; ubi hec quantitas {i 
* + 7, fiet hujus quadratum, a* + 2x! + i, Erit i igitür 

Increm. : incren. * :: 1 5 2x0 + i 
vel, div idendo per 7, . 
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Et proinde ratio 1 ad 2x, exponet rationem increment! lateris variabilis x ad 
incrementum quadrati variabilis & p52 10 mts, ubi 7 evanclcit, accurate ; ante- 
quam evaneſcit, quam proxime tantum. At [mes rationts poyim incremantarum 

5 pi * . 5 0 . EY *. on . 3 8 * 
evancſcentium ſolummodo in Caiculo Diſtereutiali, Eilzro judice, ſpectatur. 


Ouis non videt analyſta bene cordatus, ad amuſſim quadrare Methodum 
Fur nalem cum Metbdoe Diferentioli, tam Hr deri quam De La Grange ?——et 
methodo utrigue æquè competere conkiderationem fanperit inter creſcendum 
decreſcendtumve elapſi? - ſi non © formaliter” quidem, em per anatogiam, 
ſize per accommedationem, et illuſtrandi gravia ?—er quale aut quantum intercedat 
diſcrimen (intelligo verum diſcrimen, non nomini tents) inter “ momenta” 
Newtoni, et“ incremen!a ev2e/centia” Euleri, detegat, oro, analyſtarum vel 
perſpicaciſſimorum curioſa felicitas, in ſæcula tzculorum, 


1 
/ J 
1; 


74. Non idcirco niſi imperite objicientis eſt © azimaduzrſo dof Forelli,“ 
quam commendat M. R. quaſi—inter exempla admodum peripicue validasgue 
argumentation” annumerandam: 


& Neqre ver) quidguam agunt, qui, infiniteſimas quantitates re/icien!es, momenta 
quædam carum loco GEOMETRIZE inferunt; eaque ita vocant, quod concipiantur 
momento temporis uilæ magnitudinis fluxu oriri: Si enim momenta hec vires 
ſuas flaendo explicant, non aliud ſunt quam ipſæ quas rejiciun! intiniteſimæ quan- 
litates; /in autem nituutur neque tamen ultra tendunt, novum vocabulum Fruſtrà 
iuducitur, dum id quod nihil eff momentum appellatur.” 


At ruit objectio ſuis viribus everſa. Nam, 1. momentum non eſt nibil, ut ex 
definitione conſtat; nec, 2, eſt Mniteſima quaititas, cum magni/ud:nis fiiite, ſeu 
determinate, (licet quam minimæ) eile concipiatur; nam, ut accuratifiime lo- 
quitur Neretenus, eſt © angmentum fuentis tempore quam minim genitum; neque, 
3. ſi valida fit, mints hoſtilitèr in Methodum D#ferentia/om, quam PFiuxicnalem, 
invehitur, nſdem principiis innixas; totius analyſeos ſublimioris fundamentum 


que labefactando. 


75. Nec minus ruit altera iſta object io D' Alembert (J), in vocem * e. 
2 a | \ 1 = 1 os 
tattm” animadvertentis, quippe quæ codem redit in fentu ACT AIO, AC ** FAN: 


1 Bos To ſpeak of D' A/-inbert merely as a mathematician,” Tar Mx TULY Review ems rater to 
Over-rate his merits: However profound his relearchies, and extenfive his labours * to ca; away vhs 
rubbiſh of 74r gon and my/tery from ſcience,” his calculations and demon ſtiat ions are excectinoly reed. 
prolix and intricate ; far removed from the elegance, corncifencts and arrangement of Werra, a1 
even of Eur and Clairaut—When Landen (himſelf a profound mathematician, and who firft dit. 
covered the lource of Newton's miſtake, in determining the quantity of the freeef/ivn of the cue 
tlic as of which is attributed to D'HAlemdert by the M. R.) had examined D' Ambers ſoluti n 
A an, of Ryta! wy Motion, difſering from his own, he was unable to difcover the fource 
"at aifterence in the c ſcuri'y of his argument, until affilled by the perſpicuity of £47 >; may 
whole loint on agreed wm it's reſult with DP Alembirt's — And furcly his objeftion to the » 
Fuxions ſhcws that he was not det ply verſed in the we/aphrfgue of the ſeience, 
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et in ſenſu Gremstrico, legitimè pro fuxione uſurpanda eſt, cum velocitas fir 
& exfonens rations” inter patium et tempus intercedentis, ubi motus fit uni- 
formis; ct proinde relaticmem vere exiſtentem inter veras quantitates commen— 
ſurabiles in Mechanics RKalicuali, apte, et “ natureliier quidem,” (ipſo fatente 
NM. R. p. 498.) defignat, Et ſecundun D'Aemberi—Calruis Differentialis in 
Geomerri icis, munus eſt -“ deter miner a gebraigue nent LA LIMITE d Wl rapport ce 
laguel, on d deja Ve ellen en lignes; et a égaler ces deux limites; ce qui fait 
tieuver une des lignes gu'on (bet che.” 


Atque illuſtrandi gratia, duca tangente parabele, cujus æquatio eſt av = 3. 


primo exquirit D'A{embert valorem unius limits algebraice, v4 ); et valorem 
: . 6-2 7 * 2 bs F OE 9 - . 
alterius geometrice (); quibus æquatis, deducit valorem /#6/anger!ic, 
2 , - * a . . . : 
(s) = = = 2x. Atque agnoſcit pariter, (ut, ex abundanti diluatur objectio 
a 
dr A . . . 
Torelliana) quod in formula 2 ſecundùum notationem differentialem, ſeu 
( 


= ſecundum fluxionalem), dx et dz (ſeu & et ) non deſignare guanbitates infi- 
=> 


niteſimas, teu infinite parvas, ſed in certo quodam ſtatu uiſæ magn tudinis; 
tales enim ſymzgolice tantum uſurpart pro forma loquendi compendiosà, C cal- 
culis concinnandis accommodata, verum nullatenus critice, teu pro uſu piils/ts 
phico terminorum technicorum. 


76. Atque hoc paRo, ipſe quoque Cenſor, p. 487, monet, quo] fi c 
exjuſdam axis denotet tempus delcriptionis ; et ordinatim applicale quibuſvis curvæ 
ipſius punctis, /patio (vel actu deſcripta vel quæ deſcribenda forent velocitate 


exinde uniformitèr Continuata) z crit velocitas ubivis, ut qucliens ordinate pr 


0 — 4 . 4 
ſudtamgentem diviſæ, ſeu v = : et proinde per hanc rationem Tere expo— 


nitur ſeu menſuratur. 


77. Hactenùs explicatis elementis primis Methodi Fluxionum, pro ſuaà 
ſubtilitate fuſùs; facilitati conceptùs conſulens, et ſpeculationibus metaphyſicis 
facem præbens, quantum res difficillima pateretur; et abſclutis eindicits ad- 
verius obtrectatores Jaudum Nero/onjanarum, tam exteros quam noſtiates ; gra- 
tiam ut ſpero, promeriturus mnium cordatiorum analyſtarum, qui quantum 
New!ono debent agnoſcere haud gravantur; (Ang/orum potiſſimùm, ingens illud 
even BRITAN NTA, atque Analyleos ſublimioris principem et architectum, 

ptimo jure admirantium) : Supercſt ut ipſius methodi generalis udimenta pro- 


nam ; preſſiùs atque concinniùs, et tamen uberiùs ac luculentiùs, quam 
alt 
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alli ſcriprores qui hactentis hoc facere aggreſſi ſunt, hac, nimirùm, lege mihi 
propoſita et ſedulò obſervatà, ut veſtigiis ipſius inventoris ſagaciſſimi, quam 
maximè potuerim, fidelitèr ſemper inſiſterem; 


Te ſequor, O MAGNA GENTIS DECUS |! ie ts nunc 
Fixa pedum pono preſſis veſtigia fignis ; 

Non ila certandi cupidus, quam proper amorem, 

Qudd te imitari aveo : 
E tenebris tantis tam clarum extollere lumen 

Qui primus potuiſti, illuſtrans commoda vitae, 
Tu PATER ! ET REKUM INVENTOR! 
— T iſque ex, INCLUTE, chartis, 

Floriferis ut apts in ſaltibus omnia libant, 

Omnia Nos itidem depaſcimur aurea dicta, 

Aurea, perpetud ſemper digniſſima vitd, LuckrETiuvs. 


Nam æquum certe erit has laudes ad Newtonum transferre, viRTuT1sS VER M 
cuſtodem, SAPLENTLA rigidum fatellitem, quas de Epicuro, inſanientis ſapi- 
enlie” patre et © patrono” falsò prædicat TLucretius; qui ipſe, vitæ pertzlus, 
non ultra quadrageſimum ætatis annum provectus, necem ſibi conſcivit,. 
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ANALYSIS FLUXIONUM. 


PARS SECUNDA. 


DEFINITIONES, 


578. 1. {ETHODUS Fluxionum eſt que determinat quantitatum ejuſdem 

generis, utcunque variabilium, rationes ad ſe invicèm, quolibet 
in ſtatu contemporaneo variationis ſeu mutationis, per methodum primarum et 
ultimarum rationum {eu limitum. 


2. Rationes ultimæ ſunt mites, ad quos quantitatum fine fine decreſcentium 
rationes, 1, ſemper apPpropinquant ; et, 2, quas propids aſſegui poſſunt quam 
pro datd qudvis diſſerentid; 3, nunquam vero tranſgredi ; 4, nec priùs attingere, 
quam quantitates ipſee diminuuntur in infinitum. Et par elt natura rationum 
primarum. | 


3. Fluens eſt quantitas ipſa variabilis, ſed tamen finita, quemvis mutationis 
ſtatum ſubiens, antequam evaneſcat, ſeu in infinitum augeatur. 


4. Genita eſt ipſius fluentis magnitudo certo quodam variationis puncti, ſeu 
mutationis ſtatu, | 


5. Momentum eſt fluentis augmentum aut decrementum momentancum; id elt, 
tempore quam minimo genitum. Eſtque fiuxiort proportionale. 


6. Fluxio, ſeu Functio Analytica, ſeu Differentialis, eſt menſura qua vis rations 


ſecundum quam variatur fluens, quolibet in flatu mutations, 


7. Fluentts ipfius F/uxio appellatur prima, ſeu primi ordinis ; hujus iterùm 
fuxis (ſi prima fluxio variabilis fit) ſecunda, ſeu ſecundi ordinis ; (fi ſecunda quo- 
que fit variabilis,) hujus denuo fuxio, tertia, ſeu terii ordinis; atque ita deinceps, 
_ ultimo perveniatur ad frxiouem conſtantem, {eu mutatione uniformi proce- 
dentem. 


Vol. V. | 5 8, Me. 
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8. Methodus Fluxionum Direfa, que ex fluentibus datis in ventt fluxiones; Me. 
thodus Inverſa, viciſsim, ex fluxionibus daiis invenit fluentes. | 


Agquatio Fluentialis ſeu Integrans, quæ ex fluentibus ſolis conſtat; quali 


Fluxionalis ſeu Differentialis, que fluxiones fluentibus immiſtas continct. 


,Püſ.— .— —8 ̃—ñ—döẽ— —̃᷑ —̃— 


AXIOMATA. 


T9. . Quantitates, at et Quantitatum Ratioiies, que ſunt cnflantes aut da'e, 
nullas ſortiuntur fluxiones. 

2, Quantitatum vel Rationum in maximis aut miunimis verſantium, vel in limi. 
tibus ipſis, evaueſcunt fluxiones. 

3. Flaxio ſimmæ duarum pluriümve fluentium æquatur ſummæ fluxionum 


ſingularum flueatium cum propriis ſign's; ſcilicet, affirmativis, fi momenta pro 


incrementis habeantur; negativis, fi pro decrementis, 
4. Quantitates que con//an/er, lev aguabiliter, ſeu certd et determinatd quidan 
rat ione fluunt, fluxiones tantùm primes ſortiuntur. 


5. Fluxio cujutvis fluentis five pure, five cum cognitis quibuſcunque quan- 
titatihus immiſtæ, eſt eadem. Sic, $ A fit quantitas variabilis, ct e quantitas 


data, quantitatis Act A + e eadem erit fluxio a. 


6. Eadem fluens plures ſortiatur fluxiones; fi modo fint in dati ad invicem 


m 

* . . . n * 1 a „ : 

ratione, Sic quantitatis Au, cujus prima fluxio eſt — @ A, ſecunda ert 

m 757 
” > 5 727 m n DES 

3 B* A z vel huic proportionalis, — . — -1@A - 

a n ' a 7 
2 


Pauca inſapèr, fræfaratioris loco, ſubjungere libet de wes fermis netalichi 
gum in calculo five fluxionali five differentiali adhiberi ſolent. 
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7 De Notatione Fluxionali. 


%, Fluentes primo defignabat Newtonys, in Lem. II. Lib. II. Princip. per 
literas majuſculas A, B, C, &c, Et harum momenta, (ſeu fluxiones momentis 
proportionales), per minuſculas a, b, c, &c.; que relationes quantitatum ip- 
ſarum reſpectu magnitudinis bene exponunt, Poſtea vero, alteram illam me- 
thodum, jam uſitatiorem, excogitavit, deſignandi fluentes per minuſculas 
Z, Jy &z; Kc. harumque fluxiones diverſorum ordinum per puncta ſuper- impo- 
ſita, hoc modo: 


„ J, „ &c - uxiones prime, 


FI Co JT 


fluxiones ſecundæ, 


1 fluxiones tertiæ, 


2, „, x & - = = fluxiones quartæ. 


$1, Secundùm notationem differentialem, minds eleganter exponuntur differen- 
tiales uniuſcujuſque gradus, | 


dx (ſeu xi), differentialis prima, 
adde, = = differentialis ſecunda, 
ddds, = - = differentialis tertia, 

ddddxs, = = differentialis quarta. 


Secundùm notationem quam uſurpat De La Grange, ſi curve cujuſvis æquatio 
lit y = f x, erunt valores, ſubnormalis, ſubtangentis et radii curvature yy", 
” (1 +5) 


* et . . reſpectivè, quæ ſecundùm notationem Newtonianam pro- 


3 

5 * '2 CY 

deunt , =, et = cunſre referente. 
8 7 9 


In ter/id editione Princip. p. 486, deſignat quoque Ne:otonus differentias primas 
per , 2b; ſecundas, per c, ac; tertias, per d, 2d, &c. 


82. Ingenti autem Matheſeos commodo, introduxit Newtonus in Algebram 
Specioſam notationem indicum frattorum et negativorum ; quarum rationem 
Dreviter exponere in animo eſt, ne confundantur tyrones notatione inuſitatà; 
8 2 Z præſertim, 
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præſertim, cùm non deſint auctores, qui uſum indicum fraforum et negativorum 


prava confuſione miſcent. 
Indices integri quantitatum A*, A', A*, A“, indicant varias poteſtates ſeu dig · 
1 
0 - . , f x I 1 — 
nitates, per involutionem reſultantes. Indices fraFi A*, A, Ar, A *, varias 
itidem radices, per evolutionem; quales nempè referunt ſurdæ quantitates, ſe. 


cundum notationem vulgarem, VA VA, VA, VA. Ex utriaſque autem 
Bi 


. . 2 3 5 Ape i 8 n 
combinatione, emergent Ar, Ar, Ab, A“, deſignantes nimirtim radices per 
denominatores expoſitas, poteſtatum per numeratores, , A, VF, 


— mm 

- . * 3 — — FR m—_— 3 — — 
VA”. Indices verd negativi, A, ATI, A, A, AT? A 
dicant reciprocos aſfirmativorum, * > — —_ N. 3 
A AT A An 


„ in- 


Atque hoc pacto, fractiones tolli, et equationes concinnari poſſunt, tranſponendo 
quantitates indicibus negativis infignitas, a numeratore in denominatorem ; aut 


vice versaà. 


A? 1 * A . 5 
Se E n e = A; aA = 
A A ASI®S 
2? 

* T nA" I : 
8 7 r 
A — — A 

A 12 


De Methodo Fluxionum Directd. 


83. Continentur canones, ſeu methodi hujũſce regulæ, in theoremate quodam 


generaliſſimo, omnes caſus comprehendente : 
Lemma II. 


© 
n 9 Bd owes % 


« Momentum genite (A B'.) equatur momentis (i. e. ſummæ momentorum, 
ſculicet (a + ) laterum ſingulorum generantium (A, B) in eorundem laterum indices 


dignitatum (m, n) et co-efficientia - wi 1 A), continue duclis. Sen 


fluxio A B = naA BY + B A“. | 
N. B. Phraſi 
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N. B. Phrafi Newtoniana, © Lateris cujiſque generantis co-efficiens, eſt quantitas 


zuæ oritur, applicando [1otam quan'itatem] genitam ad hoc latus.” Sic lateris A 
M 


A 


N v1 
= A 3“; ct lateris B, eſt — = 


co. efficiens eſt 5 


84. Auſpicatur Nezwtonus, à caſu ſimpliciſſimo. 


Caſ. 1. Fluxio reftanguli geniti (AB) equatur fluvionibus Jaterum generantium 
(a et 5) in ipſa latera (B et A) continue ductis; ſeu fluxio AB = aB + A. 


ReQanguli cujuſvis perpetuò fluentis, ſint latera, vel æquabilitèr vel pari 
inæquabilitate creſcentia, per datam quandam temporis particulam, in medio 
ſtatu mutationis, A et B. Sumantur horum ſemi-momenta antecedentia, pro 
decrementis, — 44 et — 4; conſequentia autem, pro incrementis, + 2 4 et 


+ +5, Laterum 1gitdr variabilium prodibunt valores ſucceſſivi, eorümque 
differentiæ correſpondentes a mediis : 


Val. A. Dif. Val. B. Dif. 


A — 1g — 8 — 23 
4 + > } + 36. 
A = - „„ 


a+ {45 - p4u{2. 


Horum valorum primi erunt minimi, et poſtremi, maximi ; ſed fluxiones. 
laterum ſunt eorum incrementis Y07is ſimultaneis, @ et þ, proportionales re- 
ſpectivè; et proinde jure exponentur per ſummas differentiarum, à + 6, 


Rectanguli quoque variabilis, prodibunt valores ſucceſſivi, eorümque diffe- 
rentiæ, a medio valore, AB: 
(A- za) XK (B — 35) = AB— 2B — 3bA +2 


B 
+ 3246 + 2A — a5 
A X B a — — * AB — — = } 


- 


| 5 taB + 4bA + a 
(A + 49) x (B+ 2% = AB + 20h + 2bA +105} EEE e 


(4) © Quaniitates differentiis ſuis proportionales ſunt continu? proportionales.“ Et conversim 
fuanittatum continue proportionalium erunt differentie ipſis quantitatibus proportionales. 


1. StAadA = B ut B ad B — C, et Cad C- D, &c. Et convertendo tet A ad Bu 
B ad C, et Cad D. 


2. Sit A ad B ut Bad C, &c. Et iterùm fiet A ad A — B ut B ad B - C. 


Vide Maclaurin's Fluxions, 8 1 160, ubi prolixe demonſtratur et Theoriz:-Flazionum Loga- 
rithmorum applicatur, A , 2 
5 1. 
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Et horum valorum quoque, erit primus minimus, et poſtremus, maximus. 
Sed fluxio rectanguli incremeatis laterum lis @ et b geniti, eric incremento 
toti proportionalis; er proinde jure exponetur -per ſummam differentiarum, 
aB + SEA. 

Si negas, fingatur fluxionem veram eſſe vel majorem vel minorem, quantitate 
quavis aſſignabili D, ſeu, aB + bA + D. Quod fi major foret, emergere 


B T DAT ; 
— — majus maximi, (per conſtruc- 


palit dimidium novæ fluxionis, 


tionem) differentiarum, 4aB + 54A + rab; et proinde non rite exprimeret 
augmentum rectanguli poſt medium ftatum AB: fin minor, emergere poſſi? 
aB + bA = D 


dimidium nove fluxionis „ minus minima differentiarum, + ah 


+ 3bþA — tab; et proinde non rite exprimeret augmentum rectanguli ante 
medium ſtatum AB. Q. E. D. 


In numeris res patebit: 
St A = 20, et 6 2; B 3o, et 5 = 43 erunt 
Val, Dif. 
nn = 19 K 28 = os 68 
AD - --.- = 20 Xx 30 = 600 


[A +38 X B + 8} = 21.]X 92" = 672 þ 72 
140. 

Sed aB + A = 60 + 80 = (140 =) 68 + 72. 

85. Demonſtrationem totam breviſſimè expedit Newtonus : 

« Recangulum quodvis motu per petuo auctum AB, abi de lateribus A et B 
deerant momentorum dimidia t et 26, fuit A — za in B — 43, ſeu AB — 
rag — 3bA + ab; et guam primùm latera A et B alteris momentorum di- 
midiis aucta ſunt, evadit A + 44 in B + 75, ſen AB + 2aB + 24A + 246. 
De hoc rectangulo ſubducatur rectangulum prius, et manebit exceſſus aB + 4A. 
—]gitur laterum incrementis totis @ et b, generatur rectanguli incrementum 
aB + A.“ . E. D, 

In hac demonſtratione, Newtonus, neglecto medio valore rectanguli fluentis, 
nempe AB, mul ac ſemèl, ſubducit minimum valorem de maximo; et inde, 
exceſſus deſignabit totum rectanguli augmentum totis momentis à et generatum, 
(five ſummam differentiarum minimi valoris à medio, et medii a maximo); fed 
argumentum ad abſurdum omittit, quaſi ex ſuis principiis in Lemmate primo ſatls 
manifeſtum. Vid. $ 16, Not. (c). 


86. Demonſtrationis Nærotonianæ vim atque ſubtilitatem minimè capiens 
% Analyſta ” ( Berkeley, ) validitatem ejus imperitè improbavit. Nec fatis per- 
ſpexerunt vindices, Colſon et Maclaurin : Colſon enim argumentum ad abſurdum, 
propoſitioni plene, perfectè et rigidè demonſtrandæ neceſſarium, omiſit; Mac- 


{aurin vero viciſsim, priorem demonſtrationis partem, a Colſon bene explicatam, 
| paritèr 
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pariièr onifit ; huic part! poſteriori tantan 1mmorans, prolixiùs et obſcuriùs, 
in demonſtratione parallela ſtuxionis quadratt ; unde, oruine inventoris lucido 
in pejus mutato, fluxionem reftangul! deducit un bene reiit7 iuterpretis par- 
m: ſicùt in Parte Prim monuimus, 5 10. 


87. Aralyſtæ recentiores quoque, Euler, (y 72.) &c. folidam et rigidam de- 
monſtrandi viam Newtonianam delerentes, rem paulo allter inſtituunt, ex metbads 
injui efimaliun. 


Laterum generantium ſint poſtremi valores, x + # et y + ; emerget 
poſtremus quoque valor rectanguli ſimultanei, his in fe ductis, xy + r + of 
4. De hoc valore ſubducatur primus, xy, et manebit exce/ſ7s #y + xf + Xf 3 
nempe incrementis æ et y generatus ; cxteram terminus ujtimus h, utpote 72 
fore parvus, tutò negligi poteſt: et proinue incremeatum iphus rectanguli 
quam proxiniè exponet #y + xy ; hive ſubſtitutis, pro incremenus # ct, fluxi- 
onibus & et 5, fluxionem rectanguli exponet xy + ap. Qs E. b. 


Vide Hutton's Mathematical Diftionary, voce Fluxion, p. 487; unlè hanc 
demonttrationem Newtomang (ibidem male omiſiz) evidentia et elegantia lonze 
cedentem, deprompſimus: Nam fluxionem rectanguli variabilis, quam in ſtatu 
mutationis pri o, xy, non niſi quam proxime exponit ay + xy; in ſtatu medio, 
ſeu Aiuite in ipſo, AB, longe accuratiùs exponit 2B + , tfecundim conſtruc 
tionem Nertonianam artificioſiorem. 
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$8. Atque ex hujus demonſtrationis ſubtiliſſime genio ſeu indole, methodum 
linitum indubitatò reſpiciente, optimè forsan explicare licet principium illud 
ſhinoſiſſimum et vexatiſhmum, ſed nobiliſſimum et generaliſſimum lane, unde 
pendet omnis theoria Newtoriana virium centripetarum, Princip. Lib, I. 
Prep. 1. Cor. 3. et 4. 


r 
* \ 6 


3 


eee 


Cor. 3. Vires centripetæ in Imediis arcuum momentaneorum ABC et DEF] 
Bet E, ſunt ad nvicèm in imd ratione diagonalium BV, EZ, | que convergumt 
ed centrum virium > | ubi arcus iſti in infiaitum diminuuniur,” 


4 Nam vires centripetæ, in his mediis locis B et E, utpote accelera!rices, propriè 
© menlurantur per velecitates versus commune centrum mottis cadendo acquiſitas, 

equalibus his temporibus quam minimis; atque he iterùm velocitates genitæ, 
utpote temporum quam minimorum decurſu, tere æquabiles, ob hæc tempora, 
| per hy potheſin, æqualia, erunt ut Hai, impulſbus vis centripetæ in locis 
3.et E interim generata versùs commune centrum mots S; five deſlexiones de 
cxtrenus c et F tangentiun per B et E ductarum; czteram he deflexiones 


J fert (hb) coincident cum ſubtenſis angulorum contactus C, YF, uli arcus ijti 
4 
| : (5) Vide La Ca tle, Elemens d' Atronomie, ſeu Verſionem Anglicanam à Robertſon, & 159, et 
5 g. 33. ubi gradus lic demonitrationis præcipuus, à Newtouo omiiſus, et a commentatoribus male 
J neglectus, optimè ſuppletur: ibi enim notantur be de x:ones were verlùs centrum per QR, PF, quæ 
dum jubterfis angulorum contactùs, radio vectori parallelis reſpectivò, ſer? coincidunt, 
\ ; „ 
: 
t 1 
43 
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ABC et DEF in infinitum diminuuntur; (nimirùm recedendo utrinque ab extremis 
A et C, atque D et F, versus media B et E, reſpective) ; itemque he ſubtenſæ 
cC, F ; — ſi reſolvatur totus revolutionis motus per ſemiarcus BC et EF, (qui 
utique cum chord;s ſuis et cum laugentibus ſuis Be et Ef ultimo coincident, per 
Lem. 7.) binos in motus, unum, ſecundùm directiones tangentium, et alterum, 
ſecundùm directiones radiorum vectorum BS, et ES,—erunt parallelæ et æquales 
diagonalilus BV cet EZ, quæ convergunt ad centrum virium et chordas AC, DF 
biſecant: ergo wires, &c. erunt is diagonalibus proportionales. Q. E. D, 


In hac demonſtratione, (quam, breviſſimè a Newteno abſolutam, fuſiùs expli. 
cuimus,) quis non videt quod * 44 arcus iſti in infinitum diminuuntur,“ nimirùm 
recedendo utrinque, &c. ſemiarcus priores AB, DE antè media puncta B ct E, 
decrementis — ta, — 23 et ſemiarcus poſteriores BC, EF, incrementis .-, 


+ 26, reſpondent reſpectivè? 


8g. Cor. 4, © Vires ille centripete, &c. ſunt quoque proportionales „g, 
illis quæ chordas biſecant arcuum quorumvis, ægualibus temporibus quam mi. 
nimis deſcriptorum, et convergunt ad centrum virium.“ 


Nam he ſagittæ ſunt ſemiſſes diagonalium præ ictarum, ſeu 2BV, et EZ; 
et proinde pro ipſis diagonalibus, (veris utique virium exponentibus,) com- 
pendii gratia, calculo caute inſtituto, et fervata ubique /emifſium propertione, 
per totum computum, tuto ſubſtitui peſſunt. Alitèr enim ſuboriri poſſunt 
errores in calculo minimè contemnendi, Vide Maclaurin's Fluxions, & 440; 


Simſon's Fluxions, Vol. I. p. 237; La Lande, Aftronomie, \ 3392; et Miker, 


. Philoſeph. Tranſ. anno 1779, Part II. p. 521,—Vide plura, & 103, et antez 


Q 62 ct 63. 


go. Quo magls eluceant evidentia, certitudo et ubertas primi hujus caſi:, 
quem totius methodi generalis fundamentalem conſtituit Næꝛolonus, placet inſuper 
ex conſiderationibus Geometricis, abſtractiùs et ſubtiliùs hactendùs tradita, il- 


luſtrare. | 


1, Lateribus generantibus, A et B, uniformitèr creſcentibus, ſive in eadem, five 
in data quadam ratione ad fe invicèm; erit diagonalis rectanguli duplici motu 
geniti refs linea. Et complementa parallelogrammorum circa diagonalem ric 
exponent fluxiones laterum reſpectivè; adeõque horum aggregatum fluxionem 
iphus rectanguli geniti, Sed in hoc caſu ſimpliciſſimo, erunt ipſa complementa 
#qualia, per Prop. 43. Lib. I. Elem. ; five aB = 4A, adeoque arew rectanguli 
fluxio = 24B vel 24 A. Et ſi latera ſint æqualia, erit fluxio guadrati = 24A. 


2. Lateribus difiormitty creſcentibus, ſeu in diversà ab invicem ratione ; 
ex. gr. ſi momentum @ fit conſtans, at momentum variabile, erit Au 
rectanguli geniti curva linea: que erit convexa a parte baſeos ſeu abſciſſæ mou 
conſtanti deſcriptæ, fi þ creſcat; concave autèm, fi decreſcat. In utrõque caiu, 


complementa illa quæ ſluxiones laterum exponunt, erunt inzqualia, 
Hiac 


*” 4 4 
* 4 "="; 4 oy * 4 
WEEDS mn ARS 2) Ta 5 2 
* . 4 
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Hinc forsàn Sefiones Conice, nomina ſua propria acceperunt : Hyperbo.a, 
quaſh motu ordinate uTreCoxANovTt, ce redundante, genita; Ellipfis, quaſi motu 
Eero, ©* deficiente ;” et Parabola, We:o&>xom, fea motum ad corftantens 
ſeu æquabilem accedents, genita. Atque his deſinitionibus nominum allectiones 
ſingularum ſectionum probe reſpondent. 


3. Creſcente uno latere et decreſcente altero, five conſtantor, five dive madò, 
ob momentum poſterioris jam negativum, — 6, rectanguli fluxio fiet retidua, 
a B b A. 


Caſu bec primo, omnium fundamentali, jam rigidè demonſtrato ex principiis 
pur? Algebraicts, omni motus formalis (eclusi confideratione ; et fuſiùs ilhutrato 


ex Mechanicd Rationali atque Geome'rta, ſecundum mentem ipſius 1nventorls ; 
rcliquos caſus breviùs expedire fas erit; quibuſdam aliundè intertextis. 


aB — bA 


91. Caf. 1. Cor. —Hinc fluxto frationts = iet F 


A 
» Ponatur _— = 


Q: eritque A = BQ. Adeoque per Caſ. 1. 4 = qB + bQ; ſive 2 = — "hy 


3 U Q a 7 A a + bA 
ol 


15 L E = F Fug- 


. 


92. Fluxio contenti ſub lateribus quolcunque, A, B, C, &c. æqualur ſummæ ex 
Huxionibus ſingulerum in reliqua latera ſigiilatim continue duttis. Sic fluxio ABC, 


&c, = aBC, &c. + bAC, &c. + AB, &c. 


Ponatur AB = G. Et per Caſ. 1. erit fluxio ABC, ſeu GC = gC + cG 
= (aB + A) XC +c x AB = eBC + bAC + cAB, Et par eſt ratio 
contenti ſub lateribus quotcunque. 


93. Caf. 3. Fluxio dignitatis cujuſvis affirmative (&) equatur indict illius dig- 
nitatis (n), fluxioni lateris (a), ejiiſque co-eficienti ( * © rs " in ſe continue dudtis. 
Seu, fluxio A“ = nA 


Fluxio quadrati A“, ſeu A X A, erit 4A +@A 22A, per Ci. 1. Fluxio item 
cubi A?, ſeu A X A X A, erit quoque aA + aA* + a = 3aA*, per Ca). 2. 


. ne [ 
Et, eodem arzumento, fluxio A” = wa. Q. E. D. 


a Py ; 11 
Cor. Hinc fluxio — ol aA ; 


| Vol. V. 'T Scholinn, 


— 


*. 
22 io * 
— 3 2 


: 
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Scholium, Proprietate curvarum elegantiſſimà, fi area quævis curvilinea ſuper 
ba/i (AP) deſignetur per A“, quolibet in ſtatu mutationis ; ſemper exponetur 


ordinata (PM) per na . Vide Maclaurin's Fluxims, § 935, fig. 352. 


94. Caſ. 4. Fluxio dignitatis cujuſvis negative (A“) æzuatur indici, in lateris 
fluxionem dufte (— ma), et per indicem genitæ unitate auctum diviſe (n + 1). Ser 


. 
A* 


. | . : 1 . *Q * . 
Quantitatis conſtantis A x — = 1, erit fluxio nihil, per Az. 1. Fiat 


* = ZB; eritque fluxio AB = 4B + bA = o. Adeoque 5, ſeu fluxio ah 


A 
„vel 1 * — * * — = . Et generalitèr, quantitatis conſtantis 
mM I . . TI . I 2 . . 
A * — = 1, fluxio erit nihil. Fiat — = B, eritque fluxio R 
A A 


= A“ + maBA””" = o. Ade6que 3, (ſeu fluxio — vel A) = 
A 


—maBA” ! — man ma I 2 a 7 
Oo ot; lod ne IT 1 
m 
95. Caſ. 5. Fluxio cujuſcunque dimenſionis frag affirmative (A“ aquatur in- 
; m 
* 277 . . _ s . * 0 . 2 . 
dici illius dimenſions (—) „ lateris fluxicni (a), ejiiſque co-efficienti (A* ), in 
fe continue ductis. Seu fluxio A? = AA . 


. . 4 — of . . . S - : ' 
Quantitatis A* x A* = A fluxio erit a, Fiat A = B; ade6que fluxio 


B* (feu A* x A*) erit 2535 S a; et proinde 6 (ſeu fluxio Ar) — 25 = 


Et generalitèr: fiat A* = B; eritque A“ 


2A 


B“; et proinde 


barum fluxiones erunt inter ſe zquales, nempè mak = B“; et di- 
7 videndo. 
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I — [ — 1 . 2 5 * . 
videndo utrinque per A =— BY, erit maA = nbB ; Wdeoqueerit & (ſeu 


* 
— "hs A”? 3 
mat ma mas 
. 7 * — —— pune . . E, D 
fluxio B, ſive A ) = 1 = 7 — : 
nxA nun 


3 - * . mM . 0 
96. N. B. Pro co-efficientis indice, — ufurpat Newzonus indicem 


wes... 8 n OE n * 
£quipollentem — (= ———) = ——1,in demonſtratione hujus 


”m 


N . 2 RN 3 : 
casüs; unde prodit fluxio A* = — aA * , Eilem nimirùm notatione 


indicum hic occaſione uſus, ac compluribus ante annis, nempe anno 1676, ubi 
primo præclarum ſuum Theorema Binomium in lucem protulit. Vid. Ax AUxs. 
Eauvar. S 57. Czterum hoc non levem ſuppeditat conjecturam, Methodum 
Fluxionum, vel illo tempore, Newtono perſpicuè innotuiſſe; ut poſthàc pleniùs et 
irrefragabiliùs evincetur ex infignt analogiã inter terminos ſucceſſivos ſeriei bi- 
nomiæ, atque fluxiones ſuperiorum ordinum, intercedente; talem enim analo- 
1 utramque methodum, utriuſque inventorem effugiſſe, ſuſpicari non 
tas elt, 


97. Cafe 6. Fiuxio genitæ cujuſcunque ex duobus pluriliiſve faftoribus, aquatur 
ſummæ ex fluxionibus uniujcuju/que fattoris in reliquam facterem vel reliquos fattores, 


continu? inter ſe duttis, Sic fluxio A” BY = naß A + A BUT. 

Ex præcedentibus conſtat ; nempe, Caf. 1 et 3. Et par eſt ratio contenti ſub 
pluribus factoribus; nam, per Caſ. 2, erit ſluxio A“ B* C“ = maB*" CA 
TA CTB“ + NAB“ COT 


Idem quoque obtinebit per Caſ. 5, ubi indices factorum ſunt ſra7i, 


m * * m 


”m—— 


m r 8 5 a £ 
„ zo A” B“; cujus fluxio evadet —— 3 A* + . 


Et hoc eſt Theorema Fluxicnale nobiliſſimum et generaliſſimum, uno intuitu 
omnes caſus comprehendens, ipſi Theoremati Binomio, elegautia, concinnitate et 
dignitatis preſtantia vix, et ne vix quidem, cedens. 


98. Concluſiones præcedentes nullo negotio ad notationem poſteriorem 
accommodare licet. 


A : Fluxio 


we „ „„ — * = 
— 1 
— — = — > — - — — 
42 KO — & — a - * — 
A < 2 , 


2 


a - 


= OLED. 2 
— — — 
EE —— 


— 
— — 
* 


> 
- - o 
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Fluxio reFanguli xy 


Fluxio conten i 
Fluxio quot? - 
Fluxio guadrati - 


Fluxio dignitatis 


. a 88 m 
Fluxio dimenſionis æ =——ax * 


Fluxio genite - * 


P fs WK: a 
—Jtemque, „ „ 2 


vel, 


. 


motechnid valde utilia. 


Proport. Valor. 
E 
= A hve Ds * 
| 
[ C2 
EW - 
8 8 
D 2 D = — 
4 2 
| 1 
Da 
F as [C3 — oY 


* 


J 


— 
— - 


6 x0 
MXX 


(= + 


#y2 ＋ z + H.. 


xy + x). 
ay — xy 

72 
24. 
max 


— — 1 


(may + nx5) x" 


— nx y + njy © 


* 


1 m 7 
+ ar ht 
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” , 
„ vo, 


1 —1 Ho] fo] 


(yx + e + r XK „ 2 
5 + —) 1 5 2 


1 Rat. 
2C3 
552 
C2 


+ 
8 


2 Rat. 
— 2A 


7 > + njy * 2 4 Re oo 


> 


4 * 


* 9 


* 
" 


99. Corollaria quædam Newtoniana, a Maclaurin omiſſa, hie adjungere libet, 
ex præcedente theoria reſultantia, eandemque optime illuſtrantia, et in Logarith- 


Corol, 1. Hinc, in continue proportionalibus, fi terminus unus datur, fluxiones 
terminorum reliquorum, erunt ut iidem termini multiplicati per numerum intervallorum 
inter ipſos et terminum datum. | 


Sunto A, B, C, D, E, F, continue proportionales, et fi detur terminus inter- 
medius C, (cujus idcireò fluxio erit aihil,) exquirantur tùm valores reliquorum, 
ex notis pro portionalium proprietatibus, tum horum fluxiones, ex precedent 
theoria, itèmque flux ionum rationes: 


* 


" N L 4” at Sear dM r 
5 — Eo I 7 b 2x © 
8 
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2C3 


In hac tabula, ex ſerie fluxionum elicitur prima feries rationum — . 


— , &c.; multiplicando nimirum ſingulas fluxiones correſpondentes, per 


— 


D 


. D . * @ A . 
communem quantitatem —= 3 ſecunda ſeries autèm, ex prima, reſtituendo pro 


| f : 205 
valoribus ſuis, proportionales ipſos, — D. = — 2A, &c. Q. E. b. 


100. Corol. 2. Et fi in quatuor proportionalibus dug meaie dentur, fluxiones 
extremarum erunt ut eadem extreme. 


Nam, ob datum idcirco rectangulum ſub extremis AD (utpote æquale BC), 
erit fluxio ejus 2D + dA = o; ideoque, aD = — dA; et proinde, 
1 „ 


Idem intelligendum eſt de lateribus rectanguli crjuſcungue dati. Pari enim ratione, 
erit : — C:: B: C. Cæterùm in hujuſmodi caſibus, ob fluxiones negativas 


— c, — 4, diverſimode variantur latera gencrantia, uno creſcente, altero de- 
creſcente. 


101. Corol. 3. Et fi ſumma vel differentia duorum quadratcrum detur, fluxicnes 
laterum erunt reciproce ut latera, 


Sint enim quadrata A* + B* = 1, ſeu cutvis quantitati datæ; erit fluxio 
24A + 263 = o. Adeoque, 24A = F 26bB; et proinde, a: F:: B: A. 
. . 


* 


De Fluxionibus Superiorum Ordinum. 


102. Si quantitates fluentes ratione conſtanti, æquabili ſeu data, ſimul au— 
gentur vel minuuntur, fuxiores primas tantùm, ſeu primi ordinis, ſortientur. 
Quod fi harum fluxiones ſint quoque variabiles, ſuas iterùm fluxiones ſortientur, 


ſecundas nempe, ſeu ſecundi erdinis; atque he iterùm ſuas ſortientur fluxiones 


leu /er/tas z atque ita deinceps, donec ultimò perveniatur ad quantitates con- 


ſtanter ſeu æquabilitèr fluentes, 


103, Sic in theoria virium centripetarum, binis viribus conjunctis urgentibus, 
revolvuntur corpora in orbibus, ſeu trajectoriis quibuſcunque, circa commune 
centrum virium: nempe, vi prejectili, quæ conſtantèr et æquabilitèr agit, ſe- 
cundum directiones tangentium ſingulis in orbitæ locis; et. vi centripetd, perpetuo 
motu variabili, corpora de tangentibus versùs centrum deflectente; cùm actio 

vis 


—— En 
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vis projectilis igitùr eſt confans er ſe (viſt quatenus per alteram vim obe 
agentem, augerur vel minuitur), {rimas tantuͤm pariet fluxiones; quarum ex- 
ponentes erunt /patia perbrevia æqualibus temporibus quam minimis percurſa, 
ſeu arcus momentanei cum tangentibus ſuis ferè coincidentes. At is centripetaæ, 
cum accedendo versùs centrum, fortiùs, recedendo a centro, languidiùs ope. 
ratur, actio erit variabilis, ejuſque exponentes in locis correſpondentibus, non 
erunt ipſa palia, momentanea cadendo versùs centrum percurſa, fi ſiſteretur vis 
projectilis (cum ipſæ deflex iones erunt variabiles, pro diverſis à centro diſtantiis), 
ſed horum dupla, ſcu ſpatia quæ velocitatibus u/timis cadendo acquiſitis delcri. 
berentur (ſi exindè conſtantèr velocitates forent uniformes), per eadem tempora 
quam minima. is centripeta, igitùr, fluxiones ſuas ſecundas ſortietur; quarum 
exponentes ſunt diagonales illæ, lupria memoratæ, quæ ad centrum commune 
virium convergunt: hæ enim ſunt duple ſagitiarum illarum, quas corpora his 
momentis libere cadendo, au deſcriberent. In circulis autem be ſagittæ ſunt 
iph nus verſi,—Atque he oblervationes, theoriæ illæ difficillime ac ſubtiliſſima 
virium prejectilium et centripetarum, cui innititur omnis ASTRONOMIA Ntwro- 
NIANA, explicandæ et illuſtrandæ, haud leve adjumentum forsan tyronibus 
ſuppeditabunt. 


104. Fluxiones ſuperiorum ordinum iiſdem legibus inveniendæ ſunt ac ipſæ 


fluxiones prime. Sic generalitèr: genitæ cujuſcunque A“ erit 


m 
Fluxio prima, per Caf. 5, - = 42 "1. 
| ee 8 
Secunda, — (— — 1) X * (=4A ” = — — — rOA® -; 
* m 


ela, (-a) x (0x -A =D, Lawn 


Et fic deinceps, eadem ſervatà lege derivationis. Ut, fi cubi A? quærantur 
fluxiones : deſignante — » 3; erit fuxio prima, = = gaA*; 
ſecunda, = 6a A; 


tertia, _ 64®, 


Fluxio autem quarts erit nibil; jam evaneſcente factore A. 


Hine, fi genitz index fit numerus integer, ſeries erit finita ; fin fractus, in- 
definita. 


105, Com- 


” 
* N e 8 
* 4 1 f 2 8 C r G 
4 we & ft * 72 2 wie Fn WES. ® A r C * * . 
> 5 2 8 3 e n 17 * 
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105. Combinando autem terminos inter operandum inventos, breviùs ex- 


ponere licet ſeriem fluxionalem, ponendo nimirùm, —— = Þ; — — 12 
EE: | 
139 X ——2=r;erit p „ Auris prima, 
— 
24 A » fiuxio ſecunda, 


5 ; a 
ra*A *® » fluxio tertia, 


— 4 . 
a „ Huxio quarta. 


Atque ulterids combinando, formam adhuc ſimpliciorem indicet feries ; 


ponendo pa = P; — — 1 XaP=Q; 7 er 


— — — — 


— — 3X ARS, &c. erit jam ſeries, 
m m M m 
— YT — 2 2 — ou 3 — — 4 - 
P44 8K” + KA” *' Sa + &c; ipſi /criei li- 


yomie, in ſimplicitate non inferior. 


——— — — — —— —— — 


De Theoremate Binomio. 


— 


106. In Appendice ad AnalvsIN AqQuaTIONUM, p. 33, &c. dudum de- 
monitratum eſt, © ex principiis Algebre proprits,” (ut ibi dictum,) ad mentem 
Jobannis Landen, in tractatu ſuo De Analyſi Refiara, theorema hoc longè cele- 
berrimum, ſub variis ejus formulis, § 57; (quales protulit Newtenns, in Epiſtolis 
cum TLeibnita communicandis, an. 1676,) atque ſub formula uſitatiore, Cer. 1. 
qualem non femel adhibuit ipſe New:onus, Ex. gr. Prop. 45. Lib. 1. Princip. 
ubi ſtatuit radium veforem A = (T — X)“ = T"* — 2X TOP + 2 _ * 


m m- 


TY. &. Atque iterum, in Scbolio, Prop, 93, ordinatam (A + 0) * = A" 


+ — 51 + 2 O* A, &c.—Pleniorem et fuſiorem expli- 
* 2 N 4 


cationem 


— 


—— 
- — 


3 


. 
8 8 


: —— , 


4 W —2 


— 
— 


5 
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cationem Methodi Landerianæ invert lector horum ſtudioſus, apud Maferes, 
in libro cui titulus Scr7þtores Logarithmici, Vol. II. p. 170, &c. ct 176, &c. 


197. Verùm hanc methodum perpendenti, atque iterùm ad examen revo- 
canti, vix affirmare licet, ex principits e Algebraicis eam prorsùs peti : al- 
ſumptio enim cui potiſſimùm innititur demonſtratio, nempe, *“ quod fafvd ægua— 
tione cariari poteft y ad libitum, donec fiat æqualis ipfi æ in ſingulis dimenſionibus 

ES. y IJ a . 
fractionis —— ,” calculum fuxionalem plane redolet, qualem in demonſtratione 

* * 


tertii calũs, $ 93, antecedentis jam perſpeximus, æquatis valoribus A, B, C, &c, 


4 


108. Admirandam ſane intercedere analogiam inter Thecrema Binomium et 
Thesriam Fluxionam, liquido conſtat ex collatione terminorum {erict reſultantis, 
cum diverſis fluxionum ordinibus ſupra expolitis, & 105. 


Exponat enim A quantitatem quamvis generantem, et 4 hujus momentum, {cl 
fluxionem, five creſcendi five decreſcendi; deſignabit igitùr A + @ valorem 


m b 
generantis, et (A + a) “ genitæ, ſimùl ac ſemèl fluentium. Hujus autem relo- 


jutio dabit ſeriem, citiſſimè convergentem, cui apponitur ſeries quoque fluxionum 
diverſorum ordinum. | 


Series Binomia. © Series Fluxionum, 
n | m 
, ˙• ˙ 0 ˙ - - - - | Flew. 
m : m 
5 — 1 — | a — - 1 : 
2, = — aA * b * AA ” bd — ® I Fluxio, 
M m 
3 ” „ Flaxi 
LL on ar — | | — 2” 1 — 1 a | — A , 
2 
m 4 m 
_— 0 «a — : 
4. + o * I, — 2 Xa A 2 . «- — I ——20A * 3 Flux, 
$2 £2 . 
&c. | &c. 


Hinc conſtat, quod primus ſerici terminus eſt ip/a fluens ; ſecundus terminus, 
ipſa prima fluxio; reliqui autem terminis fluxionibus ſuperiorum ordinum, 
proportionales reſpectivè, et proinde pro his uſurpari poſſunt; per fluxionum 
definitionem, © menſurz quævis rationum,” &c. 


Nam 


7 
+ 
* 
4? 
; 
: 
. 
„ 
7 
Of 
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* 


) . * . . . I 
Nam tertius terminus eſt ad ſecundam fluxionem in ratione — ſeu 


x ad 2. 


. * . . . 1 
Quartus terminus ad tertiam fluxiohem in ratione —- x * ad 1, ſeu 1 ad 


2X 32 6. 


o . . . I I 1 
Quintus terminus ad quartam fluxionem in ratione - X 3 * ad 1, 


ſu 1 ad 2 X 3 X 4 = 24. 


Et generaliter, terminus quilibet ＋ 1, ad fluxionem ordinis m proximè 


. . 1 1 1 1 
inferioris, in ratione & 7 * _— ad 1, ſeu 1 ad 2 X 3X 4 * 


5 &c X m; hoc eſt, in ratione data, 


109. Et hinc facillime quidem, et optime forsàn, ex theoria fluxionum ger- 
mand derivatur conſtructio teriei ex refolutione theorematis binomii reſultantis ; 
nam quilibet ſeriei terminus m ＋ 1 invenietur dividendo fluxionem ordinis m 
per 2 X 3 X 4- - « m. Sic terminus ſeriei ſextus eſt æqualis fluxioni quinte, 


— - 3 3 . : 1 FR 
as A* „ per 24 X 5 diviſe, Et viciſsim, ex ſerie binomia inveniri 


poſſunt fluxionum ordines. 


110. Simplicitate atque facilitate longè præſtat hæc demonſtratio, ex fluxi- 
onum ſerie petita, Landenianæ iſti breviori, ex conſideratione prime fluxionis 
tantum hauſtæ; ab ea quam dudùm expoſuit Maclaurin, $ 748, vix diſcre. 


: m 
panti; quippe quæ primo aſſumits, quantitatem binomiam (i “ deſignari poſſe 
per ſeriem indicibus integris, perpetuò creſcentem, 1 + ax + bx* + cx* + d, &c. 


— - 1 


Et harum quantitatum fluxionibus utrinque inventis, erit — Xx (1 +4)” 


X # = a# + 26x# ＋ 3cx*# + 4dr, &c. unde, dividendo omnes terminos 


per à, emergit æquatio finalis — x 1 +x)*® = 4 + 20K ＋ ge 


+ 4d, &c.; eadem prorsùs ad quam tanto circuitu tandem pervenit me- 
thodus Landeniana; vide Analyſin Aquationum, p. 38. Cujus iteruͤm reſolutio, 


calculo fatis operoſo, dabit valores fingulorum co-efficientium, 6, c, d, &c. 


Vol. V. U Hinc 
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Hinc manifeſtò liquet, Aualyſiu Reſiduam i pſam, cujus laudes tantopere pre. 
dicat Landen, vix diſcrepare in principiis ſuis, licet longe operoſiorem ac torty. 
oſiorem, à Methodo Fluxionum ; ac proinde pro Jarva ejus jure cenſeri poſſe. 


111. Ex dictis conſtat, /eriem Einomiam (Age) citiùs convergere quam ſerjes 
de 
Aurionum genitæ A” ; ob decrementum terminorum prioris per denomina- 
tores ſucceſſivos terminis poſterioris ſubjiciendos, 1 X 2 ; 2 Xx 3 =6; 
6 Xx 4 = 24; &c. 


Sic, (A a) = A* + 3A“ + 3&A + &, 
Floxiones, A*, = g4aA* + ba*A +. ba, 


— ½——'— ͤ ——ũö—U — 


De Methodo Inverſa Fluxionum, 


112. Methodus Inverſa, ſeu Calculus Integralis, viciſsim, ex fluxtonibus datis 
invenire fluentes aggreditur. Eſtque © hoc moleſtiſ/imum et omnium difjicillimum 
problema,” Newtono judice: nam hactenùs deſideratur methodus generalis 
eruendi fluentes directè, ſeu immediate ex fluxionibus ; ad particulares caſus 
tantum reſtringitur inveſtigatio, eoſdemque, maxima ex parte, curſum relegendo 


methodi directæ. 
Auſpicari libet à caſibus ſimplicioribus. 


113. Caf. 1. Fluxionum ſimplicium unius tantùm dimenſionis fluentes ſubſtitutione 
fold inveniuntur. 


Sic fluxionis 4, fluens eſt A; fluxionis — a, _ A ; vel fluxionis #, fluens 


* 


m . 
 & Sonoma 


2 
ES 


114. Caſ. 2. Fluxionum Jimplicium plurium dimenſionum, fluentes reſelutione regu- 
larum metbodi diredtæ inveniuntur. . 


Sic quoniam fluentis A? fluxio fuit 34A* ; dividendo priorem per poſteriorem, 


prodit =; quæ utique, multiplicando datam fluxionem, dabit fluentem vi- 
9 ciſsim. 


"EY ” a * 7 
4 Ea. AF *ay. . 


9 3 L 


= 
5 * bog. Fun * 
1 „ r COR OE IE J 
BT EE TIES at” * * 9 . . r . 
* 4 2 Ry _ 


ES. 


„ E 
* 3 * 
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8 
b 8 * =? x : - WY 
ciſsim. I:emque fluxionis 34“, multiplicando per — , fluens erit ax. 


m 


A m LE 1 
Et generaliter, formulæ „ multiplicando per ,eructur fluens 


ꝗ—õ— 
A 


m 
m 


ET * 8 1 * A v 
quefita A“. Similiter, form? 2A erit fluens , ut ex caſibus 3 et 5 


methodi dire&e conſtat. 


115. Methodum dire&am excogitavit Pacgſſi inveniendi fluentes, inſtituendo 
analogiam : Ex fluxione (#) datd, elicialur nova quedam fluens (0); eritque hujus 
xis (y) ad fluxionem datam (2) ut fluens elicita (Y ad fluentem quaſitam (x) : 


. * > y 
et inde prodit x = 7 8 


Sit fluxio data 34A“; ſubſtituendo A pro a, emergit nova fluens 3“ inve- 


. . . : \ 1 JeAT XxX qA5 
niatur hujus fluxio, 94 A“; unde prodibit — = A, fluens quæſita. 


Atque hæc regula, licet præcedente operoſior, in fluentium correctione per me- 
thodum inverlam inventarum, uſui eſſe poteſt. 


116. Fluxionis compoſite, unius tantùm dimenſionis formuls #y + x3, invenetur 


fluens, ſulſtituendo fluentes pro fluxionibus, et dimidiando ageregatum ; nam = - = 


= xy. Et pariter, formulæ Sgt fluens erit — — — 7 5 


117. Veruntamen ſæpenumerò occurrunt quantitates fluxionales magis com- 
poſitz, quarum fluentes per regulas prædictas neutiquam ervere licet. Decurſu 
autem computorum fluxionalium, complures Formule fluentiales, formulis fluxi- 
0n0/i9u5 magis compoſitis reſpondentes, inventæ ſunt ab analyſtis celeberrimis, 
inter operandum ;z et potiſſimùm, a Newtono, Cotes, Euler, Clairaut, Walmſley, 
Landen, Simpſon, Waring, De La Grange, &c.; quarum præcipuæ ad calcem 
capitis ce Fluxionibus Logarithmorum rejiciuntur, & 132. 


— yu 


De Correfione Fluentium. 


4 


3 Cæterùm fluentes hoc pacto repertæ, ſive per regulas præcedentes, 
we per formulas, hand rarò correctione quidam ulteriore egent, quo ad 


U 2 amuſſim 
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amuſſim reſpondeant caſibus problematum fluxionalium particularibus invenj. 
endis. Nam fluxionis # fluens eſſe poteſt vel x, vel x + c, ſeu x conſtanti 
quadam quantitate, c, aucta vel diminuta ; adeò ut fluens jam inventa, conditio. 
nibus quibuſdam, quæ problema aliquatenùs reſtringunt, poterit forsan non 
accurate reſpondere. Unde neceſſe erit ulterids fluentem veram eruere ex ipſius 
problematis conditionibus, relationem fluentium ad invicèm in certo quodam 
temporis puncto, aut mutationis ſtatu, definientis ſeu limitantis. Reducatur 
igitüͤr generalis æ quatio fluentialis ad iſtum ftatum particularem, ſubſtituendo 
pro fluentibus ipſis cognitos, quos ſortiuntur, valores. Deinde ſubducatur æquatio 
reſultans ex æquatione generali, et reſidua utrinque æquationem correctam 
fluentium ex regulis inventarum, elicient. | 


Ut, ſi æquatio fluxionalis fit à = a, zquatio fluentialis poteſt eſſe vel 
2 = ada, vel z = ax* + c. Si ſimdl evaneſcunt x et 2, ſubſtituendo o pro 
x et 2, fiet æquatio o = O + c, Adeoque c o: quo in caſu, ax“ veram 
fluentem exponet, evaneſcente c. 


2. At, fi, evaneſcente 2, reſtat x = 6, finite cuidam quantitati cognitæ; fiet 
æquatio fluentialis, in iſto caſu, o = 4 + c: unde prodit c = - 4; et 
ſubſtituto hoc valore, prodit z = ax* = ab.. 


3. Fiat jam z = a, iſto in ſtatu ubi æ fit æqualis 4; et his valoribus ſubſti- 
tutis, emerget æquatio fluentialis 4 = abt + c; adeoque erit c = d — ab.; 
et, ſubſtituto iterum hoc valore pro c, prodit z = a — a + d, valor ni- 
mirùm correctus fluentis quæſitæ. 


4. Idem quoque breviùs expedire licet, ſimùl et ſemel ſubſtituendo valores 
quoſvis contemporaneos quantitatum x et z. Nam fi ab æquatione fluentiali 

= ax*, ſubducatur novus valor 4 = a, fiet reſiduum 2 — 4 = ax* = ali; 
adeoque 2 = ax* — ab* + d, ut antea : aut igitùr evaneſcentibus & et d, aut 
æquatis + 4 et — 4, fiet ipſa fluens quæſita ax“. 


*% 


De Fluxionibus Diverſas Fluentes admittentibus. 


119. Nulla re magis arguitur imperfectio Method! Inverſe, quam quod eadem 
æquatio flaxionalts feu differentialis, aliquando duas iolutiones, omninò ab 
invicem diverſas, ſortiatur; quod primo detexit Clairaut, Mem. Acad. 1754, et 
poſtea confirmarunt Euler, D' Alembert, De La Place, De La Grange, et Le Genare. 
Vide M. R. Append. Vol. 28, p. 537. 


Hujuſmodi eſt æquatio differentialis xdyd# — dy* = ydx* — 45d 
five ſecundiim notationem fluxionalem, x#5 — 5 = y& — 5#, Huic 
enim 


# 
A Yy 
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enim ſolrendæ #que reſpondent vel æquatio fluentialis 4y = x* + 2x + 1, 
vel 24x — 2x = = 45 + I „. 


Similiter quoque æquationem differentialem ady* + xdy* — ydyde = 


xdydx — yd Æquè ſolvent, vel — — WT = Va, vel b&'y — 2bx 
+ 23% = — 404. 


Supereſt ut breviter proponere aggrediar applicationem Fluxionum ad Zega- 
rithmetechniam, planiùs ut ſpero, et pleniùs, quam hactenùs; ob ingentem Lo- 
arithmorum utilitatem in Calculis Trigonometricis, &c. abbreviandis; idque 
ſibentiùs, quòd inter celeberrimorum Scripterum Logarithmicorum congeſta opera 
locum habere permittatur hæc Analyſts Fluxionum, mole quidem parva, fed quæ 
ramen, pro rerum difficultate, ſubtilitate, varietate, et pondere, (que fortaſſe kotus 
explicart debuiſſent,) quantumvis impar, tanto honore non prorsùs indigna 


videatur. 


. — . rrrB—%Ü—vÄ—d. r ——ñññ—ñ 


* 


De Fluxionibus Logarithmorum, 


120. Logarithmi, quaſi Avywv oeifpo, * Rationum numeri exponentes” ſunt 
numeri arithmetice proportionales, numeris geometrice preportionalibus reſpondentes, 
ſeu ſecundùm definitionem vulgatam, * Numerorum proportionaiium comites aqui= 
di gcrentes:“ ut in ſeriebus inſequentibus Logarithmorum vulgarium : | 


_— [ —2 _ 
Ke. 10, 10 10% ie 160”), 10”, 10 


Numeri vel 
2086; 'r06, 29, 4 '1, 01, oo. 
Logarithmi f 3 2, I, 4 ᷑ Pm _ 


De utilitate inſigni Logarithmorum in omni genere Computorum Arithme— 
ticorum, Trigonometricorum, abbreviando operationes Multiplicationis, Divi- 
fronts, Involutionis et Evelutionis, hoc loco monuiſſe tantim ſufficiat: adeat harun 
rerum ſtudioſus librum antea memoratum, Cui titulus Scriptores Logaritbmici, a 
viro cl, Maſeres congeſtum et editum. | 


121. In omni ſyſtemate Logarithmorum, ſtatuitur logarithmus wnitatis eſſe 
nihil, aut o. In omni ſyſtemate igithr, ſumma legaritbmorum cupuſvis numeri 
logiſtici, que reciproci, cum fint æquales et contrarlis ſignis affecti, fiet o, ſeu 
evaneſcet, | 

In 
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In Syſtemate Logiſtico vulgari, ſeu Briggiano, ſumitur unilas pro logarithms 
numeri 10; at in Syſtemate Hyperbolico, ſeu Neperiano, unitas prodit logarithmus 
uumeri 27182818, &c. 


122. In quovis autem ſyſtemate, numerus qui creſcit- vel decreſcit eàdem 
ratione ac logarithmus ejus, fit quaſi modulus iſtius ſyſtematis: eritque modu/u; 
wnius Hſtemalis ad modulum alterius, ut logarithmus dati numert iu uno ad logs. 
rithmum ejuſdem mmeri in a'tero, 


Sic in ſyſtemate vulgari, logarithmus numeri 10 eſt I; at in hyperbolico, 
logarithmus 10 eſt 2:3025850, &c. In hyperbolico, item modulus eſt 1; 


10000000 
= 0'4342944- 


unde prodit modulus * vulgaris = ——=— 
2*3025850 


> 


Eritque ratio modularis, in ſyſtemate hyperbolico 1 ad 1, five ratio #quali- 
tatis; at in vulgari, 0,4342944 ad 1, nempe ratio data. 


122. Fluxicres Iegarithmorum, flaxionibus- ordinis ſecundi aſcribendæ ſunt; 
cum ipſi logarithmi Auxionibus primis reſpondent : ut ex definitionibus conſtat. 


Methodus hatce inveniendi propoſitionibus inſequentibus fundatur. 


124. Prop, 1. Quaniitatum legiſticarum fluxiones ſunt ipſis quantitatibus pri- 
portionales. 

Nam quoniam quantitates ipſæ proportione geometric4 creſcunt vel de. 
creſcunt, erunt differentiæ earum ipſis quantitatibus proportionales; per con- 
verſam Lem. 1. Lib. II. Paixcir. Et. proinde, fluxiones, quæ variantur ut 
he differentiæ, erunt quoque ipſis quantitatibus proportionales. . k. b. 


125. Prop. 2. Fluxio quantitatis logiſiice ęſt ad fluxionem logaritbmi ejus, ut ipja 
quantitas ad modulum fyſiematis logiſtici, 


Per propoſitionem præcedentem eſt u, fluxio quantitatis N, ad m, fluxionem 
quantitatis M, ut N ad M. Deſignet M iodulum, et quoniam m in hoc caſu eſt 
conſtans, ſubſlitui poteſt pro flux ione logarithmi N quoque, cum hujus loga- 
rithmus eſt in data quadam ratione ad modulum, Erit igitùr u, fluxio ipſius 
N ad i, fluxionem logarithm ejus, ut N ad M. 1 . D 


126. Prop. 3. In qucvis ſyſkemate logarithmorum, fiuxio logarithmi cujuſvis dati 
equatur fluxion ipſius quantilatis logiſticæ, in medulum ductæ, et per ipſam quaiiitatem 
di viſæ. 

Nam (per præced.) eſt 1: I:: N: M; et invertendo, I: :: M: N, five 


2M 
ER Ta 


Q. E. Ds 


127. Prop. 


F 2 gg Ea rr be $-, hf 


"ES 27 4 > 7 7 7 of — y . 
e 


4 
_ 7 * „ . 
T "x 1 25 2 SY a 3 . 
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127. Prop. 4. In fyſtemate hyperbolico, fluxio logarithmi cugufvis dati aquatur 

fluxioni ipfius quantitatis legiſticæ, per ipſam quantitatem atvi/e. 
. n 

Nam in hoc ſyſtemate, M = 1, et proinde, / = * * 

Idem quoque geometricè illuſtrare licet ex natura arearum hypervele rectangulæ, 
inter cur vam, aſymptotas et ordinatas intercluſarum. Deſignantibus enim x 
alymptoti abſciſſam; y, ordinatam; et , quadratum conſtans, contentum 
utique aſymptotis et parallelis a vertice ductis, ſeu modulum; (per naturam 


hyperbole,) erit xy = mz adeoque, y = — et multiplicando utrinque per #, 


* 


erit xy = =, five ob m=1, = =; ſed 4y eſt fluxio logarithmi dati; 
(per naturam hyperbole et logarithmorum communem). Ergo, &c. & E. b. 


Hinc manifeſtum eſt quod hyperbola reFangula cujus axis eſt aſymptotos, 
eſt curva logiſtica, ſeu curva ad deſignandum logarithmos, et eos quaſi ante 
oculos ponendum, accommodata : creſcentibus enim abſciſſis in progreſhone 
Arithmetica, decreſcent ordinate in progreſſione Geometricd. 


De Fluxionibus Quantitatum Exponentialium. 


128, Quantitates exponentiales ſunt aliarum quantitatum poteſtates quarum 


indices ſunt variabiles ; ſicut vel “, vel y* ; quarum prima eſt poteſtas quan- 


titatis conſtantis e variabili indice x deſignata, altera vero eſt poteſtas quantitatis 
variabilis y, variabili indice x pariter deſignata. 


Caſ. 1. Fiat . = z. Eritque leg. 2 = log. e, X &; ade6que per præced. 
. | 
-= = log. e, x #; et proinde, & = log: e XA, = log. e Xx 4. Sive fuxio 
quantitatis exponentialis (e) equatur ipſi quantitati (&), in indicis fluxionem (), 
& lateris logarithmum (log. e) continue dutig, Q. E. b. 

Caf. 2. Fiat * = En = ; ade6que 
* 2 Fiat ) = z. Eritque log. z = log. y X x; ade6que — = log. y 
2:27 TY x 43 et proinde, 22 * 7 2 th X 1 * * 
Sive fluxio quantitatis enponentialis variabilis () equatur fuxioni lateris ( 5) in 


uxicnem indicis (æ) et co-efficienti ( FO) continud dufte, k. p. 
N. B. In 
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N. B. In demonſtratione hujus casũs, ex Hutton's Mathematical Dictionary 
excerptà, occurrit erratum preli haùd contemnendum, ++ pro =, bis. Art, 
Fluxicns, p. 489. 


De Logarithmis Imaginariis. 


— 


129. Logarithmi quantitatum impoſſibilium, ut / —az = aw -1, appellantur 
Imaginarii; quales ſunt fluentes fluxionum quarundam impoſſibilium, ſicut 


. . . * - | b h 
- 7 Nam quoniam fluxionis — fluens eſt logarithmus verus quantitatis 
oF —1 » N 
* 


realis x ; parti ratione, erit fluxionis —= fluens, quoque Jogarithmus inagi- 
8 a —1 


narius quantitatis impoſſibilis 2. 


Veruntamen ubi tales quantitates in problematum ſolutionibus occurrunt, 
facile tranſmutari poſſunt in arcus circulares, aut ſectores veros, ex Anperbolicis 
impiſſibilibus. Vide MaclauRIN, Of the Analogy betwixt Circular Arcs and Loga- 
rithms ; Fluxiois, \ 762 :-—PLAYFAIR, On the Arithmetic of Impoſſible Quantities; 
Phil. Tray. an. 1778, p. 318; or, Analyſ. Aquat, § 223, et S-riptores Loga- 
rithmicos, tomum ſecundum, in paginis 381, 382, & - - - ad 585, ubi me- 
thodus quam invenit celeberrimus Leibnitzius anno 1676 pro extenſione duarum 
regularum a Cardano olim traditarum de radicibus æquationum cubicarum forma 
* + gu = r in omnibus earum caſibus, et forme? & — gx = 7 in primo earum 


rr . 3 > 
caſu, ſeu cum * eſt major = „ad ſecundum caſum forme ſecundæ, in quo 


— eſt minor ipsa 27 (qui caſus irreducibilis a ſcriptoribus Algebræ appellatur, 


fusè et accuratè explicatur. 


130. Analogiam inter Mei bodum Fluxionum et Logarithmorum, ex recentioribus 
primus detexifle videtur ſagaciſſimus Kepler ; qui logarithmos rite definivit 
&« menſuras rationum,” five ** numeros ratiuncularum inter rationem numeri alicujus 
ad unitatem intercedentium.” Cæterùm antiquis penitùs latuiſſe hanc analogiam, 
haud facile perſuadear, vel ex folo opere celeberrimo Apollonii, De Seitione Ra- 
tionis; quacum ad amuſſim quadrat hæc expoſitio Kepleriana; atque, non 
injuria, Apollonio forsàn debuit editor ejus, ſagaciſſimus Haley, methodum ſuam 
egregiam, ſed paulo reconditiorem exquirendi et conſtruendi logarithmos, five 
nume ros rationum exponentes, (optima nominis definitione uſus), per varias 
combinationes et ſeiones rationum, ſeries logiſticas citiſſinè convergentes inſti- 
tuendo ; qui omnium primus, ut fertur, problema inverſum extudit: dato loga- 
rithmo invenire numerum ejus logiſticum. 


131. Me. 


ow 4 o . 
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131, Methodum Halleianam, celeberrimam at perdifficilem quidem, acutids 
expoſuit Jones, in Synopfi Palmariorum Mathefeos ; pleniſſimè autem et luculen- 
tiſümè perveſtigavit analyſta ex peritiſſimis Maſeres, in magno ſuo repoſitorio 
Scriptorum Logarithmicorum, tomo primo in paginis 235, 236, &C 383, 
et tomo ſecundo in paginis 76, 77, &c - - - - 152, | 


132. Accedit ultimo TABUuLA precipuarum FoRMULARUM FLUXIONALIUM 
et FLUENTIALIUM hacentis repertarum, ex Cl. Hutton's Mathematical Dic- 
tionary excerpta. 


Formule Fluxionum atque Fluentium. 


Fluxionum. Fluentium. 
E - = - — x. : 
Il. (az #) ad © = o 2 —(e+#5)" 
RR ET - 
(a 490 *. * (aa) 
n\m—1, nm 
CCC 


8 « x 
V, mx" 8+m" * 5j. 


vel (miy + nx) a" yt, ES 
mx ny Mm N 

vel 2 wake nd ts Lo 

VI. me" ny nz i f N 4 


I 221 ro] A f# 


vel ( + nxz32 + rx#) x" y 2 . 


— 


Vol. V. X Fluxi- 


65a Aa — meg B tw tan af 
= — > — 2 — 
: — © — 2 - - 
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Fluxionum. Fluentium. 
XVI. (ds — a)? de 7s — Circ. ſegm. ad diam. d et verſ. fin. x. 


ux 
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De Formularum Applicatione. 


133. Methodus applications bujuſmodi eſt. 


Conferatur fluxio propaſita cum formulis ; nempè, partes correſpondentes cum 
correſpondentibus fluxionis tabularis qudcum conſentit ; et hiſce valoribus ſubſtilutis 
in formulam fluemis generalem, invenietur fluens queſita. 


3 
Ex. gr. 1. Invenire fluentem fluxionis za. Conſentit hæc cum primd for- 


mula, Adeoque, propter 12 — 1 = 2, 8 * + 1 2 — z erirque 


1 2 0 3 8 * . . 0 
—x . Et proinde fluens quæſita, multiplicando per 3, co-efficientem 
8 . $ 3 1 
fluxionis datæ, erit 3 X -#* = -#7*. 


2, Invenire fluentem fluxionis — Conſentit hac cum o7avd formula. 


wan 2; 


= itemque 2 = 3, et a = 1; quibus ſubſti. 


Nam prodit = 


1+ x» ? 


a+ a 
tutis in formulam fluentis generalem, prodit fluens quæſita ＋ log. 1+ 3% 
X 2 3. In- 
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3. Invenire fluentem quantitatis 5 e leu 3 xt (Om 15) K. Quadrat 


© {| A PRI 1 
hæc cum formula ſecundd. Erit igitur a , N — 1 —,ſeum= =, 


et # = 3 ; quibus ſubſtitutis, prodit fluens quæſita, 5 Xx 


= (c — POL 
134. Ubi quantitas fluxionalis propoſita nullis ex his formulis finitis re- 
ſpondeat, inveniri poteſt ejus fluens quam proxime, reſolvendo propaſitam in ſeriem 
infinitam ; vel per diviſionem, vel per theorema binomium ; et inveniendo ſingulorum 
terminorum fluentes';- quorum ſumma ad libitum continuatorum, dabit fluentem quæ- 
fitam, proxime aut quam proximè. | 


. I — & . . . . 
4. Invenire fluentem og oh, Dividendo numeratorem per denomina- 


torem, prodit # — 2x# + 3x*# — 5x*% + 8x%, &c, Et inventis fingulorum 
: R | 8 
fluentibus, prodit ſumma x = x* + * — > x : fg x*, &c, fluens quæſita. 
De correctione fluentium per regulas aut per formulas inventarum, vide 
ſupra, I 118. | | 
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Antiquam exquirite Matrem. VIRG. 


APPENDIX I. 


DE ANALYSI ANTIQUA, 


$ 135. ANALYSIN Antiquam, qualem exercebant clariſſimi Geomettæ 

veteres, Euclides, Archimedes, Apollonius, &c. jamdudùm laudavimus ; 
optimam ſanè, judice in hiſce verſatiſſimo, Halley, Ax AL YS. AqQuar. § 128. 
Et quan curiosà felicitate eandem excoluit et auxit Nezwtonns, ex operibus ejus 
philoſophicis abuade conſtat. Placet igitùr, hoc tempore, ubi labefactantur 
PniLosopHI NATURAL Is vel ipſa PRIN IA MATHEMATICA, et juventuti 
noſtræ horum ſtudioſe potits commendantur, (utpotè majoris evidentiæ, et 
rigoris gevinetricl,) “ fundtiones quædam analylice,” © fluxiones bypothetice,” & 
Sch0/4 rallics novatrice profluentes, eximiam illam Prafationem Pappi Alexan- 
drini, ex Editione Halleiana Apollonii de Sectione Rationis, hoc loco edere ab 


integro. 


136. © Locus de Reſolutione inſcriptus, Hermodore fili, ut paucis dicam, 
propria quædam eſt materia in eorum uſum deſignata qui, perceptis communibus 
elementis, in GEOMETRIA facultatem ſibi deſiderant inve/tigandi ſelutiones proble- 
matum, et in hunc finem ſolummodò utilis. Traditur autem à tribus viris, 
Euclide, nempe, Elementorum ſcriptore, Apollonio Pergæo, et Ariſtæo ſeniore. 


I. © Procedit vero, per Methodum Reſoluticnis et Compaſctionis. Reſelatio 


(ace hw autem eſt methodus que & quaſito quaſi jam conceſſo, per ea que deinde 5 


conſequuntur ad concluſiciem aliquam cus ope conipofitto fit, (ent T1 cpokoysuer ey 
cui) pergucamur, In reſolutione enim quod queritur ut jam farun ſup. 
ponentes, ex quo antecedente hoc conlequatur, expendinus ; iterümque 
quodnam fuerit hujus antecedens ; atque ita deinceps ; uſque, dum in hunc 
modum regredientes, in aliquid jam cognitum, locoque principii habitum, inci- 
damus. Atque hic proceſſus Aualyſis vocatur, quaſi dicas (ayzTeAuy au 
Inder ſa Solutio, | | 

Egon. 


— 4 


3 


8 "> 5 3 
3 


— 


4 
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—— 
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: Quid fit % E contru io autem, in compeſitiane (e owfeou,) cognitum ind in reſelutian- 
(08 fire ultimo loco acquiſitum, ut jam faltum premittentes, et quæ i conſequentia 
crant, bic ut antecedentia, naturali ordine di{pcnentes, atque inter fe confe— 
rentes, taudem ad confirufttonem quelit pervenimus, Hoc autem vocamus 

Syntheſin. 


© Puplcx autem eſt aualyſeos genus: vel enim eſt veri indagatrix, dicitürque 
Thearetica, vel propoſiti inveſtigatrix, ac Problematica vocatur. In theoreticy 
autem genere, gud gquaritur, revera ita ſe habere ſupponentes; ac deinde per ea 
gite conſequumiur, quaſi vera ſint, (vt ſunt ex hypothsfi,) areumentan/es, ad evidentem 
aliquam concluſronem (e741 xi opooyepero) Procidimus. Jam h conclufio illa vera ſit, 
vera eſt quoque propoſitio de qui quzritur; ac demonſtratio reciproce reſponder 
analy/i: ſi vero in falſam conclutionem incidamus, Ai. quoque erit de quo 
quæritur. 


In probicmatico vero genere, quod proponitur, ut jam coguitum fiſtentes, per 
ea quæ exinde conſequuntur tanquam vera, perducimur ad conclujionem aliquam. Quòd 
ſi concluſio illa pYy;biis fit ac wogrgmn (quod mathematici datum appellant) 
F#ſitile quoque eri quod proponitur: Lt hic quuque demoniiratio eciprocè 
reſpondet ae ſi vero incidamus in concluſionem impeſſidilem, erit etiam pro— 
blema imp eg ile. | 


& Dioriſmus autem (die), five determinatio, eſt qua diſcernitur guibus 
conditionibus, et quot modis, problema effici poteſt. Arque hæc de reſolutione 
et cam poſitione dicta ſunto.— 


137. — Verùm perpendendum eſt (notat Halley, ) aliud eſſe problema aligualiter 
reſolutum dare, quod modis variis pleramque fieri poteſt; aliud, methode e 
Ai imd id efficere: Analyi breviſſima et fnnul perfpicui ; Huth concinna et 
minime operosa, Hoc veteres præſtitiſſe, argumento eſt Apoleui Liber De 
Sectione Ralicnis.“ 


138, — Ex his, credo, mani ſeſtum eſt (monet quoque Nei, De Reſo- 
lutione Queſ;ionum Geometricarum,) quid ſibi velint Geometræ, cum jubent, putes 
fattum eſſe quod quæris: Nullo enim inter cognitas et incognitas quantitates 
habito diſcihmine, grafiiber ad ineundum calculum afſumere potes, quaſi ommes 
ex præ via ſoli tions cent notæ; et non ampliùs de ſolutiane problamatis fed de 
prebatione elutionis ageretur,” “ Convenit ut fingas quæſtionem de yrſnod! 
dalis et quæſilis propoſitam etle per quas arbitreris te poile ad æquationem Facillimè 
pervenire. —** Cum varios ordines quibus termini quæſtionis evolvi poſſint 
perlpexeris, E ſyntbeticis quoi bel adbibe aſſumendo lineas tanquam datas, à quibus 
ad alias ficiilimus videtur rogreſſus, et 0d ipfas vicſeim diſſicillimus. —““ Mauu— 
qucit anal ſis ad compoſutionem : led compolitio non priùs vere fir, quan liberatur 
ab Omni analyſi. Inſit compoſitioni vel minimum analytics, et compoſitivnem 
veram nondum atlecutus es. Compoſitio in ſe pertecta eſt, et a mixtura /pecu/s- 
tionum analyticarum abhorret.“ 


Hæc 
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Hæc Newtonus, in © LIBRO“ illo vere aureo, © DER CoMeos1TIONE ET 
R£$0LUTIONE,” quem concinnavit, ut firmior 66 ftaret ſuper vias antiquas F 
Juventus Britamica; et quo melids obviam iret pravæ iſti novitati ex Schola 
Cartefand graflanti, qua Carteſivs, “ mixturis ſpeculationum ana:yticarum | nimts 
indulgendo, evideatiam et certitudinem Geometrig, primus, obſcurare et labe- 
fact ire ccepit ; et proinde, quali per antitheſin operi Carigſiano, cui nomen erat, 
per abuſum, “ GeomeTRIa :” Librum fuum, Newtonus, titulo magis idoneo, 
ArrraMEeTICN® UNIVERSALIs inſcripſit.— Atque ad hunc librum, mole parvum, 
at pondere et ſubtilicate materiæ eximium (“ cui torsin ſecundum vix inveniatur, 
niſi opus analyticum Agebra Clin autiana ) interpretandum atque illuſttandum, 
jamdudum edebam Ax AL VS. AqQuarionuM, anno 1784. Vide Præſat. ithus 
operis. | 


139. Meihcdum Auaꝶticam et Syntheticam non {olim in Mathef, fed etiam 
in Mechanics Ralionali, optimè exponit Newtonns, fub finem Opticorum. 


« As in Mathematics, ſo in Natura! Philofyphy, the invellization of difficult 
things by the Method of Aalyſis, ought ever to precede the Method of Cam- 
poſition, 


e This Analyſis conſiſts in making ex/eriments and ob/ervations, and in drawing 
general concluſions from them by Induction; and admitting of no 905jedtions againit 
the concluſions, but ſuch as are taken from experiments or other certain truths : 
for hypotheſes are not to be regarded in ExPERIMENTAL PHILOSOPHY. And 
although the arguing from experiments and obſervations be #9 demonſtration of 
general concluſions, yet it is the left way of arguing which the nature of things 
admits of, and may be looked- upon as ſo much the ſtronger, by how much the 
induction is more general: and if u? exception occur from phenomena, the 
concluſion may be pronounced generally. But if, at any time afterwards, any 
exception ſhall occur from experiments, it may then begin to be pronounced with 
ſuch exceptions as occur.“ 


© By this way of Analyſis, we may proceed from Compounds to [ngredients, and 
from Motions to the Forces producing them; and, in general, from Ef2#s to 
their Cauſes; and from particular cauſes to more general ones, till the argument 
end in the molt general: this is the Method of Analyſes.” 


* And the Syntbeſis.conſiſts in aſſuming the Cauſes diſcovered and eſtabliſhed, 


as Principles; and by them exp/aining the phenomena proceeding from them, and 
proving the explanations,” 


And in the Preface to his PRIxcir iA, he gives the following elegant ſum- 
mary of this ſtatement :—= 


Vol. V. T «© Omnis 
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« Omnis enim Pr1LosoPHIA diffcultas in eo verſari videtur, ut à phaenomenis 
motuum in veſtigemus Vires Nature ; deinde, ab bis viribus, demonſtremus 
Phenomena religua. | 


140. And he furniſhes the following inſtances of his application of this 
method, in thoſe two immortal works, his OeTics and PrINCiP1a : 


& In the two firfl books of theſe Opries, I proceeded, by this Analiy/is, 
to diſcover and prove the eriginal differences ef the Rays or Lion, in reſpect 
of Refranzibility, Reflexibility, and Colour, &c,—And theſe diſcoveries being 
proved, may be aſſumed, in the Method of Compoſition, for explaining the phanc- 
mena ariſing from them: an inſtance of which I gave in the end of the firſt 
book, (in the ſolution of the colours and figure of the Rainbow, from the re- 


fraction and reflexion of the Sun's rays in drops of falling rain.] 


In libro autem tertio [PRIN ci HõRUνM] exemplum hujus rei propoſuimus 
per explicationem SST EMATIS Mu Nx DbANI: Ibi enim, ex phanoments cœleſtibus, 
per propoſitiones in libris prioribus mathematicè demonſtratas, derivantur tires 
gravitalis, quibus corpora ad Solem et Planetas ſingulos tendunt : deinde, ex 
bis viribus, per propoſitiones etiam Mathematicas, deducuntur motus Planetarum, 


Cemelarum, Lunæ et Maris.“ 


141. And he expreſsly ſtates that he adopted this method from the An- 
tcients.— 


« Cum VETERESs Mechanicam | Rationalem, quæ per demonſtrationes accurats 
procedit,] (uti auctor eſt Papprs,) in rerum naturalium inveſtigatione maximi 
fecerint; et RECENT1ORES, miſſis formis ſubſtantialibus, et qualitatibus occultts, 
phencmena NATURA ad /eges mathematicas revocare aggreſſi ſint: viſum eft in hi; 
troftatu MATHESIN excolere, quatenizs ea ad PaAILOSOPHLAM ſpettat,” 


How highly NEWTOoN admired the Ancient Geometriciaus, we learn from. 
Dr. PEMBERTON :— 


He often cenſured the handling of Gecmetrical ſubjects by Algebraick calcu- 
lations z and his Book of Algebra he called by the name of Arithmetica Uni- 
verſalis, in oppoſition to the injudicious title of Geometry, which Des CarTes 
lad given to the Treatiſe in which he ſhews how the Geometrician may aſſiſt his 
vention by ſuch kind of computations. He frequently prailed SLusius, BAR- 
Row, and Hu YGENS for not being influenced by the fa/ſe taſte which then began 
to prevail: he uſed to recommend the laudable attempt of HUGO D' OmerIQue 
to reſtore the Ancient Analyſis ; and very much eſteemed AroLLoNIus's book 
De Sectione Raticnis, for giving us a clearer notion of that Analyſis than we had 
before. Dr. BaRROw may be eſteemed as having ſhewn a compaſs of inven!icn 


equal, if not ſuperiour, to any of the Moderns, our Author only excepted : but 
| NEwTox 
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Ngwrov particularly recommended Huyctxs's ſtyle and manner; he thonghr 
him the moſt elegant of any mathematical writer of midern times, and the tr 
imitator of the Ancients. Of their taſte and mode of demonſtration our Author 
always profeſſed himſelf a great admirer; and even cenſured himiclf for nat 
following them yet more cloſely than he did: and ſpoke with regret of his 
miſtake, at the beginning of his Mathematical Studies, in applying himſelf 1 
Des CarTEs and other Algebraick writers, before he had confidered the Element; 
of EucLip with that attention which ſo excellent a writer deſerves.” 


Abſolutis haftends Vinpicns NREWTO ANIS, quatenùs Eleenta Metaphyſice 
et Principia Mathematica reſpiciunt, (quibus fundantur opera ejus eximia Analytica 
et Philoſophica) adversds objectiones Gallorum, Germanorum, Angl-ringue, horum 
evidentiam et certitudinem, aut maligne, aut imperitè, aut oſcitantèr, inſectantium; 
ſupereſt adlera et acrior cura, ut repellatur crimen multo gravius, * facing/qve 
majoris abollz,” quaſi PaiLosoPHLE atque THeoLOGLA cultor tile, ommium 
modeſtiſſimus et ſaniſſimus, fuiſſet et ipſe fautor dogmatis praviſſimi atque tur- 

iſſimi quod Malerialiſmum vocant, Naturam Mentis Humane mere mechanicam 
— 4 et “ diving particulam auræ, (etiam ab antiquiſſimis agnitæ,) ex- 
tinguere geſtientis; ipſum NuuEN $UMMUM—oOPTIMUM, SAPLENTISSIMUM, 
MAXIMUM et POTENTISSIMUM omnium, quaſi Auimam Mundi, #theream, pro 
nefas ! abſurde et impie fingentis, et deliramenta © in/anientis ſapientiz,” iterùu: 
recoquentis, per Philoſophiam pravam et Mythologiam Leibni!zianom, gravilli- 
moſque errores inde prognatos ; hoc ſæculo rationis (ut dicitur) infaulto, Revela- 
tionem aſpernante. 


Ya APPEN. 


APPENDIX II. 


DE ATHERE VIBRATORIO,—DE MODO SENTIENDT, 


ET 


DE ENTE SUPREMO. 


© AUCTORIBUS UTI OPTIMIS in omnibus cauſis, et debet et ſolet valere plurimum: 
e primum quidem, OMNI ANTIQUITATE; Quz, quo Propriis aberat ab ortu et 
divind progenie, hoc meliùs ea, fortaſſe, que erant vera, cernebat.” Cic. 


Ov &yvw : Ko, diæ ug co Dαε , TON QOEON. 
% Non novit Mundus, Sapientiæ | humane] ape, Dux.“ Paul. 


— — 


APPENDIX IL 


DE ETHERE VIBRATORIO. 


© OF, grand homme (NeEwToON) vryoit @ travers d'un voile, ce qu'un autre ne 
d:ſtingue qu d peine avec un Microſcope !”* Dax. BERNOULLI *, 


142. Nuper, cum perlegerim opus eximium, perutile, tempeſtivum, à viris 
bonis ubique laudatum,—* Proofs of a Conſpiracy againſt all the Religions and 
Governments of Europe, &c. by John Robiſon, A. M. Profeſſer of Natural Philo- 
fophy, &c. Edinburgh,” —=jncidi in cenſuram haud levem Patris Philoſopbie Bri- 
tannice, p. 483. ; 


6 Were it poſſible for the departed foul of New?on to feel pain, he would ſurely 
recollect with regret that anhapty hour, when, provoked by Dr. Hooke's charge of 
plagiariſm, he firſt threw out his whim of a Vibrating Alber; to ſhew what 
might be made of an Hypotheſis : (for Sir Jaac Newton muſt be allowed to have 
paved the way for much of the Atomical Philoſophy of the Moderns.) Newton's 
ther is aſſumed as a fac totum by every precipitate ſcicliſt, who, in deſpite of 
logic, and in contradiction to all principles of mechanics, gives us theories: of 


muſcular motion, of animal ſenſation, and even of inte/ligence and volition, by the 
undulations of etherial fluids. 


Not one of a hundred of theſe theoriſts can go through the fundamental 
theorem of all this doctrine, (the 47th Prop. of the Second Book of the PrIN-= 
cI?1A) ; and not one of a thouſand know that Newton's inveltigation is incon- 
clufive :—yet they talk of the effects and modifications of thoſe undulations as 
familiarly as if they could demonſtrate the propoſitions in Euclid's Elements.“ 


Talis viri ictus, PHyYsICAaM excolentis, et NEwToNUM quaſi preceptorem 
adamare profitentis,. acerbiùs lædunt: Antiftiri ipſi ſcientiarum venerando, 


* Vide Note (e) poſthac, 
annon 


1 
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annon exclamare fas fit, jamdudhm hujuſmodi crimina auſcultanti:— Si id 
Cinerem aut Mans credis curare ſepultos (a).“ 


C Pol, me occidiſtis AMIC1 !— 
Obe jam ſalis eft t Tu, BrRUTE! ! 1! 


Telum imbelle jacis ; imd, tuum in cerebrum facile retorquendum, vibran!! medium 
tranſverberaus ictu.“ 


143. Pluſquam viginti retro annis, Diſquiſitionem edebam, anno 1778, 
Dutlin, De Sonis et De Medificationibus Atmoſphere, ſecundum Theoriam New— 
tonianam,—nrimitias Studiorum meorum Philoſophicorum,—dum, apud Ac1- 
demicos Dablinienſes, Socius degerem. Et, cum iſta diſquiſitio forsan nondum 
ad manus pervenerit Profeſſoris Robiſen, me operam vel illi viro clariſimo 
deque Republica optimè merenti, hand ingratam impenſurum ſpero, fi exinde 
pauca excerpſerim, hanc rem ſpectantia. 


Primo igithr in limine, monendus eſt, Newronum, haudquaquam “ opintonum® 
ſeu hypotbeſecn vanarum ſtudioſum, nec novum neque inauditum “ coommentum ” 
de © zthere quodam wvibratorio”* finxifle ; ſed vetuſtum onininò, atque a philo- 
lophis ſanioribus recepium : 5 42. 


Zeno, audiendi facultatem ita exponit, Lazrt. Lib. 7. \ 158.—Azuvy ge, 25 
ura TE Te Oc og hou TE 3XE0Y[og, epo WNT Opie a ÞDaipteidug, TH HUIAGTE v5, 
Zou THIS KOH, po wy KUpPaATETHL TO EY Th d ανñ½ Udo, KATH HUKDL;, 
u 78 eubAn9crog ME. 


& Auditus fit, ubi aer inter loquentem audientemque interpoſitus, pulſatur 
ſpbæricè; deinde undulatur, auribüſque impingit: ficuti undulatur agua in 
cilterna, ſecunium circulos, injecto lapide.“ 


(a) Quantum à diſputationibus controverſiiſque abhorruit mite Næutoni ingenium, conſtabit ex 
Epiſtola cjus ad Oldenburg, Oct. 24, 1676. 


“ Five years ago, (1671,) when, at the perſuaſion of my friends, I had reſolved to publiſh a 
Treat iſc of the Radion of Light and Colours, which I had then by me; I began again to tum 
my thoughts to thefe Scrieſes [ for determining the Areas of Curves] ; and wrote likewiſe a Treatiſe 
upon them, that I might publiſh both together, —But having wrote you a letter upon the Riffeting 
Teleſcope, in which I explained briefly my notions on the Nature of Light, ſomething unexpected fell 
out, which made me imagine it concerned me to write to you ſpecdily about priating that Letter, 
Immediately upon the back of this, I met with 7requent interruptions from ſeveral perſons? letters, 
taken up with objefions, and other things, which frighted me entireiy from executing my deſigu; 
and made me find fauit with myſelf for my mprudence-—that, by catching at a /adory, I had been 
ſo far deprived of the prace and quiet of my own mind ; which is a thing of more ſubſtan ial worth,” 


At lait Newton found out an expedient that rid him of much of this troubleſome and teazing 
correſpondence : when objections were {tated againſt the accuracy or validity of his Optical! expert- 
ments, he ſimply replied—* I doubt the fut; —“ repeat the experiment,” — inſtead of entering into 
any diſcuſſion or vindication about his own. 


D-x 271d 
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Diogenis atque Platonis placita quoque, fic refert Plutarchus, De Placit, Philo. 
Lib. 4. cap. 10,—ADwYeINC, T& & Ty * atpos unto The Ocwvns role rat 
Kiv8pers” IIA r Ka or am α,,＋, WAnt|co Ia Toy eU Ty nifanky ata, TN de 
ava α , eg TH ,t, xa Ye a Thg axons THY e . 


e Djzgeni ¶ placet hoc effici] acre im: à cajut a voce pulſato atove commoto, 
Platoni, ejaſque ſequacibus, acerem intra caput palſ.:, deinde ad partes inpera- 
torias reflecti; atque hoc pacto ſenſum audits fieri.“ 


Lucretius quoque phenomena Lucis et Synorum diſertè confert : Lib. 4. 


© Quod ſupereſt, non eſt mirandum qui ratione, 
Quz loca per, nequeunt oculi res cernere apertas ; 
Hæc loca per, voces veniant aureiſque laceſſant. 
Conloquimur clauſis foribus, quod ſæpe videmus : 
Nimirum, quia vox per flexa foramina rerum 
Incolumis tranſire poteſt ; fmulacra renutant ; 
Perſcinduntur enim, nifi recta foramina tranant, 
Qualia ſunt vitri, ſpecies qua travolat omnis, 

Preterea, partes in cunttas dividitur vox; 

Ex aliis aliz quoniam gignuntur, ubi una 
Diſſiluit ſemel in multas exorta . (quaſi ignis 
Szpe ſolet ſcintilla ſuos fe ſpargere in ignes); 
Ergo replentur loca vocibus, abdita retro, 
Omnia que circùm fuerint, ſonitüque cientur: 
At famulacra viis directis omnia tendunt, 
Ut ſunt miſſa ſemel ; quapropter cernere nemo 
Se ſupra potis eſt, at voces accipere extra,” 


Atqui hie habes quaſi ſeminarium totius Doꝶrinæ Soncrum, rationalis et expe- 
rimentalis, in difficillimà parte difficillimi operis, nempe, in Sefione cava, 
Lib. 2. Princip. De Motu per fluida propagato ex poſit et demonſtratæ.“ 


Pulſuum et Vibrationum Aeris, ſeu Medii Z#thers, jam diſſerere, que vel 
mathematice doctos non pardm morantur ; accuratiàs autem exponitur fuſiuſque 
illuſtratur tota hec doctrina, in Diſquiſitione prædictà De Sonis. 


Unam faltem obſervationem inde depromere non pigebit, p. 139, de veritate 
propoationis illius fundamentalis 47, a Profeſlore Robiſon denegatæ: 


* Le Seur et Facquier veritatem propotitionis deducunt ex vibrationibus 
partium chordæ elaſticæ, que peraguntur viribus in ratione diſtantiarum à medio 
vibrationum loco: fed ſingulæ aëris particulæ motum chordæ mutuartur ſuc- 


Vol. V. 7 n 


144. Haudquaquam patitur hujus inſtituti ratio, de Doctrinà ſubtiliſſim 


ceſſivè: ergò, inſtar chorde ipſius, moventur viribus, &. At hæret deductio 
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niſi oſtendere poſſent, omnia corpora ſonitum edentia /egem chordæ elaſtice in 
tremoribus ſuis ſervate, | a&emgue ſimilitèr agitari]. 


* Rowning, Nat. Phil, Part 2. p. 48, veritatem propoſitionis immediatè de- 
ducit ex lege repulſitd partium artis. Nam particula quævis, preſſione partium 
a tergo, versus particulas antecedentes propelletur viribus que ſunt ut intervalla 
ceutrorum reciproce : atque ideò, ut diſtantiæ hujus particulæ à primo {uo loco 
directè.“ a 


Ex hac lege vis elaſticæ ſeu repulſta, (que a Newtono mathematicè demon- 
ſtratur, Prop. 23. Lib. 2. Princip, et experimentis confirmatur, & 4, De Sort), 
elicitur concluſio, Quod ngulæ fluidi elaſtici tremuli particulæ, motu reciproce 
breviſſimo euntes et redeuntes, accelerautur ſemper et retardantur in ratione diftan- 
trarum @ medio vibrationum loco: hoc elt, pro lege penduli in cyclo-eide ofcillantis. 


145. Demonſtratio Netotoniana, qua inſtituitur analogia hec elegantiflima 
inter vibra/ione: aeris et gſcillationes penduli, longè ſubtiliſſima, eſt prorſus ana. 
lytica, ex ipſis fontibus ANALYs1s ANTIQUA hauſta: 


Fingamus medium | elaſticum] tali motu ¶ vibratorio] à cauſa qudcungue cer: 
et videamus quid indè conſeguatur, &c.“ | | 


Propoſitionis autem 47 ipſa concluſio, „AHerem, pulſibus per medium elaſticum 
propagatis, cieri ſeu agitari pro lege ofciliantis penduli, abunde confirmatur 
experimentis de variis ſonorum generibus, tormentorum diſploſionibus, &c. 
factis ad inveſtigandam velocitatem ſonorum, (ſeu rationem ſecundùm quam rea? 
progrediuntur), in ITALIA, ob.ervantibus Academicis Florentinis ; in ANGLIA, 
obſervantibus Newtono, Derbamo, &c.; in AMERica AUSTRAL1, obſcrvantibus 
Academicis Gallis atque Hiſpanis ; et nuper etiam in Ar, prope oltium 
Nili, victoria illa inſigni navali apud Sinum Aboykir, Aug. 1, 1798, à claſſe 
 Anglica ſub imperio ducis magnanimi Horatii Nelſon, de claſſe Reipublice 
Gallicæ reportata ; ubi fragor navis L'Orient, exploſæ, Kęſettam pertingebat, 
juſto poſt fulgorem viſum intervallo temporis, ratione habita diſtantiæ et fluxts 
uniformis ſonorum (+), 


4) Si obſervationibus NM. Pouſielgue, Gallorimque adſtantium, tempore illo trepidationis bellicæ 
ipiquo et infauſlo, fides eſt adhibenda, fragor navis IL. Orient, in ſinu Aboukeriano exploſione combulic, 
flationem ſuam apud Nęſctiam pertingebat tempore duorum minutorum primorum poſt fulgorem viſum. 
At progagatur ſonus media velocitate 1142 pedum circiter, tempore unius minuti ſecundi, et proinde 
13 milliarium Anglicorum tempore unius minuti primi. Diſtabant igitur Galli 26 milliaria Anglica 
à loco exploſionis, ad minimum, recto curſu. 

Augenda eſt enim hæc diſtantia, ob calares ęſlivos iſtius region's, in ratione 1142, ſeu potiùs pedum 
Gallicorum 1070 ad 1101; ficut pedum Gallicorum 1101, ſingulis minutis ſecundis, determinabatur 
velocitas ſonorum ad inſulam Cayenne; (intervallo 20230 hixapedarum {ci/es), ſeu milliarium An- 
glicorum 25 ferd, geometrice menſurato à C:ndamine Academiciſque Gallis; atque adeò accurate ut, 
ex quinque experimentis factis per tormentorum exploſiones, quatuor vix uno ſemi-ſecundo tempor 
ab invicem diſcreparunt. Diſtantia igitur, hac ratione aucta, correctior emerget milliarium 27 fere. 
Atque iterùm forsan augenda eſt, ob ingentem fragorem navis exploſæ, intenſiſſimos tremores, coſ- 
demque forsan principio latiſſimos, excitantis. Academicorum Ang lorum certè æ quum forct rem 
determinare, geometricè menſurando diſtantiam ſtationis apud Reſettam, à nave L Orient ; ad peiſi- 
ciendam aut corrigendam Theoriam Nexwtonianam, expetimento adeò illuſtri, minime negligendo. 


9 Conſenſus 
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Conſenfus igitùr theoriæ cum experimentis fideliter inſtitutis ubicunque 
regionum ſatls confirmat Analyſin Newtonianam rite inſtitutam fuiſſe; nam veriztas 
coucluſionts infert veritatem præmiſſorum.— Vide De Sonis, 5 47; ubi datur Tabula 
Obſervationum Forentirorum, &c.; necnon Append. p. 71; ubi demonſtrationes 
harum propoſitionum valde difhcillium, 47 et 49, pleniùs exhibentur, atque 
notis illuſtrantur. 


146. Nec eſt cur de Mthere Vibratoris cavillationes excitentur :—vox ether 
à Newtono uſurpatur pro atre purifſimo, vaporibus ſordibilque heterogeneis de- 
fecato z—* hi enim, (cum fint alterius elateris et alterius toni,) vix, et ne vix 
quidem, participant motum æeris veri quo ſoni propagantur.” Princip. p. 373. 


Hunc ætberem, ſeu medium ethereum, ingenti elatere (ſeu elaſticitate) eſſe præ- 
ditum, docet Neutonus, Optics, p. 325, his verbis: 


&« That the ela/tic force of this medium is exceeding great, may be gathered 
from the ſwiftneſs of it's vibrations; /ounds move about 1140 Engliſh feet in a 
ſecond of time, and in 7 or 8 minutes of time they move about 100 Engliſh 
miles : Light moves from the Sun to us in about 7 or 8 minutes of time ; which 
diſtance (ſuppoſing the Sun's horizontal parallax to be about 12”) is about 
70 millions of Engliſh miles; and by conſequence, above 700,000 times ſwifter 
than ſounds : and therefore the elaſtic force of this medium mult be above 
490,000 million of times greater than the elaſtic force of the air [at the earth's 
ſurface] ”—in prgportion to their reſpective rarities (c). 


147. The aſtoniſhing rarefaction of which the air is capable is remarked, 
Optics, p. 341, from experiment and from computation : 


Mr. Boyle bas ſhewn that air may be rarefied about 10,000 times in veſſels 
of glaſs; and the heavens are much emptier of air than any vacuum we can 
make below. For, fince the air is compreſſed by the weight of the incumbent 
atmoſphere, and the denſity of the air is proportional (or it's rarity reciprocally 
Proportional) to the force compreſſing it, it follows, by computation, [ Princip. 
Lib. 2. Prop. 22, Cor. et De Sorts, F 14.] that, at the height of about 74 Englith 
miles from the earth, the air is 4 times rarer than at the ſurface of the earth ; 
and at the heights of 22, 30, or 38 miles, it is reſpectively 64, 256, or 
1024 times rarer, or thereabouts ; and at the height of 76, 152, 228 mules, it 


(c) Neutron, Principia. p. 405, eſtimates the Sun's horizontal parallax, lower, at 103.“ —And | 
the calculations made fince the Tranſit of Venus in 1961, reduce it further to 8",6 ; which will ens 
large the Snn's diſtance from us to upwards of 95 millions of miles; and conſequently raiſe the 


proportion of the elaſtic force of the ætherial medium to upwards of. 9oo, ooo million times greater 
than that of our air. 


The calculation depends on the velocities of the pulſes (or propagation of the vibrations) of elaſtic 
fluids being in a compound ſubduplicate ratio of their elaſticities and rarities, Princip, II. 49. Cor. 2. 
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is about a million, a billion, or a trillion, times rarer; and ſo on:“ inſomuch 
that, in the Principia, p. 512, Newton computes, that * a globe of our air one 
inch in diameter, at the elevation of one ſemidiameter of the earth (about 4000 
miles), would, by it's expanſive power, fill all the planetary regions, far beyond 
the orbit of Saturn,” | 


148. Non temere 1gitur conjicit Newtonns, Princip. p. 530—* De ſpirity 
guedam ſul tiliſimo corpora craſſa pervadente, et in liſdem latente ; cujus vi et ac- 
tionibus particulæ corporum ad minimas diſtantias ſe mutuò a//rahant ; et Con- 
tiguæ factæ, c bærent; et corpora eledtrica agunt ad diſtantias majores, tam 
repellendo quam attrahendo corpuſcula vicina; et lux emittitur, reflectitur, 
refringitur, inflectitur et corpora calefacit ; et ſenſatio omnis excitatur, et membra 
animalium cd vcluntalem mov r'tur : wibrationbus ſcilicet hujus ſpiritis, per ſolida 
nervorum capiliamenta ab exteinis ſenſuum wrganis ad cerebrum, et à cerebro in 
muſculos, propagatis,” 


149. Fuſiùs hæc exponit, Optica! Dreries : 

Is not animal motion performed by the power of this [ e/herial] medium, 
excited in the brain by the power of the will, and propagated from thence 
through the ſolid, pellucid, and uniform, capillamenta [or minute fibres] of the 
nerves into the muſcles for contracting and dilating them „vide 98195. 


[N. B.] © I ſuppoſe that the capillamenta of the nerves are tach of them „lid 
and uniform, that the vibrating motion of the ætberial medium may be propagated 
along them from one end to the other uniformly and without interruption 
(for obſtructions in the nerves create paſſies): and that they may be ſufhciently 
uniform, I ſuppoſe them to be pellucid when viewed ſingly, though the reflexions 
in their cylindrical ſurfaces may make the whole nerve, compoſed of many capil- 
lamenta, appear opaque and white.” 


Cautiſſimè 1gitur diſtinguit Netotonus his locis, inter mechanicas operationes 
fluid: hujulce ætherei ſeu “ fpiritis ſubtiliſſimi — et mentem ipſam ſeu volun— 
tatem, quæ haice ſentit, et quodam modo nobis prorsùs incognito, dirigit. 


150. Et quam ſollicitè diſtinguit quoque inter modificationes corporum, et 
ſenſationes quas in mente excitant ! in Optics, p. 108. 


ce If at any time I ſpeak of light ard rays as coloured or endued with 
colours, I would be underttood to ſpeak not philoſophically and properly, but 
groſsly, and according to ſuch conceptions as vulgar people, in ſeeing all theſe 
exneriments, would be apt to frame. For the rays, to ſpeak properly, are not 
coloured ; in them there is nothing elſe but à certain power and difpoſirion to ſtir 
up a ſexjation of this or that colour: for as $2UND in a bell or muſica] ftring, or 


other ſounding body, is nothing but a /rembling motion ; and in the air is ar 
* | ut 
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but that motion propagated from the ohject; and in the ſenſorium "tis a ſenſe of 
that motion under the form of /eund : fo coLouRs in the e are nothing but a 
diſpoſition to reflect this or that fort of rays more copiouſly than the reſt; in the 
rays, they are nothing but their dipeſitions to propagate this or that motion into 
the ſenſor um; and in the ſenſerium, they are ſenſations of thoſe motions under 


the forms of colours.” 


DE SENSORIO ET DE VI SENTIENDI. 


151, QUAaNTAs tragedias excitavit hæc vox. technica ſenſorium ! Reclamant 
Leibnitzioni : ** Newtonum hic habes reum confitentem, et vim ſentiendi omnem 


ex cauſis mechanicis (olventem ! d 


Sed ipſum audiamus, de induſtria definientem hanc vocem, ** the place of 
ſenſation. | 

« Is not the ſenſory of animals that place to which the ſenſitive ſubſtance is 
preſent, and into which the ſenſible ſpecies of things are carried through the 
nerves and brain ; that there they might be perceived by their immediate pre- 
ſence to that ſubſtance ?” 


And this diſtinction between the organs of ſenſation and the ſenſitive ſubſtance 
itlelf was long ago noticed by Socrates, in the Phads of Plato, thus ridiculing 


the Mechanical Phil:ſophiſts of his day: 


& It is true indeed, that without bones and nerves, and ſuch other organs as I 
poſſeſs, it would be impoſſible to a2 as I thought fit; but to atfert that I do 
what I do by their agency, and not from choice of the belt, would be downright 
abſurdity, and a mode of argument truly ridiculous,” —Thus nobly ſtating his 
decided choice, rather to remain, and ſubmit to the unjult ſentence of the 
Athenian Judges, than to ſave his life by eſcaping to Megara, and feeking an 
al) lum among the Bzo/ians. 


But was this preference merely the reſult of vibratiunculæ of the brain? 

De induſtrià item monet Newtonus, ne perperim intelligatur ceectura ſua 
ſagaciſſima de modo ſentiendi —ſe nullatenùs zbeoriam proponere : Princip. fine. 

“Sed hæc faucis exponi non poſſunt z neque adelt ſuficiens copia experimen- 
torum quibus leges actionum hujus ſpirits [ @therei] accurats determinari et 


monſtrari debent.“ 
15 2. Con- 
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152, Conjecturæ Newtoriang de actionibus hujuſce /piritds, ſeu fluidi elefrics, 
adſtipulari fas fir, recitando phenomena quædam, quæ mihi ipfi obtigerunt 
abhinc circiter decennio; necnon viro clariſſimo Maclaurin, moribundo ; que 
ſatis confirmare videntur exiftentiam talis ſtiritus in ipfis cerebri penetralibys 
ati latentis, et funftionibus animi reforis peragendis apprime forsan neceſſarii ; 
intimo quodam et incomprehenſibili nexu inter velitiones et adliones ſubſiſteute, 
mediantibus organis corporeis. Nam, ſecundum Locke + : 


* 


It may feem probable, that the cenſtitution of the body does ſometimes in- 
fluence the memory; ſince we /cmetimes find a diſeaſe quite ſtrip the mind of all 
it's ideas, and the flames of a fever in a few days calcine all thoſe images to 
duſt and confuſion, which ſeemed to be as laſting, as it graved in marble,” — 
Eſſay, Book II. c. 10,—See allo \ 193. 


. 153. Aſtate anni 1789, ipſe in febrem bilioſam incidi, ex diutinis laboribus, 
aſſiduis ſtudiis, nimiiſque curis contractam. Et quum febriens inſomnio miſeiè 
laborarem, medicus quidam ex peritioribus, mihique amicus, /audani liquidi 
potionem adminiſtrabat, ad reducendum ſomnum. At ſpem prorsds fetellit : 
licèt enim potio bis terve repeteretur, manebat inſomnium; et, quod notatu 
digniſimum eſt, unaquaque vice, decèm circiter minutis temporis poſt potionem 
hauſtam, phenomenon ſingulare occurrebat : guaſe ſcintillæ ignis affatim ef- 
Auxerunt ex oculis meis, velutt iu percitis. Me iplo igitdr deprecante, intermiſſa 

eſt potio.—Exinde autem valetudine ægerrimà afflictus ſum ; affectionibus 
nervoſis, et capitis lento dolore potiſſimùm, per triennium ; obſtructis quas} 


viribus animi ;—inutilis mihi, inutilis propinquis et amicis, inutilis rei publicæ, 


crcocο aXHO> agspns. 


Tandem in plenitudine temporis atque mceroris, ubi cernere erat indicia haùd 
obſcura paralyſeos jamjam imminentis, opitulatus eſt mEDpicus SUMMUs — 
H yag ATNAMIY ar & AZOENEIA rede r. Mihi enim ſuggeſſit ILIE 


Dek us, ut ex deſidia ferè continuã me extricarem, et ambulando ſtrenuè me exer- 

cerem ad ſudorem uſque, fi qui ratione cieretur defluxio a cerebro, quod onere 
quaſi incumbente valdè erat oppreſſum; et longè ultrà expectationem fuit ſuc- 
ceſſus: nam in fine hebdomadis unius tali exercitio occupatæ, ſex aut ſeptem horis 
per diem, defluxio humoris lymphatici, ſeu aquei, ſubitò erupit, cum admodùm 
incaleſcerem ambulando, et quaſi à vertice ipſo onus incumbens ſublatum eſt, 
humore per glandes maxillares abunde ſtillante in os; et in fine hebdomadis 
alterius, gradatim exſiccata defluxione, ad perfectam integramque valetudinem 
reſtitutus ſum ; et meliorem quidem quam per viginti ante annos. Diffugere 
febres ; redii ad me-ipſum, redii ad ſtudia ditt intermiſſa, redditus ſum propin- 
quis amiciſque, redditus patrie—lterdm mihi conceſſa eſt, per miſericordiam 
divinam, Mens ſana in corpore ſano. 


DEO o0PTIMO MAXIMO Lavus ! Luc. xvii. 18. 
154. Re- 
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154. Recolebam febriens iſto tempore, hujuſmodi phænomenon, vel eidem 
valqſè ſimile, viro clariſſimo Maclaurin obtigiſſe moribundo ; et inde erat quod 
averſatus atque deprecatus ſum, quaſi infauſtum et male ominatum foret, po- 
tionem illam /audani, que id manifeltd excitaverat ; vaporibus for:?.n laudani, 
(ut poſtea ſuſpicatus ſum), a ſtomacho calido diſſolutis, (qui, utpote valde 
bilioſus, actionem laudani tunc reſpuebat,) et inde aſcendentibus in cerebrum 
et ignem electricum ibi latentem expellentibus per nervos opticos ; vaporibus 
ipſis in aquam poſteà converſis. 


Caſus Maclaurini ità deſcribitur à biographo optimo : 


His behaviour, during this tedious and painful diſtemper—[a dro of 
De belly, for which he had been thrice tapped ]J--was ſuch as became a Pu1Lo- 
SOPHER and a CHRISTIAN, calm, chearful and reſigned : his fenſes and judgment 
remaining in their full vigour, till within a few hours of his death. Then, for 
the firſt time, his Amanuzenſis, to whom he was dictating the laſt Chapter of the 
following work, [An Account of Sir J/aac Newton's Philoſophical Diſcoveries,] 
(in which he proves the wiſdom, the power, goodneſs, and other attributes of 
the DerTY,) obſerved ſome heſitation or repetition : no ulſe could then be felt 
in any part of his body; and his hands and feet were al:eady cold. Notwith-" 
ſtanding, this extremely weak condition, he fate in his chair, and ſpoke to his 
friend Dr. Munro, with his uſual ſerenity and ſtrength of reafon ; defiring the 
Doctor to account for a phenomencn which he then obſerved in himſelf ; flaſhes 
of fire ſeemed to dart from his eyes; while, in the mean time, his ſight was failing, 
fo that he ſcarce could diſtinguiſh ove oljef from another -[n a little time after 
this converſation, he deſired to be laid upon his bed; where, on Saturday the 
14th of June, 1746, aged 48 years and four months, he had an eaſy paſſage (*) 
from this world to that ſtate of bliſs, which he had the moſt elevated ideas of, 
and which he moſt ardently longed to poſſeſs.“ 


« Let ME die the death of THE RIGHTEOUS ; 
And let x laſt end be like mis! ! 


(*) —Mera%3yxev en ru Java fig Ty Cwnv, John, v. 24. 
% Migrevit ex morte in vitam.“ 


Neque enim aſſentior iis qui hæe nuper diſſerere cœperunt,“ [ Lucretivs, &c. ] Cum corporibus 
enimos fumul interi t : der. Chas de Mmicitis 
ſimul interire, et omnia norte deleri. ero de Amicitia. 


M. Video te alt? ſpefare et welle in cælum miprare. 
A, Spero fore ut contingat id nobis.“ Cicero, Tuſcul. I. 


Lac- 


a 
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Maclaurin's Last Words, 


155. Tax concluding, unfiniſhed paragraph of that ſublime Diſcourſe is too 
curious in the Hiſtory of Man, too precious to the Chriſtian Philoſopher, to be 
withheld on this occaſion ;— 


—* As Man is undoubtedly the chief being upon this globe; and this glad 
may be no lels conſiderable in the moſt valuable reſpects than any other in the 
felar ſyſtem; and i fyſtem, for aught we know, not inferior to any in the 
UNIVERSAL SYSTEM : So, if we ſuppoſe Man to periſh, without ever arriving 
at a more competent knowledge of NATURE, than the very imperſeZ one hc 
attains in his preſent ſtate, by analogy (d) (or parity of reaſon), we might con- 
clude, that the lite defires would be fruſtrated in the inhabitants of all the other 
P/anets and /y/tems ; and that the beautiful ſcheme of NATURE would never be 
unfolded, but in an exceedingly imperfect manner, to any of them :—This, 
therefore, naturally leads us to conſider our preſent ſtate, —as only the dazwn or 
beginning of our exiſtence ; and as a ſtate of preparation or probation, for farther 
advancement : which appears to have been the opinion of the met judicious 
Philgſepbers of old. {See Heb. xi. 13-16. and Note (e).] 

| & And 


(d) It was a maxim, recorded of Hermes, and aſcribed to the primitive Chaldæan or Perfian Magi 
(the eſtabliſhed prieſthood of the Babyloniſh and Perſian Empire)— 


Evumaly evai Ta dyw Tos ATW, 
& That what paſſes in the heavens above is analogous to what paſſes on earth below.” 


But this ſage maxim, like many others, derived from patriarchal wiſdom, in proceſs of time was 


much abuſed by fucceeding corrupt poets and degenerate philoſophers, receding from the native purity 


and ſimplicity of Revelation, and impioully attributing human paſſions to celeſtial beings. See & 169. 


(e) The following curious and valuable anecdote we owe to Profeſſor Roliſon, p. 236 :— 


% Daniel Bernoulli, the moſt elegant mathematician, the only philoſopher and the moſt worthy 
man of that celebrated family, ſaid to a gentleman (Dr. Stazhling), who repeated it to me, that «hes 
reading ſome of thoſe <vonderful guiſſes of Sir {faac Newton, the ſubſequent demonſtration of which 
has been the chief ſource of fame to his moſt celebrated commentators,—his mind has ſometimes 
been ſo overpowered by thril/ing emotions, that he has wiſhed that moment to be his laſt ; and that it 
was this which gave him he cleareſt conception of the happineſs of heaven.“ 


And ſhould not theſe “ thrilling emotions, to which, 1 am perſuaded, Profeſſor Robijon is no 
ſtranger, induce him to treat the Doctrine of a “ Vibrating iber with more reſpect, ſo widely 
removed from “ a as made out of an hypotheſis,” by Newton's ingenuity — Should he not rather 
rank it among the moſt profound of his evonderful gueſſes, approaching very nearly to the dignity of 
a theory, founded on ſuch rxperiments as the precceding? How otherwiſe, are we to account tor ſuch 
thrilling emotions of exſtatic delight? ſuch conwulſive horrors of agonizing fear? ſuch ſtrange effects, 
as the change of the colour of the hair of a condemned ee, from black to white in the courle of 


a ſingle night? ſuch fatal and deadly diſruptions of the material vehicle, as are produced by ſudden 
and 


a n : ? Sas ts. > 
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« And whoever attentively conſiders THE ConsSTITUTION or HumaM Na- 
TURE, particularly the dejires and PAffions of men, (which are 4. catiy uber io 
to their preſent objects,) will cally be perluaded, that MAY Was fined tor 
hig ler views than thoſe of this life: theſe, the AUTHOR ©: NATU RE NM 
have in reſerve ; to be opened-up to us at proper periods of time, and after 4+ 
preparation : ſurely it is in is power to grant us a much greater 7mprovVenuen- 
of the faculties we already poſſeſs; or even to endow us wit aw faculties (ot 
which at this time we have no 1dea) for penetrating farther into the SCHEME 
or NATURE, and appreaching nearer to HIMSELF—THtE FIRST AND 
SUPREME CAUSE :—\We know not how far it was proper or nefctlary, 
that wz ſhould not be let into Knowledge a? once, but ſhould advance grndaal!y; 
that, by comparing new objects or new diſcoveries with what was known to us 
before, our improvement might be more compleat and regular: or how far it 
may be neceffary or advantageous that INTELLECTUAL BEINGS ſhould pals 
throngh a kind of fancy of knowledge ; for new knowledge does not conſiſt { 
much in our having acceis to a new object, as in comparing it with others 
already known; oblerving it's relations to them (or diſcerning what it has in 


and overpowering tranſports of joy or grief — Theſe are notorious feds :; and how they are to be 
accounted for, upon attentive conſideration of the conſtitution of human nature, compoled of a mind 
operating upon it's receptacle or ſenſorium, otherwiſe than by ſome inconceivable fimulrs of the 
nervous ſyſtem, conveyed through muſcular vibrations, or forme impulſe analogous thereto, I leave to 
his ingenuity to ſuggeſt, 


2. To the taſte and piety of Profeſſor Robiſon (whom I hail as a ZYrother, notwithſtanding our 
diſagreement in one inftance,) we are alſo indebted for circulating in his delervedly popular work, 
Maſon's Sacred Ode, drawn from the pureſt ſources of the Pierian Spring : 


« Think not The Muss whoſe ſober voice you hear, 
Contracts with 4igct frown her ſullen brow ; 
Caſts round ReLIGIOR's orb the miſts of Fear, 
Or ſhades with horror, what with finiles ſhould glow : 


No.—Sux would warm you with graphie fre ;— 
Heirs as you are of HEAVEN 's eternal day ;— 

Would bid you boldly to THaT Heavrx re, 
Not fink and ſlumber in yon cells of clay! 


Is this the 5:got's rant ?—Away, ye vain / 
Your doubts, your fears, in g/oomy dulneſs ſteep : 
Go !—foothe your ſouls in ſickneſs, death, or pain, 


With the ſad ſolace of eternal lep 


Yet know, vain ſceptic / know, th' Armrcuty Mixp, 
Who breath'd on Man a portion of ulis fire; 
Bade his free ſoul—by earth nor time confin'd— 
To Heaven ; to ImmorTALITY; aſpire ! 


Nor ſhall this pile of hope, uis BounTY rear d, 
By vain Philoſophy be e' er deſtroyed ; 
ETtRx1TY, by ALL or hoped or fear'd, 
Shall be by ALL or /ufer'd or enjoy'd.”? 
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common with them), and wherein their di/parizy conſiſts. Thus, our know. 
ledge is vaſtly greater than he /um of what all it's objects ſeparately could 
afford; and when a new object comes within our reach, the addition to our 
knowledge is the g1:cater, the more we already know: ſo that it increaſes, not 
as the new objects increaſe, but in a much higher propos tion. 


156. And was the exalted mind, that reaſoned thus powerfully, and triumphed 
over b54:ly infirmity in the very jaws of death, material ?— Was all this merely 


the reſult of corporeal mechaniſm? Was the profound proceſs of this noble 


argument for the ſurvival and improvement of the ſoul ; the grand climax at 
the beginning, riſing from this globe to the milky way; fuch clear-fighted in- 
telligence of the maſter principles and lofty affect ions, and aſpiring views of 
human nature, in the ſequel ; ſuch ſubtile and abſtrute analyſis of the doftrine 
of combinaticns and of the fluximary calculus, applied at it's unfiniſhed cloſe; 
ſuch humble, yet aſtoniſhing penetration and inſight into the myſterious ways of 
Providence, in this life“ Lroking thro” NATURE up to Nature's G00: — 
while the quivering lanip of light, thus darring the brighteſt flaſhes of celeſtial 
fire, was expiring in the ſocket. —Was all this admirable aſſemblage, of the 
pious and the profound, the ſublime and the beautiful, the argumentative and 
the cloquent, no other, ye Hartleys! ye Pricfileys ye Condorcets ! ye Godtwins ! 
or ye Das coins] than mere animal mechanilm ? wrought and effected, wholly 
and ſolely, by vibratiunculæ or minute tremors of the puipy ſubſtance of the 


brain 111 (7 


« O curve in terras animæ et cœleſſium inanes! 
Quid juvat hoc, templis noſtros immittere mores; 
Et Bona Dis ex hac ſceleratd ducere puipd ?” PERSIus. 


D' Alem- 


(J) The ſublime Philoſophy of Hor.y Warr, and that alone, has authoritatively decided the 
myſterious and momentous queſtions of the immateriality of the Seul, of it's natural mortality, and 
of it's r:union with an incorruptible body after death; recording the Origin and the End of the Hunan 


RACE mmm 


1. Tur Lorp or Gops formed the Man, duft of the ground, 
Aud breathed into his noftrils, breath of life ; 


So Man became a living ſoul.” Gen. ii. 7. 
2. © Duſt thou art, and unto dg ſhalt thou return,” Gen, ili. 19. 
3. „ All Fleßb ſhall periſh together; | 

And Man ſhall turn again unto dup.” Job xxxiv. 15. 


4. © I know that my DRLIVIRTR is LIVIS O; 
And at the /aft [day] will ariſe [in judgment] upon duff : 
Yet, after this tin be mangled, - 
Even in my ash ſhall I perceive Gop ; 
Whom I ſhall perceive, on my ſide, 
And mine eyes ſhall fee [Him] not efranged.” Fob xix. 25. 
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D' Alembert's Mournful Refleicns. 


157. As a terrific contraſt to the death of the Chri/tian Philoſopher, I thall 

ropoſe the dreadful gloom that overhung the latter days of a philgjopnizing 
infize!, furniſhed by his correſpondence with the King of Pruſſie, another of 
the original conſpirators againſt Chriſtianity in the train of Yeltaire, —D" Alembert 
at once the glory and diſgrace of the French Academy , S fences —& deceive 
ing others, by his perfidious ſophiſtry, but not fully “ deceived ” himſelt .o 
as to conquer and blunt the ſtings of remorſe, and the terrors of a guilty 


conſcience, anticipating “ the juſt reward ” of thoſe fiends in human form, 
who, 


5. The 4u/ ſhall return to He earth as it ca- ; 
But he {/:rit ſhall return to Gop who gave it.“ Keck xii. 7. 


6. © Jesvs CyRts1T—* illuſtrated /ife and incorruption.“ 2 Tim, i. 10. 
« Himſelf—* tbe firft fruits of the fleepers.” 1 Cor. xv. 20. 5 


7. „Lo! I tell you a myſtery: 
We ſhall not all ep, but we ſhall all be changed; 
In a moment, in the twinkling of an eye, 
At the 4a trumpet,” —— 


8, “For this corruptille (body) muſt put on incorruption ; 
And this mortal (ſpirit) mult put on immortality,” 


9. „O Death! where is thy ing [in the body] ? 
O Hates where is thy vifory [over the cul] ? 


10. The fling of Death is Sin 
But thanks be to Gov, who giveth us the vifory, 
Through cur Lord Jesvs Cusisr.“ 1 Cor. xv. 51—57. 


11.“ ] am the Firſt and the Laſt and the Living, 
And I became dead; and lo! I am living 
For ever and ever, Amen. ww 


And I hold the keys of Hades and of Death.” Rev. 1. 17. 1 


12 


% ſay unto you, my friends : 
Be not afraid of them who kill the Loy, 
But are not able to kill the /oul; 
But be afraid rather of Him, who is able 
To deſtroy both ſoul and body in hell,” Matt. x. 28. 


13. Who will transform the bady of an humiliation, 
To become the reſemblance of the body of his glory; 
According to the energy of his ability, 
Even to ſulject all things unto himſelf.” Phil. iii. 21. 


A2 
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who, after zealouſly lahouring through life to undermine the hopes of others, 


too fatally ſucceed at length in blaſting their own ! 


In one of his laſt letters, publiſhed by the ingenious, the unprincipled, the 
execrable, and the wretched, Condercet; who beſet D' Alember: when expiring, 
and boaſted, that, if he had not, D'Alembert would have flinched alſo,” —like 
their grand maſter Jollaire—in all his dying horrors and agonies, “ worſe than 
the furies of Oreſtes the peeviſh and gloomy philoſophiſt thus complains to 
his royal correſpondent, Frederick : 


* Study ſometimes engages me, and converſation /om?!imes entertains me; 
but I am ſoon fatigued with either; and am no ſooner left to myſelf than my 
uneaſy refleions recur, and my /litude again frightens and freezes me. In this 
condition, I reſemble a man who ſees before him 4 long and dreary deſart, 
which he ut paſs; and at the end of that melancholy proſpeit, the abyſs of de- 
ſtruction open to receive him: without finding, at the brink of that hideous 
chaſm, a ſingle perſon that will be affiied with his downfal, or that will even 
remember his exiſtence, when he has tunk into endleſs perdition !!] 


From such Phileſophy, coop Lorp ! deliver us, 


158. How utterly falſe, then, and unfounded are the viſionary ſpeculations 
of the votaries of a miſtreſs that never grows grey!” (it we liſten to the illi 


- 


14. For eh and Ilaod [i. e. an earthly body] is not able 
To inherit Gop's kingdom; neither ſhall corruption 
Inherit incorruption.” - 1 Cor. xv. 50. 


15. * The maſs of the ſtecpers, [though] duſt of the earth, 
Shall awake; ſome to everlaſting /:Fe, 
But ſome to ſhame and everlaſting contempt 2 
When the ſages ſhall ſhine, as the /righineſs 
Of the firmament ; and the ju/tified of the many, 


As the /ars for evermore.“ Dan. Xii. 2. 


16. As one ſtar differeth from another ſtar 
In glory.” I Cor. XV. 41. 


17. © In my FarnER's houſe are many manſions,” Fohn xiv. 2. 


Such are the awful, the animating, the ennobling doArines of Patriarchal and Eva rica 
Wiso revealed, “ at ſundry times and in divers manners,“ to his ra/zonal creatures, by the 
FaTHER oF LicuTs, through * THE Sox or His Lovs '—THE ORACLE or Expounder of his 
Decrees, under the Patriarchal and Chriftian Economy. Nor can this important ſclection of 
itrialy harmonizing Texts be deemed irrelevant or unſealonable by the Mathemarician or the Philo: 
Fopher, who would wiſh zealouſly to ſtem that Torrent of Infidelity, which is the diſgrace of a boaſted 
AGE or REagox : 


Diſcite, O miſeri | et cauſas cognoſcite rerum: 
Quid ſumus, et quidnam vidluri gignimur; Ordo 
Quis datus: quem Te Dos eſſce 
Juſſit. 


PersIVSs. 
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terate Poine's eulogy on Scik NE.) —And how wretched, how deluſive the 
happine's ſhe can afford, detached from RELiGcion—that true miſtreſs of the 
coiſe uud good—who!e humble handmaid SCLENCE ought to be. 


, To be happy in old age,” ſays Paine, ** it is neceſſary that we accuſtom 
ouriclves to objects that can accompany the mind gall the way throvgh lite; and 
that we take the reſt a, good in their day. The mere man of plea/ure is milerable 
in ol age; and the mere «rudge in Ie is but little better: whereas Natural 
Philgzophy, Mathematicel and Mechanical Sciences, are a continual ſource of rangui! 
lea/ure. And, in {pite of the gloomy dogmas of Priefts and of Superſtilion, the 
tiudy of theſe things is the ſtudy of the True Theology; it teaches man to know 
and airs the CREATOR : for the prenciples of Science are in the Creation, are 


unchanceable and of divine origin.” 


159. Alas! what a wretched happineſs did Science procure D' Alembert, who, 
at the cloſe of his days, thus found to his coſt, that he had been all his life 
long embracing a cloud for a goddeſs - And that“ the ſtudy of theſe bing is not 
indeed the it..dy of the True Theology,“ we learn from the monſtrous errors of 
ancient and modern Sophiffs; which led them to forget and to wvilify the CRE- 
ATOR 2 “ I he principles of Science are not indeed in the Creation ;*'—they he 
much deeper than the vible world; and are only to be learned from REVEALED 
Wispou and OMNISCIENC# ;—whole Sovereign Will is the Law of the Uni- 
veile; changeable at pleaſure, though in HimsELF V unchangeable,” Fames, i. 17. 


160, Theſe principles, the lowly and unaſſuming ſpirit of Primeval and 
Patriarchal Science endeavoured cautiouſly to trace and develope, amidit * the 
eb/curity that prevails in the midſt of things ;”—humbly and devoutly thanking 
the FATHER oF LiGurTs for thoſe faint g:impſes of ETERNAL TRUTHS, Which, 
from time to time, and from ſeaſon to ſeaſon, He vouchſates to reveal to thoſe 
truly Philoſophic Students, who, in “ an honeſt and good beart, bear, ſeek, 
embrace, and keep the Hord of God, whether communicated by Revelation, or 
thence unfolded by Reaſon : and carneſtly and diligently, and devoutly, ſtrive 
to bring forth fruit with patience. 

* Caium quippe ac Terra, ac Mare, omniſque Creatura quæ videri atque 
intelligt potett, ad hanc precipue diſpoſita eſt humani generis utilitatem, ut 
Natura Reati-nelis de contetaplatione tot ſpecierum, de experimentis tot bonorum, 
de perceptione tot munerum, ad cultum et dilectionem sui imbueretur AUC- 
TORIS 3 inplente omnia SPIRITU Del, * in quo Vivimus, movemur, el ſumus.— 
« Adhibua {ſemper eſt univerſis hominibus quedam ſupernæ menlura doctrine, 
que | licet] percioris occulticriſque gra'ie, ſufficit tamèn (ct Douixus judi- 
cavit), quibuſ am ad remedium, omnibus ad !efimonium.—Ait Plotinus : * St 
MUNDI vocem audiremus, nihil aliùd eum dicere quam DEus ME FECIT ; 708 
Creterfis Jupiter aut Arcas Mercurius, ſed Deus ille AFNQETOE neſcibilis]. 
de quo Paulus ad Athenienſes.” De Vocatiene Gentilium. 


Vide poſthàc, & 205, Not. (7). gen 
criptort 
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Scriptori huic egregio, veriſſimè de Dei cognijtione, quatenus ex rationibus 
phyjicis eam colligere fas fit, ſuffragatur ſana Newtor ſententia: Princip. p. 529, 


% De Dro utique ex phenomenis difſerere ad PHILOSOPHIANM NATURAL vr 
Peritiice,” 


161. Placet igithr, quoniam omnis diſquiſitio de cauſis et egffefis naturalibus 
ad agnitionem CAUSA RAR perducere debet, ** que minim? materialis et,” 
Newtoro judice — Vinvicias quaſdam THEoLOGICAS Sapientum Priſcorum, 
atque Newtori horum cultoris, ſubjungere. 


De Philoſophid Atomics Priſcorum Chaldæorum atque NHebrcorum. 


—— — 


162, Nec minds injuriosè invebitur Robiſon in | Phile/ophiam Atomicam, qualem 
excoluit Newtonns ; que minime confundenda eſt cum Epicured iſtà nuper redi- 
viva, Rationibus Metaphyficis atque Mechanicis rerum naturalium caufas 
tribuente, et CAUSE PRIMARIAZ oblita, Hanc enim jure perſtringit ipſe News- 
tenus in Optics, p. 343, his verbis: 


And for rejecting ſuch a medium (as is totally denſe or full of matter), we 
have the authority of the oldeſt and moſt celebrated Philoſophers of Greece and 
Pheridz, who mace a vac and atoms and the gravity of atoms the firſt 
principles of their | Þiulolophy : tacitly attributing gravity to /me other cauſe 
than denſe matter.” 


8 Later Philoſophers baniſh the conſideration of ſuch a cauſe out of Natura! 
Philef-phy ; feigning hypotheſes for explaining all things mechanically, and referring 
other cauſes to Metaphyſics : whereas the main butineſs of Natural Philoſophy 
is to argue from phencmena, without feigning hypotheſes, and to detluce cauſes 
from ettects, till we come to the VERY FIRST CAUSE, which certainly is not 
material.” 


Hæc breviter effata et delibata tantum, fuſiùs exponere, atque ex philoſophia 
prima confirmare, jam libet : 


63. Priſcorum Chaldæorum atque Hebræorum, Philoſophia phyſica erat 
Atemica, Coſmogoniæ Maſaticæ con ſentanca. Hanc invexerunt in Thraciam, 
Orpheus, ille © Sacer interprejque Deorum, qui undecim gencrationts ante Troja 
excidium floruit, teſte Sud, ſeu annis 366 + 1134 = 1550 circitèr ante 
Aram Chriſti Vulgarem ; in loniam et Græciam, Thales, © phyficorum princeps,” 
Pherccydis Syri diſcipulus; in Italiam, Hyibagoras.— Lucida ſidera omnes. 


Quanto 


DE Mopo SENTIENDY]I, 183 


Quanto fuerunt in honore Sapientes Chaldei et Helræi, apud Gracos verul- 
tiores, diſcimus ex re{ponlo Oracult Nytbici, quibuſdam ſciſcitantibus, Ex gentiors 
quinam omuum ſopierittfum! ? 


Muvcr KN) wore Aayov, 19 ap ESA! 
Auroyevryror Avana eO, O OEONATTON. 


& Soli Chalſæ ſapientiam ſortiti ſunt atque Hebræi, 
Per- ge- genitum Negem venerantes DEUM ipsuu.“ 


164. Preclariſimum extat teſtimonium in fragmentis YVer/uum Orphicorum, 
ab On2mccrito congeilis, de Decalogo Sacro, apud Montem Sinai promulgato, 
annis 1649 circitèr ante r. Cbriſt. (ſecundum emendationem neſtram Sacræ 
Cbronclogiæ, poſthàc forsan edendam). 


Ap AT TOC e, apa xo Merge, nde Tee 

c Ev - 

{Ls Aoy©@- Apoyaiw cog Tooyevns re] ev, 

Ex OEOOEN vpn: Aabuy xa] d Oe 


ce Principium IpysE habens, fimul et Medium, atque Finem: 
Ur ſermo Priſcorum; ut Agua genitus precepit, 
E Deo ſententiis quum accepiſſet duplicem Legem.“ 


Præclara hæc deſcriptio DEI Ies1vs optime conſentit cum Scripturis Sacris. 
Ja. xli. 4. Rev. i. 8. &c. &c. 


HIM Firft, Him Loft, Him Mſt, and without End.” Milton. 


Vox T) , antiquitùs pro T , ** aqua.” —Heſychius. Per T3971; igitùr 
eleganter expreſſit Orpheus vocem Hebræam Moſeb (vel Moſes), que fignificar 
* ex aqua ereptum.” — Ex0d. ii. 10. Et per SmAzxz ©:7 ov, © duplicem Decalogi 
Tabellam "—* digito DEI deſcriptam.” Exod. xxxii. 26, et xxxiv. 1. (g). 
Atque hoc Orpbei teſtimonium expreſlifle videtur Juvenalis, Sat. xiv. 102. 


* Tradidit arcano quodcunque volumine Moſes.” 
165. Alterum 


() Hujiiſce eximii Fragments Orphici, ab Nn»macrito conſervati, auctoritatem inſectatur doctiſſimus 
Cudwerth, 6 WX\arwwituy, fed hypercritice potius, ut videtur, [ntell-&ual Mſtem, p. 300. 


« There ſcem to be ſome Orphic Verſes ſuppoſititious, as well as there were Sie, &c,—Czterum 
cum hilce probe conſentiunt verſus Orphici quos ipſe Cudworth pro genuinis agnoſcit, et ex Proc 
citat, P · 301. 


Z ETZ mewrog tyevelo, Z ETS Us a9; αεονν ν,Eg, 
ZETE xe ι ZETE beg, AIOE 9 en ware rereunlai. 


« Jovis primus exillebat, Jovis imus altinonans, 
Jovis caput, Jovis medius, a Joys omnia falricantur.” 
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184 APPENDIX SECUNDA; 


165. Alterum, quoque, nec minus infigne teſtimonium de CBaldæorum Givi- 
natione profert Orpheus. 


by . — 
Ov yap xy rig 190! Dyiſeoy | UEDOTTY KPAINONTA, 
E. A Hενέeus cis, ro Cod ce 
X E 1545 yp Env L\5pois WEpecxgs 


* Nullatends enim quiſquam mortalium articulate loquentium viderit REecey, 
Niſi dilectus quidam antiquo ab origine gentis 
Cbaldæcrum; peritus enim erat ri exortiis,” 


Referunt hoc vulgò interpretes ad Abrahamum, * quem omnis vetuſtas 
Orientis ſummum aſtrolog, m fuiſſe crediderit.“ Kaliger de Emend. Temp. Not, 
in Fragment. p. 48; et Cudworth, p. 300. Sed manifeſtò reſpicit vatem Chal. 
dzum, Balcam, 2445 CO-eVUM, “. qui apud Peth-Ur (ſcu Hebraice PÞeth-U 
* Domus Lucis,”) juxta fluvium (Tigrim) degebat,” (Numb. xxil. 5.) ; et au 
inſigne illud vaticinium cecinit de Silo, Jacobi progente, (Gen, xlix. 10.) cu 
de Mejia Rege, Num. XXIV. 17. 


&« Video ILLUM, ſed non nunc; 
Cerno IL Lu, ſed non profe ; 
Prodibit ASTRUM ex Jacobo, 
Exoriclur SCEPTRUM er {ſraele.” 


Cujuſque poſteri, Magie, amo πν.πτνοονẽ © Magi Orien ales, —actu ce viderun 
eftrum cjus in exortu ſuo, (en Ty avdcny,) 1600 annis poſteà, & longinquo con- 
{picati, note forsan natali Chriſti, Confer Matt. ii. 1—10, et Luc. ii. g=—1 5, 


166. Priſcos Chaldæos atque Hebrers vacuum et atomas admiſiſſe in coſmo- 
goniam ſuam, colligere licet ex Virgilio, mythologiæ antiquæ obſervantiſſimo, 


Et verſum ſecundum, levi variatione, ex ipſo Platarcho quoque citat, p. 305. 


ZETE apyn, ZETE peooa, AIOE & e maria menovig, 
” Jovis frincipium, Jovis medius, a JOve omnia unt.“ 


Ubi pro xz7aAy citantis Procli, Plutarchus vocem ſynonymam 9 N citat ; utramque proculdubio 
à voce Hebrad, u, vel MWR?) ambigue © caput” vel ' principum deſignante. Gen, i. 1.— 
Vide quoque Not. (2). 


Necnon ex Timotheo chronographo quaſi Orphice Theologice foret ; p. 305, 


Aix 7y5 QEOTHTOE was eyoyero, 
Kai ATTOYE sg. waving. 


Per Drirart u omnia facta ſunt, 
Et IrsE eſt Omnia.“ 


Veruntamen fatendum eſt quod Orpheus ipſe falſa veris immiſcuit. Refert enim Fuftinus Martyr ; 
IIa Hιν,mu Waryg xou mpwros 0faokanogegqued * Polythriſmi pater atyu? A primus ſuit 
Orpheus, Vide Cu cvorth, Int. Syſt. p. 298, 


7 ubi 


x N b 
C ; a * 


DE Mobo sENTIENPDI. 185 
ubi vingſum Silenum “ Cuſtodem famulimgue Dei ¶ Bacchi) alumni,” et proinde 
ex Patriarchis forsàn vetuſtiſſimum, (inſtar Noah, vino oppreſſi, Gen. ix. 21—24.) 


ira vaticinantem inducit, Eclog. vi. 31. 


« Namque canebat, uti MAGNUM per INANE coacta 
Semina terrarumque, animaeque, mari/que fuiſſent, 
Et /iguidi ſimul ignis: ut his exordia primis 
Omnia; et ipſe tener Mundi concreverit orbis.“ 


167. Pariterque Euripides, Anaxagore diſcipulus, traditionem vetuſtiſſi man: 


refert, in fragmento Menalippes, Barnes Eurip. p. 48 1, citato à Dicdoro &, J. 


Ovx £..@> 0 au, 4 ung unf] apa” 

8 ob- TE Yar T m wopPy pic: 

Eme & excoptrIyoray a)inAwy Ns, 

Tec Wart, % ave i E15 Oaog, 

Azv9ox, rum, Das, 89 85 G Oe et, 
Tov Qvyruv. 


& Nec meus hic ſermo, ſed quem præcepit Mater: 
Ut celum et terra erant forma una; 
Ubi vero à fe invicèm ſejuncta ſunt, 
Pariunt omnia, ediderüntque in lucem, 
Arbores, aves, feras, [ Piſceſaue] quos alit mare, 
Geniſſaue mortalium.“ 


Manifeſtò deſumuntur hæc mythica ex Coſmogonia Moſaicd ; de ſtatu terræ 
chactico, et generatione vegelabilium, animalium atque hominum, ordine Moſaico 
diſſerentia; cæterùm in hoc peccant quod $UMMI OPIFICTS vim creatricem vix, 
et ne vix quidem, reſpiciunt, fed productionem rerum ſp9ntaneam innuunt. 


168. Atqui hiſce excerptis, ſeminarium habes Phil/oſophie Atomicæ qualem 
excolebant Sapientes Scholæ Chaldææ primeve ac Hebrææ, antequàm eam 
peſſundederunt atque inquinaverunt pravè philoſophantes, Magi, Brachmanni, &c. 
Orientales ; atque Stoici, Epicuræi, &c. Occidentales, ingenti veræ Theologiz 
atque Philoſophiæ detrimento. 


169. Et egregiè diſtinguit Plutarchus, inter © valde antiques theologes atgue 
Poctas - quales fuerunt Orpheus cjuſque diicipuli, qui © JoveM principium, Jovkx 
medium, a Jovk omnia firnt *—pra:ceperunt, et “ hiſce juniores, qui Phyfici ſunt 
appellati —quales poſt Thaletem exftiterunt Anaximander, Anaximenes, &c. Scholz 
ſonice ; atque Lali iſti degeneres Scholz Pythagore@, Lencippus, Democritus et 
Epicurus, qui, * ah dec principis bone/to atque divino temere palantes, cauſan 

Vol. V. B b Omnium 


; 
; 
; 


186 APPRENDIY SBECUNDA; 


omnium primariam in corporibus, corporeiſque affeFionibus, pulſibus, mutationibus 
{commixticnivu/que poſuerunt. — Unde Þuoma et Ado ( * Naturalifts” and 
* Atheiſts *”) indifferentèr, et quaſi per nomina cjuſdem fere fignificationis, 


* vulgd ſunt appellati. Cudzv. p. 305. 


170. Eiam Ararageras ipſe, appellatus Neg, © Mens,” uar'-:Zogyv, qui 
prilcam notionem MENTIS SUPREME revocavit, “ Ejus opificis in mundo 
condendo, rationibũſque phyſicis, nullatenus ett uſus, ſed ad cauſas rerum mere 
mechanicas, eres, ælberes, et aguas minime idoneas, aliaque prorsus abſurda, 
contugi,” 1a querente Socrate, in Phædone. 


171. Hinc anſam vituperand! arripiens Ariftoteles, totam Phyſicam Alcmicam 
zuſectabatur præceps, ex rationibus ſuis Metaphyſicis, multa ſomnians de guints 
genere elementorum è quo unt mentes et gſera, de fugd vacui, de pleno univerſali, 
de elernitare mundi, de formis ſubſtantialibus (ſeu reNENν,,H,iuv. Inaniter 
autèm atque arroganter gloriatur—* Se videre, quod paucis annis magna acceſſis 


*fatta effet ; brevi tempore, Phileſophiam plane abſolutam fore. —Cicero, Tuſcul. I. 10; 
III. 28. Acad. I. 4. 


172, Ariſtotelis faſtum jactantiamque ſecuti, Carteſiani et Leibnitziani, in · 
genti ſcientiarum detrimento, Phyſicorum Grecorum Mechanicam i rrationalem 
et phantaſticam recolebant ; vortices, monadas, &c. temerè fingentes : donec 
modeſtum Newto't ingenium priſcas revocabat artes; atque a Logomachiis 
averſus, ad Diſciplinam Scholz Ianicæ, Antique Helrææ atque Chaldæa, ſero 
tancem redibat, Phyſicam Atomicen inſtaurabat, eam fundamentis ſolidis atque 
inconcuſſis Iyductlionis atque Experimentorum ſtabiliendo. 


—* Hypotbeſes non fingo : Quicquid enim ex phænomenis non deducitur, 
Hypotheſis vocanda eſt. Et Hypotheſes, ſeu Metaphyſicæ, ſeu Phyficæ, ſen 
Jualitatum occultarum, fea Mechanice, in PHI LOS HIA EXPERIMENTALI locum 
non habent.” Principia, pag. ull. 


173. Quam injuriosè igitar invehitur Profeſſor Robiſon in Phileſophiam Ato- 
micam, qualem excolebant priſci Cha!/dgi ct Hebræi, eorümque Diſcipuli; et 
qualem inſtaurabat Newtonus, ſobriam, ſanam, principiis Mathematicis recondi- 
tioribus et ſubtilioribus forsàn quam pro captu tyronum, imò Mathematicè 
doctorum, (etiàm Profeſſorum forsan), ſtabilitam atque demonſtratam. Logicem 
certè parùm fapit, ex abuſ# alicujus rei, artis vel ſcientiæ, ꝝſum detrectare; et 
Mecheniſmum aded irrationalem, abſurdum et impium Recentiorum Philoſophiſ- 
tarum, ex Mechanicd Rationali NVetotoniand deduccre, 
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— 


De there Antiqua, Deo Fiflo Genlilium. 


174. Vocem ipſam Alber mutuatus eft Netotonus ex Philoſophia Prifca, ith 
referente Cicerone, N. D. II. 33. 


ee Et cum quatuor fint genera corporum, v7/ci/itudine eorum mundi continuata 
natura eſt, Nam ex ferrd, aqua; ex agus oritur aër; ex, are, ether : Dein 
retrorsùm viciſsim, ex there, aër; ex are, aqua; ex aqua, terra infina, &c.“ 


Exemplum hic habes Compoſitionts et Reſolutionis antiquiſſimæ, ſecundùm quas 
6c undi partium conjunctio continetur ex mente Phyficorum priſcorum, ſanum, 
Cantui Sileni atque Cuſmogoniæ Moſaicæ accommodatiſſimum: ubi ether mani- 
feſtò reſpondet * /zguido igui, quarto nimirùm elemento, (hodiè, fluido electrico) 
ſubtiliſſimo, omnium cor porum poros et interſtitia liberrime permeanti, quod 
inter potentiſſimos naturæ agentes jure recenſetur; et cujus identitatem cum 
igne cleſti (lightning ) detexit et confirmavir, noſtro tandem evo, curioſa ſedu- 
las ſagaciſſimi Nature indagatoris, Benjamini Franklin, 


Vox ane quoque, fi compoſitionem ejus reſpicias, derivatur ex a ur,“ 
et an, aer,“ ſeu atmoſphara (que forsàn ex M aur, lux, ultimò dedu- 
cenda eſt), Et quidem ab Hejychio definitur AO, o vt ra ven ren D-, 
« regio ſupra nubes; atque ſignificatione altera ſynonyma, <wrvprpor, in- 
flammationem,” 


175. Pro ſymbolo () certe “ DEI lucem macceſſibilem habitantis ” primitds, 
Patriarcharum ſæculis, 7ob, Abrabam atque “ Chaldeorum progenitorum, Aur, 
| t e. 


% Exordium Elegiz A reverendo viro et poetâ docto et diſerto, Thoma Maurice ſcriptz in 
obitum celeberrimi et optimi viri, Guſlielmi Jones, Indorum Apoltoli, Chriſtiauique Philoſophi, pulchrè 
et ornate deſcribit patrias ſedes Chaldæorum, et primævam diſciplinam Magorm, 


% Where the dark cliffs of rugged Taurus riſe, 
From age to age by blaſting lightnings torn, 
In glory burſting from the illumin'd ſkies, 
Fair Science pour'd her firſt auſpicious morn. 


The hoary Parthian Seers, who watch'd by night 
Th' eternal Fire in Mubra's myſtic cave, 

{Emblem ſublime of that eximeval iicur 
Which to yon ſtarry orbs their luſtre gave, 


Exulting, ſaw it's gradual ſplendours break, 
And ſwept, ſymphonious, all their warbling Iyrcs, 
"Mid Scythia's frozen gloonis Tur Mousts wake, 
While happier India glows with all their tires,” 
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* | APPENDIX SECUNDA: 


(i. "By Lux,) incolentium,“ Gen. xi. 28, uſurpatus eſt A. 9e, feu * e ille 
wnens,” 


176. Theologie Chaldee præclariſſimum extat ſpecimen, apùd Sudan, de 
Orpheo ita diflerentem : | 


Enes de, dr IE, fav H Ao, eQtorios Tyr Tur, nat HπMỹ,p Know EN 
elan * TO N“ 20 TIEPTATON c, To © AIIPOCTTT ON,“ 2 wa 
HEPIEXON*” Oreo wounss BOYAHN, Z, ZOHN. 

Tatſſæ ra Toix Ovoueſa MAN AYNAMIN ar DH, EN KPATOE re 
AHMIO 7 PLOT . 5 SEO, Tz au * TS un IC D xpxyRYOvTCS Eg T9 


era, o p/α ve KU cp. 


« Fatus eſt Orpheus, LUCEM, rupto there, Tellurem illuſträſſe, omnemque 
Crcationem: Illam dicens LUctM, ſupremam omnium, “ rnacceſſi bilem,” omnia 
Tonliuentem; quam nominavit CONSILLUM, LUCEM, VITAM,' 


„% Hzxc tria nomina declarant UNAM POTENTIAM, UNUMQUE DOMINIUM 
Oe1eicis omninm Dei, qui adduxit omnia ex non exiſtente in exiſtentiam, viſibilia 
pariter et inviſibilia.“ 


177. Mirus fane et fere incredibilis conſenſus hie obſervandus cum Libris 
Evaogelicis —Nam *© Dzvs eſt Lux,” 1 John, i. 3. Lucem babilans inac- 
cefſicilem,” 1 Tim. vi. 16. Et Jesus Canisros eſt © Lux Mundi,” Jobn vin. 12. 
Ut et © SAPIENTIA DEI,“ Luk. vii. 35, et Matt, xi. 19,—itemque * Vita,” 
Jobn i. 4. et X1v. 16. Et declaravit CuRIsTus, Eyw x: IIA EN © e.. 
Orpheo nimirùm optimè interpretante EN KPATOEZ—* PATER et Eco unun 
 ſumas * er x. 30. 


Et Milton, adhiic ſublimius et eruditiùs, varias ſententias veterum Philoſophorum exponit, in ccle- 
berrima illa Lucis invocatione, P. L. III. ſub initio: 


« Hail, Rory Licur! Offspring of Heaven, Firſt-born, 
Or of th* eternal co-eternal Beam; 
May I expreſs thee unblam'd ! Since “ Gop 1s Licur, 
And never but in “ znapproached-light 
Dwelt”” from Eternity, dwelt then in Thee, 
Bright EFuence of bright EssENcE INCREATE : 

Or hear'ſt thou, rather, pure Ætherial Stream, 
Whoſe fountain who ſhall tell? Before the Sun, 
Before the Heavens thou wert, and at the voice 
Of Gop, as with a mantle, didſt inveſt 
The riſing Merid of Waters, dark and deep, 

Won from the void and formleſs Infinite.“ 


” 


Notandum quod per Mithram intelligebant Par/hi Magi antiquifſimi non Solem (ut male poſteri), 
ſed Sole ſuperiorem ; quem appellarunt, O xpvqios Dog, © Deus abſconditns,” ?n—[[avrwy Llowrys x2 
Larve, © Onnium Opifex et Pater.” Cudworth, p. 286. Quibuſcum optime conſentit Joh xxiti, 9. 
Fadg. xiii. 18. Ja. ix. 5, Ia. xlv. 15. Vide $ 179. 


178, Sana 
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178. Sana et ſublimis Neachidarum Theologia petfundari et corrumpi in- 
ceœpit Circa quintam a Diluvio generationem; ct potiſſimùm a Nimrod, Cuſbi- 
tarum principe, qui cultum aſtrorum primus introduxit ; cram proverbio 
celebratus, ut Ingens ille venalor, coram Domino; qui polt mortem cjus, a lubelitis 
ſuperſtitioſis, tranflatus eſt in aſt! um Or10nts cum canibus (qui Sirius et (. amica lun 
appellati), quaſi in cœlis etiamnùm venaturus Ur/ap Maj em eju'que αννʃ. 'S, Cir- 
culo 4ritico commorantem, et motu diurno revolventem; quam vivis Nnectanatir 
in Montibus Mriæ, Ararat (i): Nam hic bellator acerrimus quoqus, cum ab 
Oriente migraturus fit in ſedem ab oraculo ſuis deſtinatam, ſubttidit rebeilts © wn 
1meena terra Shinaar, ubi principium dominationis fuz polutt Babel, {eu Bal y- 
/onem ; et inde egreſſus, invaſit Miriam (ſedem Noachidarum poſt Diluvium, et 
Shemite Peleg, in diltributione divina terrarum, allocatam), et /\7-:vex condidir,” 
Confer Gen. x. 8—12. et xi. 1—$. et 7/ephum. — Colebatur hic Kebellis lub 
nomine Bel (à Heb. 5y2 Baal, Magilter,”) ab Aﬀyris, unde Grecorum 
Belus; cujus nomen proprium forsan erat Nin -i. e. PY Filius,”) (&)—utpore 
clariſſimus filiorum Chus; et quidem appellatur ipſa Ninive ab Herodot, paisim, 
Ne-, „Civitas Nini. Fuit autem Pronepos Chis, per intermedios Revmah 


. 


(i) Hujuſmodi venationem pulchrè deſeribit Homerus, Il. xviii. 483. 


Aguroy © nv Kot Audtay Eko KAMERTI? 
* * 
Hr aur ggeęeral nar QQ forever. 


% Urſamque, quam cognomine Plauſtri appellant [I , 
Que ibidem ſeſe vertit, obſervitque Orionem ” 


quaſi illum et canes venaticos metuens, 


Atque iterùm Orionem, in Infernis, ſimilitèr oecupatum introducit, Odi. xi. 57 te 


Toy 0s wer” Npiwve TEAWAIY ? ẽͤQZun T0 

Onpas ops Aguila a7” anpolercy Afiueyt, 

Tas avrog tATETERVEY EY GIOMIAOIOLY ODETCIY, 

Xe Ew” pomuney Way XAAKEDY GUEY GGLYEC, 
% Poſtea, Orionem ingentem aſpexi, 

Feras una cogentem per — pratum, 


Quas Zp/e occiderat in moutibus deſertis; 
Manibus tenentem clavam prorsùs æneam, ſemper infractam.“ 


Annon facile derivari poteſt Npicvy A Cbaldæo Uriah (« Lux Domini“), quz in Verſone Greed. 


Septuagint, in caſu obliquo, redditur Ougiay, 2 Sam. xi. 6. ? 


(2) Ingentis hujuſce tyranni nomen proprium fuiſſe p2 Nin, filius,“ cuĩ per odium et Indibrium 
cognomen indiderunt Shemitee ſubjugati, 1192 D i Nimrod, * Archirebeilem,” confirmatur ex 
Trego Pompeio, ſeu Juſtiui Lib. I. initio. 


Primus omnium Nia, Rex Aſſyriorum, veterem et quaſi avitzm gentibus morem, Ci. e. Regimen 
Patriarchum,] nova imperii cupiditate mutavit. Hic primus intulit bella Auitimit, et rudes adhùe ad 
reſiſtendum populos, terminos uſque Liz, perdomuit.” —* Domitis igitur proximis, cum acceſſione 
virium fortior ad alias tranſiret; et proxima quzque victoria iuſtrumen um ſequentis eſſet, tot ius 
Orients populos ſubegit. Poſtremùm illi bellum ay” Lorcafire Rege Bafrianirum fait (qui primus 


dieitur 
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et Sheba, adeoque Pelegi co-zvus, quintus nimirdm à Mab, non tertius, ut 
hactenus a Chronologis male ſupponitur, - 


179. Ingruenti huic idololatriz fortiter ſe oppoſuit Feb, ſeptimus vel octavus & 
Noah. (Vide Abulfaragi, p. 13.) | 


<«« $1 aſpicerem lucem | Solis] ubi ſplendebat, N- 
Aut Lunam gloria incedentem; 
Si cor meum in occulto ſeductum eſſet, 
Aut manus mea ab ore oſcularetur; 
Etiam hoc foret crimen judiciale, A 
Ita enim mentitus eſſem DEO SurREMo.” Fob xxxi. 26. 


180. Sed, damnoſa quid now imminuit dies *—Sublimem et ſinceram Patriar- 
charum Chaldæorum atque Helræorum T heologiam—“ SpixITUM SUPREMUM 
in /piritu atque veritate rite venerantium,” tandem corrupit et inundavit Sabi- 
ani/mus, ſeu praviſſima idololatria aſtrorum; “ fngebant enim idololatræ, ut bene 
notat Newtonus, Princip. p. 529. —“ Solem, Lunam et Aſtra, Animas Hominum, et 
alias Mundi partes, eſſe partes DRI Suuut; et ideò colendas, fed falsòd.— Atque 
ex cunctis Philoſophis Mythologiſque Gentililus, eheu | 


&« Apparent rari nantes in gurgite vaſto,” 


qui de Dxo rite ſentiebant. 


181. Operam Philoſophis noſtris Britannis haùd ingratam me impenſurum 

ſpero, fi cursim ex Greeis Romaniſque My thologis, miram et plorandam fane 
cœcutiam atque vecordiam paucis exemplis illuſtrem, de Deo material per vocem 
Aire, vel ther, ab utriſque intellecto, turpiſſima Priſce Theologiz depra- 


vatione, 
Trageedorum Græcorum antiquiſſimus, Æſchylus, Atherem, efle Deum apertè 
poſuit. 


dicitur Artes Magicas [ſeu diſciplinas Magorum] inveniſſe, et mundi principia, fiderimque motu: 
ſpeAdfſe.) Hoe occiſo, et ipſe deceſſit; relicto impubere adhùc filio Ninya et uxore Semiramide—”" 


Hic, Jaſtinus, more Gracie mendacis, vera fallis immiſcuit. Nimrodum probe refert, finitimos 
invadentem, atque interficientem ultimo, paulo ante obitum, Zoroaftrem, (forsàn Peleg ipſum, in 
Montibus Ararat,) Archimagum, peritiſſimümque Aftronomum. Sed errore plane ridiculo, ob 
inſcitiam Linguarum Orientahum, Trogus tran ſtulit urbem Nivev à Nimrod conditam, ſeu Niniven, in 
filum *Ninyam Et de Semiramide fabulatur ! Vera enim Semiramis, quinque tantum generationibus, 
teſte Zerodoto, anteceſſit Nitocrem, infignem Reginam, quæ Babyloni exſtruendo atque ornando 
ultimam manum impoſuit ; illa autem videtur fuiſſe magni Nebuchadnezzari uxor, de quo Daniel, v. 10. 

Secundum emendationem noſtram Chronologice Sacre, incidit diſtributio terrarum habitabilium inter 
Colonias Noachidarum, “ in diebus Peleg,” (i. e. Divifionis,”) ubi floruit ille Ninus Archirebellis, 
anno 541 circiter, poſt diluvium; ſeu anno 2615 ante ram Chriſtianam: floruit autem illa Semi- 
rams quz mania Halylonis conſtruxit, 166 annis ſaltem ante obitum N-buchadnezzor, five 166 + 
561 727 ante ram Chriſtianam. Semiramis proinde pro uxore Nabonaſſari, (cujus era incep:t 
747 aums ante Chriſt.) jure haberi potcſt, 

| ZEY= 
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ZEYS «51 ALOHP, Zeug 3: Ta, Zeug 3' Opa, Zi 704 TTay]a. 
„Jovis eſt AfTHER ; Fovis item T erra, et Jovis Calum, Jovis denique 
Omnia.“ 


182. Audi quoque Hippocratis commentum, De Princip. d 1, 


Ann Je phos 4 ον,?QEPMON, afavaſoy fe ear M vote TFavja, xa pn 
val 0510 au E N, Kat Tr Offa Kat TH SrOMEYE" /s x, To TUES, OTE 
Japan cla. e N, eg Twy aw] aw IipPopny M oονeα prot avſo Jox e 
of Tara AIOEPAL 


H der eo lp, 1 | why /, 1D pes TH, UV D 2 Enpor X&1 TToAv 
Kavey* Hou EV TE]cw eyn dn w Te Opps. H 85 Tpiſn Hip, 1 A 72 HEPOE 
Wp ebe, eppee T1 N Vypey £0) H de T|apſn, j T8 ey ſiſaſe apog Ty, 
uyp9]a]ov Te ro Waxy / ov. 


« Mihi quidem videtur Id quod caLipuM vocamus (Gallicè ALONE 
eſſe immortale ; atque omnia percipere et videre et audire, ommiũque /cire tam 
preſentia quam fulura. Hoc igitur, maxima. ex parte, omnibus perturbatis 
[chaotice], exceſſit in orbem altiſſimum; idque nominafle mihi videntur Priſei 


ETHEREM.“ 


e Secunda pars, eaque inferior, vocatur TERRa. Eſtque frigidum et ficcum et 
permobile; in hac quoque ineſt calidi multum. Tertia autem pars, que aeris 
regionem ſortiebatur, eſt quoddam calidum ſimùl et humidum. Pars verò quarta, 
terre proxima, eſt humidiſſimum ſimùl et degſſimum.“ 


183, Et convenientèr Virgilius, Au. VI. 724. 


6 Principio Calum et Terras, Camps ſue liguentes, 
Lucentemque globum Lune Titan aque Afra, 
SPIRITUS intùs alit ; rotamque, infula per artus, 
Mexs agitat molem, et magno ſe corpore miſcet.“ 


Altiùs hic ſonant “ Spiritus et Mens; —ſed ſenſu prorsds materiali, intelli- 


genda; ut ex ſequentibus patebit, Gecrg. II. 340. 


« Cum primum /ucem pecudes hausère, virumęue 
Ferrea progenies duris caput extulit arvis, 
Immiſlaeque Feræ ſylvis, et Sidera cœlo.“ 


184. Rationem reddente Ovidio, Melam. I. 75. 


Neu regio foret ulla /uis animantibus orba, 
Mera tenent Cæleſte Si um, Formaeque Deorum, . 
Terra Feras cep. 


185. Plenids 
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192 APPENDIX SECUNDA; 


185. Pleniùs autèm et luculentiùs, Virgilio, Ceorg. IV. 219. 


His quidam ſignis, atque hæc exempla ſecuti, 
Eſſe apibus partem DIVIN Æ MEN TISs, et HAUSTUS 
ArnkREOs, dixere; DEUM namque ire per omnes 
Terraſque, tractüſque Maris, Cælümque profundum. 
Hinc, Pecudes, Armenta, Vires, genus omne Ferarum, 
Quemque ſibi tenues naſcentem arceſſere vitas: 
Scilicet Huc reddi deinde, ac reſoluta referri 
Omnia; nec Morti eſſe locum; ſed Viva volare 
Sideris in numerum, atque alto ſuccedere Cælo.“ 


186. Et apertiſſimè quidem, Georg. II. 323. 


«© Tum PATER Ou NTTO TENS, fœcundis imbribus ZETHER, 
Comugis in gremium lætæ deſcendit, et omnes 
Magnus alit, magno commixtus corpore, fælus.“ 


Hic procùl dubio, Pater Omnipotens” et Ather, pro ſynonymis habentu: 


a Virgilio; ſicùt à ceteris paſsim Poetis Latinis,—JuPITER et ETRHER. 


187. Paritèr Horatius, Od. I. xxii. 19. et I. i. 25. 


« Quod latus mundi, Nebulæ, MALUSQUE 
JorrrER urget.“ 


cc 


Manet ſub JovE FRIGIDO 
Venator.“ | 


— — 


188. Pariterque Lucanus: 


« JvrirEx eſt quodcunque vides, quocunque moveris.” 


189. Atque identitatem Mentis Divine et Humane apertiſſimè tradiderunt 
Philolophi, referente Cicerone :“ Sive anima five ignis fit animus (bumanus ) 
eum jurarem eſſe divinum,'—< Ft quidem fi Deus aut anima aut ignis eſt, idem 
eſt animus hominis :''—<© Ergo animus, ut ego dico, divinus eſt; ut Euripides 
audet dicere, Deus.” 


Et ex hominum motu libero argumentum fabricirunt pro animi #ternitate : 
ut docet quoque Cicero: Quod /e ipſum moveat, quis eſt qui hanc naturam 
animis eſſe tributam neget ? /nanimun enim eſt omne quod puiſu agitatur extern; 
quod autèm eſt mal, id motu cietur interisre et ſuo,—Sentit igitùr animus /e 
moveri ; quod cum ſentit, illud ſentit, ſe vi ſud, non aliena, moveri; nec acciaer? 
poſſe ut ipſe unquam A ſe deſeratur; ex quo efficitur @ternitas.” (Vid. & 193.) 
— Ex DivIxSTTATE aninos hauſtos habemus.” 


190. Talia 


DE MoDO SENTIEND 1, 193 
100. Talia ſunt dogmata . In/anientis Sapientiz ”—CREATOREM cum creatis, 
homines cum vbeſtiis, animantia cum inanimatis, contundentis; SPIRITUI SUPREMO, 
exiſtentiam materialem impiè tribuentis, immortalitazem innatam animorium bont- 
mm pecudimqgue falsd prædicantis; DEU orTIMUM MAXIMUM, (cujus ell 
« dare et adimere,“ vitam commodare et vitam perdere, creare atque annihilare, 
ſolo ſui ipſius numine, et liberrimo arbitrio, nuilo cogente Tate ſeu Necgſilate 
cæcd,) ingrate prætermittentis et turpiter dehoneltantis ! 


191. Optime igitùr et acutiſſimè Paulus de Philoſophis Gentilibus:— 
Rom. 1, 22. (J). 


Þartoy];s cz TOOL, EMQPANOHEAN. 


« Autumantes ſe efle sAPIENTESs, facti ſunt $sTULTI.” 


(1) _— autèm inſipuerunt, et quam miſerè cæcutierunt, vel zvo Auguſt; literarum cultura 
celebrato, Philoſophi Romani, uno alterove exemplo oftendere libet: 


Gravem illam, ſublimem et magnificam, Di Summa deſcriptionem {/oratianam quis non miratur 
humaniorum litterarum ſcientia vel leviter imbutus? Od. III. 4, 42. 


«« Scimus ut impios 
Titanas, imman&mque tur mam 
Fulmine ſuſtulerit caduco, 
Qui terram inertem, qui mare temperat 
Ventoſum; et urbes, regnaque triſiiay 
Divoſque, mortaleſque turbas, 
Imperio regit UN us quo,” 


Petuntur hæc ſane ex Philoſophid primd, et manifeſto reſpiciunt Sadomi atque Gomurre excidiun, 
Gen, xix. 24.; aut Gigantes torsan, Gen. vi. 4. Diluvio peremptos, Scd quam indigna proxime 
ſequuntur? 


— 
— 


« Magnum illa terrorem intulerat Jovi, 
Fidens Juventus horrida brachys, 
Fratreſque tendentes opaco 


Pelion impoſuiſſe Olympo!“ 


Quam incongrua, quam abſurda, quam impia cadit concluſio ?!=Quinque mortales juvenes nempe 
 terryrem intuliſſe Dro SUMMo,” ne cœlum {candant ipſumque a folio detrudant ! ! !—Noane in hoc 
caſu Poetarum Z1hicorum princeps (ut fertur Horatius), factus cit ſtultiſiimus? 


Et quis feret vel ipſum Ciceronem praviſſime philoſophantem de perjurio, quaſi à NumixE SUmno 
prorsus neglecto atque impunito? De Offciis, III. 9 28. 


— — — 


— ͤ — — 
— 


— — 


« Quid eſt igitùr, dixerit quis, in jurejurando ] Num iratum timemut Joven? At hoc quidem 
COMMUNE EST OMNIUM PHILoSOPHORUM (non eorum modo, qui Deum nibit habere ipſum negotii, 
el nhl exhibere alteri Cut Epicureorum]; ſed eorum etià n qui, Dewm ſemper agere aliquid et moliri 
volunt (ut SHicarum, Peripateticorum, &c.]) NUNQUAM NEC IR&SC1 DEU NEC NOCERE,” 


Nonne Sophiſtz tales, (ficut Cicero Epicureos incuſat), 
„Dun nemine ponunt, re tollunt ?”, 


Vol. V. Ce | Atque 


194 APPENDIX SECUNDA; 


Atque eò ſtultitiæ et vecordiæ progreſſi ſunt, ut Nuukx SUMMON, paſelm, 
er vocem TO OEION defignarunt, cujus ſignificatio communis apud Veteres, 
tuir ** Sulphur Sacrum, Anglice “ Lightning.” 


Sic Lucas Caſum Szdomi referens, xvii. 29, ex Gene/t, xix. 24. 


/ 1 7 
ESt: wave e. F102, (Kyp-S⸗) ar opa. 


& Depluit (Doux vs) ignem et ſulphur de cœlo.“ 


Et phraſin claſſicam, ©:;2 7a;/o, ex ponit Heſychius, rs uepavus wupog A 
oe Yao tx 0 Keanu ©» S., “ Jenem fulmineum vult; habet enim fulmen 
Sulfhuris odorem. Appcllatur autem Occoy—ro ex O αιννν, ut pote © cx 
Do proventum,” 


192, Notatu digniſũmum et quod unico tantùm Evangelii loco, uſurpatur 
TO O©EION in ſenſu philoſophico, pro Drivinitate ſeu NuMINE SUMMo, 
idque à Paulo, hallucinationem Stoicorum atque Epicureorum Athenis perſtrin— 


gente .— | | 
«© Minime reputare debemus, auro vel argento, vel lapidi, ſculpturæ ni- 
mirtm artis folerttiaeque humane (TO QEION) D:viNiTATEM eſſe fimilem,” — 
Ads xvii. 29. | , 
Omnibus aliis in locis vox Oi in ſenſu communi adhibetur, pro ſulphure facro. 


193. Quanto acumine refellit Paulus dogmata Ariſtotelica de motu neceſſario, 
ſeu mecbanico : — | | 

Tig 4 T1; KIVYTEWG S Th buoy 3 dndo de co cr eg ey Tow Aw OE O, xa: Tay 
ere Ker Yap Wwgs Tax Wea]x T6 & np QEION.—Ev 71 r aduvaliuy T0 
UT apxcu WUXx KvIoWw 

& Quid eſt principium motùs animo? Patet ſane, ficut in toto Devs, ita 


| quoque Omne in Illo: Movet enim quodammodo omnia i nobis DIVIx ITAS.“ 
— Ex impoſſibilibus unum eſt quoddam, animo competere motum.“ 


Contra aſſerit Apoſtolus, molum hominum voluntarium, et tamen à Deo ori- 
undum: — E AYTQ (OEM) yar Cope xo xννbͤ çafç xo £opey—* In ILTo 


(Deo) enim vivimus et noſmet movemus et ſumus. Nam xπννα vox media 
eſt.—Quã ratione autem no/met /ponte 'movemus, mortalibus — non fas eſt; 
a Deo hæc facultas conceditur, ſed more nobis prorsùs incognito, et nunquàm 
f-rsan cognoſcendo. Vide 5 189. 


| 194. Sufficiant hæc de there, ſeu De Deo Sulphurco et Materiali Sophiſ- 
| tarum Veterum, hoc noſtro /eculo rationis (ut dicitur) infauſto, cheu! renaſcentium. 


Annon poeta noſter Ethicus quoque, Pope, inſcius forsan, in hunc turpiſſimum 
errorem 


: 
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errorem Stoicorum et Peripateticorum, a Carteſio et Leibnitzio male recotum, lapſus 
eſſe videur, ubi Deum hallucinans Animam Mundi refinxerit? 


All are but parts of one ſtupendous whele, 
Whoſe body NaTURE is, and Gop the ou.“ 


Quanto melius fuiſſet, fi à diſquiſitionibus ſpinoſiſſimis et periculc/ee plenis aloe, 
quæ poëtis (qui plerumque in hiſce ſtudiis ſeverioribus parùm ſunt verſati) mi- 
nimè conveniunt, prorsùs abſtinuiſlet, dogmatis illius fani a ſe- ipſo alibi prolati 
rite memor! 


& A /ittle learning is a dangerous thing; | 
Drink deep, or taſte not the PIERIAN SPRING,” 


Vide $ 207. 


195. Regerent hie forsàn Poetæ, Popiique fautores, “ nönne ipſe Newtorus 
pariter quoque peccat, ubi de Sexſ5rio Der diſſerit in ſublimi argumento de 
exiſtentià ENT1S SUPREMI ex operibus Nature causilque finalibus patefacti ?” 
Optics, p. 345. 

« Does it not appear from phenomena that there is a BEING incorporeal, living. 
intelligent, omnipreſent, who in infinite ſpace (as it were in his Senjory) fees the 
things themſelves intimately, and thoroughly perceives them, and comprehends 
them wholly by their immediate preſence to HimsELF : of which things the 
images only, carried through the organs of ſenſe into our ite ſenſoriums, are 
there ſeen and beheld by t which in us perceives and thinks?“ 


But how cantiouſly, how correctly does Newton guard againſt miſrepre- 
ſentation of his meaning, in a ſubſequent paſſage, p. 379. | 


Such a wonderful uniformity in the planetary ſyſtem- the uniformity in the 
bodies of animals the t con!rivance of theſe very artificial parts the eyes, 
ears, brain, muſcles, &c. and other organs of ſenſe and motion; and the inftint 
of brutes and inſects, can be the M of nothing elſe than the wi/dom and fill 
of a Powerful, Everliving AGenT ; who, being in all places, is more able by 
his coil to move the bodies within his boundlefs uniform /enſorim, and thereby 
to form and reform the parts of the Univerſe, than we are by out will to move 
the parts of our own bodies, 


And yet, we are not to conſider © the World as the b:4y of Gov, or the 
ſeveral parts thereof as the jou! of Gop :”—HeE is an ux1ForRM BEING, void 
of organs, members or parts; and They are his creatures, ſubordinate to Him, 
and fubſervient to hrs will- and HE is no more the ſoul of them, than the jou! 
of man is the foul of the ſpecies of things carried through the organs of lente 
into the place of it's ſenforium ; where { perceives them by mcans of it's im- 
mediate preſence, without the intervention of any third thing, 


Cc2 [N. B.) 
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196 APPENDIX SECUNDA; 


[N. B.] “ The Organs of Senſe are not for enabling the foul to perceive the 
ſpecies of things in it's ſenſorium; but only for conveying them thither : and 
God has no need of ſuch organs; He being every where | Dorman to the things 
themſelves.” | 


DE ENIESUPREMO. 


196. Audiamus Newtonm quoque, tunc temporis grandævum, graviſſime 
et ornatiſſimè de hoc myſterio maximè incomprehenſibili diſſerentem, in Sche!t 
generali Principiorum, nunquàm ſadls laudando. 


„Hic omnia regit, non ut Anima Mundi, fed ut Univerſorum Dominus. Fc 
propièr dominium ſuum IIzox2z[wo (1d eſt, Imperator Uniyerſalis), dici ſolet: 
Nam Deus eſt vox relativa, ct ad ſzrvos refertur; et Deitas eſt Dominatio Dei, 
non in corpus proprium, (u ſentiunt quibus Deus eſt anima mundi), fed in 
ſervos. Vox Deus paſslm ſignificat Dominum (m). Dominatio Ex is Sp1RI- 
TUALIS, DEux conſtituit, vera verum, ſumma ſummum, ficta fictum. Et ex 

| | ; dominatione 


n * 


D Nouixinus DEI PRINMITIVIs. 


(m) Newtonus, . Pocock noſtrum ſecutus, vocem Latinam Dei deducit a voce Arabica Du, (et in 
obliquo caſu, Di), quz Dominum ſigniſicat, —At minus rectè, ut videtur. Et forsan, hand im- 
portunum erit, pro munere meo profeſſoric, quamvis emerito, de ſacroſanctis Der nominibus primi- 
tivis, cautè, verecunde et circyumſpecte ex rationibus etymologycis, ſanioribus magiſque ſcientihcis, 
forsin, quam hactenùs per Lewica quævis Orienlalia vel 1nflitutiones Hebreaas prolatis, breviter 
diſſerere. 


*ATIAEQHTQ TO ONOMA EOY. 


t Sandtificetur Nomen Tuum.“ 


Innuit Poceccl, nimio Arabiſmi ſtudio illectus, Linguam Arabicam eſſe prime vam. —Cæterum 
omnium matiem eſſe Hebream, fartis conſtabit ex nominibus propriis, Virorum, Regionum, Lluvinrum 
et Urbium, tam ante diluvium quam per quinque generationes poſt; quæ omnia funt pure Hc/7.ca, 
et plurima ex cæteris dialectis primitivis exulant. Et ncceſſariò, quidem, fi Lingua Noachidurum 
erat eadem ac Antediluvianorum ; et ſi Tous Mundut fuit unius linguæ uniiiſque diatefi”” uſque ad 
Diſper fionem Babelitican et Linguarum Confufionem. Gen. xi. 1. 


Vox Latina Deus reQius deduci poteſt immediate a Gracia Aecvs, Doricè pro Zeug, — (Hehe.) — 
tranſmutatione literarum cognatarum per omnes gentes uſitatiſim; atque hc iterim à voce Phæ— 
nici Izvw, qualem pronunciabant nomen Dei tetragrammatum apud eras ſanctiſſimum, MP, 
feubab ; (Scaliger, ex Sauchoniathone, De Emend. Temp. Fragm. Not. p. 37.) fimili tranſmutatione, 
et pro terminatione Hebrea M, 5, ſubſtituendo quoque terminationem T, a Lingus Meds, eu 
Perſica primitiva, mutuatam z (Herodotus, I.) Antiquitùs antem, ab Oraculo Clarii Apollinis, pro- 
nunciabatur Iaw, quaſi /ahoh, ſciſcitantibus “ qui Deyrum habendus fit qui vocatur Ia?“ ( Macrod. 
I. 18.)—Unde Priſcorum Græcorum Zag et Z arcs, et Ionice Zyy—Zyyo5—(Heſych.) ct 

7 ?rifcorum 
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dominatione verd ſequitur DEVvM vk Ru efle vivum, intelligentem et potentem : 
ex reliquis perfectionibus /ummum eiſe vel ſumme perfectum. 


« Deus eſt UN us ET IogMu Devs, ſemper et ubique. Omnipreſens eſt, non 
per virtutem ſolam, ſed etiam per ſubſtantiam: nam virtus fine ſubſtantia ſub- 
ſiſtere non poteſt, In Ipſo continentur et moventur Univerla, fed fine mutua 
paſione : Deus nihil patitur ex corporum motibus ; illa nullam ſentiunt refitten- 
tiam ex Onnitreſentia DEI. 

« Deum 


Priſcorum Ttalorum, Janus, Deorum antiquiſſimus, qui & Saliorum quoque antiquiſſimis carminibus 
Deorum Deus canitur.“ Macrob. 

Hanc vocem Ia contrattius pronunciabatur I, quam male confundunt omnes ferè editores Gree: 
atque Latini, cum interjectione O! ut Euripid. Bacche, 583. 


Io, Iv, Ac , Aeonora., 


& /o, Jo, Domine, Domine. 
pro Io Baxys, Jo Bacc be, Hor. Sat. I. 3. 7. 
Itemque Virgilius, archaiſmi obſervantiſſimus, nu. 10. 17. 
% Jo- pater, Jo—Hominum Divimque æterna poteſtas.“ 


—quz vulgò Jupiter, pronunciatur, at in caſibus obliquis, Jo- vit, 75-04, &c. verum ſuum etymon 
declarat. Vocem Iw interpretatur Heſychius, evi, wno ; et confirmatur ex Homeri Ionic, in Phraſi 
ly rar, Iliad, 6. 422. interpretante Scholia, ey H Eſ, , uno die.” Optimè autèm conſentit 
Sacra Scriptura, Deut. vi. 4. et Mark xii. 29. 


& Audi Iſracl, Dominus Deus noſler Dominus ux us H.“ 


Et notatu digniſſimum eſt quod nunquim ab Hebræis MT, Izw, nunquàm a Græcis, Za; aut 
Zevs, pluraliter uſurpantur, utpote unitatem Dei deſignantes. 


Eig Zeus, ers Ady, as Hang, gig Ale ο . 
& Unus Jovis, unus Pluto, unus Sol, unus Bacchus,” 


Ut refert Orpheus, citante Macrobio, qui cum Oraculs Clario conſentit. 


Et vox ipſa MT ultimo deduct videtur a radice primeva Þ lab; que nomen Dei antiquifſimum 
apud Hebræos fuit, (ficut apud Italos, Zanzs) ; et cujus propria figniticatio optime forsan ab Homer» 
allervatur in phraſi Iz 185, Iliad 4. 437. interpretaute Scholio, pc Xa fy Own, ** una cademgue 
lingua.” — Et optime reſpondet hæc ſigniſicatio, //a. xxvi. 4. ubi d et MT ſimul occurrunt : 


% Fidite Domino uſque in perpetuum, 
Quia in (Jab, 1ahob) uno eodemgue Domino eſt Pelra Sæculirum.“ 


Egregie igitür deſignat radix Þ Divinam immutabilitatem et aternitatem. Confer Malucb. iii. C. 
Jun. i. 17. TJohn xiv. 1. Heb. xiii. 8. 

2. A voce Hebrzi, 9 Oi, qua proprie ſigniſicat Syficientiam, Copiam, Oper, et unde epitheton 
divinum WW Sadi.—“ cujus eſt ſicient a,“ Gen. xvii. 1. et 2 Cor. tits 5. quaſi ab radice exſurgunt 
Arabica, Sadi; Græca Ais, Ai-os, que Deum Summum deſignabat; cum voce Zevg ſynonomans, et 
ibi poſteà caſus obliquos Ai-95, Alu, Al-, aſſumens; et Latina Dis, Di-tis, Deum Inferuum, Piu. 
lonem, turpiore Theologie Primitive depravatione z et inde quoque, 4): Manes, ſeu Demones, 
mortuorum umbræ, quas praviflima ſuperſtitione colebant gentes,—Hinc Jupiter appellatur Dis-piter 
ab Horatio, diſtinctionis gratia, non Zieſpiter, ut imperite editores. 

3. A voce Hebrzea m>x 15h, qua proprie 6 Auyary; vel Aeomelys, Dominus, vel 0 Impe- 
ralor®” ſigniticat, 1 Tim, vi, 15. vel Jude iv. Atque Deo Sunig antiquitas à gentibus omnibus 

tributa 


IR 


— 


— — 
— — 
_ _ 


. - — 


198 APPENDIX SECUNDA; 


„ Deum Summum meceſaris exiſtire, in confeſſo eft, Et eadem neceſſitate 
ſemper eſt et ubique. Unde etiam totus eſt sV1-$1MIL1s : Totus oculus, totus 
auris, totus cerebrum, totus brachium, totus vis ſentiendi, intelligendi et 
agendi; {cd more minimè humano, mere nobis proraùs incognito, Ut cæcus non 
habet ideam colorum, ſic nos ideam non habemus modorum quibus Deus Sa. 


pientiſſimus ſentit et intelligit omnia. 


e Corpere omni et figurd corpore prorsùs deſtituitur; ideoque videri non 
poteſt, nec tangi, nec ſub ſpecie rei alicujus corporeæ coli debet. Ideas ha- 
bemus @ttributorum ejus, ſed quid fit alicujus rei ſubfantia minimè cognoſcimus. 
Videmus tantùm corporum figuras et colores, audimus tantùm ſonos, tangimus 
tantùm ſuperficies externas, olfacimus odores ſolos, et guſtamus ſapores; intimas 
ſubſtantias nullo ſenſu, nulla act ione reflexa cognolcimus ; et multò minus ideam 


habemus ſubflantie Dei. : 


« Huxc cognoſeimrs ſolummodò per proprietates ejus et attributa, et per ſapi- 
entiſſimas et optimas rerum flrufuras, et cauſas finales ; et admiramur ob perfer- 


tributa eſt, rite deducitur variabilis Al/ah, LNllab vel Alo, quæ vel hodiè cunQas fere regiones Orien- 
rales peragravit ; atque ipſa MIR lib, pari analogia, ex nomine Dei longe antiquiſſimo omnium, 
DN l, facile derivatur; quæ abſtractè ſigniſicat j 9uvanis, © Potentia,” concrete vero, 5 Avyzr1;, 
% Pgtens.” Et not io Dei primaria et omnium ſimpliciſſima et uſitatiſſima erat Potentie, five benefice 
five male ſicæ. Vid. Gen. xxxi. 29. ubi minitatur Laban Facobo genero ſuo profugo—“ Elt potentia 
manus mew te nocere, — ND. Vide quoque 1 Sam. xvii. 26, et 2 Kings, v. 7. et Nom. i. 20, ubi 
Paulus pro parallelis recenſet DEI SUA Avv2/us x24 ©2775, © Potentia et Deitas,”—quem probe 


ſequitur Newtonus—** Deitas eff Dominatio,”* 


4. Gliſfante vero Idololatria, male haberi incœpit vox 58 I, pro Sole, numinibuiſque f6iRi: 
Mythologiæ Veterum; unde Solis epitheton, As-, HA-iog, vel H- 10g, in diverſis Græciæ (iu 
Theologia mendaciſſim e) dialectis. Sic plorat Phaethon, fulmine ictus. Euripid. 


5 e 
N Neu yes Hs, Ws  ATWAETNS 
c | v2. AW 24 A - 7 27 
O N' AT erfavws KAyTEs Booles, 


« O aurca tzda prædite 82 quomodo me perdidiſti“ 
Unde Te Perdentem clare vocant mortales.“ 


Atque inde pluraliter uſurpari ceperunt B38 et Ü. lim et Mlibim, pro Angelis, Dai, 
Fudicibus, Heroilus, &c.— Unde ad retinendam præſtantiam Dei SUmmi, cum epithetis variis uſi 
ſunt Hebræi Prophete, hn 58, I lim, Dan. xi. 36. * Deus Diverum ;” — E758 58, fl 
MElohim, Deus Dorum; — Nc min, /aboh Mlobim, „ Dominus Det rum; et r . 58 
E Alebim Jahgh, ſicùt pleniſſimè deſeribitur Nomen Dei ſacroſanctum, Joh. xxii. 22. 1 l. l. 
„ Dominus Deus Deorun,” 

5. A' que hine, ellipſi frequentiſſimà E778 Alobim, licet vox pluralis, uſurpatur ſingularitèr: ut 
Gen. i. t. Wi BYRD. us creavit; ſubaudito vel S ])ꝙabõb, vel 58 A, vel utroque. Atque hee 
pacto Scripturis Heb1zis grammaticè amovetur /o/ec//mus iſte, qui mire torſit interpretes, atque 
varia abſurda, imo impia, commenta, Rabbinornm et Mu flicorum peperit ; ut videre licet in Lexicis 
Script iſque Kimchi, Buxtcrf, Parkhurſt, &c. &c. &c. 


6. Ex his igitur nominibus Dei ſacroſanctis, omnium vetuſtiſſimis atque maxime radicalibus, 
br Al, et u lab, utpote ſimpliciſſimis, (unde deducuntur Dei nomina propria in omnibus Lingu's 
primitivis, ncenon in dialectis, 1am Orientalibus quan Occidentalibus ;) vel ex his ſolis non inlcia- 
buntur Etymologi æqui et periti, omnium matrem, ipſangue prim ævam linguam, fuiſſe Hebracam. 


Sed hc paucis cxponi non poſſunt. 
bicnes; 


- 


* 
n 
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genes; veneramur autèm et celimus ob deminium : colimus enim ut fervi, et 
Deus fine dominio, providentid et cauſis finalibus, nihil aliud ett quan Fatum et 


Natura: à ceca Neceſſitate Metapbyſicd, que utique eadem eſt ſemper et ubique, 


nulla oritur rern variatio : tota rerum conditarum 4. verfitas ab dc: et votunta!e 
Exris NECESSARIO EXISTENTLS folummodo oriri Potuit. 


« Dicitur autem Drus per allegoriam, didere, eudire, I:qui, ridore, amare, 
olige batere, cupere, dare, accipere, gau lere, iraſci, pugnare, favricare, conluere, con- 
firuere : nam ſermo omnis de Deo, a rebus humans per ſimilitudinem aliquam 
deſumitur, non perfectam quidem, fed a/iqualem tamen. 

« Ft hæc de Do; de quo utique ex pheanominis diſſerere ad PurLosoPHIAM 


23 
NATURALEM periinet, 


197. In hoc Scholio generali ſummè Theologico, objiciunt Metaphyſici Leib- 
nilziani, Newtonum denegare exiſtentiam fpatii et durationis abſolutam, ubi 


aſſerit, p. 528 : 

« [)gvs non eſt æernilas et infinitas, ſed aternis et infinitus; non eſt duratio 
et ſpatium, {ed durat et adeſt: durat ſemper et adeſt ubique; et exiſteude ſemper 
et ubique, durationem et ſpatium, [æternitatem et infinitatem] conſtituit.“ 


198, Cæterùm reſponſio facilis : Si non exiſteret Deus, quo pacto ſpatium 
et duratio ab ullo Ente intelligente cernerentur? Nam, ut ipſi loquuntur Meta- 
phyſici, de non apparentivus et de non exiſtentibus eadem eſt ratio.—Newtono ad- 
ſtipulatur ſublimis illa Theologia Patriarcharum et Evangeliſtarum: docuit enim 
Orpneus, Miſem ſecutus, quod © Deus eff Lux—Lucem habitans inacceſſibilem, 
et confirmat Paulus, in celeberrima illa Der Su uu deſcriptione, omni laude 
longe longifſimeque majore, quam potiſſimùm ſecutus atque interpretatus elt. 
Newtonus : 1 Tim. vi. 15. | 


O MAKAPIOE KAI MONOE ATNATTHE, 
O BAXIAETE TQN BATIXETONT NN, 
KAI KYPINE TAN KYPIONT QN* 

O wr» ex alavaciny* 

Prog ou q p, 

Oy ede Bd eig cf, 89: ,d vidi ai 


2 TIMH KAI KPATOZ AI QANION. AMHN, 


„ FELIX ATQUE Solus IMPERATOR, 
REX REGENTIUM ET DomInus DoMINANTIUM 3 
Solus habens immortalitatem, 
Lucem habitans inaccęſſibilem, 
Juem vidit nemo mortalium, nec videre poteſt : 
Cui Honos ET Douixiuu XTERNUM, AMEN,” 


14. 


200 APPENDIX SECUNDA; 


199. Confirmat quoque Johannes: 
O GEO cg es, xa Tul i & AH EN £519 83: 


« Degvs Lux eſt, atque in Illo haudquaquam eſt caligo.“ 


Ive O QOEOL—O OEOL Ayary £5 1. 


& Spiriius, DEus - Dzvs eſt Charitas.” 


At $6 predicantur Lux, Spiritus, Charitas, de Deo abſtraf?, ut loquuntut 
Logici, non concrete, nonne part analogia in re prorsùs incognita, “ c, 
quoque duralitnem et ſpatium? 


200. Ingenti vere Theolegiæ detrimento fines Philoſopbiæ Naturalis (cujus eſt 
« fideliter Theologiæ ancillari,” ut optimè Bacon), temerè tranſgrediuntur 
Metaphyfici ; ubi male ſani profiteri audent “ Dei exiftentiam et attributa de- 
monſtrari a pricri; — ut infauſtà diligentia, Doctus Clarke, ſpeculationibus 
metaphyſicis ex controverha Leibnitxiand naſcentibus, nimis imbutus, et iiſdem 
periculose indulgens. Deum enim recefarid exiſtere, certiſſimum ell; ſed talis 
exiſtentiæ idea, utcunque per ſe poſitiva, noſtro conceptui eſt plane negativa ; 
ſolummodò indicans © gullam cauſam ejus dari extrinſechs : cæterùm ideæ 
negative ſcientiam peſitrvam mintme pariunt, ipſo teltante Locke, Eſſay, &c. 
IV. 1. 5. | 


201. Exiftentia Dei intellectum omnium creaturarum ratione præditarum 
tranſcendit, imo Angelorum et Arcbangelorum, preter © FitiuM CHARITATIS 
E1Us,”*—JesUM Chris TUM DoMINUM NOSTRUM :—quil © i proximos occupavit 


Honores — Hor. ut ex myſtagogo maximo, Johanne, diſcimus, Rev. xix. 16. 


BATIAETCT BASIAEQN 
KAI KTPIOT KTPIQN. 


© Rex REGuMm ET Dominus DoMINORUM.” (2) 
Cui 


— — 


() Q am accurate diſtinguunt Myſtagogi omnium maximi, Paulus et Fohannes, inter Oc0» 
Toy Tlalepa, © Deum Patrem,“ atque Tie Toy Moyeyevy, ** Filium unicè Genuinum, ſeu Dil-aum,” 
Fohn, i. 16. Paulus enim PaTRtM defignat titulo pleniſſimo maximeque auguſto, 6 Bzoiacvs H 
Beoinevoylwy, x04 Kugiog Twy Kupiorloy, quem haudquaquram aſſequitur exilitas Linguæ Latine, articulo 
emp batico, d, carentis; fed qui Anglicè efferri poteſl—“ Tye KING or Tie RTICNINSd [ Kings), 
AND LokD OF THE RULING [ Lokbs. ]'—Fohannes vero FiLIuu, titulo plane proximo : Based; 


Bages, v Rugs Kypiwy——* King of KINGS, axD Lokb or Lokps, - eodemque De IRLTU 


Diviso ambo aMati. 
Nec 


8 * ; ”: 
. vl ccc. 2 


3 


1 
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Cui inditum eſt Dei gratia, Oro ro ù mie way ou, ** Nomen ſupra omne 
nomen (vel auctoritatem) tùm in Celis, tùm in Terris, tam in Ifernis, sig dega- 
GEor HArrox, in laudem DRI PATrnis;“ nunc, ſub nvo fadere, Poil ii. g; 
ficht olim, ſub primo fædere, Exod, xxiii. 21. Nam atlerit ipſe O AQTOY 
TOY OEOY, ** Oracuium Dei: Matt. xi. 27. | 


. It#:]a MOT waps3o% vro TOY HAT POE. 

A Ka B3g er ο αιẽ TON TION, & jy O HATHP: 
| Ou3s TON HATEPA rig eri, 5 py O TIOE, 
| KAI 4 £xv {38y]ai O TIO& aroma. 


J & Onaia Mini commiſſa ſunt d PATRE 

. t nemo intim? cognoſcit FIL iu, niſi Par ER: 

y Neque PATREM quis intimè cognoſcit, niſi FILIUS, 
Et cuicunque voluerit FILIus revelare.“ 


* * 
0. . * 1 
ö 
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Nec Ethnicss latuit hæe diſtinctio: Audi Horatium. 
« Onid frius dicam ſolitis Pax ExNris 
Laudibus, qui res Hominum ac Deorum, 
Qui Mare et Terras, variiſque Mundum 
Temperut boris? 
Unde nil majus generalur Ips0 : 
Nec vigel quicquam ſimile aut ſecundum, 
Proximos ILUI amen occupatit 
PaLLAs hbonores,” 


Hre certè ex Theologie prime reliquiis extraxit FHoratins —* PAAE NS“ enim eſt 6 Nalys Aud 
Sure, Orphei, Homeri et H:findi, licet quid hac appellatione maximè honorifica vere fignificaretur, 
parum callebant : PaLLAs vero, gentium Dea Bella rie, a Haraw, © wibro,” | fulmen, te/um, &C. | 
derivatur; hac enim vox epith-ton tantùm deſignat Ilan A. ut Homero paſsim. Ejus autèm 
nomen AJyvy ab Egyptiaca Nyi9, ſeu saE NTA, retro legendo derivatur; ut Me. (p ) monutmus : 
quæ eadem primitus fuit cum MM 121, Dabar [ahzh Teftamenti Veteris, Gun. xv. 1. ſcu Novi 
O AOFOE TOT ©EOY, *© Oraculum Dei,” Rev. xix. I3.—EKEINOC EF „ ILLE t.“ 
— Tohn, i. 18. 

Notatu digniſſimum eſt quod, referente Horatiz, PALLAs, non arripuit, non errogavit ſihi, fed 
Dei gratia, © Proximes ILL1 occupavit hunores,” =-occupavtit, quali un hereattarty ; ſicùt optime 
ex ponit Paulus, de Js Chats To—Os ey uren Pcs unagyiey, eu horny pay Ty 7HIs T0 Ee 
[74-IJev* AAA tavlyy exevures, &.“ Qui in forma divind {licet] ſubliſteus, non inflar prede 
duxit eri Deo. fimilem ; ſed ſe - ipſum ex asi, &. Pf il. ii. 3. 

Fabulintur Mythologi Ethnici, Dau SarikEN Tian panoplia inſtructam e& Alg us gανννν. 
e Ferns capite emicuiſſe, plenè adultam, non intantem; temerè confundentes, ut videtur, vocem 
Hcbreim ww Raaſb, ambigue ſignificantem thm caput tam principium, in ſublimi i deſcriptions 
ortus Sapientiæ primeve, Prov. viii. 22. 


> 


« Douixus genuit Mr, principium wie fu, 
Ante opera ſua, primitùs: 
Ab eternitate ardinatus ſum, d capite, 
A primordiis Terre,” 


Ubi phraſis Hebrza lineæ penultimæ, wan Merat/h, que ad literam reddit ur. © a capite,” fea 
" ex capite,” zquipollet phraſi line prima, 1957 PWR) Kath ere principium vie ſuc; --- 
quam optime interpretatur Fohannes, Kev, iii. 14.—U agyy Tys uhozwws Oz, © Primordium creations 
Dei,” leu wowloloxos mary xlioews, © Primogenitus omnis creationis,”” Ceoloff i. 15. — D. JzsuU Cnrisrc, 
Et pari ambiguitate, phratim Orphci, Zeus xeeaay, mutat Plutarchus in Zeug awpyy. Met. (g). 


Vol. V. = 


202. Non 


202 APPENDIX SECUNDA; 


' 7 

202. Non niſi H ulliſſimi igitùr autumant fe 2 priori de Dro Suuuo philo. 
ſophari Carteſiani, Leibuitziani, Clarkiant et Unitarii; quorum idcir co“ dubitans, 
circumſpeftans, hæſitans, multa adverſa revertens, tanquam in rate in mari iminenſo, 
omnis vehitur crabio, - (ut plorat Cicero de Mytho/ogis antiquis) :t—** Relegens 
errata reirorsim liitora — Virgil. —* Inſanientis dum Sapientie conſulli errant ;— 
et Retrorsum vela dare, alque iterare curſus coguntur relictos.“ Hor. 


„ Duanto ſatins eſt ire apertd vid et reid [TH ROG REVELATE], quam 
T1B1 ISI flexus diſponcere; quos cum magnd moleſtid debeas relegere ?” Seneca. 


203. Graviſhmeque perſtringit Paulus hallucinationem inexcuſabilem veterum 
philoſophantium (%: Rom. i. 19. 


At]: To yww5ov TOY OEOY Oayzpoy £51 e ale O a OEOE EOave,uur: 
* (Ta yap cx0pd]o Ats, amo xo; Kory, roig TON paTt YO8 eve N opa 
Hrs 9:9, AUE AYNAMIE xa: OEIOT HE) eig ro cin ai]vg avamonoyi[uc. 


ce Quocirca, quicquid cibile de Deo, manifeſtum eſt inter illos: Dgvs enim 
manifeſtabat illis (nam ab uſque mundo condito, py ejus inviſibilia; — 
nempè TERNA ejus POTENTIA et DEITAS, —operibus inteilizenda, cernere erat), 


ut illi forent inexcuſabiles.“ 
204. Pariterque Jobannes aud“, Mundi docet: 


Kæ: TO ÞMNL en Ty Tud ia Oœivsi, 
Ka: H Tuc i at]o & . 


Et Lux in Caligine lucet; 
Sed Caligo eam non comprebendebat.“ 


Etol geſticbant Veteres, docente Paulo: Ad. xvii. 27. 
Zi TON KTPION, « c= UN OHes 


Ab or, N 0 Oe 
— Dugrere DominuM, fi forte palparent Illum, 
Atque invenirent.“ 


20g. Teſtante nem Soecrate (Græcorum ſapientiſimo, ſecundùm Orca 
Delpbici effarum, quod, ſe nihil ſcire præter ſuam inſcitiam de rebus divin's, 
profeſſus eſt, in Phædone, unde Paulus proculdubiò excerpſit: 


(2) Turpiſſimè hallucinatur vel ipſe Ariſotlet, referente Cicerone, Nate Devrnm, II. 16. qui, ex 
or dine et cnſtlantid motuum cœleſtium, aſtris ipſis /enſum atque intel/igentiam ſultiſſimè tribuit ! 

rds autem aſtrorum, et in 6mm eternitate cunſtantia, neque naturam ſigniſicat, ut enim plena 
rationis; neque fortunam, que, amica wurictatt, conſtantiam reſpuit : ſequitur ergo, ut tpta fu 
ſponte, ſuo f.rſu, ac divinitcte moveantur,” — i 

* Cceleſtium ergo admirabilem ordinem, incredibilimque conflantiam, ex qui conſervatio ct ſa'u 
omuſum omms oritur, qui vagure mente putat, is ipſe ments expers habendus elt.“ Nat, Dior, II. 21. 
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Nam diſtinguendi non capax elle, quod unum quidem eſt irſa rei alicujus 
exiſtentis cauſa, aliud vero, ia, fine gud nen foret unquam cauſa : quoad hoc ſane, 
mihi videntur plerique, palpanles quas? in caligine ; alienis oculis uſi, fiquidem 
calſam ipſam, immediatam, ultimam fal:6] appellant.” (Y). 


206. Optimèque et luculentiſſimè quidèm exponit Paulus, argumentum illud 
acutiſſimum omniũmque invictiſimum quo N νU⏑,, ex © rerum variatione,” 
et tenpeſtatum diverfitate, NUMEN SUPREMUM Colligit : AF. xiv. 17. 


(p) Preclarum quaſi Socratis teſtimonium de hallucinatione veterum philoſophorum Dei Sum 
naturam inveſtigare ſatagentium, affert Lu ianut, in Halry»ne, Vol. I. p. 179. 


Q ee Xaioepoy, c, hues Twy Ovvaluy Ts xai afuyaluy AMBHATNIHIOI Tives e Agα,ά,ͥ 
AH. A g yas On, xa fvyapiy avipurivgy, [TYN ATNAMIN] AUNQETON* ga- 
x21 ANIIETON xa: AOPATON: Ilokac e gaivelai muy Kat Twy EvNIgwy aANIH, Ko TW Efixluy 
art ia: ovy va ev xa 0 ameipiay, oy ya d x2 fic vimiolyla Barren Tw oe 525 voting Ee eiu. 
wag UvIpuntg. 19 0 Wavy YEpuy, emeila jwitc)s WAvYL KA VEYYINGS 6 e Bis ty paves, mov Tov warla 
alwra. TI dar, w yas, oi ayvoavles Tas TAN OEQN xa AAIMONQN ATNAMEIE, ei, a 
eren wol dν˖u 1 aduvaloy Ti Twy To 

“O chare Cherophon, Nos quidem tam pgſſibilium guam impoſſibilium videmur eſſe Judices hat- 
LUCINANTES prorsus. Æſtimamus enim, ſecandum potentiam bumanam, [PorEkNTIAu] NOS SCLBILEM, 
INCREDIBILEM, INVISTBILEM: X. ulta igitùr ex facilibus difficilia, et ex attingendis non attingenda, 
nobis apparent. Crebro quidem propter imperitiam, erebrò autèm propter infuntiam mentis: Reveii 
enim [fans videtur eſſe mnis homo, etiamfi valdè ſenex; quoniam exiguum prorsdùs et pulillum tempus 
eſt vit æ, cum omni 2vo comparatum. Qua ratione autem, O bone! poſſint, qui neſciunt DxO 
Dxuoxü udo POTENTIAS, dicere utrum talium aliquid fit paſſibile vel impeſſtvile?“ 


Atque hinc optimè exponenda luſeriptio Altaris Athenis, Ad. xvii. 23. 
ATNNETQ GE. 
& Nox sci31L1 Deo,” 
Inſcriptio forsan derivanda ab Inſcriptione Templi Neeb ſeu Sapientiæ apud Sais in Mgypto Su- 
periore, unde primitùs Colonia Athenis deducta ſuerat. Et for àn vox 4thene (Ava), ab Egyptia 


Nyi9 vel Nyihag, fi ordine retrogrado legatur, optime deduei poteſt; ficut conjecit doctiſſimus Cad- 
wort”, Inte llect. S ,. p. 309, ex Platine in Timæo, referens : 


Ori ru mxews Talg] Ozos αεπνννν s ew Aryualist wer Tevour Ni, Exnyviss de, we 5 eU 


Ayes, Abd. 


? « Urbis [ Sats] Deus preſul, eſt Neith, nomine Ægyptiaco; Athena autem, Grzco ; ficut eorum 
ermo. 
Inſcriptio Saitica, a Plutarcho ſervatur : 


Ey ei TITAN, 70 TETONOY, xa; ON, xa; EXOMENON, 
Kai Toy emer WenAcy e9tis ww Ovylos antxanuyer. 


** Ego ſum Ou vr, quod FUiT, qucd Es r, et quod ET : 
Atque meum pepglum nullus adbuc Mortalis revelavit.” 


5 Atqui nemo quidem Mortalium revelare potuit, donec Ipſe demiſſus eſt e ſinu PaTe1s, 8 woryyeryg, 
waice dileclus FILMS, qui naturam cultimgue De: cæcutientibus mo talibus exponeret.” Fern i. 18. 


D 9 2 Kal 


dos | * APPENDIX SECUNDA; DE ENTE SUPREMO. 


Kaiſorys 8% angus Eaton eÞyxey (TO OEOL) ayafomouw, Enovoley ny; 
I eg Jide xo uae; xxmoOupssy e τν v ua evPporuvis Tag Hoping i . 


ee Veruntamen, ſe ipſum haud inteſtatum relinquebat (Devs) utique bene. 
faciendo, colitis imires nobis ac tempeſtates frufiuoſas præbendo, corda noſtta 
cibo atque lælilid implendo.“ | 


Haud rarò enim omnia fiunt contraria: puniuntur immemorum atque ingra. 
torum corda, ultione divina, regionum ficcitate, tempeſtatibus infructuoſis, 
fame et pavore palpitantium: 


& Terra enim ferax in ſalſuginem convertitur, 
Prepter iniquitatem incolenlium jus.” 


Atqui hoc argumentum ex caſis finalibus petitum, omnium conceptibus 
accommodatifiimum, vix, et ne vix quidem, attigerunt Sophiſtæ veteres ; dum 
Legibus Nature generalibus, ſecundum quas ordinantur anni cardines tempel- 
tatumque viciſhtudines revolutionibus periodiſque certis et æquabilibus, me- 
chanice quaſi agentibus, tantum incumbentes, Aus PRIMARIZA obliti, in 
praviſſimum A:beiſmum delapſi funt,—Vide Ariſtotelem, aſtris (propter ordinem 
et conftantiam motuum quibus in cœlis circumterri obſervantur,) ſenſum et in- 
telligentiam aſſerentem.— Vat. Deor. II. 16. 


« Fxtat igitur, ut præclarè loquitur Cote/ius, ec eximium NEW TON opus ad. 


vergus ATHEORUM impetus mu nitiſimum præſidium : neque enim alicunde felicids, 
[ORAcULIs Divinis exceplis], quam er hac pbaremà, contra impiam caler vam 
iela deprom; ſeris.” — Prefat. ad ſecuudam editionem Principiorum Newtoni, 
auno 1713 a Coteſio factam. 


207. Coronidis loco ſubyungere libet ſententiam auream cedr6que dignam, 
quam protulit magnus ille Bacon, Philgſapbiæ Experimentalis Pater, et New- 
 TONI præcepter: 


« A ſuperficial taſte of Phil osop u may perchance incline the mind to 
Arnkisu; but a full draught thereof brings it back again to RRLIGITOoN. 


&« In the entrance of Philoſophy, when the ſecond cauſes, moſt obvious to the 
ſenſes, offer to the mind, we are apt to cleave unto them, and dwell too much 
upon them ; fo as to forge? what is ſuperior in Nature : but when we paſs 
further, and behold the dependency and confederacy of cauſes; and the works of 
PROVIDENCE ; then, according to the Poets, we eaſily perceive, that the higheſt 
link cf NaTuRE's chain muſt be tied lo the foot of JupiTER's chair—that Yal- 
LCSOPHY, like JacoB's vifior,. diſcovers io us @ LADDER, whoſe top reaches up to 
tie feoiftcol of the throne of Gop.“ 


' HINC OMNE PRINCIPIUM, HUC REFER EXITUM, 
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River St. John, New Brunſwick, 
Dzar Six, April 20th, 1799. 


OUR Letter of the 27th of November laſt I have juſt had the ſatisfaction 

to receive and peruſe, And when the copies, you propoſe to fend to 

me, of the zd Volume of the Scriptores Logarithmici arrive here, I will take 
care to diſtribute them agreeably to your directions. 


Before I proceed to give you a general demonſtration of the Binomial The- 
orem, I will briefly ſhew you how eafily it may be derived, in the caſe of 
integral powers, from a theorem which I demonſtrated by means of Euclid's 
Elements, 


In a Paper of mine, read before the Royal Society of London the 6th March 
1777, and publiſhed in the Philoſophical Tranſactions, you will find it de- 
monltrated geometrically, that, A and B being any two homogeneous magni- 


mm  [ 


A- „ — Im — 2 A—B) : 
„A TT A. —_—_— 

＋ Ke. to B is a multiple of the ratio of A to B by the number m (m being any 
whole, or integral, number whatſoever). Let us now ſuppoſe A and B to be 
numerical magnitudes, and B the common conſequent, or ſtandard of compa- 
rifon to be repreſented by arithmetical unity or 1, and the difference between 
A and B by xs. Then, if A be greater than B, it will be repreſented by 
i +x and A — B by x; and, by ſubſtituting 1 + *, x, and 1, reſpec. 
tively, 


tudes, the ratio of A + 
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tively, for A, A - B, and B, we, in this caſe, get 1 + * X (1 + —. * + 


T — ER 7 2. % + Kc.) : 1 for the ratio, which is a multiple of the ratio 


1 + x ! 1 by the number (7), and conſequently 1 + x x (1 + — . 4 + 


| —— ; — ** + Kc.) = 1 + x®, which has to 1 the mth ratio of 1 + « 
— . + — k — * &c.) is mani. 


. x* + &c,z which is therefore 


to 1. But 1+ X X (1 + 


1 — | 


feſtly equal to 1 + . + — 3 


equal to 1 T | 
But if A be leſs than B, it will be repreſented by 1 — x, and A — B by 
— #; and, by ſubſtituting 1 — 4, — x, and 1, reſpectively, for A, A — B, 


m — 1 m—-T „2 , 
* 5 : 
lake. v2 I > all 


— + Koe.) : 1 for the ratio, which is a multiple of the ratio 1 — K: 1 by 


and B, we, in this caſe, get 1 — * Xx (1 — 


the number (n), and conſequently 1 — x x (1 — = — E's + _ . — 


F . 
* — + &) = 1 — „ which has to 1 the mth ratio of 1 — x to 1. But 


; «XxX + . 


1— * X (1 — ** — + &c.) is evidently 


m o 1 


ere. which is therefore equal 


mM m 

„ #7 + —. 
1 m 
10 1— X' . 


This derivation of theſe two theorems, in the caſe of integral powers, ap- 
_ pears to be beautitully imple. 


You have proved the truth of them in a very ſatisſactory manner: and that 
they are true is likewiſe eaſily ſhewn by Algebraick Multiplication, which, in 
the demonſtration of numerical theorems, (which the binomial and reſidual 
theorems unqueſtionably are, there being no ſuch geometrical magnitudes as 
x*, x*, 4, & c), is a perfectly legitimate and admiſſible operation. 


It may likewiſe be proved by Multiplication, as well as by ſome of the 
methods you have made uſe of for proving other truths in the 2d Volume of 


your Scriptures Logarithmici, that 1 + 2 * + - . 22. „1 Kc. i 


the zth power of 1 + 2 + ＋ Sa od + &c.; or that the ratio of 


1 + 
5 


a A 


P 
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„ — . ** + &c, to 1 is a multiple of the ratio of 
7 


7 
1 2 . © ** + &c. to 1 by the number (2). This is alſo 
. 
eafily proved in the following manner. Let 1 + y = 1 + Ea 4 75 ; 
N „ + Kc. Then T5), or 1 + —.y + — . — HI +=. 


* . + &c. is equal to the nth power of 1 + dn . x + 7 ; 


2 5 Z. x* + &c. Now, if the term, in which æ is found in the value of 5, 
7 


be multiplicd by —, the co-efficient of y, we get 2 . x for the ſecond term 


LC 


of the expreſſion (in terms of u, p, q, and x), which is equal to i %. And 
if the term, in which x* is found in the value of y, be multiplied by 7 , the 


co- efficient of y, and the term, in which x* is found in the value of y*, be 


multiplied by — . the co- efficient of y*, the ſum of theſe products 


will give us ＋ | 7771 . x* for the third term. And by thus proceeding, 


ve get 1+9*=1 + ox + =o DEL, & + &c. 


Preciſely in the ſame way it is proved that the expreſſion 1 — = * + 


LA , „ , 3 BER 1 
: * + Kc. is the mth power of 1 * x + 7 
* — -- &c. 


This truth, then, which is demonſtrable in a variety of ways, being pre- 


miſed, namely, that the ratio of 1 + 2 .x + RE 6. 8”, + &c. to 1 


| 7 
is a multiple of the ratio of 1 + 2 . 4 w_ ko . 2 ** + Kc. to 1 by 
the number (A being any whole number, and the ratio of p to g equal to any 
7 2 
ratio whatſoever.) I proceed now to prove generally, that if 1 + x|? be ex- 


panded in the cuſtomary way, the expreſſion 1 + ＋ * + 2 . 22 ** 
+ &c. thence ariſing has to 1 a ratio, which is to the ratio of 1 + * 1 


Vol. V. Ee or 
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—— OY. 4 or * 11; and, of courſe, that the expanſion of 


T | 
i +x]7 is univerſally true, whatever be the ratio of p to . 


Let up, then, be a multiple of p by any whole or integral number u, and my 
a multiple of q by any whole or integral number m; let a multiple by x be 


taken of the ratio 1 + 5 x + 2. . & + &c. : 1 (which mul- 


7 27 
tiple, as is ſhewn above, is the ratio 1 + = x + ＋ . Sd .* + Xe. 


* 1); and let a multiple by n be alſo taken of the ratio 1 + K: 1 or 


i+x":1 (which multiple is the ratio 1 + x": 10r1 + —— «Xx + — 


>: — . x* + &c. : 1, the binomial theorem, expanded in the uſual way, 


being above ſhewn to be true in the caſe of integral powers). For the ſake of 
perſpicuity, let the magnitudes and their multiples ſtand in the following 
manner : 


The Magnitudes, Their Multiples, 
T_T - è . „ 
2d, = - - © . - q Of the 2d, ” - - - - - mg 


F. 
4th, - - - - 1+x:1 


E. a+4 . e.: . i 
3d, 1 + x + 7 . 29 . ** +&C,:1 Of the 23d, I + q „& + 7 0 27 „** Kc. : 1 
Of the 4th, 14 . # + — . +&e.:1 


Now it is evident that, if »p be equal to mg, by ſubſtituting mq for p, 


: > — | ; 
the ratio 1 + x + = . —— . * + Kc. : 1 1s equal to the ratio 


Ade. : . 


N 7 
I + * + Eh: 
It is equally evident that, if »p be greater than ug, the antecedent 
1 + 2 · * + . 2 x* + &c. is greater than 1 + — . * + 


m — 1 
2 


. ** + &c, ſince 


* 
— 1 0 
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p 


7 7 27 


are then reſpectively greater than 72 „ 2 eG „ &c. 


3 IN ood, ts, 


7 
— 1 
n &c. 
1 1 2 


and the ratio 1 + 125. x + =. ac „ + &c. : 1 is, of coun. a 


M — 1 
I 
2 


greater ratio of greater inequality than the ratio 1 + — * 4 * : 
+ ic. 1 
And it is no leſs evident that, if xp be leſs than mg, the antecedent 


6 ＋ . ns * + &c. is leſs than the antecedent 1 + — * 
7 


_ 7 1 
6 = — + &c, ſince . 8 &c. are then reſpectively 


m a — [ 


— m 


ratio 1 + 2 * + 2 = ** + &c, : 1 is then, of courſe, a lefs 


q . . q m * 
ratio of greater inequality than the ratio 1 + q—.# T 


» 8” + 
. 


Here, then, are four magnitudes; and any equimultiples whatſoever being 
taken of the iſt and 3d, and allo any equimultiples whatſoever being taken of 
the 2d and 4th, it is proved that, if the multiple of the 1ſt be equal to the 
multiple of the 2d, the multiple of the 3d is alſo equal to the multiple of the 
4th ; it greater, greater ; and if leſs, leſs. Wherefore (5 Def. E. 5.) the magni- 


tudes themſelves are proportional, or the ratio 1 + 2 * + 4 =] . of 


+ &c, : 1 is to the ratio 1 +x!1asP!9q or Ty : 1, But the ratio of 


P 
I+x7 tor is to the ratio of 1 + x to 1 or 1 + x* tO mas 251 1. Con- 


1 
ſequently 1147 is = 1 + ＋ + ＋ E. . x* + Ke. univerſally, 


whatever be the ratio of p to g. 
E e 2 Thus 
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Thus is demonſtrated, by means of genuine algebraick principles and the 


doctrine of proportion, the truth of the Binomial 1 + 2D! univerſally, when 


expanded in the uſual way, or when p has to g not only the ratio of one in- 
tegral number to another, but the ratio of any two homogeneous magnitudes 


whatſoever. 
Pp 


In the ſame way is demonſtrated the truth of the Refidual 1 — x\ 7 univer. 
ſally, when expanded in the uſual manner, care only being taken not to con- 


found the magnitudes of the two ratios of leſs inequality, 1 — * * + 


m — I 
2 


EL a = + KC: 1, and 1 = =.x + —. * — + &, 


? 1, with the definition of the leſs ratio delivered by Euclid, when the ante- 


cedent of the firſt of theſe two ratios 1s leſs or greater than the antecedent 
of the ſecond. 


Thus, for inſtance, 1 — x being leſs than 1, it's ſquare 1 — 2x + *, or 
1 *, muſt be leſs than 1 — x; and by (8. E. 5.) 1 — & has a greater 
ratio to 1 than 1 — x has to 1 (which it really bas 1n reſpect of quantity or 


the degree of magnitude), though the ratio 1 &: 1 is the duplicate ratio of 
1 - „* : 1, or is juſt twice as great a ratio of leſs inequality. 


ry | 
Now, fince 1 + x}? is univerſally equal to x + ＋ x 
. | Sb 
+ Kc. it is evident, that it's reciprocal 1 + A1, or — „is equal to 


FRET AY Cho | 2 


— — © & 


7 27 


„ Which is = r 
1 7 27 


1 
. A + e. 


- 


q 
; 21 71 . x* + — &c. by common algebriick diviſion, and 
2 


correſponds with the expreſſion which 1 + "Yi gives, when expanded in the 
| — 
uſual way. And as 1 7, or 


„is the algebraick or arithme- 


1 ＋ 


tical 
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þ 


tical magnitude that ariſes from decompounding the ratio 1 + *: 1 with the 
2 


ratio of equality 1: 1, it is a third proportional to 1 ? and 1, or is 
Diviſion is therefore the moſt natural way 


1X1 
or 
equal to 7 


2 — 
i+x 7 it +3) 2 


—þ 
of deriving the value of 1 + x| ? , when expanded, from the value of 
. 
1+x] 7 expanded, 
| TR 
In like manner, ſince 1 - *) 7 is = 1 Ex + ＋ = of 
Sor: | 
4. &c, it follows that 1 - 7, or — „ will be equal to 
1 27 
"WER : == „which, by diviſion, is equal to 1 + £- , x 
1— — + —, «#3 — + &C, 7 
7 7 27 
TY 4a 4. 2 H+e F+ 2 2 
e — — . — , * &c. 
+ 7 27 hy 7 27 37 * 


Theſe theorems, I believe, have never been demonſtrated in a general way, 
or when p has to 9 any ratio whatſoever, by any other perſon, by means of 
genuine and common algebraick operations and the doctrine of proportion. 
At leaſt, I can truly aver, that I have never either ſeen or heard of ſuch 


demonſtrations, 

Mr. Landen's Demonſtration of the Binomial Theorem, publiſhed at 
page 170 in the 2d Volume of your Scriptores Logarithmici, is a very limited 
and confined one, extending only to the caſes in which p and g are any two 
integers. But, in the demonſtration I have now given of it, p may have to 2 
the ratio of any two homogeneous magnitudes whatſoever ; as, for inſtance, the 
ratio of any two lines, of any two ſurfaces, of any two ſolids, of any two 
numbers, whole, fractional, or ſurd, or of the magnitudes of any two ratios, 
And the demonſtration itſelf reſts on the ſame baſis with the 5th Book of Eu- 
clid's Elements, and other mathematical truths, grounded on his definition of 
proportionality, | 

It is natural to ſuppoſe that Sir Iſaac Newton muſt have oftener than once at- 
tempted to find a general algebraick inveſtigation of a theorem, of which he made 
ſuch frequent uſe for the advancement both of ſcience and of his own reputa- 


tion; and had he ſucceeded, it is more than probable that ſuch an inveſtigation 
7 of 


© 
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of it would have appeared in ſome part or other of his works. Had that 
very ingenious man only thought of taking any multiples of the two ratios 


1 + ＋ r T Kc. : 1 and 1 ＋ *: 1 and correſpondent, or the ſame 


multiples of p and 9, he could not have met with any difficulty in inveſtigating 
the theorem generally by algebraick operations alone. He muſt have been well 
aware, that he could not, with any ſort of propriety, have recourſe to his 
Method of Fluxions to inveſtigate generally this arithmetical theorem, as he 


þ 


had no where determined the fluxion of 1 + 7 when p has to 4 any ratio 
whatſoever. In the introduction to his Quadrature of Curves, he takes the 
truth of this theorem for granted, and expanding, by means of it, the quan- 


tity x + 0)”, or the nth power of the binomial quantity x + o, determines 
the ratio of the fluxions of x and *. In like manner, the ingenious Mr. Ro. 
bins, in the 2d Volume of his Mathematical Tracts, takes the truth of this 


theorem for granted ; and, expanding —— 


Method of Exhauſtions, that the ratio of the fluxion of x* to the fluxion of x 


NY — 
NA . 


71 
by means of it, proves, after the 


. . : . — I 
is neither greater nor leſs than the ratio of to 1, or of ux to , 


1 21 1 : 
to & True it is, indeed, that Sir Iſaac Newton, in the 2d Lemma 


| | ? 
of the 2d Book of his Principia, has determined the fluxion of xl ? , when 7 
and 9 are integers, without making uſe of the Binomial Theorem. And his 
learned editor Dr. Horſley, (now Bilhop of Rocheſter,) treading almoſt exactly 
in bis ſteps, has determined the fame in his Geometria Fluxionum, which is an 
uleful and very good expoſition or illuſtration of this Lemma, Beyond this 


T; 


point, however, they do not go: they do not determine the fluxion of x] ? 
generally, or when p has to ꝗ any ratio whatſoever. They do not, for inſtance, 
| . 
determine the fluxion of x) 2 alV 2 alv? „ and ſo on, And Sir Iſaac New- 
| Es 
ton, having determined the fluxion of 1 + a) 9 only in the caſe in which 7 
and gq are whole numbers, muſt have been fully ſenſible, that he could not 
make ue of his Method of Fluxions to demonſtrate the truth of the Binomial 
Theorem beyond this caſe; which is probably the reaſon why no demonſtration 
whatever. of it appears in any part of his works, 


or 


I can 
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can eaſily inveſtigate it generally by means alſa of my Antecedental Cu- 
culus, which does not take motion or velocity at all into confideration (being 
derived from the General Doctrine of Propoition and {ome of the Geometrical 
F 
Formulz in my Univerſal Compariſon), ſince the antecedental of i + £]7 is 
| ao 
. TY 1 , x, let the ratio of p to 7 be what it will, But I have 


— 


thought it moſt natural to deliver a general inveſtigation of this famous arich- 
metical theorem by means of algebraick operations alone, without referring to 
any calculus. I have, indeed, long had by me geometrical demonſtrations of 
all the general formulæ in my Univerſal Compariſon, from ſeveral of which, 
when ſuppoſed to become numerical, the foregoing demonſtration of the Bi- 
nomial and Reſidual Theorems, in all caſes whatſoever, is eaſily and immediately 


derivable. 


Having, in the beginning of this letter, derived, in a very ſimple manner, 


che Binomial and Reſidual Theorems, in the caſe of integral powers, from a 


formula in a geometrical Paper of mine publiſhed in the Philolophical Tranſ- 
actions, before I conciude it I will briefly ſhew you how the fame Theorems 
may very conciſely be derived from that Paper, in different ways, 


1, If, after the ſame manner in which the ratios of C : D, E: 
are compounded with the ratio of A: B, (ſee the geometrical figure to that 
Paper), the ratios A: B, C: D, E: F, &c. to any number p, be com- 

A-B 


pounded with the ratio of equality B : B, we get the ratio B + * B. 


+ T. . B. f + &c.: B (when A: B, C: D, &c. are equal,) 


having to the ratio A: B the ratio p: 1 (p being any integer), which, when 
B = 1, and A —B= + x, according as A is greater or leſs than B, be- 


comes the ratio 1 = = «x + — = . * + &c.: 1, or ſuch a multiple 


of the ratio 1 + *: 1, as is expreſſed by the number p. 


2dly, If the ratio A: B be. decompounded with the ratio A + —— «A. 
= + — » A _— + &c. : B, we get the ratio B+ . B. 


Ar- p=1 72 A=-Bl2 
TF 


+ &c. : B for ſuch a multiplicate ratio 


of A: B as is expreſſed by the number p 1. Now, ifm=p—1, B= 1, 
and A- B = A x, according as A is greater or leſs than B, this ratio be- 
comes 
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M 1 


— ＋ + Kc. : 1, having to the ratio 


comes 1 + — . * ＋ — 


1+X: 1 the ratio of n to 1. And ſo on. 


J hope I have expreſſed myſelf in terms perfectly intelligible, and J am 
inclined to believe that the demonſtration I have here furniſhed you with of the 
truth of the Binomial and Reſidual Theorems, in all cafes whatſoever, is as con. 
ciſe and, at the ſame time, as ſimple as the demonſtrations of ſuch general the. 
orems can well be rendered. And it is certainly of no ſmall importance to 
ſcience to have ſuch an inveſtigation of them, as proves their truth univerſally, 

or when they are extended even indefinitely beyond the limits uſually preſcribed 
to their application, 
I muſt now ſubſcribe myſelf, 


Dear Sir, 
With reſpe& and eſteem, 
Francis MaAsERESs, E.. Your well-wiſher and humble ſervant, 
Curfiter Baron of the Exchequer. | JAMES GLENIE, 
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ASTRONOMER ROYAL, AND SAVILIAN PROFESSOR OF GEOMETRY 


Firſt publiſhed in the Year 1705 in the Introduction to Mr. Henry Sherwin's 
Mathematical Tables, and afterwards in the following Editions of 
thoſe Tables. The preſent Edition is re-printed from 
the third Edition of thoſe Tables, publiſhed 
by Mr. William Gardiner in 
the Year 1741. 
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A DISCOURSE 


ON 


COMPOUND INTEREST. 


By Dr. EDMUND HALLEY, F. R. s. 


PRINCIPAL Uſe of Logarithms, is to folve all the Cates of Com- 

pound Intereſt ; which are not without great difficulty attainable by the 
ules of common Arithmetick, But, before we proceed to the practical part, 
it may, perhaps, not be improper to ſay ſomething of the toundation, or de- 


monſtration, of the Rules we are to give. 


Therefore let p be any ſum of money forborn ? times; the rate of Intereſt, 
or produce of one Pound and it's Intereſt in one time; that is, as 1 to , fo 
1 Pound to it's amount after one year, or other ſpace of time; and let m be 
the amount of the ſum p forborn ? times. Now, becauſe in one year, or time, 
unity becomes r, by the ſame reaſon v will in another time become vr, and r 


590 „ . . t . 
will in a third time become , &c. it appears that -, or 7 raiſed to the power 
whoſe Index 1s the number of times, will be the amount of one Pound forborn 
t times, and therefore: 


I. The amount m = pr. Therefore, to find n, multiply the Logarithm of - 
by , and to the product add the Logarithm of p; the ſum ſhall be the Logarithni 
— 


Example. What is the amount of 1 50. 175. 6d. forborn 12 years at 6 per Cent. 
per Aunum compound Intereſt ? 


The number „% ⁵—˙ůʃw—2t.!777.ñr]ʃ'½é SE Log. o. 025, 3059 


Which Log. multiplied by (gg) 12, the number of years, produces o. 303, 6708 
The principal ſum 15%. 175. 64, = 13. 875l. p, e it's Log. 1. 200, 7 13 


The amount 31“. 18s. 104d. = 31.943621. = m, . it's Log. 1.504, 3845 
F f 2 II. * 
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Il. rf = = Therefore, if from the Logarithm of u the Logarithm of þ 


be ſubtracted, and the remaiader be divided by t, the quotient is the Logarithm 
of r. | 


Example. What is the rate of compound Intereſt, when the ſum of 1 5/. 175. 64. 
forborn 12 years amounts to 31/. 185. 1044. 


The amount 31. 18s. 104d. = 31.94362/, = m; it's Log. 1. 504, 3843 
The principal ſum 13. 17s. 6d. = 15.875/. = p, it's Log. 1.200,7137 


The remainder is Log. of 8 — ——— o. 303, 6708 


— 


Which divided by ft = 12 quotes Log. of (1.06 =) r + 0.02 3, 3059 
Therefore the rate is 6 per Cent. per Aunum. 


III. Becauſe 728 divide the difference of the Logarithms of m an 


by the Logarithm of r: the quotient is 7, or the time wherein the ſum p will 
amount to n at the rate 7, 


Example, In what time will the principal ſum of 15/. 175. 6d. amount to 
- 317. 185. 101. at 6 per Cent. per Annum compound Interelt ? 


The amount 31/. 18s. 104d. = 31.94362/, = n, it's Log. 1.504, 3845 
The principal ſum 15/. 175. 6d. = 15.875). = p, it's Log. 1.200,7137 


The remainder is Log. of * 00000000000 0000000000090000000000000 — 600 20000 0.303,6708 
Which, divided by 0.025,3059 = Log. of r, quotes 12 years for the time. 


WS = — Therefore, to find p, multiply the Logarithm of 1 by t, 


* 


and ſubtract the product from the Log. of n; the remainder ſhall be the Log. 
of p the principal ſum, 


Example. What 1s the principal ſum that in 12 years, at 6 per Cent. per Annum 
compound Intereſt, will amount to 31/, 185. 104d, ? 


The amount 31/. 185. 104d. = 31.94362/. = m, it's Log. 1.504,3845 


The number 1.06 — FJ cc 005554045 S454 504 5565 #0245 445055 506 it's Log. 0.025,3059 


Which Log. multiplied by ( =) 12, the years, produces , 0.303,6708 
And ſubtracted from the Log. of the amount — 


The remainder is Log, of (15.87 5l. = 151. 176. 6d. =) p. = 1. 200,7 137 


The four preceeding Rules are alſo readily deduced from the conſideration 
of the rebate of money in this manner: 


For 


: * oY 9 n 
R n 
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. : . . . k 2 
For if, in any time, » becomes 1, in the ſame time 1 becomes , and in 


* 1 1 . . 1 0 1 1 
5 — — ire — becomes —, &c.; 
the ſecond time — becomes * and in the third time 7 becomes , &c 


ſo that, putting p for the value, or preſent worth, of any tum m payable aitez 
times, at the rate of r to 1, we ſhall have 


I. The ſum mw = pri. Therefore, to find , multiply the Log. of r by 7, 
and to the product add the Log. of p; the tum {hall be Log. of m ſought. 


II. r= 71 Therefore, to find r, from the Log. of ſubtract the Log. p, 


and divide the remainder by 7; the quotient will be the Log. of 7. 


II. Since“ = —_ divide the difference of the Logs. of m and p by the 


Log. of y; and the quotient will be 2, the number of years. 


* . Therefore, to find p, multiply the Log. of r by t, and ſub- 
r 
tract the product from the Log. of m, the remainder will be the Log. of p: 
which finds the value of any ium of money payable after any time aſſigned, 


The Logarithms are alſo ſerviceable to reſolve all queſtions concerning the 
amount, or preſent worth, of Annuities, not paid as due, or purchaſed to be pail 
for time to come. 


Let @ be an Annuity or yearly penſion, whoſe ſucceſſive amounts for times 


P | a : 
paſt are ar, and whoſe preſent values are —- ſucceſhvely, by what goes be- 
r 
. a a a a a 
fore: And the ſeries, &c. ar*, ar*, ar, ar*, ar, a, . =» , _ 
&c. will be a rank of geometrical proportionals continued infinitely in the 242 
of 7 to 1. Now the ſum of all the conſequents, or of the whole infinite ſeries, will 
be to the ſaid ſum increaſed by the next greater term (or the ſum of all the 


antecedents) as 1 tor, by Eucl. 5. 12. Wherefore, putting ꝙ for the ſaid ſum 


cf the conſequents, ry will be equal to y + ar, the ſum of the antecedents ; 


t 
—— will be equal to , the ſum of all our 


and ry — y = ar; and therefore 2 


continued proportionals, whereof ar is the greateſt. And by the ſame Rule 
— will be the ſum of all the terms whereof — is the greateſt, So chat, it 


1 — 1 
5 * E 
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: | 
we ſubtract — from — , the difference will be the ſum of all the terms, 


whereof ar is the greateſt, and à the leaſt, their number being 7; which 
ſum we will call z, Therefore z (the amount of the annuity of a forborn t times 


k 
ar 4 


at the rate 7) = . 


: I. The annuity (a), rate of intereſt (Y, and time (t), being given, to find (2) the 
amount, 


From the Log. of à ſuhtract the Log. of r — 1, and to the remainder add 


the Log. of r: from the number anſwering to this laſt ſum, ſubtract the num- 
ber anſwering to the remainder ; the difference ſhall be z the amount ſought, 


Example. What will an annuity of 34.40. forborn 12% years amount to at 
6 per Cent. per Annum? 


a = 344 L. a = 1.536,5584 L. r = 0.025,3059 
r—1= o. 06 L. —1 = 8.778,1513 = ee 12.5 
2 2 
= 3333 L. —— = 2.758,4071 1265295 
— $73+3 er 7585. — 
L. 7 = 0.316,3237 | 253059 
ft art 1 
— = 118.7660 L. — = 3.074, 7308 L. S2 0.316,32375 
F p 
2 = 614.4327 l. = — — — = the amount, 


II. The annuity (a), it's amount (2), and the rate of intereſt (r), being given, !s 
find (t) the time. | 


f 
* * — 7. . 
By the foregoing obſervations ——= is = z; therefore z + — = 


71721 
1 — * *. Wherefore, from the Log. of a ſubtract the Log. i; to the 


number anſwering to the remainder add the given amount, and from the Log. 
of the ſum ſubtra& the afore-found remainder ; and this ſecond remainder, 
divided by the Log. of r, will quote the time required, 


Example. In what time will an annuity of 34.47, amount to 614.4327/. at 
the rate of 6 per Cent. per Annum ? 
| Fg 


6 
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4 = 344 L. a = 1.536,5584 
7 aw 4 3... . 0.06 L.r —1 = 8.778,1513 
— = 573-3333 L. — = 2.758,4071 
3 = 614.4327 
f [ 
— = 118.7660 | 5D — - = 3.074, 7308 


L. r = 0.025,3059) o. 316, 3237 (12.5 years . 


III. The amount (z), rate of intereſt (r), and time (1), being given, to find (a) 
the annuity. 


The former Equation, being reduced, becomes à = — Where- 
r —1 


fore, to the Log. of the amount z, add the Log. of r — 1, and from the ſum 


ſubtract the Log. of — 1, the remainder is the Log. of a. 


Example. An annuity forborn 124% years amounts, at 6 per Cent. per Annum, 
to the ſum of 614.4327/. How much is that annuity ? 


2 = 614.4327 L.z = 2.788,4743z L. T = 0.025,3059 
7 — 1 = ©.06 L. 1 = 6.376,1513 2 — 12. 5 


7 = 2.071,685 1.566,6256 1.75 = 0.316,3237 
1 = 1,071,685 L. 1 = 0.030,0671 


L. 34-41. the annuity = L. a = 1.536,5585 


IV. The annuity (a), time (t), and amount (z), being given, to find (r) the rate. 


| . . 1 
In order to find r, the former Equation is reduced to — — 1 2 — I 95 


or, in our preſent caſe, 16.8614 = 17.86147 — 7, which is ſo affected as not 


1 221 


— 1 a 2 1 21 
„ we ſhall have — = — x - „ - * 


For, ſince a is = z x 


t t 2 
and conſequently 1 Kr —1 = — „ 7 i, or —1 = —_— 
a 


. 
[ 
— 
| 
> | 
X 
4 
[ 
a | 
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readily to be reſolved by the general method for reſolution of Equations, unleſs 
we can firſt approach it by ſome other means; for which purpole take the fol. 
lowing Rule, which will ſuffice where great exaCtnelſs is not required, 


Let SST = I + y, and let _ = 6. I fay, that bb + 209% = þ is 


exceeding near the increaſe of the rate, or 1 — 1. 


Wherefore take the Log. of the amount, and the complements of the Loga. 
rithms of the time and annuity, the ſum (abating 2 in the place of tens in the 


Index) divide by = X = 1; the quotient ſhall be the Log. of 1 + y : Then 
divide 6 by 7 + 1, and to 5, the quotient, add twice y; and to the Log. of “ 


add the Log. of 7 + 2y; half the ſum ſhall be the Log. of 5% + 20%; from 


which ſquare root ſubtract 5, the reſidue will be very near the increaſe, or 1 — 1; 
and, adding 1, 7 is found, If great exactneſs be deſired, let r thus found be 


aſſumed ; and —r 3 „ compared with — — 1, will always be greater 


. Ce re 1— . 
than it; and, dividing the exceſs by 17 fs 1 — „ the quotient, added to x, 


ſhall verify as many more figures in the rate as were true in the aſſumed r. 


Example. An annuity of 34.47. forborn 12% years amounts to 614.4 327/. 
It is required to find the rate of intereſt allowed. 


2 = 614.4327 L. 2 = 2.788, 4743 
= 12.5 co. L. t = 8.903,0900 
B= 44-4 co. L. a = 8.463,4416 
* Xt—1= $5.75) o. 155, 0 590.026, 9575 = L.(i+y =) 1.064,039 
1 | 2y = 0.12,8078 
b =7757 = rr = 944444444 9 7 
2Y ‚—ͤ 330:ũͥ 3135! —*ã 0. 128, 0780 ; 35% 2 _ 9.647,8175 
1 L. 5 = 9.757,7930 
2 + NENT 0.572,5224 = TY 9 751 195 
7 41 2599 — 0. 504, 4353 19.405, 111 
—— . ————————— . . 0.444, 
TE L. 4% + 255 = 9.5702, 8055 
71 — 1 W.. 544444 J 00ccr0549 0.059, 9909 e 


Therefore the rate of Intereſt ſought is 6 per Cent. per Annum. 


After the ſame manner the four Caſes relating to the Purchaſe of Annuities 


are readily ſolved by Logarithms, and the Theorems diſcovered with the . 
eaſe; 
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A a a a . . . 
MEFS = Is. &c. being a ſcale of continued geometrical 


proportionals in the ratio of r to 1, put) for the {um of all the conſequents infiaitely 
continued, whereof — is the firſt, and that ſum will be to the ſum of all the ante- 
cedents whereof à is the firſt, as 1 to 7, that is, 1: :: y: H, fothatry=y + a, 


and — will be equal to, the value of the fee, or the ſum of all the continue.} 


proportionals leſs than a. And, by the fame Rule, ill be the ſum of 
8 & 7 21 
all the continued proportionals leſs than — „or the value of the reverſion: and 
r 
ſubtracting the one ſum from the other) — - — — will be equal to z the 


2 


ſum of all the means, whereof — is the greateſt, and —— the leaſt. 


r 


I. The annuity (a), time (t), and rate of inter:ft (r), being given, to find (z) the 
preſent value, | 


The preſent value z = — — ; therefore from Log. of the an- 


** 1 
nuity ſubtract the Log. of 1 — 1, and from the reſidue ſubtract alſo the Log. 


of , the difference of the numbers anſwering to the two remainders is the 
preſent value ſought. 


Example. What is an annuity of 7ol. per Annum which is to continue 59 years, 
worth in preſent money, at the rate of 5 per Cent. per Annum ? 


8 = 50. L.a = 1.845,00800 L.r = 0.021,1993 
” — 1 = 0,05 L. —-i = 8.698,9700 8 = 39 
| L. fee = 3.146,1280 85 1997037 

Fee = 1400/. „ 1.2 50, 1687 1059405 


Reverſion 78.6972/, 


1 


L. rever. = 1.895,9593z L. r = 1.250, 1687 


z = 1321.5028/. the preſent value ſought, 
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II. The annuity (a), preſent value (2), and rate of intereſt (r), being given, to 
fud (t) the time. 


Now 7* will be equal to — (or the fee) divided by the value of the 


reverſion, that is by — — 2, Wherefore from the Log. of the annuity, 


- ſabtra& the Log. of 1; the number anſwering to the remainder will be the 
value of the fee; from the fee ſubtract the preſent worth, the reſidue is the 
value of the reverſion. Take the Log. of the reverſion from the Log. of the fee, 
and divide the refidue by the Log. of r; and the CE will be z the number 
of years ſought. 5 


Example. In what time will an annuity of 700. per Annum pay off a * of 
1321 30280. allowing the Creditor 5 per Cent. per Annum! 


70 L. a 1.845, og 80 
i = 0.05 L. —T = 8.698,9700 
Fee = 1400 L. fee 3.146, 1280 


z = 132. 3028 


Reverſion 78.6972 L. rev. = 1.895, 9593 


L. r o. oz 1, 1893) 1. 2 50, 1687 (59 years = 7. 


III. The preſent value (2), rate of intereſt (r), and time (1), being given, to find 
(a) the annuity, 


The former Equation may be reduced to this proportion, as 1 — _ to 2, 
ſo is r —1 to a the annuity ſought, 6 


Wherefore to the complement of the Log. of 1 — — add the Logarithms 
of z and of 1; and the ſum will be Log. of a. 


Example. What annuity to continue 59 years can be purchaſed for 1321. 30280 
at the rate of 5 per Cent, per Annum ? 


— = = 0.050,2123 - L,r = 0.021,1893 
7 f — 2 . 59. 
I I - — 
1 — = 0. 943,787 co. L. i — = 0.025,12 
of ATED 75 N L.r' = 1.250, 168) 
2 1321.3028 L. 2 i., 3. 121,023 


LEE, L. — = 8.749,8313 
r — I = 0,05 521 8.698, 9 700 = * 


L. (Jol. =) a the annuity fought = 1.845, og S0 


IV. The annuity (a), preſent value (z), and time (t), being given, to find (r) the 
rale of intereſt, 


This Problem being more difficult than appears at firſt fight, and requiring 


the ſolution of this equation — = = _ r, to which it is reduced; 


there 
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there mult be applied ſome method of approaching the root r, which is by no 
means evident: And that approximation, as the number of years and rate are 
greater or leſs, cannot properly be obtained by one general rule; but rather 
by two, according as the value of the revertion is greater or leſs. 


If the number of years be great (as ſuppoſe 40 or upwards) and eſpecially if 


the rate of intereſt be high, 1 + —— will be nearly the rate, or more accu- 


: t . . : 
rately * - — — = X — call it r; and —— will be exceeding reac 


”7 Xxr—=l 


the value of the reverſion, which let be x; then 1 + — ſhall approach the 


true rate ſufficiently. But if greater exactneſs be defired, by repeating this 
proceſs it will be obtained. Hence this rule: From the Log. of a, and ali 
from the Log. of x + a, take the Log. of z; this latter remainder ſhall be 
nearly the Log. of the rate. Multiply that Log, by t, and the complement of 
the product add to the firſt remainder ; the decimal fraction anſwering to the 
ſum taken from the former rate ſhall give a more correct rate. With this rate 
ſeek x the reverſion after the time given, and add it to 2, Then to the comple- 
ment of the Log. of T, add the Log, of a; and the ſum will be the Log. 


of the increaſe, or of 1, ſufficiently near. 


Example. If 1321. 3028 J. is paid for an annuity of ol. per Annum for 
59 years to come, what is the rate of intereſt allowed the Purchaſer ? 


a= 70 L. a = 1.845,093,0 L. Ta = 3-143,421,7 
2 = 1321.3028 L.z = 3.121, 00,3 S eee. 3.121,02, 3 
Fiſt ris = 1.062, 978 Ks HI Sn 
| 10 1 *7 24329537 L. — = 0.022,419,4 
co.tL,— = 8.677, 255.4 
3 * * 41. . 4 646 „6··˖᷑[ũ„¶—̃õ 2 —t— 59 
Log. of 0.002, 52 ...e. 7. 301,351, 
201 774,6 
Second r = 1.050, 458 L.r = 0.021,378,7 1122970 
1 = o000c-000000006 59 — — 
2 = 1321.30, 8 L. = 1.327,744,0 
x = 76.002 3 , —— 
1008935 — 7 
x TX = 1397. 3048 the Fee , co. A. = Sp 


„ = 1.261, 343.3 co. L. i = 1 
— L 4 = „ 


co. L. x = 6.864, 708,8 — — 
L. a .. 1,845 098,0 L. x = 1.880;824,7 
r— 1=0.050,0066 UL:. i = 8.699,806,S 


Third r is = 1,050,096. 


So that the rate of intereſt ſought is 5 per Cent. per Aunum. 
63 2 it 


8 %. 
1 * 


8 1 — ty 
r - 
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— 
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If the number of years be ſmall, the aforeſaid Rule will avail little, In this 


+ | NR oY : 
aſe it will be requifite to approach the rate thus. Let be the Iudex of a 


it | . 
root“ of — from which root ſubtract 1, and the remainder call y; and let 


—— be called 4, I ſay, that „ — 6% — 201 is ſufficient.y near to 1 — x, 


and will be ſtill nearer the truth, as the number of years is ſmaller ; and that 
the error will be always in excels. Hence the Rule: Divide the Log. of 
© db + 


I . . . 2 
y —— > and from the number anſwering to the quotient ſubtract 1; 


double the remainder, and ſubtract it from &; that is, from the quotient of 6 
divided by: — 1; to the Logarichm of this remainder add the Log. of 5; 
then the number anſwering to half the ſum of thoſe Logarithms, taken from &, 
will leave 7 — 1 the increaſe of the rate fought, 


Example. An annuity of 20/1, per Annum, to continue 21 years, is fold for 
2201, luis required to find the rate of intereſt allowed the purchaſer. 


3 ＋ 20 L. a = 1. 30, 300 
2 112.2193 
wc. L. 2 = 7.657, 8773 


* N 11) o. 280, 8 266 (o. 02 5, 5297 = L. (T4, =) 1.060, 546 


25 O. 121, 092 


o. 2. = 9.4771213 
1 1 20 L. 725 = 9.252, 6298 

20 eee o. 12192 te ark 
— 2) eue. 000006 0.178,908 ; 2 32 18 18 
4— 20% . — . o. 23 1,673 L. 50— 209 * 9.364,8755 


Now 6 - bb—2y)> = 0,068,329 =7 —= 1 


Therefore 7 = 1,068,327 the rate ſought, 


— — 1 — 3 


at 
power of __ 2 


* T = . 
* * F — 1 * 
E. * F bo > hr © * ot 
ET TTR n wh, 17% 
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The rate v thits found is always ſome ſinall matter too big, the true rate being 
1.06814; but as the number of years are fewer, the error becomes infentible. 
If greater exaQtnels be required, it will be eaſy by the general method for the 
relolution of Equations, having fo near an approximation, to proſecute this 
enquiry as far as you pleaſe, But this ſeems abundantly ſulicient tor uſe, 
winch is our principal deſign in this place. i 


Laſtly, By way of Corollary to the former. Let it be required to find the 
rate of intereſt allowed the Purchaſer when he pays a ſum = E, tor an annmy 
= a, wherein he has already a term r, to have it prolonged for a certain 
time = x. 


Example. An annuity of 20/, per Aunum that is already granted for a term of 
years of which 21 years are ſtill to come, may, for the ſum of 40 pounds paid 
down, be prolonged for 10 years more, or to 31 years; what is the rate of 
intereſt required ? 


Put T = 2t + x + 1, and T ſhall be the Index of a root of —— Ale 


be equal to 1 +, and — be = d. I fay, r — 1 is very near to 
L. 
þ — bb—2by\". 


= 1.301,0300 
# = 10 L. x = 1.000,0000 
= 8.397,9400 


27 = 26.5) 0.698,5700 (0.026,3762 = L. (I =) 1.062,616 


— 


A 2) o. 125,232 
52 = 3.24 L. & = 0.510, 5450 


XxX 


2Y eee o. 125232 L. b=2y = 0.493, 4257 


1.003,9707 


bb — 27. = 3.176767 Lis bb TAE = 0.501,98 53 


b = bb — 2by\* = 0.063,233 =r — 1 
Therefore r = 1,063,233 the rate ſought, 


As will be readily proved by ſeeking the value of the reverſion of an an- 


auity of 201. per Annum for 10 years after 21; at the rate of 1.063, 233 per 
Gent, per Annum. See the Work. 


— 
” 


IPs * 
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4 = 20 L. a = 1.301,0z000 L.r = 0,026,6284 


11 = 0,063,233 co. L. —1 = 1.199,0562 21 
co. L.r = 9.440,8036 | 266284 
Rever. 87.2750. L. rev. = 1.940,8898 532568 
2 — 
co. L. = 9.23.70 1 =0.559,1964 
Rever. 47.2722/. L. rev, = 1.674,6058 


40.0028/, the value ſought. 


Thus it appears that 4o/. and about three farthings is the true value of the 
difference of the reverſions at the rate of intereſt before found ; by which it 
may be judged how near an approximation the foregoing Rule affords towards 
finding the rate of intereſt, when the value of an annuity for a term of years 


to commence after ſuch a diſtant time is propoſed, 
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CURSITOR BARON OF THE COURT OF EXCHEQUER, 


NOTE I. 


need of explanation, is the following Problem and it's 
Solution, which occur in page 17 of the Introduction to the 3d Edition of 
Sherwin's Mathematical Tables, publiſhed in the year 1741, and in pages 223 
and 224 of the preſent Volume, and are as follows. 


Article 1, IL firſt paſſage in this Diſcourſe which ſeems to ſtand in 


PROBLEM IV. 
The annuity a, time , and amount , being given, to find r, the rate. 


SOLUTION. 
In order to find r, the former equation is reduced to — —1= = xr —r, 
* or, in our preſent caſe, to the equation 16.8614 = 17.86147 — r, or to 


« 17.8614r — 2 16.8614; which equation is fo affected as not readily to be 
« reſolved. 
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« reſolved by the general method for the reſolution of equations, unleſs we can 
« firſt approach it by ſome other means: for which purpoſe take the following 
% Rule, which will ſuffice where great exactneſs is not required, 


—— EE — — — —— — 


LULE 


_— 


« Let = be =:/2 + 54 and It _ be = 3. I fay, that 


« 7þ + 2% * — 3 is exceeding near the increaſe of the rate, or 1 — 1,” 


Art. 2. To this expreſſion of the value of — 1 Dr. Halley afterwards add; 
a Correction, which will be uſeful when great exactneſs is required. This Cor. 
tection is expreſſed in theſe words. 


A ".rrrefion of the foregoing Expreſſion, 


cc If great exactneſs be deſired, let r, thus found, be aſſumed. And 
c r ES r, compared with — — 1, will always be greater than it: and, 


r 


« dividing the exceſs by * —_— the quotient, added to v, ſhall verify 


« as many figures in the rate as were true in the aſſumed r.“ 


—— — — 


The foregoing Correction expreſſed more clearly, 


Art. 3. This laſt paſſage concerning the correction of the expreſſion 


bb ＋ 25% * — 6, given above for the firſt near value of 7 — 1, may be ex- 
preſſed more clearly in the following manner, | 


If greater exactneſs be required, let the value of r reſulting from the fore- 


going near value of 7 — 1, to wit, 4% + 26y 3 (which value of 7 will 


evidently be 1 + 20 + 2by\* — 3,) be denoted by the letter c; and let the 
value of the binomial quantity * — be computed. This value will 
always be greater than the binomial quantity — Xr , and conſequently 


than, it's equal, the known quantity — ; and therefore the ſaid known quan- 
8 tity 


9 = F * 18 * 5 di I Fn — — — 4 * a — X _ * a 

OST ROE" — * — . 9 I 0 a "IX = 2 * e Y [ 5 & 

. 6 R | 1 * c q * LY 
— * * „ 3 * * * . 8 v8 3 


* 
"I" 


„ 
= IRTP" 


* 3 
* OE 
WIS. N 
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tity — — i may be ſubtracted from the ſaid binomial quantity — . 


Let it be ſo ſubtracted; and let the difference, or remainder, be called d. 


Then will the fraction ———- 


2 
FXc — — 
"40 


„or the quotient of the diviſion of the 


ſaid difference d by the exceſs of .* above —_ „ be the quantity that 


. 7 1 
ought to be added to the former near value of r, to wit, 1 + 4.4. 207%) — 5, 
in order to obtain a much nearer value of r, of which twice as many figures 


will be exact as there were in the former near value of it, or 1 + #5+ 2 — b 
or 1 + v bb2by) — 5. 


— . —.— — —ñ— 
An Inveſtigation of the foregoing Correction by Mr. Raphſon's Method of reſolving 
Aﬀetted Equations by Approximation, 


Art. 4. This ſecond near value of r, or correction of it's firſt near value, 


1 + Vbb+24y)— 6, or c, may be derived from the ſaid firſt near value of 
it by Mr. Raphſon's method of approximation in the following manner, 


Since 1 + bb 20 — b, or c, is nearly equal to, but ſomewhat leſs 


2 * * f * o 
4 2 I = _ _ AA. : 
. n _— Len * * * * - * SPE ** — N r 
* U tas FRY CO IS "== >, ee at io $ tos SEE 
TIE 2 Nr „ n 


* SY 1 * — 
c 
— EA IAFOUE® 


* + 
; 9 
7 I'S, a" Li 


. . Z et Z 
than, the true value of 7 in the equation - * - = -— — „ let e be 


put for the exceſs of the ſaid true value above c, ſo that 7 ſhall be equal to 
ce; and let c + e be ſubſtituted, inſtead of , in the ſaid equation 


2 2 
r 221. 


a 

Then, ſince r is = c Te, we ſhall have — X 162 — X c+e) = 
— X © + — X e, and = 7+ @* = (by Sir Iſaac Newton's binomial 
theorem) „ EX x e + &c, continued to 7 + 1 terms. Therefore 


the binomial quantity — Xr — vill be = the compound quantity 
2 2 
ſ _ Xx c + 3 3 l 
„ „% wo g 


= * + Ne- Xx e — &Cc, 
. H h But 


——— EE — 


n 


} 


2 Wn 
x — 


— — 
——— 


W W — 
r 


Sc 


_— 


E 


3 
= 


— — 2 
E 
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But the binomial quantity — Xr —r is = — — 1. 


8 ? f 
Therefore the compound quantity — X Cc — 4 + — Xe—#t x c©* 


X e — &c will allo be = — — 1; and conſequently (adding . & 


X #e + &c to both fides,) we ſhall have _ „* tf 4 — * 2 — _ 
„„ &c, and (ſubtracting — — 1 from both ſides) — Xe 
tron (==: + — Xe = FP X * * eg + &c, or (putting d=— Xc 
— „ - —1) we ſhall have d + -— Xx e t , xXe+&c, and (ſubtracting 
1—1 


—— x e from both ſides,) d N * xc 01+ &c — — xe, ort Xc 


* e — — Xe + &c = 4, and (neglecting the terms expreſſed by the &c, 


on account of their ſmallneſs, as they will involve &“, e, e, and the other higher 
powers of e, which, on account of the ſmallneſs of e, will be much leſs than e,) we 


— 


ſhall hive & X — — * 2, nearly, d, or e X ſr x „ — — 
nearly = d. Therefore e will be nearly = — — and conſequently 
Xe —— 
a 
7, or e + e, will be nearly = c + — . Q: E. Is 
Xx —— 
a 


I return now to Dr. Halley's firſt expreſſion of the value of r, to wit, 


1+ 3+: —8&, or 1 + 66+ 2702 — 3; which may be inveſtigated 
- 1h the following manner, | | 


The Inveſiigation of the Firſt Expreſſion, 1 + bv + 2by OE b, given above by 


Dr. Halley for a near Value of r in the Equation —_ Xr = r = _ — 1. 


8 


* 


Art. 5. Let r be put for 1 pound ſterling, together with it's intereſt for a 


year, or for half a year, or for a quarter of a year, or for any other given 
portion 
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portion of time, during which a ſum of money is put out at intereſt, And let 
an annuity of 1 pound per annum, or a penſion of 1 pound for every half. year, 
or every quarter of a year, or any other given portion of time, be ſuppoſed to 
be granted to any perſon, for the ſpace of ? years, or ? half- years, or :? quarters of 
a year, or / times any other given portion of time, , being any whole number 
whatſoever ; ſo that the firſt payment of the ſaid ſum of f pound thall become 
due at the end of one year, or of one half-year, or of one quarter of a year, 
or of any other given portion of time; and the ſecond payment of 1 pound 
{hall become due at the end of the ſecond year, or half-year, or quarter ct a 
year, or other given portion of time; and the third payment of 1 pound ſhall 
become due at the end of the third year, or half-year, or quarter of a year, or 
other given portion of time; and a like payment of 1 pound ſhall become due 
at the end of every following year, or half-year, or quarter of a year, or other 
given portion of time; of the 7 years, or z halt-years, or t quarters of a year, 
or F other given portions of time, during which the annuity, or penſion, is to 


Continue, 


Further, let it be ſuppoſed that the perſon who has granted the annuity, or 
penſion, finding it inconvenient to pay it at the end of every year, or of every 


half year, or quarter of a year, or other given portion of time, at which it will 


become due, as he ought to do according to his agreement, and hoping that, 
before the expiration of the 2 years, or half-years, or quarters of a year, or 
other given portions of time, for which the penſion is granted, he ſhall come 
into the poſſeſſion of a good eſtate, that will enable him to pay all the ſaid 
yearly, or half-yearly, or other, payments of 1 pound each, together with the 
intereſt that will then be due upon them to the grantee of the annuity, or pen- 
ſion, (in conſequence of his having forborn to receive the ſaid annual, or 
other, payments at the ends of the ſeveral years, or half-years, or quarters of a 
year, or other given portions of time, at which they became qdue,) in one pay- 
ment at the end of the ſaid 7 years, or half. years, or quarters of a year, or 
other given portions of time ;—1 ſay, let it be ſuppoſed that the grantor of the 
ſaid annuity, or penſion, prevails upon the grantee of it to conſent to ſuch a 
delay of payment. Then will the ſum that will be due to the grantee of the 
faid annuity, or penſion, from the grantor of it at the end of the whole ? years, 
or half. years, or quarters of a year, or other given portions of time, during 
which the ſaid annuity, or penſion, was to continue, be what Dr. Halley calls 
the amount of the ſaid annuity, or penſion, of 1 pound per annum, or 1 pound 
for every half-year, or quarter of a year, or other given portion of time, at 
the end of the ſaid ? years, or half. years, or quarters of a year, or other equal 
portions of time, during which the ſaid annuity, or penſion, was to continue. 


To avoid the repetition of the phraſe expreſſing the different portions of time 


at the ends of which the payments of the ſaid ſums of 1 pound each may, by 
the agreement of the parties, be made to become due, I will now ſuppoſe them 
to become due only at the end of every year, or the penſion to be an annual 


penſion, or an annuity in the ſtrict ſenſe of the word. 
Hh2 Art. 6, 
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Art. 6. Now, if ? is = 1, or the annuity continues for only one year, the 
payment to be made to the grantee at the end of the ſaid year will be only 
1 pound. But, if 7 js = 2, or the annuity continues for two years, the pay- 
ment to be made to the grantee at the end of the two years will be more than 
two pounds, and will be = 1 + r pounds ; becauſe the pound that was due at 
the end of the firſt year, and was not paid, will carry intereſt during the ſecond 
year, and thereby increaſe from 1/7. to 7; as, for example, if the intereſt of 
money is 5 per cent, it will increaſe from 1/. to 10. + 188 J., or to 1.05“. And, 
for the ſame reaſon, the payment to be made to the grantee at the end of three 
years will be 1 + r ++ 7*; becauſe the pound that became due at the end of 
the firſt year, will now be grown-up in the ſpace of two years from 11. to , 
and the pound that was due at the end of the ſecond year will be grown-up 
from 11. to r, and conſequently the whole ſum due at the end of the third 
year will ber + 7 + 11., or 1. TT + rf, And, in like manner, the pay- 
ment to be made to the grantee at the end of four years will be r' + * + r 
+ ., or 11. + r 4- P* + #*;; and at the end of five years it will ber“ + rf 
+7 +7 II., or 1. +r + rf +77 + 277, and at the end of ? years it 
EE LEY oa roo tart +4&+r7,or + 
EET ++ art I +10 + 

I 


eil, or tl rr + +++ +&+r, 
which is a ſeries of quantities in continued geometrical proportion, conſiſting 


of t terms, of which the fiſt term 11. is the leaſt, and the laſt term is the 


greateſt, 


Art. 7. Now the ſum of all the terms of a geometrical progreſſion, ſuch as 


W.+r +1 +1 427 +75 + &c + 5 conſiſting of f terms, is equal 
to a fraction, of which the numerator is the excels of the ſquare of the greatelt 
term above the product of the multiplication of the greateit term but one into 
the leaſt term, and the denominator 1s the excels of the greateſt term above the 
greateſt term but one. This may be caſily demonſtrated by means of the 
12th Propoſition of the 5th Book of Euclid's Elements, in the following 
manner : | 


— —— 


K Of the Sum of the Terms of a Gecmetrical Progreſſion, 


hc 


A THEOREM. 


The ſum of the terms of every geometrical progreſſion is equal to the 


quotient that ariſes by dividing the exceſs of the ſquare of it's greateſt wo 
above 


3 4 * 83 1 A * 
— 1 — e M2 
4 Fad LPs "I 
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above the product of the multiplication of it's greateſt term but one into it's 
leaſt term, by the excels of it's greateſt term above it's greateſt term but 
one, 


— “ — — — 
DEMONSTRATION. 


Let E, D, C, B, A be a ſeries of quantities of any kind in continued 
geometrical proportion, of which E is the lealt, and A is the greateſt. 


Then we ſhall have A: B:: B: 
and AB: C420 
i ad AT B 3: D 


Therefore, (by El. 5, 12) the ſum of a!l the antecedents A, B, C, D will 
be to the ſum of all the conſequents B, C, D, E, in the ſame proportion as 
the fiſt antecedent A is to the firſt conſequent B. 


But the ſum of all the antecedents A, B, C, D is the ſum of all the terms 
of the ſeries, except the leaſt term E; and the ſum of all the coniequents 
B, C, D, E is the ſum of all the terms of the ſeries, except the yreateſt 
term A. Therefore, if the ſum of all the terms of tlie ſeries be called S, we 
ſhall have 8 - E: S — A:: A: B. Therefore B X 5 E will be = 
AX S- A, or BS — BE will be = AS — AA. Therefore (adding AA to 
both ſides,) we ſhall have AA + BS — BE = AS; and (tubtracting BS 
from both fides ; which is evidently poſſible, becaule B is lets than A, and 
and conſequently BS is leis than AS, and therefore than the other fide of the 
equation ;) we thall have AA — BE = AS — BS. But AS BS is = 8 


„ T. Therefore AA BE will be SS*XA-R; and conſequently 


s will be = £2-=BE, that is, the ſum of all the terms A, B, C, D. E, or 


A-B 
E, D, C, B, A, will be equal to the quotient that ariſes by dividing AA — BE, 
or the exceſs of AA, or the ſquare of the greateſt term A, above BE, or the 
product of the multiplication of B, the greateſt term but one, into E, the 
leaſt term, by A — B, or the exceſs of A, the greateſt term, above B, the 


greateſt term but one. Q,. R. De 


And it is eaſy to fee that the ſame reaſonings will take place, and conſe- 
quently that the ſame concluſion will follow from them, if the ſeries E, D, C, 
B, A, inſtead of containing only five terms, had contained any other number 


of terms whatſoever, 


Art. 8, From this Propoſition it follows that the ſum of all the terms of the 


* 721 . 
geometrical progreſſion 14. + r + ＋ 1 + #* ++&© + 7 conſiſting of 
terms, 
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. . . LD - a 
terms, in which 11. is the leaſt term, and 7 is the greateſt term, and 7 
is the greateſt term but one, will be equal to the quotient of the diviſion of 


1—1 1—1 12 121 122 : 
& 4, byr -, ; or to the fraction 
* * 8 — ka * II. . . | d by — * . 
„ Which is (= _ 
1—1 1—2 1—1 1—2 
7 — r r — Yr 
„ „ 1 1 12 1 


Therefore the ſum of all the terms of che geometrical ſeries 1, TT TN 
+++ & TY, conſiſting of / terms, will be = the fraction 


k 
— 11. —1 . pq 
— or = Therefore, if the annuity of 1 pound per annum be 
11 ? 1—1 


forborn for t years, the ſum due to the annuitant at the end of the ſaid 7 years 


fe 
or the amount of the ſaid annuity at that time, will be = the fraction - ” 5 


Art. 9. And therefore, if the annuity is not 1 pound per annum, but a pounds, 
or à parts of a pound, per annum, a being any whole number, mixt number, 
or fraction, whatſoever, the ſum due to the annuitant at the end of the ſaid 
z years, or the amount of the ſaid annuity @ at that time, will be = 4 x 


: t 
— or — This amount Dr. Halley denotes by the letter . 


Theſe preliminaries being ſettled, the inveſtigation of Dr. Halley's firſt ex- 


| . . ' F 4 . 
preſſion of the value of 7 in the equation — e — — I, to wit, 


the expreſſion 1 + /bb+24y)— 5b, or 1 + 35 + 2by)* — 3, may be made 
in the following manner, 


f 
ar 4 


7 
, it follows that — will be = =. There. 


121 


Art. 10. Since 2 is 


fore (multiplying both ſides into r — 1, we ſhall have — *r — — = 
3 z and (adding — to both ſides,) we ſhall have _ * =r 1 +=; 


and (ſubtracting from both ſides,) we ſhall have — „% —— 2 21 
5 £ 


L 
. 
L 443 
1 
4 
] 
: 
* 
g 
* 
* 
7 - 
_ * 
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1 a : Wy 
41 , ——1; which is the equation which is now to 
a a 


be reſolved. 


Art, 11. Let v be put for the unknowa intereſt of 1 pound for a year, or 
for the excels of 4 (which 1s equal to 14. together with it's intereſt for a year,) 
above 1/., or for 7 — 1, 

Then will r be = v + 1, or 1 + v, and conſcquently r* will be = 


1+» = (by Sir Iſaac Newton's binomial theorem in the caſe of integral 


powers,) to the ſeries 1 + tw f x = x v* +7 * es — 3 X 9? 
1 — 1 t — 2 7 =— 3 4 1— 1 tf — 2 t — 3 8 — 4 
PE mos Ros * n : X 7 r 
x * + &c, continued to ? + 1 terms. Therefore rf — x will be = the 
. — av As 
ſeries to + 1X — xv K — : 7 ＋ ft X —— I 
jos, {— 3 5 21 Fe wg. tos : 
n W X X — X — „ — XxX v & c, con- 
: - ＋ 5 CFW 


t t 

tinued to? terms; and conſequently —— OOF — . „ Will be = the ſeries 
1 —-Tt f —- 1 1 — f f a 

t „ „ + 8X - . x — 
2 2 3 2 3 


= f — A 
x Ix +! 2 : — x: * v# + Kc, continued 
X 5 
to t terms. Therefore — . is = = => —,) will alſo be = the ſeries 
t+! — 
3 4 
— 2 „ = 
NR 8 50 wore 1 7 * 2 e 


and conſequently (dividing both ſides by z,) the fraction _ will be == the 


ſeries 144 V he 05. ff a Bow 
* v + — x omg ME - 


22 1 — 2 1 — — 
* X — x i= x v* + &c, continued to ? terms. There. 


fore any power whatſoever, integral or frational, of the fraction — will be 


equal 


T7 © 24» - 1 AIR 
8 . n 


I + XI" 


nies 2. - 2: 
* 1 = ene FE. 


* -  -” 


23 * 
— — - -* 
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2 3 
f f — t 1 — 1 1 — 2 · t 
& — * * 3 2 + * 5 * * — X v* + 


&c, continued to 7 terms. 


Art. 12, Now let the fraction — (which is a known quantity, becauſe z, 


a; and F are all ſuppoſed to be given,) be raiſed to the power of which the 


s 2 R G # an 8 1 
fraction : (or che reciprocal of the fraction — which is the cos effi- 


cient of v in the laſt ſeries,) is the index; which may be eaſily done by means 


of a Table of Logarithms : 


71 — — 


= x wv +— Xx —- > 6 xX. X Xx = 


X v* + &c (which is equal to the fraction — „) be likewiſe raiſed to the fame 


power, of which the fraction, . is the index, by means of Mr. De Moivre's 


multinomial theorem, or theorem for raiſing a multinoinial quantity to any given 
power; the ſaid theorem being ſuppoſed to be true when the power to which 
the multinomial quantity is to be raiſed is a fractional power, as well as when 
it is an integral power, though Mr, De Moivre's . mn——n of it ſeems to 


relate only to the caſe of integral powers, Then wn „or the ſaid 


——th power of the fraction 1 be equal to the ſaid —th power of the ſaid 


[4 


* — 


ft — 2 1 — 1 1 — 2 


97 
; X 


1 — 1 — f 
a — * 2 5 E &c, continued to : terms. This 


- 1 3 of a De Moivre, as it is given in che Second Volume 
of the Miſcellanea Curigſa, page 183, is as follows. 


Mr. 
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1 
* 


Mr. De Moivre's Theorem for raiſins any Power of an Iiſiuite Series. 


—— — 


r 
e 


Art. 13. The mth power of the infinite ſerics a2 + &2* + c + d2* + ess 
+ &c is equal to the infinite ſeries 


* 


12 — — 2 — DT 8 3 8 — 


4 + <=. 


— Sa. IO" 


m1 3 m＋ 1 m m — 1 —_ „ the 


m m 2 
R 2 + X 


+. I 
— Sh 


m * —1 m 4 
+ 1 2 X 42 cx + 


N 


r 


o - —— — 


+ —— * "= * 1 be N ERS, 


+ — K 4 x 2 


+ TRE nul, 


+ „, X86" x #ex3a*7? 


Coroll. 1. Therefore, if a is = 1, or the ſeries that is to be raiſed to the 
mh power is z ＋ b2* + ca + dz! + ea + &c, the mh power of the fi} 
ſeries will be the infinite ſeries 


m EY _ 
5 + — x 2 + * * 
+ * * 


Vol. V. 11 + 
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m m1 12 3 
wee HB XZ 
+ . 5 * : X X 
+ — we N 
+ — Xx Ad X KP 
+ — x 2 r 
— — * — x 22? x he x 22TH 


+ x = Nπι 


+4 


+ —xX— X&X2" 


FFF 


+ &c. 


Coroll, 2. The ſeries 2 + b2* + cz + dz“! + ez + &c is = 2 X the 
ſeries 1 + bz + c2* + dz* + ez! + &c. Therefore the mth power of the 


ſeries 2 + b2* + c dz! + ez + &c will be = 2“ x the mth power of 
the ſeries 1 + 22 + cz. + dz* + ez* + &c; and conſequently the mth power 
of the ſeries 1 + bz + c + dz* + ez* + &c will be equal to the quotient 
that ariſes by dividing the th power of the ſeries z + Ir + cz + 4 + 


ez5 + &c, or the ſeries which is ſet down in the foregoing corollary, by z 3 
that is, the mth power of the ſeries 1 + bz + c2* + dz? + es! + &c will 
be the infinite ſeries 


- = — [ _— 2 
1+ — 1. * — x R + * * = x he 


+ — x @* T* Nn 


+ * AN # 
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m mM - 1 * 1 2 X == * 34 * 24 


m 1 2 —2 


OE. — 2 4 
1 — r 


+ — x — X #4 Xt 2 


M = [ 


N 


+ —XeX2* 
+ &C, 


Coroll. 3. Therefore, if v be ſubſtituted inftead of à in theſe laſt ſerieſes, 
the mth power of the ſeries 1 + bv + «a? + du + ev* + &c will be equal 
to the infinite ſeries 


1 —1 1 — 2 


m x m M—1 mM 
Hi Uk $2 7372 SS ada. $3 
+ T4 7 RX XFY | O wow 0 weon OY 
+ ww 0? — X — x dev 
1 J I 
+ — X dd 
4 —— * _ * — 2 * m 3 N 24 * gy 
+ — © — x Seo 
I 2 I 
+ = x ww 
1 I 
mM M1 1 p 
MI — X 0V 


+ &. 


Coroll. 4. Now let the index #2 be equal to the fraction gran, 


Then will n — 1 be (= ——1 = 2==) = 3, and n- will 


n 3 


an — 24 0 
8 : ned | — Ez, and m— 2 will be = 


a will 


: _ 2 #31. 4=$ m_ 
( ——=2) = =; and conſequently ＋ X 


112 be 
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KX 1 EEC ĩ c 
be (= 2 X 22 — | — "hi pa X 3 — 721 X Rs ) — 2 and 
mM m I m 5327 93822 Jo=f 4 — 27 
— * * will be (= = = =— = 
1 2 ( fi} 3 1—1 * 3 * t—1 
„ 4 — 2f 21* — Tot + 12 Mm m — 1 m — 2 3 
= = and — — — — 
3 X 1 ) 3 K 7-15 bl I X 2 X 3 X will 
21* — 10t + 12 5 — 3 bo — 86t + 401? — 6:3 
be'= * = = y— 
3 * 6—1 4 * tl 12 Xx 1—1 


Therefore the — th power of the ſeries 1 + bv + cv + du + ev! & 


will be equal to the infinite ſeries 


2 SEC on 6 212 — Toft + 12 
I + — XN 2 X H 5³⁰ 
122 1 a + 3 X t—=1)* 8 


+ — X 0 . * <<: x b 


beer 121 
+ — X do- 
5 
+ = * — x bc Xũ v9 
+ r* = x bd x vv 
+ = Xx © x 04 
- Er x * v J 
+ &c = the infinite ſeries 
* 7=7 x b + == x b* x v* + e * 6 * * 
+ — * x v + = * be x v 
＋— & dv? 
+ 


— 
* 


= — CC nnn .. _ _ = 
N _ ad a * r f 


WF REPS 


. 
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bo — 86, + 407? — 613 


„ v* 
* r 
262 = 10/ + 12 l 
| FER v* 

a 6 = 2t 

: + —— Xx bd Xx 

8 715 1 

: + z= x © x v* 

p 4855 

5 2 4 
Z * 

J 

5 + &c, 

1 C:roll, 5, Now let the terms of the ſeries 1 + bv + c + dv + ev* + &c 
3 be reſpectively equal to the correſponding terms of the ſeries 1 + — * * 

y 183 1 1 Sas 4 13 t — 3 ; ft - 1 f — 2 
A 5 — » M — * 
JFF. : 8 * 

: 1 "= 

bY 

4 Then will þ be = — ad WES — X = BD 

21 | 

4 - — — 12 . f — . — 

i and 4 will be = - M x eK , and e will b = 

2 3 + + 2 

; t=2,t=3,1= 4 12 

5 * X ASHE IA — — 4 N of 

; 5 + 5 * 5 

0 


3 


* 


Let — be ſubſtituted inſtead of & in the laſt ſeries of Coroll. 4. And it 


will become S the infinite ſeries 


2 — 1 3 — 7 1— 1 3 
. 2 N 
2 2 
* * n 
1 212 — lot + 12 8: 008 


J 
-_ 
4 


— 


* 


% 

P 

* 
5 — 3 | 
r 


— 0 ß cc 6 
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+ Go — 86t + 40!? — $13 


12 X t— 1)* 


4 
10 = NY 
/2 — 101 2 { — | 
hs 2 — — I Mov 
t— 1 + 
6 — 27 f - 1 
Went a ee 4 * 
+ =7 ae 
——_— XX * xiv 
{—1) 
2 5 
=_ rae dS at. 
+ &c = the infinite ſeries 
— LE 
„ v 1 ZE Xx v 
| 3 8 53 
e „ OLA Þ Aw 
+ — Xdxv 
Go — 86t + 40 — 613 
+ _ 
92 
+ 


* 
262 — 10t + 12 


— X CN 
K #$=6#- © 


+ X A x vt 


321 
T Ne 
for] 

+ — xe xXx * 
1—1 
1 — 2 
e 


becomes S the infinite ſeries 


+ &c, which (by ſubſtituting in it's terms, inſtead of c, it's value — * 


+0 = * —— v 
2 1— 1 12 2 2 327 12 IT f 2 25 
T5 . r 
+ 2 
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Co - 867 + ac&t* — 673 P 
_ — 95 X v 
212 — 1ot + 12 1— 1 12 2 X 
| 4xt=1 RI 2 
: + g xd X v. 
71 FE: 8 
þ 12 1— 1j* 1 — 212 
| Mo Es Da Eads 
3 + — xv" G 
; 1 
+ &c = the infinite ſeries : ; 
a 3 
1 2 212 — lot + 12 3 
r P 24 X v? „ 
1 # : 2. ol 2 
| 8 11 A 
+ — Xdxwv 
| bo — 86, 42 — 643 
8 192 
| * — Tot 7 2 
N + 2 2 2 = x ov 
| OY 8 
A | * pane X 4:X£ 
= 5 
+ * — x vt 
2 q 
—Oo—_— 
+ &c = the infinite ſeries 
2 — 10f 
Lo vo i a - - — of 
12 24 : 
no 00 * 
„ 
2 3 
* xXx d x 


* 


. nk K 
* 2 * 1 . 4 
; ren 1 | © 

* ö A 
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60 — 87 ＋ 40˙ — 643 
192 

213 — 14 + 321 — 24 5 
3 


12—16＋7 5 —t3 
_— 


* 


+ 


* v® 


2 4 
oy X eX U 


+ & c = the infinite ſeries 


262 — Tot + 12 


Ex. 
I + v + * X 2* ＋ * * 
i 201 — aff — 24 3 
+ 27 X V 
+ * 4 x v 
60 — 86 + 407? — 613 
+ 192 a 
161? — 11212 + 2567 = 192 # 
TOI 192 wv 
— xd x vv 
1—1 


192 — 256t © 11242 — 167 
576 
2 


X v9? 


+ &c = the infinite ſeries 


t — 21 — 
1 + v + — X vr 4-7 — 


2 3 
1055 — 72/2 + 170t — 132 x -. 
192 


1 4 
3 Xx d x 


= 


+ 


192—-256t+7112t* — 1673 
| 570 
4+ _ * e X 0 


* v? 


＋ &c = the infinite ſeries 


x Þ 


; * 8 Pa, ** * » 2 e * * * — * N 9 " ” «42 4 ; 
R r 


. 
CAE EIS de I, 


8 4 * 2 ” - 1 of 
” * 3 * . 
r 2 - 8 g 
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M vv 4 — — * 


+ — x4 x v 


30483 — 216% ＋ 5107 — 2 
576 


32 
＋ * d Xx v 


1 ＋ v + 


4 


* 


192 — 256t + 112 — 1653 


+ 575 X v* 
2 a 2m 
+ . 3 
+ &c = the infinite ſeries 
t+1 101 — 215 — 12 
I + v + —_— = X 9v® 


. + — x4Xwv 

| 1 — 1 

+ 1415 — 1042 + 2547 — 204 
576 


+ 3 x 4X v 


I 


X* * 


2 
+ F 


+ &c, which (if we ſubſtitute in it's terms, inſtead of 4, the value of d, to 


wit, — X — X © — % becomes = the infinite ſeries 
1+0+—— * 


24 


1 — 1 —X—Sxu 


576 
— — — f 
+ i=l EXE XD xv 
4121 


+ &c = the infinite ſeries 


"Var; . K k 1 + 


= 


+ - 


— — 
989 = 


| 
' 


——— GS. - 
„ 
2 


BB :.\:* — > + So 


- Rath 
» oe 
& > _— 


— 


* Oar — 
1 — 4 oa Son 
r — =o 0 - oo * 


* 


— CY 


* N 


— — 


ERP oY VS | 


J_ 
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—— 2 3 
1 9 
+ ; 0s Pt X 
& 14/ = 104 + SE = 24 of 
576 
+ * der wa * 9" 
+ &c = the infinite ſeries 
r vo 4 ot 
12 | | 24 
* 
g 1473 — 104t® + 254 — 204 4 
Xx V 
Ly „ 
— 3 + 82 217 + 18 
24 X* v 
{ - I 
+ &c = the infinite ſeries 
ft +1 loft — 21 — 12 
I * vd — * 
+ X + 7 * 
21* — 10t + 12 3 
＋ — 7 X 
3 = — 
eee eee 
2 9 
_ 3 nw | 
2413 + 1921 $04 +432 „ - 
7 


2 


+ &c = the infinite ſeries 
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i +v+ * vv + oO x v 
— Toft? + 88. — 25ot + 228 
570 


2 4 
1 


x v* 


— — X = 7 * . 4% will be = to the infinite ſeries 


2 


. 


1 + 0 


3 — 250t + 228 * 1. 
579 
2 { —"1 1— 2 1 — — 1 * 


D We os wats 


+ &c = the infinite ſeries 


== I 
M ** 


+ &c = the infinite _ 
t A x 


* a 2 6 
* — — * 
* a 6 » = of * * * * = * * gd 
8 * * * ä s _ * * * 4 , * x — ITED * 3 * RF a ©. - 
„ ä „ * W ö 
1 * - * hs At PO _— Inca," > a {Yr £9 83 g 
N \ Aa Pe 7 9 - * 2 88 - 8 


I+v + — x vw + * | 


— 1013 + 88 — 280 + 228 9 
576 * 


+ — — * 0 


+ &c = the infinite ſeries 
f t £ I 


— lots + 8842 — 2got + 228 
— ä — * 
| 576 * 
9613 — 864t* + 2496t — 2304 4 
— — —ů— X 
5 5760 


+ &c = the infinite ſeries 


+ &c, (which, if we ER in it, inſtead of e, the value of e, to wit, 


Sly" > £4 
SES Sms >. 
nb = 


2 — S 424 


—— — . g *. 
r * 


| * * 
. } 
bi: 
* 


K k 2 1 + 


Dr 5 
1 a \ 


a+ % a 


2a Seo nw ww wg .- - — + 


- "5 EVE 
4 
— py 


— ³ —11 


— 
= 
Ls 


P 


2 — 
— 
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1 +9 += x wv + * 4 
oss + 880? = 2500t + 2280 * 7 a 
5760 


9615 — 864. + 2496 — 2304 4 
P 5760 3 


x) 


+ &c = the infinite ſeries 


1 +v+— x vv hb; 


LACY 
4 —— 


— 4 + 16 — 4 — 24 * 
. " 


+ &c = the infinite ſeries 


— 


+ v + — * f + *® 
— 3 ＋ 42— 7 —6 


_ X U + &.. 


Art. 14. Thus, after many tedious and troubleſome ſubſtitutions, we have at 


laſt diſcovered that the path meyer of the ſeries 1 + — Sf 


3 4+ & | 3 ' 4 
t=-4 4 oa? 7 ſeri (1 
2 * v* + &c will be equal to the in nite ſeries 1 + v + —— x wv + 


9 * 


0.X 0? — — „ v* & c. Therefore = = will be = to the 


1440 
— {3 Wn 
ſaid ſeries 1 + v + —= Bw oxen = t — 6 


x &c, and 


conſequently (ſubtracting 1 from both ſi u) EP — 1 will be = the ſeries 


13 ＋ 4* — f 6 
1440 


v+ —=xw+oxv- x v* &c. 


_—_ „7 
Art. 15. Now let the term . 
5 2 
terms of this ſeries, included under the mark of & c, be PER on account 
of their ſmallneſs in compariſon of the two firſt terms v +. =: — „ vv; than 


which they muſt be much leſs, becauſe, as v is but a ſmall quantity in compa- 
riſon 
6 


x 7 and all the following 
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riſon of 10., (being only 1705 or 1 —5 „or 125 or ſome other ſuch ſmall part 


of it, according as the intereſt of money is 5, or 6, or 7, &c per cent, ) it is 
evident that v., and v', v', v', &c, will be much leſs than v and vv. And we 
2 


ſhall then have 2 — I =, nearly, 9 + —— X vv, or v + x vv, 


2 
nearly, = HE — I. 
2 


Put y for the known quantity A — 1. And we ſhall then have 


v + —_ xXx vv = y; and conſequently Ar + wv = r * Y, or vv + 
12 1 
771 X — TI 1 X 9 

3 | I2 9 
Now let þ be put = —— And we ſhall then have vv + 777 e= 


vv + 26 X v, and — Xy = 26Xy = 2by, and conſequently vv + 2þXv 


= 2by, Therefore (adding 45 to both fides,) we ſhall have vv + 240 + 33 
= 9 + 2395, and (extracting the ſquare-roots of both ſides,) v + + = 


v bb + 2by, or bb + 2M, and (ſubtracting 5 from both fides,) we ſhall 
have v = VD + 2by — 3, or b6 + TIL — 3; that is, - 1 will be 
nearly = 0 + 29 — 3, and conſequently r, or the root of the propofed 


equation —X r=r = — — I, will be nearly = 1 + 5 ＋ 2by\* —b; which 
is the expreſſion given us for the value of the ſaid root by Dr. Halley. d. E. 1, 


The ſubſtance of this inveſtigation of the value of r was communicated to 
me by my learned friend Mr. William Morgan, the Actuary of the Society for 


gay Aſſurances on Lives in Chatham Square, near Black Friars” Bridge, 
ondon, 


Art. 16. If 7 is either equal to, or greater than, 4, the expreſſion 
1 + bb + TIX — 3, obtained in the foregoing articles, will always be leſs 
than the true value of v in the equation — Xr—r = — — 1; as may be 


thewn in the manner following, 


When 
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Wben t is = 4, i is = 4, and conſequently “ + 8 + 6 will be preater 
than 47*; and, when 7 is greater than 4, “ will be greater than 4/*, and "(hers 
foie 1? + f + 6 will, > fortiori, be greater than 46. Therctore, when ? is 
either equal to, or gener than, 4, the four firſt terms of the leries 1 + v + 


"Ns '{ On — 
flo LIL = xo + &e will be leſs than the three firſt terms 
12 1442 


t t+6 
of it; the ſubtraction of —— 
— 5 ＋ 4 — . — 6 

1440 


838 3 a 
tracted fiom the three former terms 1 + v + —— X vv) diminiſhing the ſaid 


* 2 (or the part of the fourth term 


X v which is marked with the ſian —, or is to be ſub. 


- 2 * 
three terms more than the addition of — x (or the part of the fourth term 


1440 
. t I . , 
to the ſaid three former terms 1 + v + —— X vo, ) will increaſe them, 


—— 1 


** which is marked with the ſign +, or is to be added 


X vv will be 


— 2 + $i —t—6 
X V = X * 
and therefore, we may ſuppoſe, than the Lite ſeries, and confequent!y than 


2 


Therefore in theſe caſes the three Grſt terms 1 + v + 
t 1 — l 


greater than the four firſt terms 1 + v + —— 


. {—I . ' . . 
the quantity = „ to which the whole ſeries is god Therefore, when 


we ſuppoſe the ſaid three terms 1 + v +  X vv to be quad to 4, 


(as we do in the foregoing inveſtigation,) we n ppoſe them to be leſs than they 
really are; and conſequently the value of v en from that ſuppoſition will 


be leſs than it's true value; that is, 3% + 2% 3 will be leſs than the true 


value of v. And conſequently 1 + % + 20 z — 3 will be leſs than the true 
Talue of 1 + , or than the true value of x, 1 


Art. 17. The example given by Dr. Halley of the application of this ex- 


preſſion 1 + 0 + 205): — to the reſolution. of the equation — Xr —r 


oe — — I, or to the finding of the value of 7 in the ſaid equation, is a5 


follows, 


An 


” * 3 7 f «= Roll 
ROSIE” nee 1 
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An Example of the Reſuluticn of the Equation — X# — 2 — — 1 by 


. my - 1 
means of the foregeing Expr ſion 1 + 0 + 2 — 6, 


— —„— 


An annuity of 34. 4., being forborn 124 years, amounts to 614.4327. It 
is required to find the rate of intereſt allowed. 


— — — 


RESOLUTION 


Here 2 is = 614.4327, and 7 is = 12.5, and à is = 34.4. 
Therefore 2 —_ = 17.861,41 5,7, and conſequently — —1 


is = 16.861,415,7. Therefore the equation _ Xr —r = — — 1 be- 
comes in this caſe 17.861,415,7 Kr —r = 16.861, 415,7, or (becaule t is 


= 12.5) it becomes 17.861, 415, Xr — 1 16.861, 415,7. 


— 
A. 


2 » Wii 11 
Now, ſince — is = 17.861,415,7, we ſhall have — (= N 


1 861,415, 
X „ r 


7 I2.5 


1.428,91 3,2, the logarihm of which is = 0.155, 


2 
005,38. Therefore the logarithm of Ds will be (= 0.155,005,8 x — I 


— 2 * 0.t55,c05,8. _ 0.310,011,6 __ 0.310,011,6 __ ap 


121 297 1 — 1 pos 12.5—1 nj 11.5 120 0.026, 957,5, 


2 2 
which is the logarithm of 1.064, 038, 9. Therefore =] „or =] 8, ill. 
2 


2 
be = 1.064, o38, 9. Therefore y, or 1 — 1, or = "5 — 3, be 
(= 1.064, 038,9 — 1) = 0.064,038,9, 


8 There- 
ET = g 94444444 
tore 50 will be = 0.444,444,4!* = 0.197, 5 30, 860, 246, 73,6, and by will be 

= 0.444;444,4 X 0.004,038,9) = 0.028,461,733,048,716, and conſequently 
2by will be (= 2 Xx 0.028,461,733,048,716) = 0.056,y2 3,466,097,432, and 
4% + 2by will be (= 0.197, 530, 860, 246, 913,6 + 0.056,922,466,097,432) = 
0.254,454,326,344-345,0. Therefore 3b + 24y will be ( = 4/0.254,454, 
320,344,345,0) o. 304, 434,6, and V3 + 25y = will be (= 0.504,434,6 


Further, &, or — „ will be (= 


8 


2-36 NOTES ON SOME DIFFICULT PASSAGES OF THE 


| — 0.4444444,4) = 0.0 59,990, 2. Therefore v, or 1 — 1, will be very nearly 
= 0.959,990,2 ; and conſequently 1 + v, or , will be very nearly = 1.059, 
999,2, or 1.06, or the intereſt of money allowed in the caſe ſuppoſed will be 


6 per cent, Q. E. I. 


— — — — N 1 . 
This value of v, or V- + 2by — 6, or 66 + 2by\* — 6, agrees with the 
number found for it by Dr. Halley in all but the laſt figure, Dr. Halle)“ 
number being 0.059,990,9. 


: 1 . 

Art. 18. This expreſſion 2 + 2by * — b, given by Dr. Halley for the 
value of 7 — 1, comes, in the foregoing example, very near to the true value 
of r — 1, which is 0.06; and it ſeems probable that in moſt caſes it will be 
pretty near the truth, but leſs ſo when 7, or the number of years during which 
the annuity is forborn, is a great number, (as 5o or 60 years,) than when it is 
a {mall number; becauſe, when 7 is a great number, the co-ethcients of v“, *, 

2 


. . 1 . 1 . 2 121 . . 
do, &c in the terms of the infinite ſcries which is equal to | (into which 


_ — — 1 22 
. - 7 . 3 2, 17 b . &c. enter, may, pet - 
haps, be ſo great as to counter- act the diminution of the ſaid terms ariſing from 


the ſmallneſs of v“, v5, d', &c, and make thoſe terms too conſiderable to be ne- 


co- eſficients the quantities 


glected. But in that caſe a ſecond near value of 7, derived from the former neat 


value of it, to wit, 1 + 30 + 2779 — 5, by means of one proceſs of Mr, 
Raphſon's method of approximation, in the manner deſcribed above in art. 4, 

will come much nearer to the truth than the ſaid firſt value did, and, probably, 
as near to it as need to be delired for any uſeful purpoſe, 


Art. 19. Though the expreſſion of the near value of * in the equation 
* — 7 — — 1, given us by Dr. Halley and inveſtigated in the 


foregoing articles, is a very uſeful one, on account of it's near approach to the 
truth in many caſes, yet the difficulty of inveſtigating it by the application of 
Mr. De Moivre's Multinomial Theorem, and the remoteneſs and ſubtlety of 
the principles on which that inveſtigation is grounded, have induced me to 
endeavour to find ſome other expreſſion for a firſt near value of r that ſhould 
be more eaſily attainable, and by the help of ſimpler and more natural prin- 
ciples. And the reſult of my inquiries has been the diſcovery of another ex- 
preſſion, which is much more eaſily obtained than the foregoing one of Dr. 
Halley, and is near enough to the truth to be highly uſeful in moſt caſes, and 
to be in all caſes an excellent ground-work, or baſis, for a further approach to 


the true value of 1 by a proceſs of Mr. Raphſon's method of approximation. 


The 


This expreſſion may be found in the following manner, 


| 


6. 
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The Inveſttzation of another Expreſſion fer a near Value of r in the Equation 


2 f T 
«a a 


. . * © 
Art. 20. It has been ſhewn above in art. 11, that the fraction 1 equal to 


121 f — 1 12 2 f 1 f — 2 
the- ſeries 1 + —— Xo + — X 8 * * 


3 on 121 1 2 2 _ f , 

I — v 9 4 — * : ** — 3 * 8 Xx + &c, continued to ? terms. 
2 4 

1 . — 
3 Therefore (ſubtracting 1 from both ſides) we (hall have -— — 1 == the ſeries 
Y 3 12 1 122 121 2 1 — 3 Z f—1 

E — — — ä — — — VU © m——_—_ 6 1 X 2 FREE 

| J = TO * * : wo + ==. 
43 ! — 2 { — 1 — 5 * — at 

q — * * ? x . X v* + &c, continued to f — f terms, or == 
l the ſame ferries —— x v + — + +, hs a ag MX 


„% ˙—*VV I ene —— x v* + &c, continued to 121 


4 2 3 1 

3 terms. Therefore, if we multiply both ſides of this equation into the fraction 
I 2 : 2 — 24f 3 f — 2 fa fg 
: ve ſhall have ——— = the ſeries v + - X vv + mee 


— x 0 — 5 X v* + Kc, continued to f — 1 terms; and (by 


multiplying both ſides of this laſt equation into the fraction, — -» we ſhall have 


bz — Gat 62 — Gat 
( neal ot 2 5 3 2 
at 41 2at® + 2at at! — Jat* + 2a 


-1- 


— 


= : 8 
r 


„S the ſeries — x v + vo 
t 122 


1 — — — . 
+ — x v* + — * — X v + &c, continued to f — 1 terms. 


Art, 21. Now, becauſe vis - 1, or the intereſt of i pound for a year, 


and therefore is much leſs than 17. (as, for example, 155 or _—, or g or 


ſome other ſuch ſmall part of it,) it is evident that vv will be much leſs than v, 
and that v“ will be much leſs than vv, and, a f9rtiori, than the ſum of vy and 


3 . . , fo 
775 x v. Therefore, if we omit the third term * x ©* and the fourth 


Vol. V. 1 derm 
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— „ == , ov, and all the following terms of the foregoing ſeries 


term — X 
4 5 

—— 1 22 1 — . 
— Xx» Ley K* + — x. * kr, on account of 


their ſmallneſs in compariſon of the two firſt terms, — x and vv, of the 


ſaid ſeries, the ſaid two terms — x v + vv will be nearly equal to, though , 


Ez — Gat 


* ERS. , — 1 10 
ſomewhat leſs than, the known quantity = 8 which the ail 


22 9 = = 


„ 


ſeries is equal. Let this known quantity, (or rather quantity compoſed oj 
known quantities combined together by multiplication, addition, and ſuhbtrac— 
tion,) be computed, and it's value be called g. And we ſhall then have 


vv + — x v, nearly, = g; and, putting 20 = —, or-8'= = we 


0 : 
l 1 0 
* „ R 


ſhall have vv + 2b = g. Therefore (adding &“ to both fides,) we ſhall have 
vv + 2-0 + ee = g + ee, and (extracting the ſquare-roots of both fides,) 


„o reg Va, and (ſubtracting e from both ſides) v e -e. 
Therefore 1 + v, or r, will be, nearly, = IT Vg + -e. . 1 


7 


2 


Art. 22, This value of v is always a little greater than the truth, becauſe it 


TEE 


b * e * 4 < N 
CES * 
2 2 * a * 

" OY RES * * * * ou WET FIST * * 


1 — 2 


reſults from the ſuppoſition that the two firſt terms v + vv of the ſeries 


. : - RS + % + * v + — * — * v* + &c, continued to 2 
t 1 terms, are equal to the whole of the ſaid ſeries, than which they are 
evidently leſs. But, if 7, or the number of years during which the an- 
nuity 1s forborn, is not a great number, as, for example, if it is only 10, 
or 12, years, the difference will not be conſiderable; as will appear by 
applying this expreſſion to the foregoing example given by Dr. Halley of the I 


W 
F ak * MY a 


. : 4 . 
reſolution of the equation — NK — 1 2 — — 1 by his expreſſion of the 


value of 7 above inveſtigated, to wit, 1 ＋ 7255 * — 6. This application 
of the expreſſion 1 + 7+ — e to the faid example may be made in the 
following manner, 


Art, 23 


* 
1 l * * 3 * 


* 


* 


* 2 — 
„ . 
7 ˙ Og I OY 0 RE OO 
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* . * . [ 
Art. 23. An Examfl: of the Refulution of te Equation * — H 


by means of the foregoing Expreſen of toe Vai of r that bas been juſt now 
inveſtigated, to wit, the Ex 1 + g g — e, in witch © its == 
| 6* — Ge- 

a. — 34 — 241 : 


„ and g is = the Fratiton 


*t -4 


—_S . —— yo 


—— — — — — —— — — 


A PROBLEM. 


An annuity of 34. 4l., being forborn for 124 years, amounts to 614.4327 
It is required to find the rate of intereſt allowed. | 


— — — - DEW Ra CC. — —j ᷑ ́— — — — — — id 


Here z is = 614.4327 ., and à is 34. A., and f is = 12}, or 14:6, years. 


Therefore Ez is (= 6 X 614.4327) = 


3686.5962, and at is (= 74.4 X 12.5) 
= 430, and conſequently bat is (= 6 x 430) = 2590, and 6z — bat 1s 
(= 3686.5962 — 2580) = 1106.5962 ; and “ is (= 12.51*) = 156.25, 
and /* is (= 12.5)*) = 1953.125, and @f is (= 34-4 Xx 19 5 
67,187.5000 ; and 3a is (= 3 X 34.4) = 103.2, and 33a is (= 103.2 * 


156.25) = 16,125, and 2a: is (= 2 X 430) = 860, and conlegquent! 
44 — gat* is (= 67,187.5000 — 16,125) = 51,062.50, and 4 — 3a. 


+ 2at is (= 51, 062. So + 860) 51,922. 500. Therefore the fraction 


bz — bat : 1106. 5952 : 17 
* = — — — . 22 , TW — 
. ill be poorer 0.021,3:2,4 ; that is, g will be 
0.021,312,4, And e is (= . 2 — ＋ —— 
EY 2 Xt—2 2 X 12.52 2 X 10.5 
1 . ! 
OE = 0.142,857,1, and ee is (= _ = 0.020,408,0, and conle- 


quently g + ee is (= 0.021,312,4 + 0.020,408,0) = 0.041,720,4. There- 


- — 4 3 a ' 
fore g + ec) *, or Vlg Tce, will be {= /0.041,720,4) = o. 204,2 55,7, and 


— 


* ; 
ee - —e will be (= 0.204,255,7 — 0. 142, 8 57, 1) = 0.061,798,6 ; that 


is, V, Or F — 1, will be nearly equal to, but ſomewhat leis than, 0.061, 398, 6. 
Therefore r, or 1 + v, will be nearly equal to, but ſomewhat leſs than, 
] _ o. 061,398, 6, Or 1.06 1,398, 6. 2 E. I, 


This ſum 1.061,398,6/, is leſs than 1.0614/., which exceeds 1.06/., or the true 
value of v, by only ©,0014. And therefore the intereſt upon 100 pounds for one 
Ll 2 | vear 
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year would, according to this value of r obtained by means of the expreſſion 


1 + 7+ 7) * — &, be ſomewhat leſs than (100 X 0.06140., or) 6. 14l., or 6 pounds, 
2 (hillings, and ten pence, inſtead of being exactly 6 pounds. This difference of 
25. 104. upon 6 8 ſeems to be but trifling ; and therefore this expreſſion 


TVT, or 1 TS Te e 1 0 (which was obtained ſo much more 


eaſily than the expreſſion 1 + #6 + 2by 2 — given by Dr. Halley,) ſcems 
to be a pretty good approximation to the true value of „ in this example. 


DD ——Z— _w BCC —— 
A further Approach ta the true Value of r in the foregoing Equation 17.8614 — 125 
= 16.8614 by a Proceſs of Mr, Raphſen's Method of Approximation. 


— 


—y— 


Art. 24. But, if 1.06 1,398, 6 ſhould not be thought to be near enough to 
the true value of 7 in the equation — Xr — = — — 1, or 17.8614r 


—r = 16.8614, or 17 86147 — 7 * = 16.8614, it will, at leaſt, ſerve 
for an excellent baſis, or ground-work, for a further approach towards it's true 
value by Mr, Raphſon's method of een, which may be performed 
in the following manner. 


It has been ſhewn above, | in art. 22, that this value of , to wit, 1. 061,398, 6, 
is ſomewhat greater than it's true value. And conſequently 1.0614 (which 1s a 
little greater than 1.061,398,6) will, 2 fortiori, he greater than the true value 
of r. Let their difference, or the excels of 1 .0614 above r, be denoted by 
the letter 20. 


Then we (hall have 7 = 1.0614 — w, and conſequently 17.8614 X 7 
{= 17.8614 X 1.0614 — w = 17.8614 X 1.0614 — 17.8614 X w) = 


18.958,089,96 — 17.8614 & w. And y will be = 1:0614 — w''? 
= (by the binomial theorem) to the ſeries 1.0614] 75 — 12. 5 X 1.001 3 


% + &c, in which the value of 1.0614) s may be found by means of a 
T Fable of Logarithms in the manner following, 


The logarithin of 1.0614 is = 0.025,879,r, Therefore the de of 
1.0614) will be (= 12.5 X 0.025,879,1) = 0:323,488,75, which is the 
logarithm of 2. 106, 14, 3. Therefore 1.0614] is = 2.106, 147,3 And 


1.07415 4.106, 14773 


conſequently 1.0614) vill be „ . ) 1.984, 310, 6. 


- py 12.5 X 10614) will be (= 12.5 X 1.984,310,6) == 24.803, 
2,5 


Therefore 
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Therefore r**? will be (= 1.0014] — 12.5 X 1.0614) x ww + &c) 
= 2.106, 147,3 — 24.803, 882, & w + &c, and conlequently 47.5014 7 


— rf, or 17.8614r -r , will be = the compound quantity 
13.958,0389,96 — 17.8614 X w | 
{ — 2.1056, 147, + 24.803,882,5 X w — & j 
16.351,942,66 + 6.942,432,5 & W — &c. 


222 


But 17.8614 — 1 * is = 16.8614. 

Therefore 16.85 1, 942,66 + 6.942, 482, X w — &c will alſo he = 
16.8614. And conſequently 6.942,482,5 x w — &c will be ( = 16.8614 
— 16.851,942,66) = 0.009,457,34, and w will be = 7 = 
0.001, 362, 2. 


Therefore , or 1.0614 — w, will be (= 1.0614 — o. oo, 362,2) = 1.060, 
037, 8; that is, the value of r, or the rate of intereſt fought, will be, nearly; 
— 1.060, o37,8. Q, E. 1. X 


This value of r, or the rate of intereſt ſought, is exceedingly near to it's true 
value, which is 1.06. 


8 


3 —— ous 


The Inveſtigation of a General Alebraice Expreſſion for the ſecond near Value of 
in the Equation Nr — * — — T, obtained in Art. 24 by a Proceſs of 
Mr. Raphſon's Method of Approximation, after having obtained a firſt near Value 
of it by means of the Expreſſion 1 + g + ee 3 "6 


. . . 2 by 2 
Art. 25. This ſecond near value of r in the equation ＋ r = = — 3; 


may be expreſſed by a general Algebraick expreſſion, which may be found in 
the manner following, 


Let c be put for the firſt near value of. r, which was obtained by means of 


the expreſſion 1 4 g + mr — 3, and which will always be greater than it's 
true value; and let the exceſs of: c above r be denoted by the letter co. 


Then, fince weis = c — 7, we ſhall have w +r = 7, and g © — x0; 


Therefore vr will be (= — 4122 — 9 — X uu and. 


5 : ; 7 
7 . will be f = (by the binomial theorem) to the ſeries c 7 


[ 


X 4 + &c. 
8 Therefore 
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Therefore —— X r — r will be (= — X — —X wv — the ſeries c — 7 
x'Xw+&==—Xc——=—Xw— K Xu &) 


[4 f——l 2 | 
= * ＋E I XC R f = Kc. 


4 


% F 2 4 * fd 
J i r — 1. 
a a 
Therefore 2258 xc — e + £Xc X 0 — 1 — &c will allo be 


2 


1 
— 


a 
f . 2 


lowing manner. 
Art. 26. If x be a variable quantity that increaſes from o ad 7:finitum, and 3 

- 2 . . 8 „ 3 

n, P, and Q, be certain Known quantities, the binomial quantity Px — x 3 
will at firſt inercaſc from © to a certain finite magnitude, and then decreat: | 


. * ant * 7 
from that finite magnitude and become a ſecond time equal to o, when x j; 
a MO 


x 121 ; 
become = Px, or when „ become equal to the given quan- 
. I 


+ n= _ ; | 1 
tity P, or æ is become = V/ N I berefore, if the quantity Q 3 
2 

be leſs than the greateſt magnitude of the binomial quantity Px — x", the faid 4 
binomial quantity will, at two different inſtants of time during the increate | 
1 4 

os ; . | 

of x from o to P , become equal to the given quantity Q, namely, once E 
before it attains it's ſaid greateſt magnitude, and a ſecond time after it has at- 1 
tained it's ſaid greateſt magnitude and is decreaſing from it towards o; and : 


conſequently the equation Px» — * = Q would have two roots, of which thc 
leſſer would be lefs than the value of * at the time that the binomial quantity is 
of the greateſt maguude, and the greater would be greater than the value of - 
at that time. And, while x increaſes from o to that intermediate magnitude 
which it has when the binomial quantity is of the greateſt magnitude, and which 


- b . . 71 ; . 0 
we will call M, the binomial quantity Px — x will increaſe at the ſame time 
that increaſes; but, when x is greater than that intermediate quantity called M, 


. . . * 
the binomial quantity Px — x will decreaſe while * 1ncreaſes, 


. . . 2 f 2 5 
1 Art. 27. Now in the equation —Xr — 7 1, which we are now 
conſidering, the lefler of it's two roots is 1. For, if r is = 1, we ſhall have 


. a EL 2 "BW 2 

” = 1, hich is alſo = 1; and conſequently — X 7 — 7 will be X 
( 

6 — I, 


* N 
* _ ” ö - 
. " —_ — | —— ” 
. = 4 E 1 1 * 8 od > _ 0 * ) P 
. — 4 oat — _ VETS. WV. 5 _ _— © * nn I IE” . * * ww * — — 
* 9 . IT = = YER” W - Y " M 9 1 TT” of o 
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. . 2 2 ! 
— 1, which is = = — 1, or the abſolute term of the equation — X - 


- — 1. Therefore 1 is one of the roots of this equation. But this root 


= | a 


of this equation is not the root which we are now ſeeking, or which will anfwer 
the conditions of the problem from which the equation was derived; becaule = 
being the ſum of 1 pound together with it's intereſt for a year, mult of ne- 
ceſſity be greater than 1/,, or 1. Therefore 1, in the preſent Problem, matt 
. 2 7 bo 
ſtand for the greater of the two roots of the equation — X 7 — = =. 
(a 
Therefore, ſince c is greater than v, it follows, from what has been ſhewn in 


the laſt article, that the binomial quantity — X c c mult be leſs than the 
RE Ws k t 3 
binomial quantity — Xr — 7, and conſequently than, it's equal, the abſo- 


2 a 
lute term . Q, . D. 


Art. 28. Theretore — * — may be ſubtracted from — — 1, and 


conſequently from the other, or firſt, fide of the equation —— K — f +1%* 


121 


c X w — — X — &c = — — 1. Let it be fo ſubtracted. And 


we ſhall then have f Xx SY 


a 


Now let 4 be put for the quantity — — — 2 > Tu Ps or the excels 


2 2 
ee a 


of — — 1 above — c -c. And we ſhall then have X N wv 


{ 
— * — & = 4, or X — X w — & c = d. Therefore 
4 a * 4 
vill be = -. - 40d 7, ore, vibes. 
Xe — — 0 1 
a a 
. 5. 


CE 
A Computation of the ſecond near Value of rt in the numeral Equation 17.86 14 
— #1 5 = 16.8614 by means of the ferezoing Algebriiick Expreſſion 
d | 


c —_- . 


fans” 2 
1 — — 
a 


— ___ — 
Art, 29. We will now compute the value of r, or c — , in the foregoing 


equation 17.8614r — 72.3 = 16,8614, by means of this general expreſſion - 
4 


{ — 


t—-] +” 
a. 


Now 
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— 


New in this equation 2 is = 614.4327/., and @ is = 34.4ʃ., and t is = 


12. 5 years, and = is = 17.8614, and — — 1 is = 16.8614, and c is = 


1.0614, And by means of thele values of z, a, r, and c we are now to com- 


pute the value of c — — „or of c — the quctient that ariſes by 
XC _ 1 8 
dividing the exceſs of —— — 1, or 16.8614, above — Xc — , or 17.8614 


* 1.0014 — 700140 5, by & 4 — . or 12.5 X 1.0614) 5 — 


| 17.8614. 


In the firſt place — X c, or 17.8614 x 1.0614, is = 18.958,089,96, and 


the logarithm of 1.0614 is = 0.025,879,1, Therefore the logarithm of 


1.061435 will be (= 12.5 X 0.025,879,1) = o. 323, 488, 75, which is the 


logarithm of 2. 106, 14, 3. Therefore c, or 1.0610 © de '= 1.16 
147,3-. Therefore — X — c or 17.8614 X 1.0614 — 1.0614, wil 


be ( = 18.9 58, 089,96 — 2.106, 147,3) = 16.85 1,942, 66, and — — 1 


— — „ c' will be (= 16.8614 = 16.8 51,942, 66) = 0.009,457,34 ; 
that is, 4 is = 0,009,457, 34. 


Fg 0 
1 


12.5 X 1.984, 3 10, 6 24.803, 882,5; and 7? * * 


882,5 — 17.8614) = 6.942, 482, 5. Therefore — will be = 


2 
a 


0 009,45 7234 — 
6.9.42, 482,5 


0.001,362,2 that is, w will be = c. o01, 362, 2. Therefore 7, 


8 . will be (= 1.0614 — o. oo, 362,2) = 


N — — 
a 


1.060,037,8 ; that is, the ſecond near value of r, obtained by means of the 


general Algebraick expreſſion c — — — , will be = 1.060, 037, 8, 
ic _ — 
* 


which 


* 
or 
= 
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- 
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og 
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which was the number obtained for it before 1n art, 24 by reſolving the equation 
17.861471 — 11 = 16.8614 by Mr. Raphſon's method of approximation. 
. 1. 


Another Example of the Reſolution of the Equation — Xr —r = —_ — 1 
by means of the two foregoing Expreſſions 1 + bb + 2by'* = b and 


1 + z + 7 - e, when t, or the Number of Years during which the 
Annuity is forborn, is 70 Tears. 


Art. 30. I will now try the two foregoing expreſſions of the value of rin tho 


. fe . . . . 
equation — 2 — — 1 in a caſe in which # 1s a very great 


number. 


Let us therefore ſuppoſe the annuity to be, as before, an annuity of 4 4.4/., or 
34). 85, per annum, but the number of years during which it is forborn to be 
70 inſtead of 12%, or 12.5; and let the amount z of this annuity at the end of 


the ſaid 70 years be firſt computed, upon a ſuppoſition that the intereſt of 
money is 6 per cent per annum. 


The Computation of the Amount 2 of the propoſed Annuity at the End of the 
70 Years. 


On theſe ſuppoſitions we ſhall have @ = 34.47., and f = 7o, and r = 1.06. 
Therefore (by art. 9) z, or the amount of the ſaid annuity at the end of the 


t t 13879 
. . 1 — 1 1.56] 2 
ſaid 70 years will be = or . or 34. ũ X 


fo] 


"2.0017 f 
or 34.4. X — 8 -; which expreſſion we muſt therefore now compute, 


This may be done 1n the following manner. 


The logarithm of 1.06 is = o. 025, 3039. Therefore the logarithm of 


1.06)" will be (= 70 x 0.025,3059) = 1.77, 4130, which is the logarichm of 


Vol., V. M m the 
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the number 59.076, 260, 3. Therefore 1.06) is 59.076, 260, 3. Therefore 
176607 — 1 will be (= 59.076, 260,3 — 1) = 58.056, 260, 3, and 


ö x 5 58.076, 260, 100 „ 58.06, 260, __ — 
0.06 will be (= 0.06 oy 100 Xx 0,06 E. 6 


3 
967.937, 676, 6, and 34.40. X — — will be (= 34-47. x 967.937, 


676,6) = 33,297.035,903,04/. ; that is, z, or the amount ſought, will be 
33,297-055,903,04/. ' Ep Bs , 

— —— — 
The Computation of r by means of Dr. Halley's Expreſſion, 1 + % + 2by\ == þ, 


— 


Art. 31. Having thus found that, if the intereſt of money is 6 per cent, the 
amount of the ſaid annuity of 34. 4/. per annum forborn during 70 years will be 
= 33,297.05 5, 903, o4, we will now reverſe the problem, and ſuppoſe that 2, 
or the amount, is known to be = 33,297.05 5, 903, og, and that 7, or the rate 
of intereſt, is required to be found from it. 


Now Dr. Halley's expreſſion for the value of r (which, by the computation 
of z juſt now performed, is known to be equal to 1.06) is 1 + bb+ 26) \+ — b, 


2 
_ . Tas RY: 3 
in which y is = —| — 1, and à is = 2 1 


Now 2 is = 33,297.06 6, 903, 040., and @ is = 34-4/., and 7 is = 70. 
Therefore at will be (= 34.4 Xx 70) = 2408, and conſequently 2 will be 


— — — ) = 13.827,68 f, oz., the logarithm of which is = 
| 2 


1—1 


1. 140, 750, 1. Therefore the logarithm of =] will be = —_ X 1.140, 


2 ot ; 2.281,500,2 
250,1 (= 75 * 1.140,50, = = X 1.140,750,1 = : — 


o. 033, 065, 2, which is the logarithm of the number 1.079, 108,7. Therefore 


2 2 
* X or 2 1 will be = 1.079, 108,7; and conſequently 5, or 
: ; 


2 — 1, vill be = o. 079, 108,7. 
And 
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A 6 6 f 
And 3 will be = _ $S— — — 7 = o. 084, 50%, o, and 25 will be 


(= 2 X 0.084,507,0) = o. 169,014, o, and 2by will be (= 0.169,014,0 * 


0.079,108,7) = 0.013,370,477,321,80, and 4% will be (= 0.084,507,0)") 
0.007, 141,433,049, oo. Therefore 4% + 26y will be (= 0.007,141,433,049,00 
+ 0.013,370,477,821,90) =  0.020,511,910, 870, 80, and conlequeatly 
Vi will be (= Ho. ozo, 511, 910, 870, 80) S 0. 143, 219, 7, and 


VF will be (= 0.143, 219,7 — o. 084, 50%, 0) = o. 058,712, . 


Therefore 1 + yF + 2by — 3, or 1 + 66 + 25 2 — 3, will be = 1.0538, 
712,7; that is, 7 will be = 1,058,712,7, . 


Art. 32. This number 1.058, 712, 7, obtained by Dr. Halley's expreſſion 


1 + bb + 2000 — 5, is tolerably near the true value of * even in this caſe, in 
which the number of years during which the annuity is forborn is ſo great a num- 
ber as 750. For the true value of 7 is 1.06; fo that, upon the ſum of 100 pounds, 
the intereſt for one year, as given by this expreſſion, would be (= 100 x 0.0587) 
= 5.87/,, or 51. 175. 5d., inſtead of 6/., of which it falls ſhort only by the ſmall 


ſum of 25. 7d. We may conclude therefore that this expreſſion 1 + bz =, 
given us by Dr. Halley for the value of 7 in the equation — Xr — 2 = 
—=— 1 will, in all magnitudes of 7 that are not greater than 50, be a very 


uſeful approximation to the true value of , though more ſo when 4 (or the 
number of years during which the annuity is forborn,) is ſmall, than when it 
is great, 


— — p — — — — — 


A further Approximation to the true Value of r by means of the Correction of the 


former Expreſſion 1 + bb+2by\* — b, which is given by Dr. Holley, and is ſet 
forth above in Art. 2 and 3. 


Art. 33. But, if to this firſt near value of r, to wit, 1.058,712,7, (obtained 


by means of the expreſſion 1 + b5 20 — 3, we add the correction given 
above by Dr. Halley in art. 2 and more clearly expreſſed in art, 3, to 


- — » (in which c ſtands for the firſt expreſſion 


a 


1 + 3b + 2by\ — þ, and 4 for the exceſs of — Xc — above — — 1) the 


M m 2 ſecond 


wit, the fraction 
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ſecond near value of r that will be thereby obtained, to wit, 1 + bb + 2by\* = 4 


4 4 d 
＋ — , or c + , or 1,058,712,7 + 
1—1 2 1—1 I ; : : 
XC — — f XC — — Kc — — 
2 a a 


will, even in this laſt caſe, (in which 7 is = 70,) be as near to the true value 
of 7, or to 1.06, as need to be defired ; as will appear by computing the {ai 
correction in the following manner. 


Since e is = 1.058, 7 12,7, and t is = 70, > will be =1.058,712,7)'?, 


Now the logarithm of 1.058,712,7 is = 0.024,778,1; and conſequently the 


logarithm of 1.058,712,7\'* is (= 70 X 0.024,778,1) 1.734, 467, o, which 
is the logarithm of the number 54.258, 400, o. Therefore 1.058,712,7\7? will 


be = 54.258, 400, o; that is, & will be = 54.2 000. 


t 
And, ſince c is = 54.2 58, 400, o, we ſhall have 2 (== — = £22000 
„ee 8 8 

ZH — 51.249, 403, 8, and I X c (= 70 Xc — 70 X 


51.249, 408,8) = 3587.45 8,616, o. 

And, fince z is = 33, 297.083, 903, ogl., and à is = 34-4/., we ſhall have 
— ( = — I—— ) = 967.937,671,6, and conſequently — as 1 (= 
967.937,671,6 — 1) = 966.937, 671,6. 

Therefore „ = — will be (= 3587.458,616,0 — 967.937,071,6) 


= 2619.520,9444,4 ; and — X c will be (= 967.937, 671,6 X 1.058, 712,7) 


= 1024.767,905,731,349,32, and — * c — will be (= 1024.767,905, 
731,349,32 — 54+258,400,0) = 970.509, 505,731,349,32. Therefore 


- _ 


* = ill be (= 970.509,505,731,349,32 — 966.937 
67 1,6) = 3-571,834,131,349,32 ; that is, d will be = 3.371, 834, 13 1, 349,32. 


Therefore £ will be = 9725341313492 = 0. 001, 363,5; 
5 * 2619.520, 944,4 
a ; | 
and conſequently c + — will be (= 1.058,12, + o. o01, 363,5 
t Xc — — 


a 


= 1.060,076,2 ; that is, the ſecond near value of , which is obtained by 
| means 
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means of Dr. Halley's former expreſſion 1 + bb + 2by\* — 5 together with 


this correction of it, to wit, — — will be = 1.060, , 2, which. 


XC > — 
4 


exceeds the true value of it, to wit, 1.06, by only the ſmall difference 0.000,076,2, 
which, upon the intereſt of 100 pounds for one year, or 6 pounds, would amount 
to only (100 X 0.000,076,2, or) 0.007,62 of a pound, or ſomething lels than 
two pence. This ſeems to be ſufficiently near the truth for all uſeful purpoſes ; 
and therefore I conclude that this expreſſion of Dr. Halley, together with it's 


. . . . . F4 
correction, will always give us the value of 7 in the equation — * _ = 
—— — 1 to a ſufficient degree of exactneſs when 7, (or the number of years 


during which the annutty is forborn,) is a great number (ſuch as 70, or 72, 
or 75, or, perhaps, any number not greater than 80,) as well as when it is a 
ſmall! number. And, if f is a ſmall number, not exceeding 20, the ſaid ex- 


preſſion alone, without the correction, will be ſufficiently exact. 


The Computation of r by means of the Expreſſion 1 + g Techn — e. 


Art. 34. I will now inveſtigate the value of 7 in this laſt example (in which 2 is 
70 years,) by means of the other expreſſion given above in art, 20 and 21, to wit, 


— 1. . 0 
the expreſſion 1 + Vr e, or 1 + g+eel* — e, in which g ſtands for 
G — Gat : 
. and e ſtands for — 7 la order to diſcover how 
near the value of 1, obtained by means of that expreſſion, will, in this difficult 
cale, approach to it's true value, which we know to be 1.06. 


Now, ſince à is = 34.4/., and 7 is = 70, and 2 is = 33,297.05 5,903,04, 
we (hall have at (= 34.4 X 70) = 2408, and 6at (= 6 x 2408) = 14,448, 
and 6z (= 6 X 33,297.055,903,04) = 199,782.335,418,24, and 62 — bat 
( = 199,782.335,418,24 — 14,448) = 185,334-335,418,24 ; that is, the 

G62 — bat E Ng Y | 
== ill be = 185,334-335619088 

And ai? will be (= at X *. = 2408 x S 2408 X Jo = 2408 X 4900) 
= 11,799,200, and att will be (= at Xx t = 2408 X 70) = 168,560, and 
at will be (= 3 X 168,560) = 505,680, and 2at will be (= 2 x 2408) = 
4816; and conſequently at, 3a + 2at will be (= 11,799,200 — $05,680 + 
4816 = 11,293,520 + 4816) = 11,298,336 ; that is, the denominator of the 

62 — bat 
at3 = 3at* + 2 at 


the fraction 


numerator of the fraction 


traction is = 11,298,336. 


Therefore 
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| . 1 8 F „334.335, 
Therefore the ſaid fraction m0 — will be = — 32433184 
| at” — 3at® + 2at 11,298,336 OY 

0.016,403,68; that is, g will be = o. 16, 403, 68. 
Pur [* 
Further, e is = —= - (= RNS Is peo End ) = 0.022,058,8, 


Therefore ce will be (= 0.022,058,8)* = o. ooo, 486,590, 657, 44. 


Therefore g + ee will be (= o. o 16, 403, 68 + o. oo, 486, 590, 657, 44) = 
o. 016, 890, 270, 657, 44, and Vg will be (= „o. o 16, 890, 270, 7, 44) = 
0. 129, 962,5, and /g + — eis 0. 129,962,5 — o. O22, og8, 8 = 0.107, 
903,7. Therefore 1 + 7 + -e, or the value of 7, as obtained by this 
expreſſion, will be 1 + o. 107, 903, 7, or 1.107,903,7- a. Ee. 1. 


Art. 3 5. This value of 7 is ſo much greater than it's true value, 1.06, that 
we may juſtly conclude from it that the expreſſion 1 + VgÞ+ ee - e, will be 


, . . . Z t 2 
of little, or no, uſe in reſolving the equation - X 7 — = —1, when 


t, or the number of years during which the annuity is forborn, is ſo great a 
number as 70. But, when 7 is nearly equal to 12, we have ſeen above in 
art, 23 that this expreſſion gives the value of r ſufficiently exact for moſt pur- 
poſes : and I therefore conjecture that it may ſafely be employed when 7 is not 
greater than 20. And, if we correct it in the manner deſcribed in art. 24, 
25, &c = - 29, by putting c = 1 + V3zF# — e, and ſubtracting 


f . . n 
—— X c c from — — 1, and putting 4 for the remainder thence ariſing, 


and, laſtly, by ſubtracting from c, or 1 + e — e, (which is always 


greater than the true value of 7,) the fraction — 1 will, probably, 


X Cc — 9 

give us the value of 7, or the rate of intereſt ſought, with ſufficient exactneſs, 
even when t is greater than 20, and of any magnitude not greater than 3o. 
But this can only be aſcertained by trying it in other examples, in which 7 is 
taken of different magnitudes, ſuch as 20, 30, 40, 50, &c between 124 and 70, 
in which two magnitudes of 7 it has been tried in the foregoing articles. But 


the trials of Dr. Halley's expreſſion 1 + bb + 20y)* — 5, that have been made 
above, prove that that expreſſion is in all caſes more exact than. the expreſſion 


1 ＋ Vg — e, or 1+ g+ 6e e, and likewiſe that it is ſafficiently exact 
for molt purpoſes even when ; is ſo large a number as 50, and that, with the 
correction of it given by Dr. Halley in art. 2, it becomes much more exact than 
before, and as exact, even in thoſe difficult caſes, as any calculator need deſire. 


Art. 36. 


FOREGOING DISCOURSE OF DR, HALLEY ON COMPOUND INTEREST. 271 


Art, 36. Before I quit the conſideration of the equation = Xx r — rf = 
X a 


2 2 — . 
——1, I will give one more example of the reſolution of it by the two 


foregoing expreſſions, 1 + % + 2by * —b and 1 + g + ee\ 2e, when the 


intereſt of money is much lower than 6 per cent, and z, or the number of years. 
during which the annuity is forborn, is but a ſmall number. 


Another Example of the Reſolution of the Equation — X7 — - — SM 1, by 
a 


the two foregoing Expreſſions 1 + bb + 2by 7 = b and 1 + 2 + 79> e. 
when the Intereſt of Money is only 3l. 6s. 8d., or 3.333, 333, Sc, per Cent, 


—  — 


Let the intereſt of money be 3/. + ., or 3. 6s. 84. per cent per annum, 
and let an annuity of 10 pounds a year be forborn for 10 years. And let it, 
firſt, be required to find the amount of the ſaid annuity at the end of the faid 


10 years, 


Here 1907. increaſes in the courſe of one year to 100. + 37. + ., or to 
103/. 4. Therefore 1/. will increaſe in the ſame time to 22:1, + x or 
to 1.03 + 0.003,3331333z &c, or to 1.033, 333,323, &c; that is, will be 
= 1.033, 333.333, &c. And à is 1o/.; and t is = 10 years. Therefore 2, or 
the amount of the ſaid annuity at the end of the ſaid 10 years, (which is uni- 


1 — 10 
r —1 1.033, 333,1 Kc) —1 


will be (= 104. te 
721 9 ( X 1.0% % he — 6 100. 


verſally equal to a X 


10 


— 10 
3e . — op „ e 
0.033,333,3 KC I 


= 101. IC 


30 


mew 10 . n 
1.033, 333,3 Kc — 1 — =. geo * 1.33,333,3 & c!“ — 1. 


Now the logarithm of 1.033, 333,3 is = o. 014, 240, 4. Therefore the loga- 
rithm of 1.033, 333,3) will be ( 10 x 0.014, 240, 4) o. 142, 404, o, Which 
is the logarithm of the number 1.388, 046, 3. Therefore 1.033, 333,37 is = 


1,388,048,3, and conſequently 1.033, 333,3“ — 1 is (= 1.388,046,3 — 1) 


= 0.388,046,3. Therefore 3o0o/. X 1.033, 333, — 1 will be = 3ool. x 
0.358, 


ba, 
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| 0.388,046,3 = 116.413,890,0l. ; that is, the amount, 2, of the annuity of 
10 pounds per annum at the end of the 10 years during which it will have been 
forborn, will be 116.413, 890, ol., or 1164. 85. 3d. . 


Art. 37. Having thus found that, if the intereſt of money is 3. per cent 
per annum, the amount of the ſaid annuity of 10/7. per annum, forborn during 
10 years, will be 116.413, 890, ol., or 116/. 8s. 34., we will now reverſe the 
problem, and ſuppoſe that z, or the amount of the ſaid annuity, is known to 
be = 116.413,890,0/., and that r, or the rate of intereſt, is required to be 
found from it. 


Now Dr. Halley's expreſſion for the value of 1 is 1 + 66 F 251 = b, in 


2 
. , 2 |t—1 . 3 
which y is = | — 1, — 


Now z is, in this caſe, = 116.413,890,0/., and @ is = 10l., and 7 is = 


10 years. Therefore at will be (= 10 x 10) = 100, and — will be (= 


116.413, 890, o 


— = 1.164, 138, 900; the logarithm of which 1s = 0.066,004,8, 


2 


Therefore the logarithm of 2 will be — 7 X 0.066,004,8 (= —— X 


IQ-T 


0.066,004,8 = _ x 0.066,004,8 = — ) = 0.014,667,7 ; which is 
2 


the logarithm of the number 1.034,349. Therefore . + 1.034, 349, 


2 
and conſequent]y Db — 1 will be (= 1.034,349 — 1) = 0.034349; 
that is, y will be = 0.034,349. 


6 SEE | 
Further, þ is = —7 (= = Sir) = 9545-4545 &c, and 0 is 


(= .= 0.297,520,6, and 2by is (= 2 x — X . 034,349 = 


121 11 


nee = 219%) = 0039,91,6. There + 2) wil (= 


0.297,520,6 + 0.037,471,6) = 0.334,992,2, and bb + 2by\* „ or V;, 
will be (= Vo. 334, 992,2) = 0. 578,785, 1, and 20 + 20 — 3 will be (= 
0.578,78 5,1 — 0.543, 454, 5) = o. 033, 330, 6, and 1 + 20 —b will 
be (= 1 + . 033, 330, 6) = 1.033, 330, ; that is, 7 will be = 1.033, 330, 6. 


Q. E. I. 
This 
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678,2 ; that is, g will be = 0.013,678,2. 


4 
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This value of r, obtained by the expreſſion 1 + „ + 25y) 3 b, given us 
by Dr. Halley, is wonderfully near the true value of r, which is 1,033,333,3 &c. 
For, according to this value of r, the interelt of 100 pounds for one year would 
be (= 100 X 0.033,330,6/.) = 3.333,06/., or 3/. 6s. 74. and e of a penny, 
or more than 3/. 6s. 7:d,, which falls ſhort of the true value of that intereſt 
(which is 30. 6s. 8d.) by leſs than one farthing. This expreſſion therefore in 
this caſe may be conſidered as perfectly exact for every uſeful purpole, 


Art. 38. I will now find the value of 7 in this example by means of the other 
expreſſion 1 + Wg + - e, invelligated above in art. 20; in which expreſſion 
62 — Gat 3 


cm, HS 2. b 
at3 = zat* ＋ 2at x 2} - 4 


g is = the fraction 


Now, ſince à 1s == 10l., and / is = 10 years, and 2 is 116.413, 890, ol., 
we ſhall have 4 (= 10 X 10) = 100, and 6at = 600, and 62 — 6 {= 
X 116.41 3,890,0 — 600 = 698.483,340,0 — 600) = 98.483, 340, o; that 

62 — Gat 
at! — 3at* + 2at 
be = 98.483,340,0. And “ will be (= 10!) = 1co, and i? will be (S 101) 
= 1000, and at will be (= 10 X 1000) = 10,000, and 3at* will be (= 3 x 4 
X 100 & IOX IOO 3 X 1000) = Zooo, and 24/7 will be (= 2X 1co) = 200; 
and conſequently at? — 3at* + 2at will be (= 10,0:0 — 3000 + 200 = 7000 


2 | ; | : G62 — bat 
＋ 200) == 7200 ; that is, the denominator of the fraction . 5 Fn 


. . . 8.483, 340, 
be = 7, 200. Therefore the ſaid fraction will be = I =] 


is, the numerator of the fraction 


„(which is equal to g,) will 


will 


0.013, 


And e is — {( = 3 


— „ . 


=! =.) = 0.1875, and conſe- 
2t — 4 2 X 10 - 4 20—4 16 

quently ee is 6 0.1875 *) _ 0.035,150,2 5. Therefore 2 + ee will be (= 
0.013,678,2 + 0.035,156,25) = 0.048,834,45, and Vg+# will be (= 
Vo. o48, 834, 45) = 0.220,985,1, and Vg — e will be (= 0.220,985,1 
— 0.1875) = o. ogg, 48 5, 1. Therefore 1 + Nfg e, or 1 + g + &|* 
— e, will be (= 1 + 0.033,485,1) = 1.033,48, 1; that is, the value of x, 
obtained by means of the expreſſion 1 + g mr — e, will be = 1,033,485,1. 


Q. E. I, 


This value of r is a little greater than it's true value, which is 1.033, 333,3 
& e. But the difference is ſo imall as not to be worth attending to, For the 
intereſt of an hundred pounds for one year would, according to this expreſſion, 
be = (100 x 0.033,485,17., or) 3-348,51/., or 37. 6s. 114d., which is only 
three pence, half. penny, more than 3. 6s. 8d., or the intereſt that would have 
been due upon it if the value of » had been obtained with perſect exactneſs. 


Vol. V. Nn Therefore 
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Therefore 1n this caſe this expreſſion ſeems to be almoſt as exact as Dr, Halley's 
expreſſion. And it certainly has the advantage of having been inveſtigated with 
much greater caſe and perſpicuity. 


Remarks ou the Reſolution of the Equation — Xr —r = — _ 1 by means of 


the Expreſſion 1 + g + ee) e, together with ſome Proceſſes of Mr. Raphſon'; 
Method of Approximation, when t, or the Number of Tears during which the 
Annuity is ferborn, is ſome great Number, ſuch as 70. 


Art. 39. Further, if we make uſe of the expreſſion 1 + V -e, 


or 1 + g + Pry e, as a firſt near value of r, that is greater than it's true 
value, and derive from it one or more nearer values of r by means of one or 
more proceſſes of Mr. Raphſon's method of approximation, we may always 
obtain at laſt as near a value of r as we ſhall defire. But the misfortune of this 
way of proceeding is, that it is in ſome caſes, when 7, (or the number of years 
during which the annuity is forborn,) is very great, as, for example, 70 or 
80 years, exceedingly tedious and laborious, from the number of proceſſes 
which will be neceſſary to be performed in order to arrive at the wiſhed. for 
degree of exactneſs. Thus, for example, if, after having found by the com- 


putation in art. 34, that 1 + g + 7e, or the firſt near value of r in the 
equation — Nerf 2 — — 1, or 967.937, 671,6 Xr — 7 = 966.937, 


671,6, is = 1.107,903,7, (which 1s much greater than it's true value, 1.06,) 
we were to endeavour to find a nearer value of r by means of Mr. Raphſon's 
method of approximation, by putting w for the exceſs of 1.107,903,7, or 
1.108, above r, and ſubſtituting 1.108 — w inſtead, of * in the equation 
967.937,671,6 Kr — r** = 966.937,671,6, and reſolving the transformed 
equation thereby obtained, as if it were a mere ſimple equation, we ſhould find 
10 to be = 0.0147, and conſequently 1.108 — , or the ſecond near value 
of r, to be = (1.108 — o. 0147, or) 1.0933, Which is ſtill much greater than 
1. 06, or the true value of r; and a ſecond proceſs of Mr. Raphſon's method 
of approximation would give us (1.0933 — 0.0132, or) 1.0801 for a third 
near value of r; and a third procels of the ſame method would give us (1.0801 
— o. o 106, or) 1.0695 for a fourth near value of ; and a fourth proceſs of the 
lame method would give us (1.0695 — 0.0067, or) 1.0628 for a fifth near 
value of 7; and a fifth proceſs of the ſame method would give us (1.0628 
— 0.0024, or) 1.0604. for a ſixth near value of 7; and a fixth proceſs of the 
ſame method would give us (1.06040 — 0.00039, or) 1,06001 for a ſeventh 
near value of 7, which is ſo very little greater than it's true value 1.06, that it 
may be conſidered as quite exact. So that fix procefles of Mr, Raphſon's 

= method 
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method of approximation would be neceſſary to be gone through, beſides the 


computation of the original expreſſion 1 + g + elt — e, to obtain the value 
of r, or the root of the propoled equation 967.937,071,0 K = 7 = 


966.937,071,6 to the wiſhed. for degree of exactneſs. Theſe ſeveral proceſtes 
will be as follows. a | 


2 
— — 
14 


The Firſt Proceſs of Mr. Raphſon's Method of Approximation for finding the Value 
f of r in the Equation 967.937, 671, Xr -r 966.937, 671,6, after il 

| bas been found that 1,107,993,7, or 1.108, is a firſt near Value of it greater 
than the truth, 


Art. 40. Let w be put for the excels of 1.108 above r. 


And we (hall then have r = 1.108 — w, and conſequently 967.937, 671, 6 K 
( 967.937,671,6 Xx 1.108 — w = 967.937,671,6 X 1.108 — 967.937, 


b 671,6 * w) = 1072.474,9409,132,8 — 967.937,071,6 X w. 


And re will be (= 1.108 — f =, by the binomial theorem, 1.108) ** 


5 1. 108ʃ 75 
I — 70 X 110819 „ w + & = 1.100% — % x —— x w + & = 


1.108 2 
4 1311.553 - 70 * — * 0 + &c = 1311.553 — 70 X 1183.12 & 
b + &c) = 1311.553 — 82, 859.840 K w + Ke. 


Therefore the binomial quantity 967.937,67 1, X - will be = the 
compound quantity 


{ 1072. 474, 940, 132,8 — 967,937,671,6 X w } 
— 1311.55 3 + 82,859,840 & — &c 

4 { 1072. 474, 940, 132,8 
— 1311.5 53 + 81,89 1.902, 328,4 X — &c. 


But the binomial quantity 967.937,67 1,6 Xr i is = 966.937,67 1,6. 


Therefore the compound quantity 1072. 474, 940, 132,8 — 131.853 + 
81,89 1.902, 328,4 X w — &c will alſo be = 966.937, 671, 6. 


| Therefore (adding 13 11.553 to both ſides) we ſhall have 1072. 474,940, 132, 8 
+ 81,89 1.902, 328,4 X w — & = 2278. 490, 671, 6, and (ſubtracting 
5 Nn 2 1072. 
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1072.474,940,132,8 from both ſides) 81,89 1.902, 328,4 X w — & Cc 
6.016,73 1,46), 

1206. 01 5, 731, 467, 2. Therefore - w — &c will be = ring _ 


0.0147, and w will be = 0.0147 + &c. Therefore v, or 1.108 — w will be 
= 1.1080 — 0.0147 — &c) = 1.0933 — &c, or will be leſs than 1.0933; 
that is, the ſecond near value of r, or of the root of the equation 967.937, 
671, N — % = 966.937,671,6, will be = 1.0933 — &c, or will be 


lels than 1.0933. Q. E. I. 


ll 


The Second Proceſs of Mr. Raphſon's Mzthod of Approximation, 


— — —  —  — — 


Art. 41. Let w be put for the excels of 1.0933 above r. 


Then will + be = 1.0933 — ; and conſequently 967.937, 671, 6 X r 


will be ( = 967.937,671,6 x 1.0933 —w = 967.937,671,6 X 1.0933 
— 957.937,071,0 X w) = 1058.246,250,300,28 — 967.937,671,6 Xx w, 


And e will be (= 1.0933 — e =, by the binomial theorem, 1.0933)” 


1.0933 70 


— 70 X 1.09330“ „ w + &c = 1.09330 ˙⁰ — 70 x XS + ke 


= 314.9333 = 70 X 4 X wo + &c = 514.9333 — 70 X 470.9899 x 


+ &c) = 514-9333 — 32,909.2930 & W + &c. 
Therefore the binomial quantity 967.937,671,6 X 7 — “ will be = the 
compound quantity | 
1053.246,2 56,360,28, — 967.937,671,6 x w 
my 444-9333 + 32,969.2930 X w — & } 
= 543-312,956,360,28 + 32,00 1.355, 328,4 X W — &C. 
But the binomial quantity 967.937,671,6 X 7 —— 7? is = 966.937,671,8, 


Therefore the compound quantity 543.312,956,360,28 + 32,001. 355, 
328, X to — && will alſo be = 966.937,671,6, 


Therefore (ſubtracting 543.312,956,360,28 from both ſides) we ſhall have 

32,001-355,323,4 X w — & = 423.624,715,239,72, and conſequently 
6 230, 

0 — &c (= 2286.4 . = 0.0132, and w = 0.0132 + &c. There- 


fore r, or 1.0933 — wv, will be (= 1.0933 — 0.0132 — &c) = 1,0801 — &c, 
ol 
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or will be leſs than 1.0801 ; that is, the third near value of r, or the root of the 
equation 967.937,671,0X7 — 17? = 966.937,071,6, will be = 1.0801 — &c, 
or will be leſs than 1.0801, Qs 1. 1. 


— — .... —— ͤ— — 


The Third Proceſs of Mr, Raphſon's Method of Approximation. 


Art. 42. Let w be put for the excels of 1.0801 above x. 


Then will-7 be = 1.0801 — ; and conſequently 967.937,671,6 * r will 


be ( = 967.937,071,6 x 1.0801 — w = 9g67.937,671,6 X 1.0801 — 
967.937,671,6 & w) = 1045-469,479,095,16 — 967.937,971,5 X w. 


And e will be (= 1.0801 — % =, by the binomial theorem, 1.9801 |? 


qo . 0801 Ee 
— 70 X 1.0801)? X w + & c = 1.08017 = 70 * _ * Ww + & = 


220.0290 
1.0801 


+ & c) = 220.0290 — 14, 259.8 120 X W + &c. 


220.0290 — 70 X 


X t &C = 220.0290 — 70 X 203.7116 X w 


Therefore the binomial quantity 967.937,671,6 X 7 — 77? will be = the 
compound quantity 


1045. 469,479,095, 16 — 
— 220.029, o 


967.93 7,671, X w } 
+ 14,259.8120 Xx w — &c 


= 825.440, 479,095, 16 T 13,291.874,328,4 X ] — &c. 


But the binomial quantity 967.937, 671,6 X r s is = 966.937, 671, 6. 


Therefore the compound quantity 825. 440, 479,095, 16 + 13, 291. 874, 
328,4 X w — &c will allo be = 966.937, 671,6. 


Therefore (ſubtracting 82 5. 440, 479, 095, 16 from both ſides) we ſhall have 
13, 291.874, 328, X w — & = 141.497, 192, 504, 84, and conſequently 
1 — & (= ee ) = 0.0106, and S 0.0106 + &c. There- 
fore r, or 1.0801 — , will be (= 1.0801 = 0.0106 — &c) = 1.0695 — &c, 
or will be lets than 1.0695 ; that is, the fourth ncar value of r, or the root of 
the equation 967.937,671,6Xr — #'* = 966.937,671,6, will be = 1.0695 = &c, 
or will be leſs than 1,069 5, O k. 1. 5 

e 


278 NOTES ON 8OME DIFFICULT PASSAGES OF THE 


The Fourth Proceſs of Mr, Raphſon's Method of Approximation, 


Art, 43. Let w be put for the exceſs of 1.0695 above 7. 


Then will + be = 1.0695 —w; and conſequently 967.937,671,6 X 7 


will be (= 967.937,67 1,6 „ 1.0695 — w = 967.937,671,6 * 1.069; 
— 967.937,671,6 & w) = 1035.209,339,776,20 — 967-937,071,0 x w. 


And rie will be (= 1.0695 — #\'* =, by the binomial theorem, 1.069 


| — 1.0604) 0 1.069570 1 
1 * 1.69 6 X w + &c _ 1.069 5\' — 70 * I” + &c 


110. 3204 
1.5695 


+ &c) = 110.3204 — 7220.59 10 X w + &c. 


= 110.3204 — 70 X X w + &c = 110.3204 — 70 & 103.1513XVW 


Therefore the binomial quantity 967.937,671,6 X r — vill be = the 
compound quantity | 


{ 1035. 209, 339,776, 20 — 967.937,671,6 & w } 
— 110.3204 + 7220.39 10 K — & 


= 924.888, 939, 776,20 + 625.653, 328,4 * — &c. 


But the binomial quantity 967.937,671,6 X is = 966.937,67 1,6. 


Therefore the compound quantity 924.888, 939,776, 20 + 6252. 653, 
328,4 X w — &c will allo be = 966.937,67 1, 6. 


Therefore 62 52.653, 328,4 K w — &c will be ( = 966. 937,671, — 
924.888, 939, 776, 200 42.048, 731, 823, 80, and conſequently w — &c will 


048, 731, 823, i 
be (= EEE ) = 0.0067, and w will be = 0,0067 + &c. 


Therefore r, or 1.0695 — , will be (= 1.0695 = 0.0067 — &c) = 1.0628 


— &c, or will be leſs than 1.0628 ; that is, the fifth near value of r, or the root 
of the equation 967.937,671,6 Kr — 7 = 966.937,671,6, will be = 
1.0628 — &c, or will be lefs than 1.0628. Q. E. I. | 
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— &c, or will be leſs than 1.0604. E. I. 
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The Fifth Proceſs of Mr. Raphſon's Method of Approximation. 


— —— 


Art. 44. Let w be put for the excels of 1.0628 above x. 


Then will 7 be = 1.0628 — ; and conſequently 967.937,67, 6 Nr will 


be ( = 967-937,671,6 „ 1.0028 — w = 967.937,671,6 x 1.0628 — 
957.937,67 1, X w) = 1028.724,157,376,48 — 967.937,671,6 X wv. 


And re will be (= 1.0628 — ce =, by the binomial theorem, 1.0928)" 


70 


Xx w + &c 
= 71.056,69 — 70 * 88585 X w + &c = 71.056,69 = 70 x 66.88, 


007 X w + &c) = 71.056,69 — 4680. 060, 490 Xx ] J. &c. 


Therefore the binomial quantity 967.937, 671,6 x r — r** will be = the 
compound quantity 


1028.724,157,376,48 — 967.937,671,6 x w } 
— 71.056, 69 + 4680. 060, 490 Xx 0 — &c 


= 957.667, 467, 376,48 T 3712.122,8 18,4 x 0 — &c. 
But the binomial quantity 967.937, 671,6 Kr — is 966.937,67 1,6. 


Therefore the compound quantity 957.067, 467, 376,48 + 3712. 122, 
818,4 x w — &c will allo be = 966.937, 671,6. 


Therefore 3712.122,818,4 Xx w — &c will be ( = 966.937,671,6 — 
957-007,467,376,48) = 9g.270,204,223,52, and conſequently w — &c will 
(= 9.270,204,223,52 
— 3712.122,818,4 
Therefore r, or 1.0628 — w, will be (= 1.0628 — 0.0024 — &c) = 1.0604 
— &c, or will be leſs than 1.0604; that is, the fixth near value of r, or the root 
of the equation 967.937, 671,6 *r — #2? = 966.937,671,6, will be = 1. 0604 


) = 0.0024, and w ä will be = 0.0024 + &c. 
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The Sixth Proceſs of Mr. Raphſon's Method of Approximation. 


Art. 45. Let w be put for the exceſs of 1.0604 above r. 


Then will r be = 1.0604 — w; and conſequently 967.937,071,6 x y will 


be (= 967.937,671,6 Xx 1.0604 — w = 967.937,071,6 X 1.0604 — 
__ 967.937,071,6 x w) = 1026.401,106,964,04 — 957.937,071,6 Xx wv. 


And r' will be (= 1.0604 — w|? =, by the binomial theorem, 1.0504)" 


70 
1.0604] x ww + & = 


— "oY — 16602 1? aw — IV 
70 * 1.0604, X ＋ &c = 1.0604 70 X hs 


60.656,73 TH 
1.0604. 


74 Xx w + &c) = 60.656,73 — 4004.121,60 & w + &c. 


X + &c = 60.656,73 — 70 X 57.201, 


60.6 56,73 — 70 * 


Therefore the binomial quantity 967.937, 67 1, „r — 7”? will be = the 
compound quantity 


{ 1026.401,106,964,64 — 967.937,671,6 XK w } 
— 60.656,73 + 4004. 121,80 & — & c 


= 965.7443 76, 964,64 + 3036. 184, 128,4 K W — &c. 
But the binomial quantity 967.937, 671,6 x r — is 966.937, 671, 6. 


Therefore the compound quantity 965. 744, 376, 964, 64 + 3036. 184, 
128,4 x w — &c will allo be = 966.937,67 1, 6. 


Therefore 3036. 184, 128,4 Xx w — &c will be (= 966.937,67 1,6 — 
965.744, 3 76, 964, 64) = 1.193, 294, 635,36, and conſequently w — &c will 
be (= a = O. ooo, 39, and w will be = o. ooo, 39 + &c. 
Therefore 7, or 1.0604 — , will be (= 1.06040 — 0.000, 30 — &c) = 
1.06001 — &c, or will be leſs than 1.060, 1; that is, the ſeventh near value 
of 7, or of the root of the equation 967.937,071,6 X 7 — 7”? = 966.937, 
671,6, will be = 1.060,01 — &c, or will be leſs than 1.060,01. Qs E. I. 


This number, 1.060,01, exceeds the true value of 1 (which is 1.06, ) by 
only o. oo, oi; which is too ſmall a quantity to be worth attending to. For, 
according to this value of 7, the intereſt of an hundred pounds for one year 
would be (= 100 x 0.060,01/. 6. oO 10.) = 61, os. od. and leſs than one 


farthing, inſtead of being exactly equal to 6/, 
| Art, 46. 
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Art. 46. The foregoing number of proceſſes of Mr. Raphſon's method of 
approximation which are neceffary to be performed in order to derive fron 
1.10), 903, 7, Or 1.108, or the firlt near value of v in the equation 967.937, 
671,6 *r — 77? = 966.937,671,6 (which had been obtained by computing the 


4. . . 
expreſſion 1 + g + ec — e, ) it's almoſt exact value 1.060,01, is fo great, 
and is attended with ſo much labour, as to make it by no means expedient to 


make uſe of the expreſſion 1 + + 2) — e for obtaining a firſt near value 
of r in an equation of that kind, when 7, or the number of years during wen 
the annuity is forborn, is ſo great a number as 70. But yet, when we have 
computed that expreſſion in one of theſe equations, and have likewiſe dit- 
covered in what proportion the value of r, obtained by means of ſuch compu- 
tation of it, is greater than the true value of r, (as we have done in the 
foregoing equation, in which r is = 70 years,) the ſaid expreſſion may, by 
being multiplied by the fraction which will reduce it to an equality with the 
true value of 1, be made the means of obtaining with eaſe a very convenient 


. . f 
firlt near value of 1 in another equation of the ſame general form — *r -u 


= — — I, in which 7 ſhall be ſomewhat greater than it was in the firtt 


equation, or a firſt near value of r that ſhall be ſo very little greater than it's 
true value, as to need only one proceſs of Mr. Raphſon's method of approxi- 
mation to obtain a ſecond near value of r that ſhall be ſufficiently exact for 
molt uſeful purpoſes. Thus, for example, if ? was = 73 years, and the equa- 


. 2 . 
tion to be reſolved was — e . ne Fg inſtead of — * 


= — — 1, we might make uſe of the expreſſion 1 + g + e& * with good 


ſucceſs, by reaſoning in the following manner. 


When? was = jo, we found that the expreſſion 1 + g + e: — e was 


equal to 1.107,903,7, inſtead of being equal to 1.06, which was the true value 


of 7 in that equation — „ — — 1, or 967.937,67 1, *r 7 = 


966.937,61, 6. Now in theſe two numbers 1. 10%, 903, and 1.06, the excels 
of the former above 1 is 0.107,903,7, and the excels of the latter above 1 is 


o. o; and _ * 0.107,903,7 is (= —— = 0.0602, or is a little greater 


than, but very nearly equal to, 0.06, Therefore, if in the firſt equation 


— Xr — r = — — t, or 967.937,671,6 Xr — 1? = 9g66.937,671,6, 


we multiply 0.107,903,7, or Te — e, into the fraction 275 the quantity 
Vor. V. O o 1 + 
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1 + __ X $ +&* — will be very nearly equal to; but a little greater 


than, 1.96, or the true value of r. But in the ſecond equation — Xr — 7 
= — — 1, in which # is equal to 73 inſtead of 70, the proportion of 


— 1 | 
g +ee)* — e to the true value of v, or r — 1, will be greater than when 7 is 


equal only tO 70. Therefore 75 * g Ted — e will be ſomewhat greater 


than the true value of v, or 1 — 1, in the ſaid ſecond equation, and conſc. 


100 


quently 1 + — X g Tec — e will be ſomewhat greater than the true 


179 
value of 1 + v, or of (1 +r — 1, or) 7. But, as 73 is not much greuer 
than 70, this difference cannot be great; and theretore, if we put c for 


1 = * 2 Peel — e, and for the exceſs of c above r, and ſubſtitute 


e — © inſtead of r in the propoſed equation —— e = _ — I, and 


reſolve the transformed equation reſulting from ſuch ſubſtitution, as if it were a 
mere ſimple equation, according to the directions of Mr. Raphſon's method of 


approximation, the value of r, or ec — w, or 1 + _ x 8g + Pr —e , 
that will be thereby obtained, will be very nearly equal to the true value of 7 in 


"i . 2 2 
the ſaid ſecond equation — Xx - = — — 1. Q. E. I. 


Art. 47. And I believe that the fame thing will be true, if 7, or the number 
of years during which the annuity is forborn, is not only equal to 73, but to 
75 or 76, or any number not exceeding 80. And, if it is true in thole cales, ic 

would, perhaps, be expedient to make ſuch calculations as have been made 
above of the degree of inaccuracy of the value of r, obtained by means of the 


expreſſion 1 4 g + ee 2 — e, when t is of the ſeveral different values of 
20 years, 30 years, 40 years, 5o years, 60 years, 80 years, and 90 years, as 
well as when it is 70 years, which is the caſe that has been above conſidered. 
For then, by means of theſe different known degrees of inaccuracy, corre- 


iponding to theſe different magnitudes of 7, the ſaid expreſſion 1 + g + 70 —e 
might always be ſo corrected, in any of the intermediate inagnitudes of , as 
to become a very convenient firſt near value of , from which a ſecond near 
value of it, derived by a fingle proceſs of Mr. Raphſon's method of approxi- 
mation, would be ſufficiently near the truth for all uſeful purpoſes, 
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NOTE i 


PHE next paſſage in the foregoing Trat of Dr. Halley on Compound 

Intereſt that ſeems to want explanation, is in pages 226, 227, of the preſent 
Volume, and in page 20 of the Introduction to Sherwin's Mathematical Tables, 
(zd Edition publiſhed in the year 741,) and is as follows. 


—_—_ — . * 


PROBLEM lv. 


The annuity (a), preſent value (z), and time (9), being given, to find () 
the rate of intereſt. 


SOLUTION. 


— 


This problem being more difficult than it appears at firſt ſight, and requiring 


L „ * , 


the reſolution of this equation SY 


— —. to which it is reduced, chere muſt be applied ſome method of ap- 


proaching the root r; which is by no means evident. And that approximation, 
as the number of years and the rate of intereſt are greater or leſs, cannot pro- 
perly be obtained by one general rule, but rather by two, according as the value 
of the reverſion is greater or leſs. 


If the number of years be great (as, ſuppoſe, 40, or upwards,) and eſpe- 


cially if che rate of intereſt be high, 1 + — will be nearly the rate; or, 


O O0 2 more 


NOTES ON SOME DIFFICULT PASSAGES OF THE 


284 
* | + : : 
more accurately, = 8 — = * — Call this 7; and 7 will be 


exceeding near the value of the reverſion, which let be x. Then 1 + — 
* 


ſhall approach the true rate ſufficiently. But, if greater exactneſs be deſired, 
by repeating this proceſs it will be obtained. Hence this rule: From the 
logarithm of a, and alſo from the logarithm of z + a, take the logarithm of 


Z, &c, as above in page 227. 


Dr. Halley has not given us the inveſtigation of the foregoing expreſſion 
1+ 5 nor even thoſe of the two former expreſſions of the value of the 

contained in the foregoing paſſage, to wit, 1 + -—, or - . 3 
rate 7 C ; going paflage, _ - 


, and 


49 * — This omiſſion I ſhall therefore now endeavour to ſupply by 


— — 


X ＋2 
exhibiting inveſtigations of all the three expreſſions in their order. 


An Inveſtigation of the firſt Expreſſion 1 + _ „ Of = = , given us by Dr. Halley 
in the foregoing Paſſage as a near Value of r, or the Rate of Interęſt ſought in the 


2 + a ft TI © 


— — 


ſoregoing Problem, or of the Root r of the Equation — * — 2. 
— 


Article 1. In the firſt place we muſt ſhew that the foregoing Problem may 


t — as Dr. Halley affirms. 
2 2 


be reduced to the equation 


Now it is ſhewn in the two preceeding pages of Dr. Halley's Diſcourſe on 
Compound Intereſt, to wit, pages 224 and 225 of the preſent Volume, that 2 


— 


** 


* Note. This ſecond expreſſion 8 5 ny — = X — of the value of r in the equation 


2 


of 6 — given in this paſſage by Dr. Halley, is miſ. printed in page 20 of 


2 
XN pF wp = 
%Z 


the Introduction to Sherwin's Mathematical Tables in the Edition above-mentioned of the year 1741, 


t 
being ſet down as follows, to wit, - - 2 272 * —. 
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—. Therefore (multiplying both ſides into r - 1) we 


* 
5 1 X21 


ſhall have 73 — 2 = 42 — _ „ and (multiplying both ſides into ) we ſhall have 
r 


ATI 2 „z S Xa —a = pm 1| x a, and (gividing both ſides 


{Fl Xu 2 XV 


by 1 ) we ſhall have po = a, and (dividing both ſides 
71 — 
1 a I 
by z) we ſhall have ——— = —-. Therefore (multiplying both ſides 
121 a 
+1 t ar* 


o F4 T a . A 
* y — — — — — — — cr 
into r — 1) we ſhall have 7 93 , and (adding — to 


4 4 
both ſides,) we ſhall have „ —— = —, and (adding r to both 
t 4 te 
fides,) T + =D + = +> == x7, and, laſtly, (ub- 


7 f f+1 2 t 
tracting „i from both ſides,) — = — os, — K yt 


a 
—_ ma * E. D. 
— — 


Art. 2. Having thus found that the foregoing problem may be reduced ta 


z+ a 9 


. t a | 
the equation — X —7 , we muſt ſhew in the next place, that 


2 + a 
Z- , 


7 | 
771 = — but will be ſomewhat greater than it's true value, 


x + —_ or will be a near value of 7, or the root of the ſaid equation 


z + a 


Now this may be ſhewn in the following manner. 


t 
* 


1 , 3 t t . ＋ p 141 
The binomial quantity — 4 a n 


t t a 
= 1X7 + —Xr —r xr r 


But the ſaid binomial quantity is = — . 


Therefore X 1 + — — 7 will alſo be = — 
Therefore 


6 
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Thercfore (dividing both fides by ) we ſhall have 1 + © — = W 
N 27 


and (adding r to both ſides) 1 + — 2 + „ and (ſubtracting — from 


t 
2r z2r 

both ſides,) r = 1 + — — — of which trinomial quantity the two firſt 
„ 


| . a * 4 a — 
terms 1 and — are known quantities, and the third term — 1s unknown, 
27 


— 


becauſe it involves the unknown quantity in it's denominator, But, becauſe 
7 1s always neceſſarily greater than 1, (being equal to 1.02, 1.03, 1.04, 1.05, 
1.06, 1.07, 1.08, 1.09, 1.10, &c, according as the intereſt of money is 2 per 
cent, 3 per cent, 4 per cent, 5 per cent, 6 per cent, 7 per cent, 8 per cent, 


(= Hh . a 
9 per cent, or 10 per cent, &c,) it is evident that oy muſt always be leſs than 


' 1 . . 4 0 
— But __ is leſs than. — in the proportion of * to r, which, when 7 is 
2r 


a great number, (as 30, or 40, or more,) will be a very great ratio of minority, 


Therefore — (which is much leſs than —) will, 2 Forliori, be much leſs 


xv ; | 
than — that is, the third term of the trinomial quantity 1 + — —— 
zr 


(which is equal to 7,) will be much leſs than the ſecond term, — of the ſaid 
quantity, and, ſtill more, than 1 + —, or the ſum of the firſt and ſecond 


terms, 1 and —_ of the ſaid trinomial quantity. Therefore 1 + — will be 
nearly equal to, or but little greater than, the whole trinomial quantity 
1 + — — = or, it's equal, 7; or 1 + — will be a pretty near value 
of 7, or the rate of intereſt ſought, but will be ſomewhat greater than the truth. 
Q. E. b. 


z +a 
, for 


Art. 3. Having thus obtained the binomial quantity 1 + — 5 or 


a firſt near value of r, or the rate of intereſt ſought, we muſt next proceed 
to make uſe of it in inveſtigating the ſecond near value of r given us by 


z + a x |t a f 
31 1 Now this ſecond 


Dr, Halley, which is the expreſſion 


g near 
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near value of r may be dcricel from the fr!) near value of it, 1 + _ „ or 


= , by Mr. Raphſon's method of approximation, in the manner following. 


. a 2 a . 
Let c be put for the firſt near value of r, to wit, 1 + , or — „ Which 


is known to be ſomewhat greater than it's true value, or the root of the equation 


[4 
LENT _— — And let w be put for the excels of 1 + —, or 


, orc, above the true value of 7. 


2 


Then, ſince cis = 1 + — „ we ſhall have — =c — 1, and conſequently 


a t t | 
the equation — x fant" = — will be converted into the equation 
t t+1 
. T — C( I, 


Further, ſince w is = c — x, we ſhall have W +r =c, and r = =- . 


Therefore 7* will be (= 7—w\') =, by the binomial theorem, to the 


. t 11 1 — 1— . 
ſeries & - X® +1 x — x 6" x w— &c, continued to /+1 
z + a 

Z 


t 5 a of 
terms ; and WF, Or &£ X 15 will be = e x the ſaid ſeries, or to the 


+: $$ t ns * . 
ſeries EF — XC X w +t x — „ „ &c, continued to 


t f : 

? + 1 terms; and r Fi „ill be = =. =, by the binomial theorem, 
. * — : 

to the ſeries c — fc Yi x xw+1+1x L* xw* Ke, 


continued to ? + 2 terms. 


Therefore the binomial quantity — „ = „ or eK 


be equal to the compound quantity 


1411 4 — 421 
Fas — XC X W Xx x "x w — & 
t+ a 
A '+FFixexw -& "x * + &c : 


— „ +1XCc X w —txc Xx wv &, 


X Wm Xc N &c, which is leſs than c x W. 
But 
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t+1 


t+1 t ; 
7 — tf”, 8. of 
— 


But the binomial quantity — K 7 — 1 : 


Or ( — Is, 


Therefore the quantity “ Xw—txXxX N &c, or (neglecting the 


— f ; - 
term: x Xx n X w — &c will alſo be = —. or e — 1. 


Therefore c wv will be = c - x + &c, or will be ſomewhat greater than 


L 1, and conſequently w will be = - f + &c, or will be ſomew hat greater 


than ==. Therefore , or c — W, will be = c — —— — &c, Or will be 


Fg Cc 


ſomewhat leſs than c — —. or than — f 1 ** —. as chan £22 
* c 


4 1 2 a a I 
Z 


2 2 
c 2 


that is, the ſecond near value of r will be — — — X =| f „ Which is Dr. 


Halley's ſecond expreſſion for the ſaid quantity. Q. E. I, 


This ſecond near value of r will (as has been ſhewn in the foregoing inveſli- 
gation of it) be ſomewhat greater than it's true value, | 


Art. 4. It remains that we inveſtigate the third expreſſion given us by Dr. 
Halley for a near value of r, or the rate of intereſt ſought, to wit, the expreſſion 


+ = 7 Nou this expreſſion may be found in the manner following. 


Let the foregoing expreſſion — — — * _ be denoted by the letter d; 


and let d be ſubſtituted inſtead of r in the fraction - ——; which will thereby 


7 Xr—T 


Call this fraction x. 


be converted into the fraction 
x d—1 


Then will . — x be nearly = — 
FF = 1 


1 21 ? 


But it has been ſhewn that z is 
N 7 X T1 


Therefore 


x 
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Therefore z will be nearly = — — x, and conſequently nearly = 


a - rr 
121 


Therefore (multiplying both ſides into r — 1) we ſhall have rz = z nearly 
=8& — rx + x, and conſequently (adding rx to both ſides,) rz — 2 + rx = 


a + x, and (adding 2 to both ſides,) rz + 7x =a J. 4 ＋ 2, or r * 
=8a +x + 2, and (dividing both fides by z + x,) we ſhall have r = 


a „„ 1 . a . : 
z. t oa: bo, 3. hoo will be a 


third near value of r, or the rate of intereſt ſought, . E. I. 


Art. 5. We will now apply theſe three expreſſions of the value of r, or the 
rate of intereſt ſought, to the Example given us by Dr. Halley, which is as 
follows. | 


Dr. Halley's Example to the foregoing Problem. 


If 1321,3028/, is paid for an annuity of 70. per annum for 59 years, what is 
the rate of intereſt allowed the purchaſer ? 


Here @ is = 7ol., z is = 1321.3028/., and t is = 59. 


Therefore 1 + —, or the firſt of the three foregoing approximations to the 
—— 
132 1.3028 
is, the rate of intereſt allowed the purchaſer is, according to this firſt expreſſion, 
ſomething more than 1.0529, but leſs than 1.053. a. E. 1. 


According to this value of r, the intereſt of a hundred pounds for one year 
would be nearly (= 100 x 0.053/., or) 5.3/., or 5. 65. 


value of 7, will be = 1 + = 1 + 0.052,978,0 = 1.052, 978, o; that 


; . . . 2 — a a 2 7 a a 
The ſecond approximation is — — X =] » Of' r — _— 


=}, or 1,052,978,0 — 0.052,978,0 X =, or 1.032, 978,0 — 0.952, 


978,0 X =”. We muſt therefore now compute the value of — | 59. 
Vor. V. Pp | Now 
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” S — 4 «» - . . 0 
Now we have ſeen that 3 is = 1.052,978,0, of which the Jogarithm in 


* 


R , . — - „ 2 a . 
Briggs's ſyſtem is 0.022,419,3., Therefore the logarithm of * will be = 
59 X o. 022,419, = 1.322,38; which is the logarthm of the number 

27 
3 & a . 8 2 59 
21.02 5, 1 30, 4. Therefore 2 5 is = 21.025, 130, 4; and conſequently —_ 


——,) will be = 


2+al59 
— 


(which is = o. o47, 562, i. 


21.025, 130, 4 


Therefore — * = will be = — * o. 47, 562, 1 = 0.052,978,0 x. 


2 + a a — MY 
0.047,502,1 = 0.002,519,7 ; and — X Dl will be = 1.052, 


Z 
978,0 — 0.002,519,7, = 1,050,458,3; that is, the near value of r, or the 


R ＋ 2 


rate of intereſt, reſulting from the ſecond approximation 
will be = 1.050,4 58,3. . 


a 2 1 
t 
According to this value of 7 the intereſt of a hundred pounds for one year 


would be (= 100 x 0.050,458,3/. = 5.045,83/., or) 51. os. 10d, 


The third approximation to the value of r is 14 — „which may be 
computed in the following manner. 


The laſt approximation H — ＋ x = is now to be called d, and v is 


to be taken equal to the fraction 


XK d=-1 


Now, ſince —.— N =}, or 4, has been found to be = 1.050,458, 3, we 


' ſhall have d., or 4”, = 1.050,458,3) , and d— 1 (= 1,050,458,3 — 1) = 


a a a 


o. o 50, 458, 3, and 55 5 50 25 
d N 4—1 d X d—1 1.050, 458,3) X o. o 50, 458,3 
70 —_ 70 1 LS. 


— — — Xx — — 
1,550,458, ) X o. 050, 458, 3 0.050, 458, 3 1.0 50, 458, 3) 59 5.045,83 
I 


1.050,458,2) *? 


= 1387.284,153,4 X =—==——) = . We muſt 
1.050, 458,3 1 050, 458, z 


therefore now find the value of 1.050, 458, 3); which may be done by means 
of a table of logarithms in the manner following. 
The 


7 ; 
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The logarithm of 1.050, 458,3 is = o. 021, 378,8. Therefore the logarithm 
of 1.050, 458, 3 will be (= 59 X o 021, 378,8) = 1.261, 349,2; which is 
the logarichm of the number 18.253, 628, 1. Therefore 1.050, 458, 3 — — 


1387. 284, 163, 4 «> 1387.284, 152,4 
253,628, 13 and conſequently =——— will be- 22 
18.253, 513. 9 * 155,458,385 18.253,28, 


76.000, 461, t; that is, — or x, will be = 76.000,401,1. 
d Xd=t1 


Therefore x + x will be = 1321.3028 + 76.000, 461,1 = 1397.303, 261, 1; 

70 a 
1397.303, 201, 1 2 ＋4 
will be = 1 + 0.0450,096,4, or 1,050,096,4 ; that is, the third approximation 
to the value of r, or the rate of intereſt ſought, will be = 1.050,096,4. 


. I. 


This number is very little greater than the true value of r, which is exactly 
1.05, For, according to this value of r, the intereſt of a hurdred pounds for 
a year would be (= 100 x 0.050,096,4/., or) 5.009,64/., or 5. os. 24, which 
exceeds the real intereſt of it (which is exactly 5/.,) by only two pence, farthing, 
which is too ſmall a quantity to be worth attending to. Therefore this laſt 


and — will be = = 0.050,096,4, and conſequently 1 + 


. . a . . 
approximation 1 + —— is, in the preſent example, as near the truth as need 
to be deſired. 


Obſervations on the Three foregoing ſucceſſive near Values of r in the Equatiin 


* + a „ 


X r = — , given us by Dr. Halley, 


Art. 6. The firſt of theſe near values of , to wit, 1 + _ is obtained with 


very little trouble, and is a very good firſt near value of r, or a very good foun- 
dation for a further approach to it's true value by Mr. Raphſon's method of 
approximation, or by Dr. Halley's ſecond expreſſion above-mentioned, to wit, 
% + 2 3 i 1 
- — — — * =» which is derived from the ſaid firſt expreſſion 1 + — 


a 


by the ſaid method of approximation. But the ſecond expreſſion, - 2 _ — 


X =", and the third expreſſion, 1 + 7 „require a good deal of labour 
; Ppz2 in 
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in computing them, though not more than is to be expected from the appli. 
cation of two ſucceſſive proceſſes of Mr. Raphſon's method of approximation. 
The labour, however, which is neceſſary to the computation of the ſecond 


214 2 ,, is not to be complained of, becauſe the value 


cpreffion —— — — 
expreſſion — - mo 


of r obtained by means of that ſecond expreſſion, to wit, the number 1,050, 
458,23, approaches much nearer than the firſt near value of r, to wit, 1 + =, 


or 1.052,978,0, to the true value of r, which is 1.05. But the third near 
value of r, to wit, the number 1.050,096,4, obtained by the computation of 


the third expreſſion 1 + 7. — , Is but a ſmall improvement upon the pre- 


ceeding near value of r, to wit, 1.050,458,3, obtained by computing the ſecond 


expreſſion „ =, and therefore ſeems hardly worth the trouble of 
Z Z x +a 


obtaining it by the computation of the expreſſion 1 + = Whenever there. 
— Ly wx — *. 4 X 


fore the value of r obtained by means of the ſecond expreſſion — - 


oa is not thought to be ſufficiently exact, I ſhould think it would be more 


judicious to have recourſe to a ſecond proceſs of Mr. Raphſon's method of 
approximation than to the computation of the foregoing third expreſſion 


1 + 2 — . And, if a general expreſſion for a third near value of r, (derived 


from it's ſecond near value . by means of Mr. Raphſon's 
2 2 z +a 


method of approximation, in the fame manner as the ſaid ſecond near value of 
it was derived above, in art. 3, from it's firſt near value 1 + —)) be thought 
to be convenient for the purpoſe of computing ſuch third near value of r in the 


preſent, or any other, numeral example of the general equation _ x 


* —, ſuch general expreſſions of the ſaid third near value of r in 


— 7 


the ſaid equation may be obtained in the following manner. 
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Au Inveſtigation of a General Expreſſion for a Third near Value of r in the 


. 


Equation pu X# = . after we have found the two former near 


Values of it to be 1 + => or =, LL TI IE 


— —— 


* +a 
55 


Art. 7. Let c be put for 1 + — or or the firſt near value of x, 


inveſtigated above in art, 2 ; and let 4 be put for c — = or for, it's equal, 


the ſecond expreſſion 


+ NO =} which was inveſtigated in art. 3, 


and which is ſomewhat greater than the true value of 7, And let w be put for 
the exceſs of 4 above the ſaid true value. 


Then will — be (=1 + ——1)=c—1, ander will be = 4 - 
and conſequently r will be = #=@\' =, by the binomial theorem, to the 
ſeries c — K x ww + &c; and — x r, or c x r, will be = the 
ſeries c x d M , x w + &c; and ill be = 2=wt tf =, 
by the binomial theorem, to the ſeries 4 TI Cx A „ + &c. 


Therefore the binomial quantity Me 9 or e „ and, 


z + a 
Z 


vill be equal to the compound quantity 


{ ind: e n „ 
„ +7+1 Xx A X 6 — & c. 


But the binomlal quantity —.— K* * or ex -, is (= — 1 


ff — I, 


Therefore 


294 NOTES ON SOME DIFFICULT PASSAGES OF THE 


Therefore the compound quantity. 
* d -C Xw + & 
c 


will likewiſe be = c— 1. 


Therefore, if 7+ I x d* is greater than c x#x „ or if FFT]x / 


. . t 
is greater than c X /, or if d is greater than e ſhall have ; +1) 
{+1 


x d N N xw&=c—1+4" —c x4, of 


| 2 
5 —c * * A „ e K ci en, and 
re 
„„ 


conſequently w = the fraction „and conſequently 


pt bal. e „ d. 


r(=d—w) = d the fraction 


. „ 


i+ilxd' —t x d 


fraction Q. ie I 


And, if 7 Xd' is leſs than c x t x d or dis leſs than AN. 


we ſhall have „ ent * 6 — 1 * 


4 „ w, and e N . xw—ſifixdxw=cxd' — 4 
x: I 


1 
— 4 = 1, ore X N 4 — I 21 x & w K = f'<(S 


and conſequently w = the fraction 


, and r, or d- w, 


= 4 the fraction 


E 
* d.. = +1 x d. 


Art. 8. We will now apply this laſt expreſſion of the value of 1 in the 


, 2 + a t 141 a . 
equation —— * — 7 — to the foregoing example of Dr. Halley, 


that 


PF ä þ 
TWO PIT ooo 


FOREGOING DISCOURSE OF DR. HALLEY ON COMPOUND INTEREST. 295 


that we may ſee whether it will not give us a nearer approximation to the true 
value of r, (which is 1-05,) than was obtained by the foregoing third ex- 


preſſion, 1 + — , of the value of r, given us by Dr. Halley. 
— . ' ́ III I — — — — — 


Cumputation of the Value of r in the foregoing Example ſet forth above in Art. 5, 


A , c — 1+ „ 
by means of the Expreſſion d — the Fraction — , or the 


XPF 


1 t+1 7 ; 
Expreſſion d — the Frattion — ——, according as t+1\Xd 
* cd. CI x d 


is greater, or leſs, than 1 X c. 


— 


Here c is = 1,052,978,0, and 4, or —_ » (as it was obtained above in 
c 


Z 
2+4a 


458,3; inſtead of which (in order to leſſen the labour of the computation) I 
ſhall ſubſtitute 1.0504, omitting the three laſt figures o. oo, 058, 3. 


art, 5 by means of the ſecond expreſſion = Z - — — X ') is = 1.050, 


Now, ſinced is = 1,0504, and / is = 59, we ſhall have d = 1.0503”, and 


4. = ioo, and 4 = 1.0504)". 


The logarithm of 1.0504 is = 0.021,354,7. Therefore the logarithm of 
1.05041 will be (= 59 Xx 0.021,354,7) = 1.259,927,3 z Which is the loga- 
_ rithm of the number 18.152,117,1, Therefore ” or 1.050409, is = 18.152, 
117,1. Therefore 4 will be $== d x d = 18.152,117,1 X 1.0504) = 


t s 
19.066,983,8, and d will be (= — — 8 = 17.281, 147,2, 


| 1.0504 
and © di will be (= 1.052,978,0 x 18.152,117,1) = 19.113,779,9, and 
! + 1) x d* will be (= 60 x 18.152,117,1) = 1089.127,026,0, and / x c 


„e will be (= 59 X 1,052,978,0 x 17.281,147,2) = 1073.603,401,1. 
This 


» 
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This number is leſs than 1089.127,026,0, or Tt X 4. Therefore m will 
— 1 + r 


be = the a ion =) that is, = 


a * xd 
1.052,978,0 = 1 + 19.066, 983,8 — 19.113, 77050 
1089. 127,026, — 1073. 603, 401, t 


0.052,978,0 + 19.066,983,8 — 19.11 3,7222. — 19.119,961,8 — 19.1 1327729 
15.523,24, 18 15-52 3,024,9 


0.006, *81,9 
15.523,024,9 
Therefore r, or 4 — , will be = 1,050,400,0 — o. ooo, 398,2 = 
1.050,001,8 ; that is, the third near value of r, or the rate of intereſt lought, 
which is obtained by this ſecond proceſs of Mr. Raphſon's method of approxi- 
mation, will be = 1.050,001,8. n. . 


= 0.000, 398, 2. 


This number 1.050, oo 1,8 is much nearer than the number 1.050,096,4, 
(which was obtained by means of Dr, Halley's third expreſſion 1 + _—,) 


to the true value of 1, or the rate of intereſt ſought, (which is 1.05,) though 
that value was near enough to the truth for all uſeful purpoſes. But Dr. . 


informs us that, if ? was but a ſmall number, that third expreſſion I + — —= 


would not be near enough. And therefore, upon the whole, I am inclined to 
prefer this laſt general expreſſion of a third near value of r, (to wit, the ex- 


cC—-1 14 7 A 
{+0 xd' = x d 

11 . = 2" 
tx <a = t+ x94 
than 2 X c,) that has been obtained by means. of a ſecond proceſs of Mr, 


preſſion 4 — the fraction , or the expreſſion 4 — the 


＋ » according as 7 + 4) * d is greater, or lels, 


Raphſon's method of approximation, to the third expreſſion 1 + — given 
us by Dr. Halley. 


Art. 9. Dr. Halley, by his giving us the general expreſſion DEE. — X 
= | tor a ſecond near value of 7 in the equation —.— - X Fan = —, 


1:ftead of direting us to make uſe of the former near value of it, to wit, 


a 8 i 0 
1 + , as a foundation for a proceſs of Mr. Raphſon's method of approx:- 
mation, 


N _ a 
= $2 WE SR gy 


5 
5. 
A 
1 
N 
x 
7 
5 
1 
0 


4 
* * 


* n Xo Crs 
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mation, (by which we ſhould have obtained the very ſame number 1.050,458,3 
for a ſecond near value of V as was obtained above in art. 5 by computing the 


— 


4 . 
expreſſion EZS a = X —-|, ata le thought that it was eaſier and 
Z 2 $+x 


more convenient to calculate by means of ſuch a general expreſſion than to 
apply Mr. Raphſon's method of approximation to the particular numeral 
equation that we wanted to refolve, And Mr. Raphſon himſelf ſeems to have 
been of the fame opinion, For in his Aua, j, lnum Univerſaiis he pre- 
fixes to each of the numeral equations which he exhibits as examples of his 
method, a general canon, or formula, expreſſing the ſecond near value of the 
root ſought, and reſolves the equation by computing that canon or formula, 
inſtead of inveſtigating the ſaid fecond near value by a didind application of 
the reaſonings and principles upon which, in the firſt pages of his book, he has 
grounded his method. But I muſt confels I differ from theſe eminent writers 
in this reſpect, For I have always found it more convenient to relolve the 
propoſed equation by applying to it diſtinctly the original reaſonings and prin- 
ciples upon which Mr. Raphſon's method is grounded, than to proceed by 
means of ſuch general canon, or formula: and, in particular, it is much ſafer, 
or leſs likely to lead us into miſtakes, by ſome omiſſion of a number, or letter, 
or by a change of a ſign + or =, or X, than to work by a canon or formula; — 
not to mention the greater ſatisfaction of mind that we receive when we proceed 
in a plain and diſtinct manner, (in which we ſee our way before us, and per- 
ceive the reaſon of every arithmetical operation at the time we perform it,) than 
when we work in the dark in computing the ſeveral members of a tedious and 
intricate algebraick general expreſſion. - And therefore, that my readers may be 
the better enabled to make a compariſon between theſe two different met.1ods 
of proceeding, and to judge for themſclves which of them delerves to be pre- 
terred to the other, I will now inveſtigate the ſecond and third values of r in 
the foregoing Problem, that reſulted from the computation of the tvo general 
algebraick expreſſions above-mentioned, which were obtained by means of 
Mr. Raphſon's method of approximation, to wit, the numbers 1.050, 358,3 
and 1.040,001,8, by the immediate application of the principles and reatuinngs 
of Mr, Raphſon's method of approximation to the numeral equation re{uliung 
from Dr. Halley's Problem above-Hated. This may be done in the manner 
following. 


. a . . . ' 70 
Art. 10. Since — in the foregoing Problem, is (= —— 
2 1321.39028 


) = 0052, 


978,0, and 1 + —. or —, is = 1.052,978,0, and # 1s = 59, and con- 


< 


ſequentiy ? + x is = 60, the general equation — «„ — po 


0 
22 
will, in the Problem propoſed above by Dr. Halley, be 1.052, 978, x 1*? 
_— — 0.052,978,0 ; at which we know already (by what 15 thewn avove 

Vor. V. Qq in 
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1 ; 
SD, * 2 — * — 
. — sz 


in art. 2,) that 1 + —. or 1.052, 978, o, is a firſt near value, greater than 


the truth. 

Let ww be put for the exceſs of 1.052, 978, o above 7. 

Then will + be = 1.052,978,0 — ; and conſequently 7** will be = 
1.052,978,0 — 9 =, by the binomial theorem, to the ſeries 1.052,978,0)" 
— 59 & 1.052,978,0\"" x w + &c, and conſequently 1.052,978,0 X 7" 
will be (= 1.052,978,0 x the ſeries 1.052, 97 8, ol'” — 59 x 1.062, 978,0)“ 
* ww + &c) = the ſeries 1.55 2,978, 0% — 59 X 1-052,978,0) X w-'+ &c; 
and ' will be = 1.052,978,0 — we =, by the binomial theorem, to the 


ſeries 1.052, 978, 0% — 60 X 1.052 .975,0)% X w + &c. 


Therefore the binomial quantity 1.052, 978, K — e will be = the 
following compound quantity, to wit, 
the ſeries 1.0 52,978.00 — 59 X 1.05 978,005 X w + & c } 
— the ſeries 1.052,978,0\* — 60 X 1 032, 975, 00 X w + &c 


7 


Fr 1 the ſeries 1.05 2,978, 00 — 59 X 1.552,97 8, % X w + &c 
= — 1.052, 978, 0% + 60 X 1.052, 978, 00 X w — & 


_— * — ** * 
J * ws 
na Li > bat ei = 
\ 5 


MN — * + 1 X 1.052, 978, % X w &c 


or 1.052, 978, 0 x w &c. 


But the binomial quantity 1.052, 978,0 x 1 — is = 0.052,978,0, 


Therefore 1.052,978,0 9 X w &c will allo be = 0.052,978,0. 


But the logarithm of 1.052,978,0 is = 0.022,419,3-, Therefore the loga- 
rchm of 1.052,978,0\ will be (= 59 x 0.022,419,3) = 1.322,738,7; 
which is the logarithm of the number 21.025, 130, 4. Therefore 1.052,978,0\” 
will be = 21.025,1 30, 4. 


Therefore 1.052,978,01* x w will be = 21.025, 130, 4 * w; and conſe- 

quently 21.025, 130, 4 Xx w will be = 0,.052,978,0; and w will be = 

8 5 8, . —_ 

. . OED = 0.002,519,7. Therefore 1, or 1.052,978,0 — w, will be = 
_ . 1,052,978,0 — 0,002,519,7 = 1.050, 458,3; that is, the ſecond near _ | 


* 2 * 
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of r, in the equation 1.052, 978, 0 X 1 — S 0.052,978,0, reſulting 
from this firſt proceſs of Mr. Raphſon's method of approximation, will be 


1.030, 458,3. Q. E. I, 


TLis number 1.050, 458, 3 is exactly the ſame that we obtained above in 


. z +a a 28 |f 
art. 5 by computing the expreſſion —— — 2 N 2 


Art. 11. I will now proceed to find a third near value of r in the propoſed 
equation 1.052,978,0 x 1? — r = 0.052,978,0 by means of a ſecond 
proceſs of Mr. Raphſon's method of approximation. This may be done in the 
manner following. 


The laſt near value of r, obtained by the foregoing proceſs of Mr. Raphſon's 
method of approximation, was 1.050,458,3, of which we will reje& the three 
laſt figures 583, as probably not exact, and retain only the firlt five figures 
1.0504, And theſe we will, in the firſt place, ſubſtitute inſt-ad of r in the 
compound quantity 1.052, 978, x — , in order to diſcover whether 
the value of the ſaid compound quantity, reſulting from the ſaid ſubſtiturion, 
will be greater, or leſs, than 0.052,978,0, or the abſolute term of the propoſed 
equation, and thereby to determine whether the number 1.0504 will be leſs, or 
greater, than the true value of 7 in the ſaid equation. For, if the value of the 
ſaid compound quantity reſulting from this ſubſtitution is greater than the ab- 
ſolute term o. 052, 978, o, we may conclude that the ſaid number 1.050,4 will 
be leſs than the true value of ; but, if ic is leſs than the ſaid abſolute term, 
the ſaid number 1.0504 will be greater than the ſaid true value; as may be 


(hewn in the manner following. 


Art. 12. The propoſed equation 1.052, 978,0 „r — 1 = 0.052,978,0 
has in truth two roots, of which the lefler is 1. For, if ris = 1, “ will be 
alſo = 1, and ſo will ; and conſequently the compound quantity 1.052, 
978, x 1%? — ee (which forms the left-hand fide of the equation,) will be 
(= 1.052,978,0 Xx 1 — 1 = 1.052,978,0 — 1) = 0.052,978,0, or the 
abſolute term of the equation. But this leſſer root of the equation cannot be 
that which relates to che Problem propoſed by Dr. Halley, becauſe in that 
Problem r repreſents a pound ſterling together with it's intereſt for a year, and 
therefore mult of neceſſity be greater than 1, Therefore the other, and greater, 
root of the equation 1.052,978,0 x — r® = 0.052,978,9 is that which 
is fitted to ſolve Dr. Halley's Problem. Now, when in a binomial equation of 


this form, Px” — * . = Q, a quantity greater than the greater root of the 
equation is ſubſtituted inſtead of x in the binomial quantity Px“ — 5 
(which forms the left-hand fide of the equation, ) the value of the faid binomial 
quantity reſulting from ſuch ſubſtitution will be leſs than it was before, and 
Qqz conſcquently 


* 
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conſequently than the abſolute term Q; and, if a quantity leſs than the greater 
root of the equation, but greater than the lower limit of the greater root, (or 


. . 1 . im m n . 
than the value which x has when the binomial quantity Px — 1 , a 


maximum, or at it's greateſt poſſible magnitude,) be ſubſtituted inſtead of x in 


the ſaid binomial quantity Px” — * , the value of the ſaid binomial quan- 
tity reſulting from ſuch ſubſtitution will be greater than it was before, and con- 
ſequently than the abſolute term Q for the reaſons given above in art, 26 
and 27 of Note I., pages 262 and 263, to which I refer the reader. 


Art. 13. We will therefore now ſubſtitute the number 1.0504 inſtead of y 
in the binomial quantity 1.052,978,0 x 7? — 7%, in order to diſcover whether 
the value of the ſaid binomial quantity reſulting from ſuch ſubituution will be 
greater, or leſs, than 0.052,978,0, or the abſulute term of the propoled 
equation, 


Now, if 7 is = 1.0504, the binomial quantity 1,052,978,0 &“ — 1® 


will be = 1 052,978,0 X 1.0504“ — 1. 0f50 44. We mult therefore com- 
pute the value of the binomial quantity 1.052, 978,0 X 1.05 4 — 1.0504|®; 


and, for that purpoſe, we muſt find the values of 1. , and 1.0504®, 
which may be done as follows, 


The logarihm of 1.0504 is = 0.021,354,7. Therefore the logarithm of 
11-0504 |”? will be (= :9 x 0.021,354,7) = 1.259,927,3; which is the loga- 
rithm of the number 18.152,117,1. Therefore 1.0504)” is = 18.152,117,1, 


Therefore 1.0504) will be (= 1.0504 X 1.0504) = 1.0504 Xx 18.152,117,1) 
= 19.066, 983, 8. | 


Therefore the binomial quantity 1.052,978,0 x 1.0504) — 1.050 
will be (= 1.052,978,0 x 18.152,117,1 — 19.966,983,8 = 19.113,779,9 
— 19.066,983,8) = 0.046,796,1; which is leſs than 0.052,978,0, or the 
abſolute term of the propoled equation. Therefore we may now conclude that 


1.0504 mult be greater than the true value of , or the greater root of the 
propoled equation, 25 


Art, 14. Let w be put for the unknown exceſs of 1.0504 above the true 
value of 7. | 


Then we ſhall have 7 = 1.0504 = ] and conſequently 7? = 1.5 504 — w\? 


=, by the binomial theorem, to the ſeries 1.0504 — 59 X 1.0504" X w 
+ &c 


1 6 * 
N 4. - . SY 


* 1 We 
* * 4 Sr Ro & n 
II LO conic ah 
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+ &c = the ſeries 18.152,117,1 — 59 X „ 0 + &c = the ſeries 


a 1,0504 


4 18.152,11, = F 
18.152,117,1 = 59 X ge * + & = the ſeries 18.152,117,1 


— 59 X 17.281,14), 2 & w + &c) = the ſeries 18,152,117,1 — 1019.587, 
684,8 X w + &c; and 1.052,9738,0 Xx (= 1.052,978,0 X the ſeries 
18.15:,117,1 — 1019.537,684,8 X w + &c = the ſeries 1.052,978,0 * 
18.152,117,1 — 1.052,978,0 x 1019.537,084,8 X w + &c) = the leries 
19.113,779,9 — 1073.603,401,1 Xx W + &c. And 7 will be (= 


1.0504 — %)* =, by the binomial theorem, to the ſeries 1.0504) — 60 x 


1.0504}? x w + &c = 19.066,983,8 — 60 X 18.152,117,1 X w + &c) 
= the ſeries 19.066,983,8 — 1089.127,026,0 Xx w + &C. 


Therefore the binomial quantity 1.052,978,0 x #5? — * will be = the 


following compound quantity, to wit, 


the ſeries 19.113,779,9 — 1073.603,401,1 X w + &c } 1 
— the ſeries 19.066, 983,8 — 1089. 127, 026, X w + &c * 


{ the ſeries 19.113,779,9 — 1073.603,401,1 X w + &c } 
— 19.966,983,8 + 1089.127,026,0 X w — &c 


= 0.046,796,1 + 15.523, 624, 9 & h &c. 


But the binomial] quantity 1.052, 978, xo is o. og2, 978, o. 


Therefore the compound quantity 0.046, 796,1 + 15.523, 624, Xx w will 
allo be = o. 052, 978,0. And conſequently (ſubtracting o. 040,796, 1 from 
both ſides,) we ſhall have 15.623, 624,9 x w = o. o00, 181,9, and w (= 
1 52565 = o. ooo, 398, 2. Therefore r, or 1.0504 — w, will be = 1.0504 
— 0.000,398,2 = 1,050,001,8 ; that is, the rate of intereſt ſought will be 
1,050,001,0, Q. E. I. 


This number 1.050,001,8 is the very ſame that was obtained above in art. 8 
2144 71 


by computing the general expreſſion 4 — the fraction — 
But the preſent method of obtaining it appears to me to be ſimpler and eaſier, 
and ſafer, or leſs liable to miſtakes, and alſo pleaſanter, than tue computation 
of chat general expreſſion. 


7 
NOTE 
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NOTE III. 


Article 1. THE third paſſage in the foregoing Diſcourſe of Dr. Halley 

which ſeems to ſtand in need of explanation, occurs in 

page 21 of the Introduction to Sherwin's Mathematical Tables, (the 3d Edition, 
of the year 1741,) and in page 228 of the preſent Volume, and 1s as follows, 


« If the number of years be ſmall, the aforeſaid rule will avail little, In 
ce this caſe it will be requiſite to approach the rate thus. Let —— be the index 


4 of a root of __ from which root ſubtra& 1, and call the remainder y: 


and let . be called b. I fay, that þ — (43 = 1200 is ſufficiently near to 


r — 1; and will be till nearer the truth as the number of years is ſmaller; 
«and that the error will be always in exceſs, Hence the rule: Divide the 


«* logarithm of — by — » &c.“ 


This rule may be inveſtigated in the following manner. 


Art. 2. Let v be put for r —1, | 
Then will 14 v be r, and 1+ 5 will be = V, and conſequently 


a a . a 
1 hag” 1 5 
T X7-l an 1+ x» 


. a 
1 


1 Xr-—-l 


Therefore 2 will alſo be = — — — , 


8 
2 
e 
X 
8 


1+9) 


Therefore zv will be = 8 — „ and — will be = 1 — 


t 


ty LT Rig * 


N 


err 


*. X —— 
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t 1 


But, by the binomial theorem, 1 + , or - 
| I V 


* . 4 
25 is = the ſeries 1 — bow 


x Av + i x Bu „ Cv + 23 x De. & = the ſeries 
. 1 12 57 21 
inn 2 * I XIX VV [ER p 


xv + 3x X X Xx v — & = 1 — tv +4 X 


4 3 
t+1 + t + 2 a 1 1 1 
V 4 — 
- IR : X „ : : 


— GC. be 


Therefore — (which is equal to 1 — /1 + 1 will be = 1 the ſeries 


: 7 t t I f 
1=—w+ix SE xw—rx == = xv X X 


2 - 3 
x 3 x & = the ſeries iv — x 4 x wy +8 x = X 


4 


t +1 t +2 t +3 4 
1 S 


Therefore (dividing both ſides of the laſt equation by v, we ſhall have — 


2 4 4 1 7 . t 
= the ſeries - X - * +4 x + + 2 + 


K. — x v* + &c; and (dividing all the terms by t,) we ſhall 


11 1 t + 2 t+1 
8 X : X VU = | —— 


have _ = the ſeries 1 — _ X v + 


Art. 3. Now let the fraction . (which forms the left-hand fide of this 


laſt equation,) be raiſed to the power of which the fraction — is the index; 


t+1 
and let the ſeries 1—— * x == x vv =) —— 


* — x v* + &c (which forms the right-hand fide of the fame equation) 


be raiſed likewiſe to the ſame power, of which the index is — Then will 


* Bee, in the 3d Volume of the Scriptoret Logaritbmici, the Appendix to the Tranſlation of a 
of Mr. James Bernoulli's Treatiſe De Arte Conjectandi, page *124, at the bottom, art, 42. nw 


the 
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the ſaid — power of the ſaid ſeries be equal to the ſame power of the ſaid 


fraction . 
ration — 


Now let p be = ** 
22 * 
. 2 41 3 SH I — 1 nnd 2 
Then vill =|'** be = =] (== r = 
oy an? | 


2 | 
- b = =) * z that is, the = th power of the fraction —— is equal 
to che th power of the fraction —— , which is the reciprocal of the fraction 


t+1 
2 . 1 2 . . — 
A: or is equal to 1 divided by ＋ And therefore, in order to obtain the — 


power of the fraction —_ , we need only find the — th power of the fraction 
_ ; which may be done by, firſt, finding the logarithm of the fraction =, 
and then multiplying that logarithm into the fraction — (which 1s the index 


of the power of the ſaid fraction — which we want to find,) and then ſeeking 


in a table of logarithms the number correſponding to the logarithm which is 


equal to the product thence ariſing. For that number will be equal to 
2 ; 2 


+ 3'S 2 — 
at t-+1 _ t 
| — „ and conſequently to — ; 
111 t + 2 77 
3 


But the raiſing the ſeries 1 — — r . 


1 + f * ; 
3 * — 3 x D + &c to the — th power is a buſineſs of greater 


difficulty. And for this purpoſe we muſt have recourſe to Mr. De Moivre's 
Multinomial Theorem, which has been ſer forth above in Note J., page 241, 
and we muſt ſuppoſe the ſaid theorem to be true, not only in the cale of in- 
tegral powers, but likewiſe in the more complicated caſe of fractional powels, 
and even in the caſe of powers that are both fractional and negative; though 
it has never, I believe, been demonſtrated in aay caſe but that of integral 


powers. However, it is probably true in all theſe caſes ; and, if it is, it will 
| enable 


* 


* 
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* 


enable us to find the E th power of the ſaid ſeries 1 = |- mA „ 2 —.— x 


x 22 x wv — 172 * = x « 4 + 16 by rea 


manner following. 


Art. 4. I: has been ſhewn above in page 243, Coroll. 3, that the mth power 
of the Cries 1 + by + * + dv* + ev* + &c will be equal to the infinite 
ſeries 


1+ by + XX ED XP + PX r . x Ho 
3 + — X — x bev 
+ — x dv 
+ &c. 


Therefore the mth power of the ſeries 1 — bv + wv — dv? + ev! & 
will be equal to the infinite ſeries 


1 — —bv ä N 
2 
+ &c. 
Now let the index n be = —=. 
t+1 
2 22 -IxXf+1_ —2 11 
Then will — 1 be (= — pho ee EET ER = T0875") 
Oy 2 — —2 
. ; and m 2 will be (- 2 = D T 
0 
— 27 — 2 — — 27 — 4 1 1 1 822 A. "2 
FIT) = = and = will be = =, and — 2 
e m—1 a =ti=3t = » a6X2 
RO Drs will be (= — X == + Sj : _ } 


+ 
2 m—i 2 ++} „ e. 
_ and X * == will be (= = X 


Vol. V. Rr — 
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= 


. 


Kier « 


3 x TI x TTA WE Il x £+ TP hy 3 * n 
— if — loft — 12 — 2t — lot — 12 m m-— 1 . — 2 
— 5 = Bred ill be {= 
3 * 1 +3* +3i+1 33 +& ＋ er 1 * K 0 3 1 
* 3) 1 27476 
—_— 7+ _ 
Therefore the r th power of the ſeries 1 — bv + c = dv? + ev! &c f 
will be equal to the infinite ſeries 3 
0 
2 t+3 2tt + 10 + 12 b 
—— X b —— * Sv c 
0 
2 | — 2t — 6 ; 
— X cv ꝰ — X dcv* 4 
4 1 £+1)* F 
2 Ca | 
1 dv 1 
&c. 1 
Art. 5. Now let 4 be = Z . 3 
Then will this laſt ſeries be converted into the ſeries : ö 
2 11 1 PTY 3 t+1)2 2t + lot 12 t+1}3 ; 3 
EY 7 I * 2 RET _—_ 4 oaths T J NY Yz 8 X 3 
2 21016 +1 Ly | N 
FE SEN . X — XCXV 
2 3 
* t ＋ 1 X dv | 
&c, 1 
or into the ſeries 
t +3 ", 2tt + 10t + 12 
I 2 — VU 3 
+ v + * + w— * vV 
* 2 * a 4A 
— — Xe X VV en 4 
e+1 3 K 171 4 
＋ 5 xd xv i 
b | A 
8 or 


9 
A 
* 
4 
XV 
3 
* 
* 
* 
=” 
; 
0 
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or into the ſeries 


tt t+6 
| 140 ftw SEES 
d * iS + 
N t+1 ks DD . 
2 2 
. oe ene 
; &c. 
5 4 t+7x ft +2 
I Now let c be = * 2 
. - 3 X 
8 Then will the laſt ſeries be converted into the ſeries | 
3 a t + 51 +6 | 
ſro +Egm þ £2228 y f 
$ 
. 2 t+1,,t +2 —t—zJ,,t+1 + 2 9 
3 Fx tio wok wok et Ta ae | 
I : 1 
1 * i 
= &c, 1 
| q þ 
4 is 
E. or into the ſeries þ 
4 1 
3 f — 11 ＋ 5 ＋ 6 i 
A I + Y + — X v0 + LE . X v j 
* | 1 
1 cee i 
— 3 9 
"2x7 HEY al 
I &c, ik 
' or into the ſeries q 
n 
t # 
1 + v + A* wy + ILL , vi i 
2 Se, TENETS 
3 I2 vo 6 * 
| 44 wed 
b f +1 
| &c, 
"KEY or 


7 * 2 ö N 
S ²˙ INLET TOR I ROT IC 
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or into the ſeries 


BD 14 „ vw + = 


| 7 


| &c, 


"Eo Be: 
K 


or into the ſeries 


. 7—1 — 
7 f * w 6 


| er N 


&c. 


—t+1yt+2,1+3 
Now let 4 be = —— X : 4 | | 


Then will the laſt ſeries be converted into the ſeries 


1 12 * 12 ** 


OO FRE" OW — — 8 * _ 
— ne ds P _=_ 1 * ih 4 * 6 2 22 P . 
ver ol by. - 0 *** 1 y 5 JE * * * . * 
a A * * * * 7 ** A E ri © * * * A 1 
rr 
N * A n " * * a." * * 
" * 82 I « 


or into the ſeries 


+0 —ſZxw e = 


eo 
nnn 


f+ 2X? 1 
+ E. — . x v 3 


or into the ſeries 
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Dr —it 2556 
. ＋ * v? 
tt +5t+6 3 
+ 12 cs 


&c, 
or into the ſeries 


1 +v — * vv + o x v* &c. 


. . t+1 t+1 
Therefore the ——th power of the ſeries 1 — {EL X v + — X 


| * — X — x = X v* + &c will be equal to an infinite 


3 
ſeries of which the three firſt terms will be 1 + v — SIT and the fourth 


term will be o Xx v, or o, and the following terms will involve the following 
owers of v, to wit, v*, v', v*, v', &c, which, (as v 1s much ſmaller than 1,) 
will be much ſmaller than v and vv, 


Art. 6. Therefore (by art. 3,) the ſeries 1 + v — 2 * vv + o &c will 


2 
be = =|'F*, And conſequently (ſubtracting 1 from both ſides,) we ſhall 
- - 


2 
have the ſeries v [= Xx wv + O & = — '+! — 1. Therefore the 
two firſt terms, v — _ X vv, of this ſeries, will be nearly equal to 
ST 
= — 1. 
2 
3 
Now let y be put = = . 


And we ſhall then have v — 2 * vv, nearly, = y; which is a qua- 


dratick equation, of which the root, or unknown quantity, is v. 


Now let all the terms of this equation be multiplied into the fraction - — * 


in order to free vv, (the ſquare of the unknown quantity v) from it's co- efficient 


1—1 — — 
—_ And we ſhall then have — xv —w = — x 
7 Now, 
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Now, to ſimplify this laſt equation, let & be put = = p oe} confoyuencly 


23 be = — And the equation will chen become 25v — vv = 2by; which 


is a quadratick equation that has two roots, of which the leſſer will be leſs than 
b, or half the co-eflicient of v, and the greater root will be greater than 5, 
The lefler of theſe roots is that which will be equal to v, or r — 1, in the 
preſent inveſtigation, and that which we muſt therefore now endeavour to de- 
termine. Si | | 


* 


Now in quadratick equations of this form the abſolute term can never be 
greater than the ſquare of half the co-efficient of the unknown quantity. And 
conſequently both ſides of this equation may be ſubtracted from 25, or the 
ſquare of b, the half of 26, the co- efficient of v. Let them be ſo ſubtracted. 
And then we ſhall have 4 — 2bv + vv = bb — 2%; and conſequently (by 
extracting the ſquare roots of both fides,) we ſhall have þ — v = VF, 


and (adding v to both ſides) b = v + ah, and, laſtly, (ſubtracting 
An from both ſides,) v = - , or b — (bo — 299\* ; that 


is, 7 — I will be = 6 — bb — 20% 2. which is the expreſſion given for it by 
Dr. Halley in the paſſage above cited from his Diſcourſe. 1. 1. 


The ſubſtance of this inveſtigation of the expreſſion þ — [4b — 2%, given 
us by Dr. Halley for a near value of v, or 7 — 1, in the foregoing Problem, 


* 


eh. = —_ when t, or the number of years 


3 


. . 2 
or in the equation 
2 


during which the annuity à is to continue, is but ſmall, (as, for example, leſs than 
40 years,) was communicated to me by my learned friend, Mr. William Morgan, 
the Actuary of the celebrated Society for making Equitable Aſſurances on Lives, 
in Chatham Square near Black Friars? Bridge, London. 


Dr. Halley bas given us an example of the reſolution of an equation of the 
z + a SE, 8 


general form „ — 2 — by means of the foregoing expreſſion 


1 +bþ — 6 — 2005, which is as follows. 


4 

5 
may 
4 
= 
4 

J 

J 
= 
\ 

* 

7 

4 

EY 


M's ds od TE 7». 


EO 


Th, 
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3 * * 
r 


9 
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An Example of the Application of the foregoins Exprejion ef Dr. Hailey, 


"3 „ 3 : ; 
þ — bb — 2by)*, or — \ bb — Z, do the Reſolution of the Equation 


t t+2 5 . | 
SE eng nn — jt 6 particular numeral! Equation of that Form, 
PA 


in which t, or the Number of Years during which the Ainiity is to continue, 


is leſs than 40. 


— 
Art. 7. An apnuity of 20. per annum, to continue 21 years, is fold for 2224 
It is required to find the rate of interelt allowed the purchaler. 


Here @ is 20l., and # is = 21 years, and 2 is = 220ʃ. 


Therefore z + @ will be (= 220/. + 20/.) = 240/., and —— will be = 


_ = 1-090,909,0 &c, and — will be = — = o. oo, go, o &c, and conſe- 


4 . . . 
Z - ear ey” = — will, in this caſe, be- 


quently the general equation 


come 1.090,909,0 &c r* — 7** = o. o9o, 909, o &c, which therefore muſt be 
reſolved in order to find the value of r, or the rate of intereſt ſought, Now, 
according to the foregoing expreſſion of Dr. Halley, r — 1 will be nearly equal 


to b -n — 20, and conſequently r will be nearly equal to 1 + -=, 
the value of which expreſſion may be found in the manner following. 
In the firſt place, & is = — (= CSE = 


FC.. O. 300,000, and 


conſequently 25 will be = 0.600,000,0, and 44 will be = o. go, ooo, o. 


2 2 220 I 
i at \t+1 at 2141 at J 22 at 1 
Secondly, y is = | — 1 (= =| Tei ==| i= 
. 2 — 2 2 
1 1 . 1 1 
— 20 2111 A420 11 „ Th xuY 
220 220 22 11 


rithm of 1.909, 090, 90 will be = 0.280,826,6 
11 


a Tr 
1.909, 90,9) — 1, 


Now the logarithm of 1.909,090,9 is = 0.280,826,6. Therefore the loga- 


= 0.025,529,7, which is the 
logarithm 


—— 


S NN. 


— — 


— q _ — 2 — — — 3 — 
K —— 922K „ he cn ——ͤ * RD... A 2 — 


— —— — 


— K— —ò —— 


OY 


NOTES ON SOME DIFFICULT PASSAGES OF THE 


I 
C 


logarithm of the number 1.060, 546, 4. Therefore 1.909,90, : will be = 


1.060,546,4, and conſequently 1.999,090,9 "Jo 4 will be = 0.050, 546,4; 
that 1s, y will be = 0.060, 546,4. 


Therefore 2% will be (= 0.600,000,0 x 0.060, 546,4) = 0.036,327,84, 


and bþ — ah will be (= 0,090,000,00 — 0.036,327,84) = 0.053,672,16, 
and V/FF < aty will be (= V0.053,672,16) = o. 231, 672,5. Therefore 


b — SF3 = zby, or 6 — (bb — 275 r, will be ( = o. zoo, ooo, o — o. 231, 


672,6) = o. 068, 327,3. Therefore 7 — 1 will be, nearly, o. 068, 327, 5, 


and conſequently r will be, nearly, = 1 + o. o68, 327, 5, or 1.068, 327,5. 
| * . E. I, 


Art. 8. Dr. Halley adds, that this number 1.068,327, found by the ex- 


preſſion 1 + 6 — * — 26y\* for the value of the rate , is ſomewhat too 
great, the true value of 7 in the preſent example being 1.068 14; but does not 
inform us how he diſcovered the ſaid true value to be 1.06814. But * that 
1.06814 is the true value of 7 in this example“ will appear by ſuppoſing it to 
be ſo, and then computing from it the value of z, or the preſent value of the 
annuity a, the ſaid annuity itſelf being ſuppoſed to continue, as before, to be 
20l. per annum, and the number of years for which it is granted being allo 
ſuppoſed to be the ſame as before, to wit, 21 years. For we ſhall find that the 
_ . preſent value z of the ſaid annuity for tne ſaid number of years will, upon theſe 
luppoſitions, be the ſame as it was before ſuppoſed to be in the foregoing ex- 
ample, to wit, 220/. ; whence it will follow, @ converſo, that the true value of 7 
in the (aid example will be 1.068 14. This computation of the value of z may 


be made as follows. 


It bas been ſhewn in page 225, that z, or the preſent value of an annuity a 


a a 
— _— 
Bn ff x r=1 


granted for / years, when the rate of intereſt is 7, will be = 


Therefore on the ſuppoſitions juſt now mentioned, to wit, that @ is = 20!/., 


and 7 1s = 21 years, and that r is = 1.06814,) we ſhall have z = —= — 
201. > - 200, 1 | 
1.90514)** x 0.06814 O-00814 0.06814 786g 
. 20000. 


0.06814 is (= 100 X 0.06814 ” 6.314 ) = 293-513,501,6/. 


And the logarithm of 1.06814 is = 0.028,628,1. Therefore the logarithm 


of 1.00814)” will be (= 21 x 0.028,628,1) = 0.601,190,1, which is the 
logarithm 
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logarithm of the number 3.992, ooo, o. Therefore 1. 005 14 will be = 


| b . ol, 
3.992, ooo, o; and conſequently 555577 X —— will be = —— T X 


1 ES: (C 4-crcon lt 
78 ( 293.573, 501,6. * == = CE) = 73-50%, 


20. OR 
— a" will be (= 293-51 3,501,60. 73-525, 
426,21.) = 219.988,075,4/., or, very nearly, 220/. Therefore, è converſo, if 2» 
or the preſent value of the annuity a, is = 220/., the true value of r will be 


1.06814. 89 


9 200. * 
= 0.060814 


Art. 9. It appears by the foregoing example that the expreſſion rx + 5 


— 3 = 2(y, or 1 + 6 — &b — 200 given us by Dr. Halley for a near 


< - 2x = Th = —_— is a very good approxi- 
mation to it's true value for moſt purpoſes when ? is not greater than 21 years: 
for the difference between 1.068,327,5, the near value of r obtained by means 
of that expreſſion, and 1.06814, it's true value, is too ſmall to be worth at- 
tending to. But, if greater exactneſs were defired, we might obtain a much 
nearer value of r by denoting the exceſs of this firſt value of , to wit, 
1.068,327,5, above it's true value by the letter w, and ſubſtituting the binomial 
quantity 1,068,327,5 — w inſtead of + in the equation 1.090,909,0 Xx * 
— = 0,090,909,0, but with an omiſſion of all the terms, in the transformed 
equation reſulting from ſuch ſubſtitution, that involve any higher powers of the 
unknown quantity w than it's ſimple power, or w itſelf, according to the di- 
rections of Mr. Raphſon's method of reſolving equations by approximation, 
This may be done in the following manner, 


value of 7 in the equation 


The Inveſtigation of a Second near Value of r in the Equation 1,090,909,0 X * 
* = 0.090,909,0 by Mr. Raphſon's Method of Approximation. 


Let w be put for the exceſs of 1.068,327,5, (or the firſt near value of y 
obtained by means of the foregoing expreſſion 1＋ e — WF = 25, or 1+b= 
bb = 2by\*, given us by Dr. Halley,) above the true value of ; and let 
1.068,327,5 — w be ſubſtituted inſtead of 7 in the propoſed equation 1.090, 


909,0 Xx r —7** = 9.0909,909,0, omitting all the terms that involve any 
higher terms of w than the ſimple power, or w itſelf, 


Vor. V. 4 | Then 
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Then will * be = 1.068,327,5 — w\** = (by the binomial theorem) 
1.008,327,9"* — 21 X 1.068,327,5\* x w + &c; and conſequently 
1.090, 909, x will be = 1.090,909,0 X 1.068,327,5)** — 21 X 1.090, 
| 909,0 & 1.068,327,,\” x w + &c; and * will be = 1.068,327,5 — n 

= (by the binomial theorem,) 1.068, 327,5 — 22 & 1.068, 32, 55%. x w 
+ &CcC. . 


Therefore the binomial quantity 1.090,909,0 X r* — r* will be equal to 
the following compound quantity, to wit, 


t. ogo, 9og, o X 1.068, 327,5 — 21 & 1.090, 9og, o & 1.068, 327, 5, XW + bc 
— 1.008, 327, 5] + 22 X 1. 068,327, 5% X ww — &c. 


We muſt therefore now find the values of 1.068,327,5)**, 1.008, 327,57, and 
1.068,327,5)**, which may be done as follows. 


The logarithm of 1.068,327,5 is = o. o28, 04, 4. Therefore the logarithm 
of 1.068, 327,5) is (= 21 Xx 0.028,704,4) = o. 602, 792, 4; which is the 
logarithm of the number 4.006, 75 1,4. Therefore 1.068, 327, is = 4.006, 
751,4. Therefore 1.008, 327,5 22 will be $ 1.008,327,5\*" Xx 1.068;327,5 
= 4-006,751,4 * 1.068,327,5) = 4-280, 522,7, and 1,068,327,5\** will be 
(= 1.068, 327,5)** — 4:206,751:4 

1.068,327,5 1.008,327,5 


Therefore the compound quantity 


= 3.750, 489, 8. 


1 *. 868,327, % — 21 1. ogo, 909, ox 1. 068, 32, / X w + "1 


— 1.008, 327, + 22 X 1.008, 327,5] “ x w — & 
will be = 
"FE 1.099,909,0 X 4.006, 751, 4 — 21 X 1. ogo, og, o X 3.750, 489,8 X w-+ &e 
1 — 4.280, 622,7 + 22 & 4. 006,75 1,4 X w — &c } 


ll 


4371, 01,1 — 21 X 4.091,443,0 X w + &c } 
— 4.280,522,7 + 88.148,530,8 x w — & 

4.37 1,001, 1 — 85,920,303,0 x w + &C } 
— 4.280,522,7 + 88.148,530,8 x w — &c 


= 0.090,478,4 + 2.228,227,8 K w Kc, 
7 Therefore 


r 


LL hes 


be o CEL 
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Therefore the binomial quantity 1.090,900,0 x * -i. will be = the 
compound quantity 0.090,478,4 + 2.228,227,8 X w &C, 
But the binomial quantity 1.090, 9og, o X * — 1 is o. ogo, go, o. 


Therefore the compound quantity o. o90, 478,4 + 2.228, 227,8 X w &c 
will alſo be = o. ogo, go, o. 


Therefore 2.228, 227,8 x w will be (= o.ogo, go9, o — o. o9o, 478,4) = 
o. ooo, 430,5 
2. 228,227, 8 


o. ooo, 430, 6, and conſequently w will be = = 0.000,193,2. 
Therefore r, or 1.068,327,5 — wv, will be (= 1.068,327,5 — 0.009,193,2) 
= 1.066, 134, 33 that is, the ſecond near value of r, in the propoſed equation 
1,.090,909,0 Xx — 1 = co. oo, go, o, which has been obtained by this 

proceſs of Mr, Raphſon's method of approximation, will be 1.068, 134,3. 
. k. 1. 


The difference between this number 1.068, 134, 3, or ſecond near value 
of r, and 1.068, 14, which is it's true value, is o. ooo, oog, 7, which is leſs than 
the 11,9 54th part of 0.06814, or the true value of 7 — 1. This 1s fo very 
ſmall a quantity that it may be totally neglected, and the ſaid ſecond near value 
of r may be conſidered, with reſpect to all uſeful, or practical, purpoles, as 


being perfectly exact. 


Art. 10. In the foregoing example, in which 7, or the number of years 
during which the annuity is to continue, is 21 years, we have ſeen that the firſt 
near value of r, or the rate of intereſt ſought, (which was obtained by means 


of Dr. Halley's expreſſion 1 + 2 — „ — 20, was 1.068, 327,5; which is 

near enough to the true value of r, to wit, 1.068 14, for molt purpoſes : and 
we have alſo ſeen that the ſecond near value of r, (which has been derived 
from it's firſt near value, 1.068,327,5, by only one proceſs of Mr. Raphſon's 
method of approximation,) is 1.068,134,3 ; which is ſo near it's true value, 
1.06814, that it may be conſidered as being perfectly exact. And hence it 
ſeems reaſonable to conjecture, that, by the help of only one ſuch proceſs of 
Mr. Raphſon's method of approximation as that which we have juſt now gone 
through, grounded upon the firſt near value of r obtained by means of the 


expreſſion 1 + b — 33 — 2by > given us above by Dr. Halley, we ſhall 


a 1 141 a 
„ 2 — 
2 


always be able to find the value of r in the equation = 


to a ſufficient degree of exactneſs in all caſes in which t, or the number of 
years during which the annuity is to continue, is not greater than 40 years; 
which are the only caſes in which Dr. Halley recommends the uſe of this ex- 


preſſion 1 + — % — 24y'* for the reſolution of this equation. But, that 
812 this 
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this may not be matter of conjecture, but may be known with certainty, I will 


L | 
now proceed to try the expreſſion 1 + & — % — 24y] *, together with one pro- 
ceſs of Mr. Raphſon's method of approximation grounded upon that expreſſion, 
in the extreme, or moſt difficult, caſe, or when 7, or the number of years during 
which the annuity is to continue, is 40 years. And, to the end that we may 
know with certainty beforehand what the exact value of 7 1s in the equation we 
propoſe to reſolve in this manner, and conſequently may be able to diſcover 
with certainty how near the values of r that will be obtained by means of the 


expreſſion 1 + þ — bb — 2611 and by means of the ſubſequent proceſs of 
Mr. Raphſon's method of approximation grounded upon the ſaid expreſſion, 
will approach to the ſaid exact value, I will, firſt, ſuppoſe r to be ſome known 
rate of intereſt, and will compute the value of 2, or the preſent value of a 
given annuity à for a given number of years, from it; and, having thus ob- 
tained the value of z, will afterwards reverſe the problem, and ſuppoſe z to be 
equal to the value of it obtained by the former calculation, and derive the 
value of + from the ſaid value of z by means of the expreſſion 1 + þ 


— bb — 209% and of one proceſs of Mr. Raphſon's method of approximation 
grounded on it. This may be done in the manner following. 


Art. 11. Let us therefore, in the firſt place, ſuppoſe y, or the rate of intereſt, 
to be = 1.06, And let the annuity @ be an annuity of 200. per annum that is 
to continue ſor a term, r, of 40 years. And let it be required to find x, or the 
preſent value of the ſaid annuity, 


Upon theſe ſuppoſitions we ſhall have r = 1.06, and @ = 20/., and 7 = 
40 years. 


———, Will, in the preſent 


Therefore z, which is in all caſes = — _ 2 


7. Xr7—1] 
2 ol. 201. 200. ol. | . 
a. be = 0 (= 8 207 I By: 100 X 20, 
©.06 T:00'49 x 0.06 o. oo 0.06 1.06 109 x o. o 


100 * 20/, SS. 20001, 


Teoxocs X =o = Toto XN Su = 333:333-33303 — 333-333 


3393 X ==) = 333-333-3333 — EEE, We muſt therefore now 
find the value of I. Ci . | 


Now the logarithm of 1.06 is = 0.025,305,9, Therefore the logarithm of . 
1.000 will be (= 40 X 0.025,305,9) = 1.012,236,0; which is the logarithm 
of 10.285,751,2:; Therefore 1,00® is = 10,285,751,2, | 

Therefore 


7 
* 
* 
. 
: 
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1 , 323,3]. 1 
Therefore 2 will be (= 333.333,333,3/. — 26257572 = 333:333-333-30. 
— 32.407,291,1/.) = 300.926,042,21. ; that is, the preſent value of an annuity 
of 20). a year for 40 years, when the intereſt of money is 6 per cent, will be = 
300.326,042,2/., or 3oo!. 185. 64, d. E. 1. 


Art. 12. Now let us reverſe the problem, and ſuppoſe that an annuity of 
20/. a year, that is to continue for 40 years, has been ſold for the ſum of 
zool. 185. 64., or 300.926,042,2/. And let it be required to determine, from 
theſe circumſtances, the rate of intereſt of money that has been allowed to the 
purchaſer of the faid annuity when he paid the ſaid ſum of 300.926, 042, 21. 


for it. 


Here à is = 20/., as before, and # is = 4o years, as before, and z is = 


30o. 9 26,042, J.; and 7, or the rate of intereſt, is the unknown quantity, or 


: t t be 
root of the equation — K —iT' = — „ which is to be found by means 


of the expreſſion 1 + þ — 0 — 2700 , given us by Dr. Halley, and of a 
ſubſequent proceſs of Mr, Raphſon's method of approximation grounded upon 


that expreſſion, 


To compute the expreſſion 1 + þ — bb — 2700 A we will, in the firſt place, 
determine the value of . 


2 2 2 
Now 3 is = ©|** — 1 (= 2 == £ == 
Z 2 pu 
A 2 
20 X 40 41 $f ©Y doo 41 2 — 25 4 
300.926,02, 3 — 1) = 2.658, 400, 5 1. 


We muſt therefore compute the value of 2.658,45, r; which may be 
done by means of a table of logarithms as follows. 


The logarithm of 2.658,460,5 is = 0.424,630,2, Therefore the logarithm 
of 2.050,00, lr will be (= = * o. 424, 630, 2 = = = 0.020, 


41 


713.7; which is the logarithm of the number 1. 048, 8 52, 4. Therefore 
2.658,460,5)** will be = 1.048,852,4; and conſequently 2.6 58,460, 513 © — I 


2 


will be = 0.048,852,4, or * — 1 will be = o. 048, 852,4; that is, 


y will be = 0.048,852,4. d. E. I. 
Further, 
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Further, 2 is = — 2 _ = — = 17 = o. 153, 846, t. Therefore 


25 will be (= 2 X 0. 153,846, 1) = o. 300, 692,2, and 4b will be (= 
0. 1 53,846, 1“) = o. oꝛ 3,668,622, 485, 21, and 2% will be (= o. 30), 692, 2 
* o. o48, 8 52,4) = o. o1 5, o3 t, 502, 431, 28, and 69 — 2by will be (= 0.023, 
668,622,485,21 — 0.015,031,502,431,28) = 0.008,037,120,053,93, and 
vV Ib = 2by will be (= 4/0.008,637,120,053,93) = 0.092,936,1. Therefore 
þ — VT = 2by will be (= 0.153,846,1 — 0.092,936,1) = 0.060,910,0, 
Therefore , or 1 + -n 2, or 1 ＋ 35 — bb 209 *, will be ( 
1 + o. 060, 910,0) = 1.060, 9 10, o; that is, the firſt near value of 7 in the 


equation „2. (or „ —r=—=, o 
1 Sz 2 
300.926,42, 2 + 20 40 BE 20 320.926, 042, 2 40 : 
300.926,042,2 300.920,04 2,2 309.926,042,2 
20 40 4 : 
. —— a . l 
— „ or 1.066, 461,8 X 7 r 0.066,461,5, which 1s obtained 
1. 0 . | 
by means of the expreſſion 1 + 5 — % — 20% , given us by Dr. Halley, will | 
be = 1.060,910,0. Q. E. 1, 


This value of r is tolerably near it's true value 1.06, For, according to it, 
the intereſt of 100 pounds for one year would be (= 100 X o. 060, 9 10, ol.) 
= 6.091, ol. = 61. 15. 94d., inſtead of being exactly 6 pounds. Therefore 


even in this extreme caſe it appears that this expreſſion 1 + — 66 — 20% ., 
given us by Dr. Halley as a near value of 7, is but a little greater than the | 
truth. But, if we make uſe of it as the ground of another approximation to | 
the true value of 7 in the method recommended by Mr. Raphſon, the ſecond AF 
near value of 7 that will be thereby obtained, will be much more exact and as 3 
near to the true value of 7 as need to be wiſhed. This approximation may be 


made in the manner following. 


n , o 


Art. 13. We are now to reſolve the equation 


1.066,46 1,8 & 1 — 7 = 0.066, 461, 5, by Mr. Raphſon's method of ap- 
proximation, after having already diſcovered by means of Dr. Halley's ex- 


preſſion, 1 + 5 — bb — 20%, that 1.060,910,0, or 1.060,91, will be a firlt 
near value of , or the root ſought, that will be tolerably near the true value 
of r, but ſomewhat too great. | 


Let us therefore put w for the unknown ſmall exceſs of 1.06091 above 7, 
and let 1.06091 — be ſubſtituted inſtead of 1 in the terms of the equation 
1.066, 46 1, K, — 7% = o. 066, 461, 5, but with an omiſſion of all ſuch 
terms as will involve any higher powers of the unknown quantity ww than it's 
{imple power, or w itlelt, | 

Then, 


. B BY 4 UTE . my 


r , . 
P ĩͤĩ IST... 
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Then, ſince is = 1. 0609 1 — , we ſhall have = 1.06091 — w 
=, by the binomial theorem, 1.000, 91) — 40 x 1.060, 91% X w + &c; 
and conſequently ,1.066,461,5 x r® will be ( = 1.056,461,5 * 

1.000, 9 1 — 40 Xx 1.000, 910 x w + &c) = 1.056,461,5 X 1.000, 91% 
— 1.066, 461,5 X 40 X 1.050, 10 X Ww + &c. 

Andr“ will be = 1,06091 — w\* =, by the binomial theorem, 1.060,91\* 

— 41 X 1.060,911® X w + &c. 


Therefore 1.066,461,5 Kr — r* will be = the following compound 
quantity, to wit, 


1.066, 461,5 x 1.050,90) — 1.066, 461, X 40 X 1. O00, 91) x w + &c 
— 1.060, 91)“ + 41 & 1.55, % x w — &c. 


We muſt therefore, in the next place, find the values of 1.060, 910“, 1.060,91)®, 


and 1.060,91)*, 


Now the logarithm of 1.06091 is = 0.025,678,5, Therefore the logarithm 
of 1.050,9 % will be (= 40 X 0.025,678,5) = 1.027, 140, ; which is the 
logarithm of 10.644,860,3. Therefore 1.000, 91)“ will be = 10.644,860,3 ; 
and conſequently 1.000,91\** will be (= 1.060,91 X 1.060, 91% = 1.060,91 


1.960,91#? 


X 10.644,860,3) = 11.293,238,7, and 1.000, 91)“ will be (= — = 


10.644, 860,3 
— — — — . O 2. 
ee. 


Therefore 1.066, 461,5 x r — 7* (which has been ſhewn to be equal to 
the compound quantity 
1.066,461,5 X 1.060,90 — 1.066,461,5 X 40 X 1.060,91) x w + &c 
— 1.61, 90“ + 41 X 1.000,91)* Xx w — &c,) will be = the compound 
quantity 

1.066, 461,5 * 10. 644,860, 3 = 1.066, 461, 5 X 40 X 10.033, 707, 2 K T3 

— 11.293,2 38,7 + 41 X 10.644, 860, 3 Xx W — &C | 
= the compound quantity 


11.352,333,7 — 1.056, 461,5 & 401.348, 288, X w + &c } 
— 11.293,238,7 + 436,439,272,3 & %% — & 


320 Nor ES ON SOME DIFFICULT PASSAGES OF THE 


= the compound quantity 
11.352,333,7 — 428.022,497,2 X w + & c . 
— 11.293, 238,7 + 436.439, 272, 3 & — &C 
2 0.059,095,0 + 8.416,75, 1 & W &Cc. 
But the quantity 1,966,461,5 X 7© — 7*® is o. 066, 461,5. 


Therefore the compound quantity 0.059,095,0 + 8.416,775,1 * w & 
will alſo be = 0.066,461,5. And conſequently 8.416,775,1 Xx . will be 
(= 0.066,461,5 — 0.059,095,0) = 0.007,366,5, and w will be (= 


9576754 oO. ooo, 87 5, 2. Therefore , or 1.060, 91 — w, will be (= 
1.060, 1 — o. ooo, 875, 2) = 1.060, o34, 8; that is, the rate of intereſt ſought 
will be = 1.060, O34, l. . E. I, 


This value of 7 is exceedingly near to it's true value, which is 1.06. For, 
according to this value of r, the intereſt of a hundred pounds for one year 
would be (= 100 x 0.060,034,8/.) = 6.003,48/., or. 61. os. 04d., or 
'6 pounds, and about 3 farthings, which exceeds the true intereſt, which 1s 
6 pounds, by leſs than a "pom We may therefore now ſafely conclude that, 
when 7, or the number of years during which the annuity is to continue, is not 
greater than 40 years, the value of r, or the rate of intereſt, or the root of the 
+1 


K eng = — may be obtained to a great degree of 


. 2 
equation 


exactneſs by means of the expreſſion 1 +6 — Bb —7bh*, given us by Dr, 
Halley, and one proceſs of Mr. Raphſon's method of approximation grounded 
on the firſt value of r obtained by that expreſſion. 


Art. 14. Though the foregoing expreſſion, 1 + b — 3 — 24\*, given us 
by Dr. Halley, and inveſtigated and illuſtrated by examples in the preceeding 
part of this Third Note, 1s a very uſeful one, on account of it's near approach 


— xr PIO — _, 
in all thoſe caſes of that equation in which Dr. Halley recommends the uſe of 
of it to his readers; yet the difficulty of inveſtigating it by the application of 
Mr. De Moivre's Multinomial Theorem to it in the caſe of fractional and 
negative powers, and the remoteneſs and ſubtlety of the principles on which 
that inveltigation is grounded, have induced me to endeavour to find ſome 
other expreſſion for a firſt near value of * that ſhould be derived from ſimpler 
and more natural principles. And the reſult of my inquiries has been the 
diſcovery of another expreſſion which is obtained by a courſe of reaſoning much 
more 


to the true value of 7, or the root of the equation 


„ 


* 
wid 2 
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more perſpicuous and ſatisfactory than that by which we obtained the fore- 
going expreſſion of Dr. Halley, and which is near enough to the truth to be, in 
in many caſes, highly uſeful of itſelf alone, or without any correction of the 
value of 7 exhibited by it, and to be in all other caſes an excellent ground- 
work, or baſis, for a further approach to the true value of » by a precels of 
Mr. Kaphſon's method of approximation, This expreſſion may be found in 
the following manner. 


| 
| 


— — —ͤ— —— = —- * 


OR FI 


F e 42h 


The Inveſtigation of another Expreſſion for a near Value of r ia the Equation 
z + a 


WW. IE 
[ 23 


* 0 


ww 
«+> 


RF 


. . * 
Art. 15. It has been ſhewn above in art, 2, that the ſraction —- is equal to 


N t ! + 
the ſeries 1 = [ xy + A En L 
2 2 3 2 3 4 
it: tk. X vV and 1 X hs. uh. X TI 
| 2 2 3 4 
x , and the following terms of the ſeries which involve the following odd 
powers of v, to wit, v5, v', v, vn, &c, which are all marked with the ſign —, 


— &c. Therefore (adding the terms 


to both ſides,) we ſhall have — + * - „ + — * * * v 
— t +1 t +2 14 ! + 2 t+3..,0 48 5 
+ &C 123 be. OM * a _ 9 X * 
+ &c, and (ſubtracting all the terms on the right-hand fide of this equation, 
except the firlt term 1, that is, all the terms involving vv, v', and the following 


= * P * * * 4 a a " — 
* 4 * a = * 1 
a p 4 « 2 — . + ra btn ACTED 
PFF 


VE" 


even powers of v, from both ſides,) _ + „ 2 2 * — X v 


2 2 
4 e 771 14 ,1i+3 t+4 
4 - 3 * + oaks 2 * 3 + * 5 2 T 
E 44 1e +5 
— Xx — en eee * Donn, — Xx — —  — 
2 3 * 7 5 * 6 * 2 * 3 + 5 


2 +5 * £5 X v* + &c = 1, and (ſubtracting — from both ſides,) the 


4 - 2 t+1 t t +1 t +2 1 + 14 
4 e 4 . * : X TE X.0 | 
| FS LS ©4.Þ 9, 64; t+1 t + 2 t+ 3 t + 

2 3 4 ain 3 Ms 


.. Tt * 
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+ | t EE t t +6 
x ZIxo ext: NAA K Xx Xx w + & 
2 3 + 5 7 
_ id — Z 
_— 


— : 
at 


Now let both fides of this laſt equation be multiplied into the fraction . 


: t+1 | ; : 
or the reciprocal of 7 „the numeral co- efficient of v in the firſt term of 


this ſeries. And we ſhall then have the ſeries v — þ 7 2 x vv + — * 


7 t + t 1 t t + t t 
EEX N A x x I x 8 


3 4 5 
t+2 t + t + t + t 6 221 — 2% 
* ER x = 1 = af +a? 


(putting &, c, d, e, f, &c for the ſeveral co-efficients of vv, 4, 2%, v5, v5, Kc, 


1222 


) the ſeries v = X ＋ cr 


1 I 24 
reſpeRively, and + for the abſolute term — Tg 


— An + eb — fo* + &c = P, or v — xv + ES xbxv 


_ NN + —— Xx 4 X „e + &c . This 


hy 4 - 0 . „ . > 
x is the beſt and ſimpleſt form to which this equation can be reduced. 


i Art. 16. Now in this laſt equation the unknown quantity u, (being the 
inteteſt of one pound for one year,) is much leſs than 1, and the abſolute term 


. | 2 » 25 _ 2 2 * - 
being equal to * 1 „) is alſo leſs than 1, and con 


ſequently the powers both of v and of 5, to wit, v, , v', v, v5, ve, &co : 
and þ, H, b, 4%, bs, be, &c, will form decreafing progreſſions. Therefore, by 4 
what is ſhewn in page 711 of the zd Volume of this Collection of Tracts called J 
Scriptores Logarithmici, the leaſt root of the ſaid equation may be found by 4 
means of a certain general ſeries obtained, in the ſaid Volume of the Scriptores : 
Logarithmici in pages 703, 704, 705, &e, --+ 710, by Sir Iſaac Newton's ſecond 
method of reverting infinite ſerieſes, which is founded on the cleareſt and plaineſt 3 
principles of Arithmetick, The five firſt terms of this general ſeries expreſſed | 
in the notation of the foregoing equation v — þ x v +  — du + ev 


| — fo* + & S b, will be Y ＋ x + 2bb & Þ + 365 — 5% TAN 
+ 34 — 21% + bbd + 144* —7) h; ſo that v, or the root of the equa- 4 


tion v - Xx v ＋ c -d N ex —f x © + &c = b will be, 3 
x : nearly, 5 


„ 8 


* * 


< =P * * 1 a IP 2 — Bu , - , I 
* 1 S * 1 „ b A OY * 7 i L . LC 4 * * : a "bog 
cr 9 * 
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nearly, = the ſaid five terms B + b X U + 2 =OxÞ + A 555 T7 


* + 36 — 2100c + 664 + 146+ — e X. Q. E. bh 


I will now proceed to apply this ſeries to the determination of the value of v 
ia the particular equation which Dr. Halley has refolved as an example of the 


utility of the expreſſion 1 4. 5 — b6 — 2by\*, which he has given us for this 
purpoſe. 


— f — „CCC ˙ A ———— ———  ————— —  —— 


An Example of the Application of the Series þb + 6 x U + 266 =) x Þ + 
54 — 5bc + 4) x * + 3c? — 215% + obd + 144 X þ* & 10 
the Determination of the Jalue of v in the foregoing Equation v — byy + cv 
— 4 + en — ff + &c = b, when r, or 1 + v, is the Noot of the 


Numeral Equation 1.c90,909,0 Xx * — r** = 0.090,909,0, which has been 


reſolved above in Art, 7 by means of Dr. Halley's Expreſſion 1 + 5 — bb = 26y\*. 


— —— 


Art. 17. In that equation the annuity @ is 20d. per annum, and t, or the 
number of years during which the annuity is to continue, is 21 years, and 2z, 
or the preſent value of the annuity, is z20/. Therefore z + @ is (= 2209. 


ST” 8. 642680 
+ 20.) = 240l., and —_ (= 25) = 1.090,909,0, and — 1s (= 7 


= 25 * —) = 0:090,909,0, and the general equation —.— e r 


2 — is converted into the numeral equation 1.090,909,0 X * 7 = 


0.090,909,0. 


Art. 18. Now, ſince a is = 20, and ft is = 21, and & is = 220, we ſhall 
have at (= 20 X 21) = 420, and 24/ (= 2 X 420) = 840, and 2z (= 2 * 
220) = 440, and conſequently 24! — 2z (= 840 — 440) = 400; and we 
ſhall have af (= a Xx if = 20 x 21% = 20 X 441) = 8820, and aff + at 
{= 8820 + 420) = 9240. Therefore ae will be ( — = 0.043, 
290,0; that is, þ will be = 0.043,290,0. 


Therefore þ* will be (= 0.043, 290, 0 = 0.001,874,0, and * will be 
(S x þ = 0,001,874,0 X 0,043,290,0) = 0,000,081,1, and “ will be 
| t 2 (= 


— 2 — = __ 
- * a, 
© S = 
”. I ” : FR” 7 
— £4 2 £ - 
- * > * 


— 


OY <2 
— * = 


— * 
< = 
de — 
4 2 
LO. 
© — 


% #4, . _ — 
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(S le * b = o. ooo, o8 1, 1 x o. 43, 290,0) = o. ooo, oog, 3, and Y will be 
'(= #* NB o. ooo, oo, 5 Xx o. 043, 290, o) = o. ooo, ooo, 18. 


and e is — 4 X IT 
' ſhall have 
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Therefore the five terms þ + I x b* ＋ 25% —0xXÞ ＋ 50% — 5c +4 
X . + 3% — 21 + 6bd + 148% —) x + will be = 0.043,290,0 + 
X o 001,874,0 + 2% — cl x 0.000,031,1 + 56* — 54c + d) x 0.000,093,; 
+ 34 — 214bc ＋ 64d + 144* — e x O. ooo, ooo, 13. 


Further, ſince & is = = and cis = & X —. and d is = © x — . 
* 1 un —— and 7 is in this caſe = 21, we 


b (= 1 3 — 7.666, 666,6 Re, 


— —— — — — 
—ů— — 


and c ( 3 * —.— n —.— 0 . = 5 X 6 = 7.666, 666,6 &c 
X 6) = 46. ooo, ooo, o, 


and (N e XNA 5 46 * 5) 
= 230. ooo, ooo, o, 


I RS 1 1 1 
and e (S = AN 7 2 dN — = 230 X — 2 230. x 
4.333,333,3 & c) = 996.666, 666,6, &c, 
and F e — = ex == 9 =eX = = 996.666,666,6x.3.857,142,8) 


= 3944-285,657,3; 


and conſequently the general equation v — þv* + ow? — d + ev* — fob 
+ &c. = h will in this caſe become v — 7.666,666,6 &c X vv + 46 Xx + 
— 230 x . + 996.666,666,6 x v*' — 3844.285,657,3.x v* + & = 
0.043,290,0; which is an equation now properly prepared for reſolution... 


Art. 19, Having thus found the values of 5, c, d, e, and 7, the co-efficients of 


vv, v?, v*, vs, and v in the equation v — bvv + cu — 474 + ev — feof '+ &c 
= b, and the value of it's ablolute term h, we muſt now compute the terms of 


the reverted ſeries Y X N + 2bb —c) x Þ* + 563 — 5 +4) x Þ* + 


36 — 210 + 604 + 146* —e\ Xx ＋ &c, which is equal to v, the root 
of: the former equation. This may be done in the following manner. 


* Since: 


. 
4% th * . p - 1 2 
ns of y 1 "> W mg» - 5 N N 2 5 by " 


„ 


_ = _ = 5 4 - \ * > F ** * p * 
Sx th! W ” g F EY * : 
nnn . 
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Since h is = 7.666, 666,6 &c, we ſhall have 45 (= 7. 600, 5 O = 
58.777,77). &c, and & (= 49 X 6 = 38.777.777, X 7.600, 016,6) = 
450.0 20, 29, 6, r * 9 = 450.629, 629,6 X 7 60, 660,6) = 
3404.82, 130, 2. Therefore 244 will be (= 2 X 38.777.777, . 
5555, and 5% will be (= 5 X 450. 629,629,6 = 2253.14, 148,0, and 14% 
will be (= 14 X 3404.8 27, 130, ) 47, 007.579 822, 8. 


And, ſince c is — 46, we ſhall have * (= 46]*) = 2116, and & — 
7.666,66, x 46) = 352.606,60, , ane! 53. (= 5 X 332.656, 666,6) = 
1753.333-333-3» and Je (= 58.777,7j7,7 X 46) = 2703.777,7742, and 
210. (= 21 & 2703. 777,774, ) = 50,779-333»259,2, and 34 (= 3 X 
2116) = 6348. 


And, ſince 4 is = 230, we ſhall have 44 ( = 7.666, 666,6 X 230) =. 


1763.333,318,0, and 6d (= 6 X 1763.333,318,0) = 10,5%0. 
And e is 996.666, 666,6. 
Therefore 235 — c will be ( = 117.555,555,5 —45) = 


and 5b% — gbc will be (= 2253.148,148,0 — 1793.333,333 
814.7, and 50 — gc + d will be (= 489 814,814,7 + 23 


wy 
* 
— 
O 
»4 
i fu 
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3 
+ 
JN 


=.9 ) 
814,7; and 3c* + 6bd + 144* will be (= 6348 + 10.580 + 47,6 
822,8) = 64,595.579,822,8, and 21% + e will be = 56,779.33 
+ g96.666,666,6) = 57,776, and conſequently 36 — 2144c + 6b4 
— e will be (= 64,595-579,822,8 — 57,776) = 6819.579,822,5, 


Therefore the ſeries B + X + 24 - Þ + $4? — 5be + d) x b8 


+ 3& — 216bc + 6bd + 146 — el xb*'+ &c will be = þ + 9.666,656,6x4* 
+ 71.555,555,5 X * + 719.814,814,7 & h + 6819,79, 922,8 & þ* + &c; 
in which ſeries it is remarkable that the co-efficients of the powers of h, to wit, 
I, 7.666, 665,6, 71.555,55 5,5, 719.814,814,7, and 68 19.379, 822,8, conti- 
nually increaſe in nearly the proportion of 10 to 1, But this increaſe of thele. 
co- efficients will be much over-balanced by the greater decreaſe of the powers 
of þ into which they are ſeverally multiplied, and conſequently the whole terms 
of the ſaid ſeries will decreaſe with conſiderable ſwiftneſs, as will now appear 
by performing theſe multiplications. 


For 7.666,666,6 „ , the. ſecond term of the ſaid ſeries, will be (= 


* 
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7.666,666,6 X 0.001,874,0) = 0.014,367,3, which is much leſs than the firlt 


term h, or 0.04.3,290,0 ; and 71.555,555,5 X , the third term, will be (= 
71.555555, X 0.000,081,1) = 0.005,803,1, which is much leſs than 0.014, 
367,3, the ſecond term; and 719.8 14, 814, x , the fourth term, will be 
(= 719.814,88 14, X o. ooo, oog, 5) o. o02, 519, 3, which is leſs than 0.005, 
303, 1, the third term; and 6819.579,822,8 x , the fifth term, will be (== 


6819.579,822,8 X- 0.000,000,15) = 0,001,022,9, which is leſs than 0.002, 
519,3, the fourth term. 


Therefore 
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Therefore the whole five terms þ + 75.666,666,6 XK &* + 71.5 35,555, 5 * 
+ 710.814, 814,7 & þ* + E819.570,822,8 & h will be = 0.043,290,0 + 
0.014, 367,3 + 0.005,802,1 + 0.c02,519,3 + 0001,022,9 = 0.067,0092,6, 
Therefore v will be nearly equal to, but greater than, 0.067,002,6 ; and conle. 
quently 1 + v, or 7, will be nearly equal to, but greater than, 1 + 0.057, 


002,6, or 1,067,002,0. . 1. 


Art. 20. This near value of » falls ſhort of it's true value (which is 1,068, 14 
by 0.001,137,4, Which is leſs than the 939th part of the laid true value, It js 
therefore a very good approximation to the ſaid true value, and ſufficient for 


magy uſeful purpoſes. And, if greater exactneſs were required, a ſingle proceſ; 


of Mr. Raphſon's method of approximation, grounded upon this number 
1.067,002,6, as a firſt near value of 7 in the equation 1.099,909,0 Kr — j® 
= ©.090,909,0, would give us a ſecond near value of 7 that would be as exad 
as could be deſired for any purpoſe whatſoever. But the computation of thele 


five terms of the ſeries þ + þ x h + 266 — * b + 56 — fc +4 xXÞ 


+ 30 = 214bc + Od + 144* —e\ x 5 + &c, and more eſpecially of the 
fourth and fifth terms of it, has, I confeſs, been a very tedious and laborious 
huſineſs; and therefore I conſider this method of finding a firſt near value of r 
as leſs convenient than that of Dr, Halley by means of the expreſſion 1 + } 


— bp — 2772. 


And it muſt alſo be obſerved that the value of r obtained by Dr. Halley's 


expreſſion is ſtill nearer the truth than the value of it that has been juſt now 
obtained by means of the foregoing ſeries. For that former value was 1.068, 
327,5, which exceeds 1.068, 14, or the true value of , by only 0.000,287,5, 
or the 3715th part of the ſaid true value; whereas the latter near value of r 
was 1.067,002,6, which falls ſhort of 1.068,14, or the true value of , by 
© 001,137,4, or the 939th part of the ſaid true value; which latter difference 
is almoſt tour times as great as the former difference 0.000,287,5. So that on 
this account, as well as on that of it's being leſs difficult ro compute than the 
latter value, Dr. Halley's expreſſion ſeems to be preferable to the other, 


Art. 21. The latter value of v, obtained by computing the ſeries þ + 5 X 


+ 2% =—© X h + 5 —gbc + d X b4 + 36 — 21hbc + 66d + 148 — . 
* þ* + &c, may, however, be rendered conſiderably more exact than that 
obtained by the foregoing computation, by an eaſy operation grounded on a 
reaſonable conjecture, by means of which we ſhall obtain a tolerably near value 
of the ſum of the remaining terms of the ſaid ſeries that come after the five 
terms of it that have been above computed, This conjecture may be deſcribed 


as follows. 


An 
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An Improvement on the foregoing Reſolution of the Fquation d — buy + cs 
— d + ev — fo* + &c = B, or v 7.666, 656, x vv + 46 x v* 
— 230 * v* + 996.666,656,6 x v — 3884.285,057,3 x v + & == 


0.043, 290, , by means of the Series b + b X þÞ* + 200 —c\ x Þ + 


55 — 5 + d\ x b* + 36 — 210% + bid + 14 — e\ * 5 + &c, or 
0.043,290,0 + 0.014,307,3 + o. o05, 893, 1 + 0.002,519.3 + 0.001,022,9 
+ &c, founded on a Conjetural Eſtimation of the Sum of the remaining Terms 
of the ſaid Series after theſe which have been computed. 


Art. 22, If we ex1mine the three laſt of the five terms 0.043, 230, o, 
0.014.367, 3, 0.005,803,1, 0.002,519,3, and 0.001,022,9, we {hall find that 
the laſt term 0.001,022,9 is not very different from a third proportional ro the 
two preceeding terms 0.065,803,1 and o 002,519,3. For the faid third pro- 
portional would be 0.001,093,7, which is not very much greater than the fifth 
term, 0.001,022,9., Therefore it ſeems reaſonable to conjecture that the fixih, 
ſeventh, eighth, ninth, and other following terms of this leries will not be very 
different from a ſet of continued geometrical proportionals to the fourth and 
fifth terms 0.002,519,3 and 0.001,022,9, which have been above computed. 
And, if this conjecture is true, the ſum of the remaining terms of the ſeries 
which is equal to v, and of which we have computed the fuſt five terms, will 
not be very different from the ſum of all the remaining terms of the geometrical 
ſeries of which the two firſt terms are 0.002,519,3 and 0.001,022,9 ; which 
latter ſum may be eaſily obtained in the following manner. 


The ſum of all the terms of an infinite ſeries of quantities that decreaſe in 
continued geometrical proportion, of which the two fir!t terms are denoted by 


12 
ö Therefore the 


ſum of all the terms of an infinite ſeries of terms decreaſing in continued 
geometrical proportion, of which the two firſt terms are 0.002, 519,3 and 


the letters i and &, is known to be equal to the fraction 


— 


0.001,022,9, will be (= — 0.002,51943'* — 0.000,006,346,892, 49 
* 5 0.002, 51,3 = 0. 01,22, 0.001, 400,4 52 


o. oo, 241,4. Therefore the two laſt terms, o. 002, 519,3 and o. o0 1,022, 9, of 
the fcries which is equal to v, together with all the remaining terms of the ſaid 
leries, will, according to the aforelaid conjectural ſuppoſition, be nearly equal 
to 0.004,241,4 3 and conſequently the whole of the ſaid feries will be nearly 

| equal 
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equal to the ſum of it's firſt three terms 0.043,292,0, + 0.014, 367, + 
o. oog, 803, 1, together with the ſaid number o. o04, 241, 4; that is, to the 
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number 0.067,701,8. And therefore the unknown quantity v, or the root of 


the equation v — 7.666,666,6 x vv + 46 X * — 230 X v* + 996.666, 
666,6 x * — 3844.-285,057,3 & 0 + &c = 0.043,290,0, will be nearly 


equal to 0.067,701,8; and 1 + , or r, or the root of the propoled equation 


1.099,909,0 K -. = 0,090,999,0, will be nearly equal to 1 + 0.057, 


701,8, or 1.c67,701,8. 1 1. 


This number, 1.067,01, 8, is a very near value of r. For it falls ſhort of 
it's true value, 1.068, 14, by only the ſmall quantity o. o00, 438, 2; which is 
leſs than the 243 7th part of the ſaid true value. So that it appears that the 
foregoing conjecture concerning the near approach of the ſum of the terms of 
the ſeries that is equal to v, after the fiſth term of the ſaid ſeries, to an equality 
with the ſum of the terms of a geometrical ſeries derived from the fourth and 
fifth terms of the former ſeries, after the two firſt terms of the 111d geometrical 


ſeries, is well-founded, 


Art. 23. This conjeQure will alſo be found to hold good, if we derive the 
geometrical ſeries from the ſecond and third terms of the ſeries which is equal 
to v, to wit, the terms 0.014,367,3 and 0.005,803,1, inſtead of deriving it 
from the fourth and fifch terms, 0.002,519,3 and 0,001,022,9, of the ſail 
ſeries, as was done in the laſt article. For, if we make 0.014,367,3 and 
O. oog, 803, i the two firſt terms of an infinite geometrical ſeries, the ſum of all 

| a A 
the terms of ſuch ſeries will be (= e 9 gr 0099, 
0.014, 367,3 —0-005,803,1 0.008,504,2 


© O24, 102,53; which, being added to the firſt term, 0.043,290,0, of the ſeries 


» 9 


that is equal to v, will give us o. 067, 392, 5 for a probable near value of the. 


whole ſeries, and conſequently of v, and 1 ++ o. 06), 392, 5, or 1.067, 392, 5, 
tor a probable near value of 1 + v, or 7, or the root of the equation 1.090, 
.909,0 X - = 0.090,909,0, Q. E. I. 


This value 1.067, 392, 5 is a very good approximation to the true value of 7, 
which is 1.068, 14. For it falls ſhort of it by only the ſmall quantity 0.000,7 47,5; 
which is leſs than the 1428th part of the ſaid true value, 1.068,14. And tuus 
by employing this probable and fortunate conjecture concerning the near ap- 
proach of the ſum of the terms of a geometrical ſeries of quantities beginning 
with the ſecond and third terms of the foregoing ſeries which is equal to v, to 
an equality with the ſum:of the ſecond and third and other following terms ot 
the ſaid ſeries itſelf, we may ſave ourſelves the trouble of computing the 


fourch term, 56% — 53c + d x #4, or ©.002,519,3, and the fifth term, 


362 — 216bc + bod + 14% — „ Xx #4, or 0.001,022,9, of the ſaid ſeries, 
in which a great part .of the labour of the foregoing computation, in art. 18 
and 19, conſiſted. | EIS 

Art. 2.4. 
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Art. 24. We may further obſerve, that 0.067,392,5, or the value of v 
obtained by computing only the three firſt terms of the ſeries þ + X þ* + 


275 = 0) x b + &c, which is equal to v, and adding to them the probable 
value of the ſum of all the remaining terms of the ſaid feries derived from the 
foregoing conjecture, is nearer to the true value of v (which is 1.068, 14) than 
0.067,002,0, or the value of v obtained in art. 19 by computing the five firſt 


terms of the ſaid ſeries without having recourſe to the ſaid conjectural eſtimation - 


of the remaining terms; though it is leſs near than 0.067,701,8, or the value 
of v obtained in art. 22 by computing the ſaid five firſt terms of the ſaid ſeries 
and by afterwards adding to them the probable ſum of all the remaining terms 
of the ſeries reſulting from the ſaid conjectural eſtimation of them. This ſhews 
the great utility of the aforeſaid conjecture in enabling us to improve the firſt 
value of v, obtained by the mere computation of the firſt terms of the ſeries. 
Art, 25. I will now apply this method of reſolving the equation —— x r* 


_—_—__ — by means of the ſaid feries 5 + b x * + 26b — c x Þ 


+ &c to the numeral equation of the ſame form, which was reſolved above in 


art. 12 by means of the expreſſion 1 + þ — bb — 24) > given us by Dr, 
Halley, and which was afterwards reſolved to a greater degree of exactneſs in 
art, 13 by a proceſs of Mr. Raphſon's method of approximation ; in which 
equation #, or the number of years during which the annuity is to continue, is 
40 years, which is the greateſt number to which ? is ever ſuppoſed to be equal 
in thoſe caſes in which Dr. Halley recommends the uſe of the expreſſion 


1+þ ah. This equation is 1.066, 461, Kr — 7 = 
0.066, 461, 5; the annuity à being 20. a year, and t, or the number of years 
during which it is to continue, being 40 years, and 2, or the preſent value of 
it, or the price lately paid for it by a purchaſer, being 300.926,042,2 ; whence 
* + 4 320. 926,042, 21. 201. bo 

2 300.926, 042, 2 300. 926, 042, 2 ) 4 
22, os 

2 2 


is converted into the particular, or numeral, equation, 1.066, 461,5 X — 7® 
= 0.006,461,5. | 


218 


) 1.066, 461, 5, and — (= 


0.066,461,5, and conſequently the general equation 


And in this equation we alſo know before-hand, (by means of the calculation 
performed in art, 11,) that the true value of r is 1.06; and therefore we ſhall 
be able to deterinine with certainty to what degree of exactneſs, or to how 
many places of decimal figures, the value of r, or 1 + v, which we ſhall 


obtain by means of the ſaid ſeries þ + b x b* + 2bb =c\ x Þ* + &c, will 
exhibit, or agree with, it's true value. 
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Arother Example of the Application of the Series b + I + 20 — x Þ he 
| 5 — 5bc + A x 5 + 30 — 21 +-6bd + 4 — x „ + & 
to the Determination of the Value of v in the Equation v — buy + cus 
An + e' , + &c = b, when r, or 1 + v, is the Root of the 
Numeral Equation 1.066,461,5 & “ — 7* = 0.066,461,5, which bas been 


re/obved above in Art. 12 by means of Dr. Halley's Expreſſion 1 + b — bb — 2by'3, 


Art. 26. It is ſhewn in art. 15, that, if v be put =” — 1, or 1 + v be 


= r, in the general equation — „ — — we ſhall thence obrain, 


| . t +2 f t +2 t +3 3 

the equation v X vv + - X - n 7 
t +4 4 t+2t+3 t+4 + 1 4149 LA 
5 * 3 % 4 4 5 „ 3 4 "Wa 5 
X — X — x v + & c = —— or (putting 5, c, 4, e, and F, for 
the co-efficients of vv, v, v*, v5, v, reſpectively, and þ for the abſolute term 


=) the equation v — boy + co — df + — 5 + & = b, or 


0 — vv E N 


3 
EN. =. 


ä Further, it was ſhewn in art. 16 that ===, or 5, muſt always be leſs 


than 1, and conſequently that 4*, , *, 5, and the following powers of E, 
muſt all be leſs than 5 itſelf, and muſt form a decreafing progreſſion of terms; 
and it was ſhewn alſo that v muſt be leſs than 1, and conſequently that vv will 
be leſs than v, and that v will be leſs than vv, and v“ than v, and every 
following power of v leſs than that which immediately preceeds it, or that the 
powers of v, to wit, v, vv, v', , v5, v®, &c will allo form a decreaſing 
progreſſion. And hence it follows, (from what is ſhewn in the 3d Volume of 
this Collection of Tracts, called Scriptores Logarithmici, page 711,) that this 
equation may be reſolved by means of a certain ſeries there ſet forth, which is 
_ inveſtigated in pages 703, 704, 705, &c - « - 710 of the ſaid Volume, o 

ir 


W r 3 8 
SES WS > n * N 3 phe Ir e . 2 . | -\ 


— 


* = a 3 * e 3 ” PIE 7 . * 
* o 4 7 i 3 
s b La 
* * * 
** e TT a th 2 AY, " 
a 2» •— e r = 4 
4 E in op ” 3 
* * 


* e "> * 25 9 TD a 


= YT 05 _ * * 
"I 5 3. a6 8 Es 


9 


= * 
* 
n 


— * 
— ord 


FOREGOING DISCOURSE OP DR, HALLEY ON COMPOUND INTEREST. 331 


Sir Iſaac Newton's ſecond method of reverting infinite ſerieſes, which is founded 

on the cleareſt and plainelt principles of Arithmetick, and conſequently that v, 

or the root of the equation v — bvv + c — dy* + ee u + &c = b, 
will be wo to an infinite ſeries of which the five firſt terms are þ + b Xx * + 


2b — „ h + 5% — 5% +4) x b* + 3c — 216% + 66d + 140% =8) x bÞ. 
7 We muſt therefore now determine the numeral values of &, c, d, e, f, &c and 
| of %, b, , h, , &c, or of ſo many of theſe quantities as we (hall think fic 
1 to make uſe of in the reſolution of the 8 U — boy + 0 — du + e 


1 _ 
: — u + &c = b, —2 x b x v — [= ee - 
e eee 1 


. 
3 — 


Art. 27. Now in this uy ? is = 40. Therefore Fr will be = = 
uin be = , and = will be = & , and - will 


— Mi t+6 . 46 
—_ e hl” 
6 * 7 7 


r 
— 
+ 
w 


Therefore we ſhall have 3 (= —)= == Wi. aad-c (= & Nt _ = 14 x 


227 * 4 „ 122 = 19h x = = 


30.1 x 44) = 1324-4, and e ( d x = 1324-4 X — = ) = 


6 6,918 
99333 and f (= e x = = 9933 x & = WD) = 65,274. 


Therefore the ſeries v — bvv + S — bh + ev* — u + &c will be = 
5 NG + 150.5 X v — 1324-4 x v* + 9933 x v* — 665,274 x uv 
+ &. 


We muſt next find the value of þ, 


2at — 2% 
at* + at 


— i W : 
RG DISCS IS R ** Ls A 2 


Now h is = the fraction - But à is = 20/., and / is = 40 years, 


and z Is 300. 926,042, 21. 


Therefore at will be (= 20 X 40) = 800, and 2at will be ( 2 x at) = 
1600, and 2z will be (= 2 X 300. 926,042,2) = = 601.852,084,4, and 2at — 22 
will be (= 1600 — 601.852,084,4) = 998-147,915,6; and at* will be (= 


20 X 40\' = 20 x 1600) = 32,000, and 4 + at will be ( = 32,000 


+ 800) = 32,800, Therefore the fraction - e = will be (= the fraction 


CE ) = 0.030,431,3; that is, Y will be = 0.030,431,3- 
Uusz Therefore 
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Therefore the laſt equation v — 14 X vv + 150.5 Xx V* — 1324.4 x v* 
+ 9933 * v* — 65,274 X v* + &c = b will become v — 14 Xx vo + 
150.5 X * — 1324.4 K v* + 9933 * v* — 65,274 Xx v* + &c = 0.030, 
431,3; which is an equation properly prepared for a reſolution by means 


of the ſeries þ + b x H + 2 — 0 x Þ + 56 — se +d\x N + 
36 — 21% + 60d + 1484 — e x b* + &c, of which I will now pro. 
ceed to compute the four firſt terms 5 + b x 5 wo 26b — 0 * * + 
5% — 5% T 4 x b.. 


Art. 28. Since þ is = o. 030, 431, 3, we ſhall have 5˙ (= 6.530,43 ,) 
= 0.000,926,064, &c, and þ* (= þ* x þ = do. ooo, 926, 64 x 0.030,431,3) 
= 0.000,028,181, and 5 (= U x S 0.000,028,181 Xx 0.030,431,3) = 


0.000,000,857,584. Therefore the ſeries þ + þ X b* + 2bb — c x Þ + 
5 — ße +4) x b* + &c will be = 0.030,431,3 + þ X 0.009,926,064, 
+ 2bbþ — © x 0.000,028,181 + 5 — 5e + dl X o. ooo, ooo, 8 57, 584 ＋&c. 

Now, ſince 4 is = 14, we ſhall have 33 (= 14]*) = 196, and # (= 


bb Xx b = 196 X 14) = 2744, and conſequently 245 (= 2 x 196) = 392, 
and 5H (= 5 X 2744) = 13, 720. 


And, becauſe c is = 150.5, we ſhall have bc (= 14 X 150.5) = 2107, 
and 5% (= 5 X 2107) = 10,535. 


Therefore 2 — c will be (= 392 — 150.5) = 241.5, and 54? — 5be 
will be (= 13,720 — 10,535) = 3185; and, becauſe 4 is = 1324.4, we 
ſhall have 53˙ — 5e + d (= 3185 + 1324.4) = 4509-4. 


Therefore the ſeries þ + b x ＋ 2b , XÞ +5 — gc + d) x bv 
+ &c will be = þ + 14 x * + 241.5 K Þ + 4509.4 x H + & = 
0.030,431,3 + 14 X 0.000,926,064 + 241.5 Xx 0.000,028,181 + 4509.4 
* 0.000,000,857,584 + &c = o. og30, 431,3 + 0.012,964,896 + 0.006, 
805,711 + o. oog, 86,189 + &c = 0.054,069,096, + &c, or (neglecting 
the two laſt figures of theſe two terms,) o. og4, obo, o &c. Therefore this 
number 0.054,069,0 will be nearly equal to, but leſs than, the true value 
of v in the equation Þ — 14vv + 150.5 X v — 1324.4 & v* + 9933 X v 
— 65,274 X v* + &c = 0.030,431,3. . 1. 


Therefore 1 + v, or r, or the root of the equation 1.066, 461, 5 K 
— = o. o66, 461, 5, (from which the equation » — 14vv + 150.5 X 
＋ 1324-4 X v ＋ 9933 X — 65,274 Xx v* + & c = 0.030,431,3 was 
es.) will be nearly equal to, but leſs than, 1 + 0,054,069,0, or 1.054, 
O 9,0, a | 


Art. 29. 
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Art, 29. The difference of this number, 1.054,069,0, from the true value 
of r in the equation 1.066, 461,5 X 7 — 71% = 0.066,461,5, (which is 1.06,) 
is 0.005,931,0 3 which is ſomewhat leſs than the 178th part of the ſaid true 
value. This difference is certainly conſiderable; but yer it is leſs than I ex- 
pected to find it in this extreme and moſt difficult caſe of the general equation 


— 


2 
which Dr. Halley ſuppoſes it ever to have in the caſes for which he recommends 


the uſe of his expreſſion 1 + ? — 6% — 25 But even in this caſe, if we 
have recourſe to the coajeftural method, above-mentioned in art. 22, of efti- 


mating the ſum of all the terms of the ſeries 5 + b x i + 2bb —c x 5 


+ 56? — 5be + d\ x b* + &c after the ſaid four firſt terms, and add the 

robable value of the ſaid ſum to the ſum of the ſaid four terms that have been 
already computed, it will give us a very excellent ſecond near value of v, that 
will approach to it's true value to a degree that ſeems very ſurpriſing. For, if 


we ſuppoſe the third and fourth terms of the ſeries þ +6 Xx Þ* + 2bb — 1 Xx h 


n Fades = — , in which r is = 40, or is of the greateſt magnitude 


+ 5% — sec + dl x b* + &c, to wit, the terms 0.006,805,711 and 0.003, 


$67,189, or (neglecting the two laſt figures of theſe numbers,) 0.006,805,7 
and 0.003,867,2, to be the two firſt terms of an infinite ſeries of terms in 
continued geometrical proportion, the ſum of all the terms of ſuch geometrical 
0.006,80;,7 X 0.096,805,7. __ 0.000,046,317,552,49 
0.006,805,7 — 0.003,867,2 © 0.002, 938, 5 ) 
= 0.015,762,3; which being added to the two firſt terms of the ſaid ſeries 


hb +b XÞ + 20% =c\XÞ + 5 — pc + d4\ x b* + &c, which is equal 
to v, to wit, the two terms “ and þ x , or 0.030,431,3 and 0,012,964,9, 
will make the probable value of the whole of the ſaid ſeries to be 0.059,158,5.. 
Therefore v will be, nearly, = 0.059,158,5, and conſequently 1* + v, or x, 
or the root of the equation 1.066, 461,5 Kr — 7 = o. 066, 461, 5, will be, 
nearly, = 1 + 0.059,158,5, or 1.059,158,5 ; which falls ſhort of 1.06, or 
the true value of , in that equation, by only the ſmall quantity 0.000,841, 5, 
which is leſs than the 12 59th part of the ſaid true value. 


ſeries of quantities will be (= 


Art. 30. According to this near value of r, to wit, 1.059, 158, 5, the intereſt 
of a hundred pounds for a year would be (= 100 X 0.059, 158,5) = 
5.915,85/., or 5/. 18s. 3d., inſtead of being exactly 6 pounds. This degree 
of exactneſs ſeems very great for this extreme and moſt difficult caſe, in which 
is = 40, or of the greateſt magnitude that Dr. Halley ſuppoles it ever io 
have in thoſe caſes for which he recommends the uſe of his expreſſion 1 + 3 


2 —2by\*. And it equals the degree of exactneſs of that expreſſion of Dr. 
Halley in the ſame cale. For the near value of r in this equatfon 1.066, 


461,5 Xx 1? — 77 = o. 066, 461, 5, that reſulted from the computation of 
this 
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this expreſſion 143 — 4b — 26y\* made above in art. 12, is 1.060, 9 10,0, 
which exceeds it's true value 1.06 by the quantity o. ooo, 910, o, which is a 
liitle greater than the quantity o. ooo, 84 1, 5, by which the foregoing near value 
of 7, 1.0 59, 158, 5, falls ſhort of the ſaid true value. 


An arithmetical mean between 1.060, 9 10, o, (the near value of r in this 
equation 1.066, 461, K — rf = o. 066, 461,5, obtained above in art, 12 


by means of Dr. Halley's expreſſion 1 + 5 — % — 2% 2 and 1,059,158, 5, 
{the near value of 7 juſt now obtained by means of the four firlt terms of the 
ſeries b + b x * + 21b — c x 5 + 5% — 5% + 4 x b. + &c, together 
with the above-mentioned conjectural eſtimation of the ſum of all the follow- 


ing terms of the ſaid ſeries,) will be (= — SOLES — 


= 1. 060,034, 2, which is extremely near to 1.06, or the true value of 7, 


Art. 31. If the number 1.059,1 58,5, obtained in art. 29 for the value of 5 
in the equation 1.066,461,5 x 1 — 7* = 0.066,461,5 by means of the 


ſeries þ ＋ b x Þ + 20 — d xÞ + # — Fh +d\ x Þ + &c, be 
made the ground-work of a further approach to the true value of » by Mr. 
Raphſon's method of approximation, one proceſs of that method will be ſuffi. 
cient to procure a ſecond near value of 7 that ſhall be as near to it's true value 
1.06 as need ever be deſired for any purpoſe whatſoever. Such a proceſs may 


be performed as follows. | 


Let w be the quantity by which the number 1.059,158,5 falls ſhort of the 
true value of r. | 

Then will 1 be = 1.059,158,5 + w, and conſequently e will be = 
1,059,158,5 + w\® =, by the binomial theorem, to the ſeries 1.059, 158,5 
+ 40 X 1,059,158,5\”” x w + &c, and r* will be = 1.059, 158,5 + 0 
=, by the binomial theorem, to the ſeries 1.059, 1 58,5\" + 41 x 
1.099, 158, 50% X w + &c, 


We muſt therefore find the values of 1.059,158,5)”, 1.659, 198,5), and 
1.059, 158,5“. 


Now the logarithm of 1.059, 158,5 is o. 24, 960, 9. Therefore the lo- 
garithm of 1.059, 158,5 will be (= 40 X 0. o24, 960, 9) = 0.998, 436,0; 


which is the logarithm of the number 9.964, og, 3. Therefore 1.05, i 58,5 


is 
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is = 9.964, 052, 3, and conſequently 1.059, 158, 5% will be (= 1.059,158,5\* 

X 1.059, 158, 5 = 9.964, og, 3 X 1.059, 158, 5) = 10. 553, 510, 6, and 
1.059, 88, 5% 9.064,05 2,3 __ 

1.059, 158,5 * — #, IN 9.497>51746. 


1.059, 1 58,5 will be (= 


Therefore r“ will be (= the ſeries 1.059, 158, 51% ＋ 40 X 1.069, 158,55 
X ＋ & c = the ſeries 9.964, 052,3 + 40 X 9.407, 517, X w + &c) 
= the feries 9.964, 062, 3 + 376.300, 704, x w + &c; and r** will be 


(= the ſeries 1.059, 1 58,5% + 41 X 1659,15, 90% X w + &c = the 


{eries 10.553,510,0 + 41 Xx 9.964, 052,3 & w + &c) = 10.553,510,6 + 
408.526, 144,3 & w + &C, 


Therefore 1.066,461,5 K , will be (= 1.066,461,5 Xx the ſeries 9 964, 
052,3 + 376.300,704,0 x w + &c = 1.066, 401,5 X 9.964,052,3 + 
1.066,461,5 X 376.300,704,0 x w + &c) = 10.626, 278,1 + 401.310, 
213,2 X w + &c. And conſequently the binomial quantity 1.066,461,5 x r® 
— vill be = the compound quantity | 


10.626,278,1 + 401.310,213,2 & w + &c } 
{ — 10.553,510,6 — 408.526,144,3 & w — &c 
= 0.072,767,5 — #7.215,931,1 X — &c. 


But the binomial quantity 1.066,461,5 x * — 7, is = 0.066,461,5. 


Therefore the compound quantity 0.072,767,5 — 7-215,931,1 X w — &c 
will alſo be = o. o66, 461, 5. 


Therefore 0.072,767,5 — &c will be = 0.066,461,5 + 7-215,931,1 & m, 
and 7.215, 931, 1 X will be (= 0.072,767,5 — 0.066, 461,5 — &c) = 
| 0.006, 306, o 3 
74155377 


| 
| 
N 


SH 
+ 
74 [3 o 
y N 
1 
1 
i 
| 4a; 
. \ 
: * Ul 
{ $6 * 
= 
N 2 
4 di 7 
N 
4 * 
= 
5 = 
7 11 
<< 
Ty 0 
11 
7 4 
* ö 
5 
l * 
91 
1 
. - 
* 
K 
. a 
7 
: -” 8: 
i | \ 
=. 
1 * 
1 . 
+ 88 
74 * 
_ 
1 
1 
* * 
a 7? y 
 *"W 
id 4 
1 4 
+4 
1% 
«> © 
* 1 | 
SS. n 4 
F. 
k 12 
TS 
* 3-4 
F548 
4% 
. 
F oh 
* 
4.0 
: 1 
7 
1 1,0, l 
* 4 „ 
v P 
+? 
4 10 " 
_ 
wo 
1 
CE” l 
. 
1. 
7 
j 
4. 
$ 
80 
1 
*y 
j 


þ 2 55 
. 3 


LY I „ 
——_— 


0.006,306,0 — &c, and conſequently w will be = 


: 
e 
14:4 
Jo L 
S - 
1, 
* 
4 
1 
4” 
J 
| 
* 
*% 
. 
- toy 
+ 
1. 
* 
1 
$ 
o7 
* 
% 
* 
x 1 
by # \ 
- 
4 
„ 
1 
4 
(] 
* 
iN 
il "L 
U 
* 
i 
d % 
* 
Wo 
on U 
45k 
« "ny 
_ 
_ 3 
—_ = 
«AM? 
. . 
. 
i 4 
= 
on by 
p 
B Lil 
* , 
,* 4 
- 4 


0.000,873,8, — &c, 


Therefore , or 1.059, 158,5 + w, will be = 1.059,158.5 + 0.000,87 3,8 
— &c = 1.060,032,3 — &c, or the ſecond near value of r, obtained by this 
one procels of Mr. Raphſon's method of approximation, will be 1.060,032,3. 

Q. E. I. 


>» 
* : 2 


— 


This number 1.060, 032, 3 is ſo nearly equal to 1.06, or the true value of 7, 
that, according to it, the intereſt of 100 pounds for one year would be (= 100 
* 0.060,032,3/.) = 6.003,23/., or 64. os. 03d., or 6 pounds and about 
3 farthings, inſtead of being exactly 6 pounds. And this, I preſume, is as 
great a degree of exactneſs as need ever be defired for any purpoſe whatſoever. 


Art, 32. 
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Art. 32. It appears therefore that even in this extreme and moſt difficult caſe 


of the equation - 5 * — = —. in which 7, or the number of years 
during which the annuity is to continue, is 40 years, (which is the greateſt 
number of years for which the annuity is ever ſuppoſed to be granted in thoſe 
caſes of the ſaid equation for which Dr. Halley recommends the uſe of his 


expreſſion 1 + > — 73 — 24y)* to obtain a near value of r,) a near value 
of x, as near to it's true value as the near value of it obtained by that expreſſion 
of Dr. Halley, may alfo be obtained by the other method ſet forth in the fore. 
going articles, which is derived from Sir Iſaac Newton's ſecond method of 
reverting infinite ſerieſes ; which ſecond method of reverſion is founded on the 
cleareſt and plaineſt principles of Arithmetick. And it appears likewiſe that 
the value of r, obtained in this extreme caſe by this latter method, will, if 
made the ground-work of a further approach to the true value of 1 by Mr, 
Raphſon's method of approximation, enable us, by only a ſingle proceſs of 
the ſaid method, to find a ſecond near value of 1 that ſhall be as exact as ever 
can be deſired. And hence it will follow, 2 fortiori, that in all eaſier caſes of 


2 + 3 f+ 
* xr — 7 2 = —>, or when 4, or the number of years 


the equation 


for which the annuity à is granted, is leſs than 40 years, the ſame method of 
z + a f 
2 


proceeding will give us the value of 7, or the root of the equation X r 


t+1__ @ nes 
— , to a greater degree of exactneſs than in this extreme caſe, 


and conſequently that, if it is accompanied by only one proceſs of Mr. Raph- 
ſon's method of approximation, it will enable us to find a {ſecond near value ot 
that will be nearer to it's true value than 1.060,032,2, or the value of 7 
obtained above in art. 31, is to 1.06, or 1.060,000,0, it's true value, in the 
numeral equation 1.066,461,5 X 7 — 74 = 0.066,461,5, and which there- 
fore will be as near to the true value of r as need ever be defired for any 
purpoſes whatſoever. 


Art. 33. If the above-mentioned conjectural method of eſtimating the ſum 
of the remaining terms of the ſeries þ ＋ I x * + 26 —d x Þ + 


55 — gbc ＋ d Xx h + 30 — 21bbc + 6bd + 14% —e x 5 + &c after 
a few of the firſt terms of it have been computed, (which in the two foregoing 
examples has proved ſo ſucceſsful) ſhould be thought worthy to be adopted; 
and, if, in conſequence of adopting it, we ſhould compute only the four firſt 
of the ſaid five terms of the ſaid ſeries, the labour of calculation required in 
the application of this method would be conſiderably diminiſhed by dropping the 


computation of the fifth and moſt complicated term 36 — 210 + 6bd + 144 — . 
9 ; * b, 


FOREGOING DISCOURSE OF DR. HALLEY ON COMPOUND INTEREST. 337 


x b, and, perhaps, would thereby become not much greater than that of 


computing Dr. Halley's expreſſion 1 + — bb = 25y), in which the find- 


2 | 
. at \f—J - . . . 
ing the value of y or <| is rather a troubleſome operation. And in this 


caſe, perhaps, this ſecond method of obtaining the value of r in the equation 


* + a f oo HPO . . 
—Xr - = =—, when is not greater than 40, may be juſtly 


reckoned as convenient as Dr, Halley's method of obtaining it by means of 


the ſaid expreſſion 1 + þ — 45 — 24)\*, with which it has been ſhewn to 
be equally, if not more, exact. But this muſt be left to the deciſion of the 


reader. 


Hort and convenient Direction fer the Application of this laſt Method of reſolving 


f k _ 
—Cxrert ==, 


the Equation 


Art. 34. If this ſecond method of obtaining a near value of 7 in the equation 


n. „ 2 „when 7 is not greater than 40 years, ſhould be 


thought fit to be adopted, the following ſhort direction for the application of it 
may be of uſe. 


Compute the quantities at and a-, and divide the quantity 24t — 22 by the 
quantity 4. + at, and let the quotient be called b. And let er — 1 be called v, 


and — be called b, and — X be called c, and = c be called d, 


and — * d be called e. Then will the ſeries v — bvyv + a — dv* + es 
— 5 + &c be = b, and, vice verſa, v will be = the ſeries þ + & x #* 


+26b — 0 K h ＋ 55 — fe N h + 36 — 21% + bbd + 144 —e\ 
x þ* + & c. Compute the four firſt terms of this laſt ſeries, and let the third 


term 250% — 7) x þ be called i, and the fourth term 5% — 5% + d\ x . 
be called &, Divide , or the ſquare of the third term 7, by i — &, or the 


excels of the third term i above the fourth term &, and add the quotient thence . 


4* 
1— kR 
And the ſum þ + b x þ* + — will be very nearly equal to v, or 7 — 1; 


„to the two firſt terms þ + K. 


reſulting, or the value of the fraction 


and conſequently 1 +þ + X h + — will be very nearly = r. 
Q KL 
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NOTE IV. 


— — 


THE laſt paſſage in the foregoing Tract of Dr. Halley on Compound Intereſt 


that ſeems to want explanation, is in page 229 of the preſent Volume, and 
in page 22 of the Introduction to Sherwin*'s Mathematical Tables, (the 
3d Edition, publiſhed in the year 1741,) and is as follows. 


« Laſtly, by way of Corollary to the former; let it be required to find the 
ce intereſt allowed the purchaſer when he pays a ſum = z for an annuity 4 
« wherein he has already a term r, to have it prolonged for a certain time 


cc equal to x. 
D . . 


E X AMP L E. 


—— 


© An annuity of 204. per annum that is already granted for a term of years 
« of which 21 are ſtill to come, may, for the ſum of 40 pounds paid down, 
ce be prolonged for 10 years more, or to. 31 years. What is the rate of intereſt 
& required ? | 


« Put P=2t + x + 1; and 27 ſhall be the index of a root of _ Let 


« £7 be = x +y, and — ? be SB. J fay, 7 — is very near to 


* 


Up — 20. 


Dr. Halley has not given us any inveſtigation of this expreſſion, though it 
feems very much to require one, I ſhall therefore now endeavour to ſupply 
this defect by ſtating, in as full and clear a manner as I can, an inveſtigation of 
it, or, rather, of an expreſſion nearly equal to it and bearing a great reſemblance 
to it, which has been communicated to me by my learned and ingenious friend 
Mr. Morgan, the Actuary of the Society for Equitable Aſſurances on Lives 
in Chatham Place near Black Friars' Bridge. 
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An Inveſtigation of an Expreſſion bearing a great Reſemblance, and nearly equal, to 


the foregoing Expreſſion ö — % — 2599 given by Dr. Halley for a near Value 
of r — 1 in the foregoing Corollary concerning a Sum of Money paid for the 
Prolongation of a given Annuity for an additional Number of Years, 


= er WOT — 


Article 1. The value of an annuity of 1/. per annum for t years is known to 


14. 11. . 
he = =—_— Therefore the value of an annuity of 1/. per annum 
* 71 


— 2 —. Therefore the excels of the 


EM Fes X r—1 
value of an annuity of 1/, per annum for t + x years above the value of the 
Il, 


112 [ 


for . + x years will be = 


like annuity for only ? years will be equal to the exceſs of the ſum of 


J. £ J. . 
_—_ — above the ſum of —. —- : „ that is, to the ſum of 
7 X 21 3 rf X x—l 
1, 14. 


. But the excels of the value of an annuity of 11. a year for 


f — 
7 Xr—T „ 


t + x years above the value of an annuity of 10. a year for only ? years is equal 
to the value of an annuity of 10. a year to commence at the end of 7 years, or to 
be added to an annuity of 1/. a year already granted for a term of 7 years. 15H 
Therefore the value of ſuch additional annuity of 14, a year for x-years to be 430 
added to a like annuity of 1“. a year for F years already granted will be = i 


J. * 9 
- — — And conſequently the value of an annuity of 4 
T X rl r XN Fans 


pounds a year for x years to be added to a like annuity of à pounds a year for 


T years already granted, will be @ times the former value, or will be = & 


; that is, according 


— 11. 3 4 gr 
* 7 . rar t+x 


* 
7 XrolT r AX rl 7 X rl 17 


to Dr. Halley's notation, z will be = — 
; MP X r—1 


- — h — and === will be 


—— r 


will be = 
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Art. 2. Let v be put r- I. 
Then will + be = 1 + v, and 1 = 1 ＋ D), a Na 


be = =. 
a a 


5 1 
Therefore — will be = 4 ———— 
8 Io ITT 


is =1+0* =, by the binomial theorem, to the ſeries 


But s 
1＋ 
t ＋ t 2 r I 
1—!Xv+tX- xv —t x — X EE Xx V + tf XxX —— - * 


—— * - —= x v* + &c; and 1 ＋ ys is, by the fame theorem, = to 
the ſeries r F+z x = 


4 
x E222 xv + ee x HEE x 2 x, 
+ &c. And conſequently 1 + 1 C will be equal to the 
exceſs of the ſormer of theſe ſerieſes above the latter, that is, to the ſeries 


t+1 
TAD —t xv = = * x vv e 1 
* r * == xv? — ff 
nee 
2 3 + 
+ & c = the ſeries 


4.5 t +3 t +3 ? 
* V 
3 3 4 8 


„ „„ + 2 
+ gt*'s + 6iz + 2x 
TY + 3 + 3% 


+ x 3 
— — — „* —— — XK 
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1 + 6 + 11!* + 67 
+ 4t'x + 6x* + 11x* ＋ 6x 
Jo” + 61 + 18's + 22x 
+ A + 1815 


* | 
AE „ „ + ©2360 +10 
24 28 
| + &c = the ſeries 
{ 2ix + x 
WE 3 + Gtx + 2x 
8 + 3% + 3x* 
2 + x? 
X-9* 
6 
46 + 6x + 11x* + 6x 
+ 6 + 18x + 22x 
—"}]} + 4i* + 18x 
jo 
Xx + &c. 
24 
Therefore — will be = to the faid ſeries 
_ 3 2tx + x 
+ ** 31*x + 6tx + 2x 
X vv + + 313% + 3x* 
- + „* 


6 
41 + 6x + 11x* + 6x 
+ 6x* + 18 % + 22x 
+ 4tx* + 181x* 


* v* + &c; and conſequently 
24 


(dividing all the terms of the equation by v, we ſhall have — = the ſeries 


* — { 20x + * | 9 
+ * 37 + 6ix + 2x 
e + + 3tx* + gat} Q010) 
2 + * 
— | X VU 


— 
— I 
. 
* * 
Sa - — 
* 


PE 


EIT — T-. 
9 f 1 — — — 
4 — „ 2 on. — — 7 7 | 
— 3 2 * — 
— - 2 . < - -- —— — 
ä 


— 


* * 


* E * — — „ ä * —— 2 
r 2 
2 2 "I... — 2 — 4 _ - 2-5 © hed * 1 
2 — — — wan 
A e *: 
— — * 1 8 * 
_— = © - * 
* 4 5 - hy 8 - m_—_— _ 
—_—— ＋ 1 


Bur 
« 


"nz - 


n 


| WW 
» ve —-—-— 
"me *" 


2222 


Sa as” a 
D 4 
—ͤ—ñ— — — — 
»S e 


————ʒñʒ ̃—ĩ4 — — — 
8 - T - —— . 


—  Y 
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4 + 6x + 11% + 6x 
+ 6 ˙¹ ＋ 189. + 22tx 
+ 4 + 18ᷣ 


— X v* J. &c; and (dividing all 
24 | | 


the terms by x,) we ſhall have 2 = the ſeries 


=... qt * 


+ 34 õ + 3x 
2 ＋ ** 
vv 

| 6 % 

4" + 6x* + 11x + 6 
+ 6x + 18/* + 227 
+ 4/x* + 18tx 
* 

Xx v + &. 


24 


Art. 3. Now, to ſimplify the co-efficients of the powers of v in this ſeries, 
let 7 be put = 27 + x + 1, or the numerator of the co- efficient of v. 


Then will 77 be 41 + 4 + 4 + ax + 2x + 1. 


2t TX +1 | g 8 . en 
Therefore or the coefficient of v in the foregoing ſeries, will be 
T 


= ; and 23!* + 6t + 2 
+ 3ix + 3x | 
+ * 


, or the co-efficient of vv, will be (= 


6 
| att + Aix _—__ 3} 


— tit — tx + 27 x ; 
. P CE RE, PLES TY TYTY 


6 2 6 
— TT=#—it+T, _ TT+T—t#=—t a 
. w SRI =; and therefore the three firſt terms 


. 1 + 7 
of the foregoing ſeries will be 1 = — X v + 17 + 55 2 


X vv, or 


3 TX TTI -N + is 
1 ** X vv. 


Therefore 
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Therefore — will be equal to the ſeries 


8 4% + 6x* +11x +6 
„ LETS mw — } +6x +18 +227 * 
, 6 | + 4ix* + 18tx 


+ * 


X v 


24 
+ &c, or (omitting the laſt term,) to the ſeries 


TxXT+1 -ft + tx * 


T f 
K 5 VU -&. 


Therefore, if we raiſe the fraction — to any power whatſoever, (whether 
integral or fractional, affirmative or negative,) and raiſe the ſaid ſeries 
1 — Xx v + DM. — 5 X vv — &c to the ſame power by 
means of Mr, De Moivre's multinomial theorem, the ſaid power of the faid 


ſeries will be equal to the ſame power of the ſaid fraction 15 


Art. 4. Now let both the ſaid fraction and the ſaid ſeries be raiſed to the 


power of which the fraction ＋ is the index. 


Then will the ＋ th power of the ſaid ſeries 1 — — K 1 - . 


* vv — &c be equal to the Ich power of the ſaid fra æion 22 . 
2 


OT ; : w_ 
Now the Feth power of the fraction — . or the quantity =] = i 
2 


2 2 
: a . rr 
— 2 = IX * ) = —_ b) 
2 . 3 Z 2 
2 "T. 4 8 
ax 2 
3 


and therefore may be found by means of a Table of Logarithms, by, firſt, 
finding in ſuck table the logarithm of the fraction — (which is the reciprocal 


ol the fraction — or 1s equal to — , or the quotient of the diviſion of 1 


— 


ax 
by 


* 
han 
— 
" 


p 


4 

1 
4 
6 
6:0 
„ 

& 

54 
J 
2 . 


4 
7 
_< 
9 
1 a 
N Pa , 
"o 
8 
* 


OWL 8 T 


—— 
3 — 
=_ D = © * 


— mono 


—_ 
4 — 


1 ba & 2 mn P 8 


— — — 
ay — 4 
. * 


— - 


bi 
* 2 


* 
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by the fraction —— , and then multiplying the ſaid logarichm into the fraction 


> , and, laſtly, looking-out in the Table of Logarithms the number to which 


the product of the ſaid multiplication correſponds, or of which it is the loga- 
+2 


7 th power of the fraction — „ Or the 


rithm. For that number will be the 


_ th power of the fraction —_— 


And the ch power of the ſeries 1 — u + EY + — X ve 


— &c may be found by the help of Mr. De Moivre's multinomial theorem in 
the manner following. 


Art. 5. It has been ſhewn above in page 243, Coroll. 3, that the mth power 
of the ſeries 1 + by + cvv ++ db + ev* + &c will be equal to the infinite 
{eries | 


1 21 M 2 


2_ 2 M | 
* Bi . 


1 + XU + — Xx 
+ — X c + — X — x ber? 
+ — X dv? 

+ &. 


| Therefore the mth power of the ſeries 1 — bv + cv = dun + ev. — Kc 
will be equal to the infinite ſeries 


N + XXIV N K xo 
+ = x c — = X — X bv? 
— — x dv 
+ &C, 
Now let the index m be = _ 5 
Then will m — 1 be (= ＋ — He = = 2 = * 5 and m2 
— = 3-) = ==; and *== will be = A, 


T ___— 
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40 +" op oF m1 ——T 
and — will be = 1 and — X —= will be (= & = 

+4+2T, __ +2+T. m m — t m 22 . „ 
28 27> FUELS fog 1 2 1 * 


Therefore the th power of the ſeries 1 — bv + cv du + ev. — & 


will be equal to the infinite ſeries 


2 =, i 4 
1 + 5-- Xbv + 7= * 6b _ _— 
* * leu: 
2 
+ „ x do 
+ &e. 
Art. 6. Now let 4 be = -. 
Then will this laſt ſeries be converted into the ſeries 
1+ XDX® + EX Ex L* * 
— „cu r Nn 
TN ͤ 
| + &c, 
or into the ſeries 
2; + TE x vo — — * v 
2 — 7 2 
_ 7 * © x v? 


+ - xd xv? 


+ &. 


Vol. * | * y 
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T x 7 + [tt + tx 


I — 
— 


Art. 7. Now let c be = 


6 
Then will the laſt ſeries be converted into the ſeries 
T TT + 6T + 
So + xv + I xv 
4 | 44 
ces —T-2,T x T+1 -(t+tz 
2 ＋ 3 = [it + tx x of — 2 255 . 


＋ * & 
+ &c, 


or (neglecting the fourth term, of which the co-efficient is ſo complicated that 
the computation of it would be extremely difficult, ) into the ſeries 


T + 2 
4 


—— * v* &c, or into the ſeries 
3 |; 


I + v »-þ X v* 


+ A * vv &c, or into the ſeries 


1 + v + 2 x v 
—4T — 4 
12 


. 57 X vv &c, or into the ſeries 


X VV 


= T + 2 
i + Q — X VV 


* 


tt + tx 
37 


+ 


Xx vv &c, or into the ſeries 


12tt + 12tx 


557 x vv &c, or into the ſeries 
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— 372 + 6T + 12: ＋ 12tx 


i +v 307 — X vv &c, or into the ſeries 

— t to a . 
14 vp — . =D X vv &c, or into the ſeries 

— git — 4 — gt — * — 2x — 1 . 
1 + v T7 — X UV 

at + 2x + 2 
155 _ GY 
4 LE X vv &c, or into the ſeries 


— 4 | . . 
1 + v —— X vv &c, or into the ſeries 


x*—1 


+ v — A X vv &c. 


— 


Therefore this laſt ſeries 1 + v — — 35 Xx de &c will be the ＋ th 


power of the ſeries 1 — = X V + — — X VU — &C which 


is equal to the fraction — And conſequently this laſt ſeries x + v 


— — * vv &C will be equal to the I th power of the ſaid fraction —, 


42 . . . a 
or to the A th power of it's reciprocal, the fradion — 


— 


2 
- — 1 
Art. 8. Since the ſeries 1 + © — Dh X- v &c is = — * let 
1 be ſubtracted from both fides of the equation. And we ſhall then have the 


2 
Gori [xx —1 4 .- ang + ＋ h : 6 
cries O — ff X vv & = — — 1; and conſequently the two firſt 


terms of the faid ſeries, to wit, the terms v — E — * vv, will be nearly 
2 


2 
equal to =] 1 Let y be put = =. * 1, or the abſolute 


* 21 


term of the quadratick equation v — UA X vv; and we ſhall then have 


2 2 X VU = 9. 
| þ 5 2 Multiply 


348 NOTES ON SOME DIFFICULT PASSAGES OF THE 


T . 
-, Or the reci- 


Multiply all the terms of this equation into the fraction 


procal of the co- efficient of vv, or the ſquare of the unknown quantity v, in 
order to free the ſaid ſquare from it's co- efficient. And we ſhall then have 
. = = x 5. Now, to ſimplify the equation, let & be 


xx — I WS 


4 or half the co- efficient of v. And we ſhall then have 239 — 


XKX — 


Put — 


vv = aby; which is a quadratick equation properly prepared for reſolution, 
Subtract both ſides of this equation from 44, or the ſquare of half the co- effi- 
cient of v, than which ſquare they are always neceſſarily leſs. And we ſhall 
then have 35 — 23 + vv = bb — 2by, Therefore, extracting the ſquare- 
roots of both ſides, and ſeeking the leſſer of the two values of v, which will be 
leſs than &, we (hall have 3 — v = SZ} — zh, and (adding v to both fides,) 


b=wv + V/# —7%h and (ſubtracting 33 — from both ſides,) v = 5 
n, or v=b — 3 ah. Therefore r — 1 (which is = v) 
will be = 3 — 2 — 205%. 


A SCHOLIUM, 


Art. 9. This expreſſion for v — 1 is not exactly the ſame with that given by 
Dr. Halley in the above-cited paſſage of his Diſcourſe on Compound Intereſt. 


67 


For he makes 5 = ——— L inſtead of — as it is in the foregoing in- 


veſligation communicated to me by Mr. Morgan; and Mr. Morgan ſays, that 
he does not know whence this difference ariſes. But he adds, that it is not of 
much conſequence; becauſe both the rules are very accurate: and of the two 


he thinks his own rule (in which 5 is = ,) the moſt accurate. And he 


xx — I 
is therefore inclined to ſuſpect that Dr. Halley may have made ſome ſmall 
miſtake in his inveſtigation ; or that he may, perhaps, have proceeded in a 
different manner from Mr. Morgan in making his inveſtigation, and by this 
means have obtained a different value for 3. But he adds that, be that as it 
may, there need not be required a more corre& rule than either of the two 
preceeding ones, as he has found from repeated trials in cafes where an inac- 

curacy was moſt likely to take place. | 


5 Art. 10. 
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Art, 10. I will now proceed to apply the foregoing, or Mr. Myrgan's, ex- 
reſſion to the ſolution of the Problem propoſed by Dr, Talley, as an example 
of the utility of his expreſſion. This Problem is as follows. 


I D— —— 2 — —— — — — —— 


A PROBLEM. 


An annuity of 20/7, a year that is already granted for a term of years of 
which 21 are ſtill to come, may, for the ſam of 40 pounds, be prolonged for 
10 years more, or to 31 years, What is the rate of intereſt required ? 


* 


Here a, or the annuity granted, is 20/. per annum; and t, or the number of 
years for which it has been already granted, and which are ſtill to come before 
the annuity ceaſes, is 21 years; and x, or the additional number of years 
during which the annuity is to be continued beyond the ſaid original term of 
21 years, is 10 years. And z, or the ſum of money to be paid in order to 
procure the ſaid prolongation of the annuity, is 40 pounds, 


Therefore ax will be = 20. X 10 = 200!/., and — will be = = (= 


2 ax . 200 
—) = 0.2, and — will be = — = 5. 
10 2 40 


a. 


Further, 7, or 2f + ＋ 1, will be (= 2 x 21 + 10 +1 = 42 + 10 


—— — 


+1) = 53, and conſequently the fraction ＋ will be = 7. and i 


VS 


2 
will be = s) 53. 


Now the logarithm of 5 is = 0.698,970,0. Therefore the logarithm of 
2 


5 53 will be = 77 X o. 698, 970, 0 (= ——— no 
7 


1.397,940,9 
— 


53 5 53 
o. o26, 376, 2; which is the logarithm of the number 1.062, 615, 6. Therefore 
2 2 


2 — — — — 
5 555 or =] „ will be = 1.062,615,6. Therefore = T ke 
(= 1.062,615,6 — 1) = 0.062,61 5,6 ; that is, y will be = 0.062,61 5,6. 
Further, ſince T is = 53, we ſhall have 67 (= 6 x 53) = 318, and 


6 CCC 


( An 5 = TJ) = $21; that is, 5 will be = 


3-212, 


| 


* 2 ien —— —3ãd 


0. 201,128,896, 210, 72, and 2% will be (= 2 x 0.201, 128,896, 210,72) 


Dr. Halley obtained his expreſſion, (in which 5 is made equal to 
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3 212,122. Therefore by will be ( = 3.212,121,2 x 0.062,615,6 ) 


Nl 


0.402, 2 57,792,421, 44; and 4b will be (= 3.212, 121,2 = 10.317,722, 
603, 489,44. Therefore 4% — a will be ( = 10. 31,722, 603, 4899,44 — 
0. 402, 257, 792, 42 1,44) = 9.9 15,464, 8 11,068, oo, and conlequently 33 = 
will be (= 95, 464,8 11,068, 0) = 3.148,88 3,1, and 4 — V 25 


will be = 3.212, 121,2 — 3.148.883, 1 = 0.063, 238,1. Therefore 1 — 1 
will be nearly = o. 063, 238,1, and conſequently r will be = 1.063, 238, 1. 
Q. E. I. 


This number, 1.063, 238,1, is very nearly equal to, but a little greater than, 
the value of r found by Dr. Hilley, which is 1,063,233. So that Dr, Halley's 
and Mr. Morgan's expreſſions ſeem to be equally uſeful in practice. But, as 
we know the inveſtigation of Mr. Morgan's expreſſion, (which has heen given 


at length in the foregoing articles,) and are ignorant of the manner in which 


6714 6. 
+ inſtead 
AXx » 

of 61 


43 — 


- ) I ſhould be inclined to make uſe of Mr. Morgan's expreſſion in 


preference to Dr. Halley's. 


Art. 11. The number 1.063, 233, aſſigned by Dr. Halley, as the value of r 
in this equation, may be computed in the following manner. 


Since 67 is = 318, we ſhall have 67 + 6 (= 318 + 6) = 324, and 


LL 6 (= = = 3.24; that is, 6 will be = 3.24. Therefore 36 will be (= 


3.24\*) — 10.4976, and by will be 18 3424 X o. 062, 615, 6) — 0. 202, 874, 544. 
and 2% will be (= 2 x . 202, 874, 544) = o. 403, 749,088, and bb — 20 
will be (= 10.497, 60, ooo — o. 405, 749, 88) = 10. 09 1, 8 50, 912. Therefore 
nah will be (= Vio. ol, 8 50, 912) = 3.176,76), 3, and b =, 
or 5 — . — 250, will be (= 3.240, ooo, o — 3.176,67, 3) = o. 063, 232,7, 
or (very nearly) o. 063, 233, as Dr. Halley makes it; and conſequently v, or 


1+b Ng, or1+6b = 3 — 2%, will be = 1+ 0.063,2 33, 
or 1.003,233. . E. 1. 


Art. 12. I will now proceed to try the exactneſs of the number 1.063, 238, 1, 


obtained above by means of Mr. Morgan's expreſſion 1 + -h, 
67 


upon a ſuppoſition that þ is = ) by ſuppoſing v to be equal to it, and 


XX — 1 


computing, upon that ſuppoſition, the value of z, or the price to be paid — 
the 
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the prolongation of an annuity of 20 pounds per annum, already granted for a 
term of 21 years, for an additional term of 10 years. For, if that price ſhall“ 
be very nearly equal to 40 pounds, which was the ſum ſuppoſed to be paid for... 
the ſaid prolongation in the former Problem, it will follow that the value of u, 
obtained in the ſolution of that Problem by means of the expreſſion 1 + 6 


— , OL I + þ — 1 2755, upon a ſuppoſition that þ is = 
6T | 


xx 21 


in the following manner, 


„will be very nearly equal to it's true value. This trial may be made 


r . —A—A—A ——— ˙ A A 


A Trial of the Degree of Exadingſ of the Number 1.063, 238, 1. obtained above in 
Art. 10 fer the Value of r in the foregoing Problem by means of the Expreſſion 


b — bb — 2by\ 2 inveſtigated in the foregoing Articles, in which Expreſſion b is 
67 


—— . 
Xx 2 1 


Art. 13. It has been ſhewn above in art. 1 of this Note, that z will be = 


— n+ 2 We muſt therefore compute this expreſſion 


* X21 7 XrT 


* Xx r 1 


, upon a ſuppoſition that @, or the annuity granted, is 20/. 
1 „= ä 

per annum, and that 7, or the number of years of the firſt term for which it was 
granted, that are ſtill to come, is 21 years, and that x, or the additional 
number of years for which it is to be prolonged, is 10 years, and that r, or the 
rate of intereſt of money, is 1.063, 238, 1. 


Now, upon theſe ſuppoſitions, 2, or the price to be paid for the ſaid pro- 


longation of the annuity, (being in all caſes equal to the quantity — — 
TX 1 

a 8 20l. 200. 20. 201. 
r Lo pal 21 +10 ee ( 2 oe row] gil go ont 
5 200. 20l. 3 200. 200, 
m_—_ 1.063, 238,1 — 1 7 7 1.063, 238,1 — 1 ru x . 063, 238, 1 1 x o. 063, 238, 
Ea 20). I 20%, _ * 3 100 X 200. 1 I 
ue 0.063,238,1 X ; STA o. o0 3, 238, = 2100" X o. 063, 238, 1 8 
100 x 20ʃ. 1 _ _ 2000/, 1 20000, HEELS 
100 x 0.063,238,1 X 5 6.323,81 * 7 6.323781 * 9 316.265,036, 4“. 


* 
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I 3162660. 316.265,36, 44. 
X E + ane 316.2 26 5,236, 41. X 7 ä L = 28 731 ) 


721 


— 


7 1 


216.26, 036,4]. 216,255,036, 4. 


1.03, 38, % 1.563, 238, 10 


We muſt 1 in the next place, find the values of 1.003, 238, 0 and 


1.063,23 8, 1 * which may be done as follows. 


he logarithm of 1.063, 238,1 is = o. 026, 630, 3. Therefore the logarithm 
of 1.063, 238 1 will be (= 21 x 0.026, 630,5) = 0. 5 59,240, 35, and the 
logarithm of 1.003, 258, 1; will be (= 31 Xx 0.026, 630, 5) = 0.825, 543,5. 


But o. 559, 240, 5 is the logarithm of 3.624, 436,6, and o. 82 5, 545,5 is the 
logarithm of 6.691, 840,0. Therefore 1.003, 238,1 will be = 3.624, 430,6, 
and 1.063, 238, 1 will be = 6.691, 840, o. 


6. 265,036, 44. 6.26 6,036, 4]. 
— 1 will be 6 5 7 
1.003, 238, l 3.624, 436,0 


eee ill be (= el.) = 47.261, 296,8“. And 2 will be S 


1 1.003, 238,1 6.691 „840,0 


| 87.259,89, 1. — 47.261,296,8/. = 39.998,792,3/., or 391. 195. 107d. that 
4d is, the price to be paid for the prolongation of the annuity for 10 years more, 
| in addition to the 21 years of the firſt term which are ſtill to come, will, if 5 
| x 063,238, 1, or the intereſt of money is 6.323,81/,, or 6/. 6s. 5d. per 
| ES cent, t, be 39/. 195. 10. inſtead of being exactly 4o/., as it was ſuppoſed to 
| | be in the foregoing Problem, This is a very near approach to the former value 
| of 2, (or the price paid for the prolongation of the annuity,) and proves that 
= | the value of 7, obtained in the foregoing Problem by the computation of Mr. 


=) = $7. 29,089, 10, and 


| | Therefore 


Morgan's expreſſion 1 + — 40 — 225 U, in which þ is = —.— , to wit, 


p the number 1.063,238,1, is very nearly equal to, but ſomewhat greater than, 
1 - the true value of 7 in the ſaid Problem, in which the price of the prolongation 

of the annuity was fuppoſed to be exactly 4o pounds; becauſe the finaller is 
f the price paid for a given annuity ſor a given number of years, the bigher muſt 
= be the rate of the intereſt of money allowed to the purchaſer of it. But the 


i difference between theſe two prices, or values of 2, is ſo trifling that it proves 
: : that, at leaſt, in this particular example, or with theſe values of F and x, or the 
= numbers of years for which the I is granted and prolonged, the {aid ex- 
= - preſſion 1 + þ — 6% — 26)\*, given by Mr, Morgan's inveſtigation above- 


mentioned, is a very uſeful approximation to r, or the rate of intereſt ſought, 


8 Art. 14. 


AVE 


WRT FL, RT or 
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Art. 14. If the foregoing General Problem, for the ſolution of which Dr. 


Halley has given us the expreſſion 1 + — % — 20 mentioned in the 


paſſage which 1s the ſubject of this Note, be reduced to an equation, that 
equation will be a trinomial equation, or will contain three different terms 
involving three different powers of the unknown quantity r, and will be as 


. a Xx t+x ? I a . 
follows; to wit, —Xr +7 2 12 —3 as may be ſhewn in the 
following manner. 

It has been ſhewn in art. 1, that z is = —— — — „ There- 

” Xr—1 Th 

fore (multiplying both ſides into r — 1,) we ſhall have 73 — z = — — a 
7. 

and (multiply ing all the terms into “,) we ſhall have - 11 „232 or =s8 
axr ar a . . 2 

— (= 2 — = 4 — —, and (multiplying all the terms into 

t+x # „ * 7 * D 


1＋. . 
r) we ſhall have r eB * 2 _ X X = & X 5 a, and (adding 


a to both ſides,) EXE = * x2 +4a=a Nr, and (adding 


„* x 2 to both ſides,) „„ 2 +a = 0a x * + 2 x r**, and 


(ſubtracting fF*FI x z from both ſides,) a =a xr" +2 X 11 


? 66 64 
Fe, and (dividing all the terms by z,) — = — x 1 4+ TE 


or (in the more uſual way of ranging the terms, with the known quantity, or 


. — = 


- in 
w * 


abſolute term, on the right hand,) * * 


which equation @, 2, t, and x, are ſuppoſed to be known quantities, and 7 to 
te the only unknown quantity. a E. D. 


If the near value of 7 in this trinomial equation, obtained by means of the 


foregoing expreſſion þ — #6 — 243): given by Mr. Morgan's inveſtigation 
above-ſtated, is not thought to be ſufficiently exact, it will, at leaſt, make an 
excellent firſt near value of r, to be uſed as the ground-work of a further ap- 
proach to it's true value by Mr. Raphton's method ot approximation; and one 
proceſs of that method will give us a ſecond near value of r that will be as near 
the truth as ever need to be deſired. Ot this 1 wiii now give an example in 
the more exact ſolution of the foregoing Problem ot Dr. Hailey, by making the 

Vor. V, * 2 2 number 


{1 
1 

| 

| 


r 5 1 >9 


— £ — F — 
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number 1.063,238,1 (which was obtained in art, 10 by means of the ex- 


preſſion 1 + þ — 3b —249)*, upon a ſuppoſition that & is = — -,) the 


NAY — 


ground-work of a proceſs of Mr. Riphſon's method of approximation to the 


k | . . . . 2 a Xx t+x t i , 
true value of 7 in the aforeſaid trinomial equation - * 4 —r +x+1 


= — This proceſs may be performed in the following manner. 


Art. 15. In the foregoing Problem of Dr. Halley the annuity @ is 20/, 
per annum; and t, the number of years that are ſtill to come of the term for 
which the ſaid annuity was originally granted, is 21 years; and x, or the 
number of years during which the ſaid annuity is to be continued beyond the 


firſt term for which it was granted, is 10 years; and x, or the price to be paid 


for ſuch prolongation of the annuity, is 40 pounds. Therefore the foregoing 


. f Ar 4 . 
genera] equation — „ en” 1 — will, in this particular 


217110 21 +$10 +l 20 1 
+ — 1 + + =O —XE +5 


20 10 
caſe, be = Xr +7 — 


C 


1 - — - 
= —» Or o. 500, ooo, o & r +1 — g* o. oo, ooo, o. 


Now it has been ſhewn in art. 13 that the true value of r in this equation muſt 
be leſs than the number 1.063, 238,1. Therefore, if w be put for the unknown 
difference between 1.063, 238,1 and the ſaid true value, we ſhall have r = 


1.063, 238,1 — w, and conſequently * = 1.003, 238,1 — ]7Ʒnen =, by the 


binomial theorem, to the ſeries 1.063.238, 10 — 10 X 1.003, 238, 10 X © 
+ &c, and * = 1.063, 238,1 — 0 =, by the binomial theorem, to the 
ſeries 1.063, 238,1)“ — 31 x 1.063, 238, 110 X w + &c, and * = 


, — IE 
—__ CPR Pais BI — Ad 


1.063,238,1 — w)* = 1.063, 238, 1% =, by the binomial theorem, to the 
ſeries 1.063, 238,1] — 32 x 1.063, 238,1 x w + &c, 


We muſt therefore, in the next place, ſeek the values of 1.063, 238, 1%, 


1.063, 238, 706, 1.063, 238, 1, 1.063, 238,1, and 1.063, 238, *. 


Now the logarithm of 1.063, 238, 1 is = o. 026, 630, 5. Therefore the loga- 


rithm of 1.563, 238, I)) will be (= 10 x o. 026, 630,5) = o. 266, 305, o; 


which is the logarithm of the number 1.846, 3 11,3. Therefore 1.063, 238, 105 
| will 


5 
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will be = 1.846, 31,5. And conſequeatly 1.063, 238,1 will be (= 


1.063,238, 1 10 SORE 1.846,311,5 — 
= a _— } 736,498,6, and 10 X 1. 1.003, 238,1 * W 


will be (= 10 Xx 1.736,498,6) = 17.364,986,0 x Ww. Therefore vill 
be ( 1.063, 238, 1% — 10 Xx 1.003, 238, 1 x w + &c) = 1.846,311,5 
— 17.364,990,0 X w + &c. 


Further, the logarithm of 1.063, 238, 1“ will be (= 31 x 0.926,630,5) = 
0.825,545,53 which is the logarithm of 6.691,840,0. Therefore 1.063, 238,1 * 
will be = 6.691,840,0, and conſequently 1.063, 238, 1% will be ( = 


1.063,238,1)%* __ 6.691,840,0 


1.003, 238, 1 gy 063,238, -) = = 6.293, 830, 1, and 1.063, 238,1 2 will be (= 


1.063, 238,10 Xx 1. 063,238, 1 = 6.69 1,840, X 1.063, 238,1) = 7.115, 
019,2. Therefore 31 * 1.063, 238, %% x w will be (=31 x 6.293, 830, 1 & w) 
= 195,108,733, 1 X ©, and 32 Xx 1,023,238, 1\”* x w will be ( X 
6.691,840,0 x w) = 214.133,880,0 X Ws 


Therefore * will be ( 1.003,238,1\** — 31 X 1.063, 238, 1) X ww 
+ &c) = 6.691, 840,0 — 195.108, 733, 1 X w + &c, ander will be (= 


1,003,248,11* — 32 x 1.063, 238,10 x w + A 7-I15,019,2 — 
214.138,880,0 x w ＋ &c. 


Therefore the trinomial quantity 0.500,000,0 x r* + r - will be 
equal to the compound quantity 


0.500,000,0 x 1.846,311,5 — 0.500,090,0 X 17.364, 986,0 x w + &c 
+ 6.691,840,0 — 195.108,733,1 Xx w + &C 
— 7.115,019,2 ＋ 214.138,880,0 x ] — & 


0.923,155,7 — 8.682, 493, Xx w + &c 


= + 6.691,840,0 — 195.108,733,1 & w + & 
— 7.,115,019,2 + 214:138,880,0 x w — & 


203.791,226,1 & w + &c } 


7.614,995,7 
214.138, 8 80, X w + &c 


— 7.1 15,019,2 


= 0.499,976,5 + 10.347,653,9 X K&e. 


+ | 


224 
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But the ſaid trinomial quantity 0.500,000,0 r + 7 — p is — 


O. 500,000,0, | a 


Therefore the compound quantity 0.499,976,5 + 10.347,653,9 x w &c 
will alſo be = 0.500,000,0. 


Therefore (ſubtracting o. 499,976, 5 from both ſides,) we ſhall have 10.347, 


653.0 X w (= 9.500,000,0 — 0. 499,976, 3) = c. ooo, O23, 5, and w (= 
©.000,02t,5 , _ Fe ls " fs 
e TRY, = 0.000,002,2, Therefore r, or 1.063, 238,1 — w, will be ( 
1.063, 238,1 — o. ooo, oo2, 2) = 1.063, 233,9. . — 


This number 1.063, 23 5, 9, (found for a ſecond near value of 7, or the rate 
of intereſt ſought, by this proceſs of Mr. Raphſon's method of approximation, ) 
is probably true in all it's figures. And it agrees with the firſt near value of it, 


1.063,238,1, found by Mr. Morgan's expreſſion 1 + 5 — „ — 2by\*, with 


b taken = _ „ and likewiſe with the number 1.063, 233, found by Dr. 
. 6T +6 
AX 


Halley's expreſſion 1 + þ — 0 — 26y)*, with 4 taken = „in the firſt 


ſix figures 1.063,23, and therefore proves that each of thoſe numbers 1s true 
in thole firſt ſix figures, and conſequently that either of thoſe expreſſions will 

be an excellent approximation to the true value of r, or the rate of intereſt, 
in this laſt Problem of Dr. Halley, agreeably to Mr. Morgan's declarations 
mentioned above in art, 9, page 348. 


This number 1.063, 235, 9, (which may be conſidered as the exact value of,) 
5 is leſs than the number 1.063, 238,1, found by means of Mr. Morgan's ex- 
preſſion, and greater than the number 1.063, 232,7, or 1.063, 233, che by 
means of Dr. Halley's expreſſion, and is a very little greater than 1.063, 235, 4, 
the arithmetical mean between them. 


Art. 16. Before I conclude this Fourth Note, which relates to the value of r 
* * RR 


in the general equation —_ * + — reſulting from the 


laſt Problem of Dr. Halley concerning the prolongation of an annuity for a 
given number of years beyond the original term for which it was granted, I 
will juſt make two obſervations concerning the ſaid equation, to wit, in the 
firſt place, that this is an equation of ſuch a form as to admit of having two 
different roots, or, in the language of modern Algebräiſts, two different real 
and affirmative roots, there being one change of the ſigns + and — amongſt 
the terms on the left-hand fide of the equation, and the higheſt power of the 


1 


uh 
Re” —— 


unknown quantity 7, to wit, 


„ having the ſign — prefixed to it, or 
being 


TT NEED 
\ 


* 
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being ſubtracted from the ſum of the other two terms — X r* + & and, 


in the ſecond place, that one of the roots of this equation will be 1. For, if 
* 3 1 = 


we ſuppoſe r to be 1, we ſhall have * (= x”) 236 dad 


= 1, and T = 3 alſo = 1, and conſequently — x + fi 


n ( 


= — X 1 +1—1 = — xX 1) , which is the abſo- 


t 
_— POS, —- and conſe- 


t 
lute term of the equation — *r 12 - 


quently 1 is a root of the ſaid equation, Q. E. b. 


But, though x is a root of the ſaid equation — e „ 


= — it is not the root that will ſolve Dr. Halley's Problem; becauſe in 


that Problem v is ſuppoſed to be x pound together with it's intereſt for a year, 
and therefore muſt be greater than 1 pound, or 1. It is therefore the other 


t+x ä TX 


and greater root of the ſaid equation — K * 1 2 
that will ſolve Dr. Halley's Problem, and that we muſt conſequently endeavour 
to find in order to effect that ſolution. But in our inveſtigation of that other 
3 „ 0 


. . * / 
and greater root of the ſaid equation — NK + rf : 


the knowledge that 1 is the leſſer root of it may be made uſefull, by enabling 
us to find a quantity greater than 1, and greater likewiſe than the value of r, 


* 3 


. . x [4 . . 
when the trinomial quantity — K © ae is of it's greateſt 


poſſible magnitude, (which will be when the infinitely ſmall increment of * 


a . N . . a Xx 
is equal to the contemporary increment of the binomial quantity — X r 


[4 . 4 * 
+ 7, or to the ſum of the contemporary increments of — Xx and 


885 „ for a firſt near value of r, from which we may begin our further ap- 
proaches to it's true value. This, however, is a ſubject which I do not mean 
to go further into at preſent, but ſhall reſerve for a ſeparate tract, to be intitled 
An Appendix to this Diſcourſe of Dr. Halley, which will follow thele long Notes 
upon it, to which I here put an end. 


—— —DM— 


AN 
APPEND X 


TO THE 


FOREGOING DISCOURSE OF DR. HALLEY 


[3 


ON 


COMPOUND INTEREST); 


Shewing how the Equations in which 7, or the Rate of Intereſt of Money, 
allowed in Bargains concerning Annuities for Terms of Years, 
is the unknown Quantity, may be reſolved in a clear 
and ſatisfactory Manner without having Re- 
courſe to the Algebraick Expreſhons 
which he has given us for 
that Purpoſe. 


By FRANCIS MASERES, Eſq. F. R. 8. 


CURSITOR BARON OF THE EXCHEQUER, 


Article 1. HE difficult paſſages of the foregoing Diſcourſe of Dr. Halley 
# þ on Compound Intereſt, which have been the ſubject of the 
foregoing Notes, relate to the ſolution of three Problems concerning annuities 
for terms of years, in which the rate of intereſt of money allowed in the 
bargains concerning theſe annuities is the unknown quantity which we are 
required to determine from our knowledge of the other circumſtances relating 
to them. Each of theſe Problems may be reduced to an equation, of which x, 
or the ſaid rate of intereſt, is the unknown quantity, or root ; and the ſolution 
of the Problem depends on, or may be effected by, the reſolution of the ſaid 
equation reſulting from it: ſo that the reſolution of the equation reſulting from 
each of theſe Problems may be conſidered as the ſame ching with the ſolution of 
the Problem from which it is derived. I 
it, 2. 
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Art, 2. Theſe equations riſe to a very high order, to wit, in ſome caſes to the 
order denoted by the number 2, or the number of years during which the annuity 
is ſuppoſed to continue, and in other caſes to the order denoted by the number 
z + 1, or the former number increaſed by an unit. And this circumſtance makes 
them ſomewhat difficult to reſolve: and therefore Dr. Halley has given us certain 
Algebraick expreſſions for the roots of theſe equations, which will approach pretty 
nearly to their true values, and ſave us the trouble of reſolving theſe high equations 
in the ordinary methods in order to obtain them. But he has omitted to give us 
any inveſtigations of theſe expreſſions; and thoſe which Mr. Morgan (the learned 
and ingenious Actuary of the celebrated Society for granting Equitable Aſſur— 
ances on Lives in Chatham Square near Black Friars? Bridge,) has found-out and 
communicated to me, and which I have ſet forth in the foregoing Notes in as full 
and clear a manner as I could, are ſo tedious and intricate, and are derived from 
uch remote and ſubtle principles, that, I confeſs, they afford me but an im- 
perfect degree of ſatisfaction, notwithſtanding the expreſſions obtained by means 
of them are found to be tolerably near the truth and are conſequently very 
uſeful in practice. I ſhall therefore now endeavour to point-out ſome other. 
methods of reſolving theſe high equations involving r, or the unknown rate of 
intereſt, which ſhall be as exact as thoſe expreſſions of Dr. Halley, and nearly 
as eaſy to reduce to practice, and that ſhall depend on much clearer and fimpler 
principles than thoſe by which thoſe expreſſions have been obtained in the 
inveſtigations of them given above in the foregoing Notes. And for this 
purpoſe I will here ſtate a- new the aforeſaid three Problems in Dr. Halley's 
Diſcourſe which have given occaſion to the foregoing Notes, and the equations 
reſulting from them, and which it will be our object to reſolve, 


Art. 3. The firſt of theſe Problems is that which Dr, Halley calls Problem IV 
of the Problems concerning the amount of a given annuity ; and it occurs above 
in the lower part of page 223, in theſe words. 


—— — 


PROBLEM IV. 


The annuity (2), time (t), and amount (2), being given; to find (5), 
the rate. 


Here Dr. Halley ſays that, in order to find , the former equation is reduced 


* 2 7 2 t 2 
a a : a a 


preſent caſe, to 16.86147 = 17.861 47 — „, or to 17.8614 Xx r — r= 


16.8614; which is fo affeded as not readily to be reſolved by the general 
method 
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method for the reſolution of equations, unleſs we can firſt approach it by ſome 
other means; for which purpoſe take the following rule, which will ſuffice where 


great exactneſs is not required. 


Theſe are the words of Dr. Halley, But the Problem may be ſtated more 
fully in the following manner, 


 CEMMLraoLL_mA RRTACSL____OO__—___—_——_—__—___ 
PROBLEM IV. 


If an annuity of à pounds a year has been granted a certain number of years 
ago, but has not yet been paid to the annuitant to whom it had been granted, 
the receipt of it having been forborn by the annuitant, in conſideration of an 
agreement made with the grantor of the annuity, that, when he pays the annui— 
tant the arrears of the ſaid annuity in a fingle payment, he will allow him 
compound interelt upon all the arrears of the annuity that ſhall be then due; 
and, if the ſaid ſingle payment, which is now become due to the annuitant in- 
conſequence of his having totally forborn to receive any part of the ſaid annuity 
untill the preſent time, (which ſingle payment is called the amount of the faid 
annuity,) is equal to a known, or given, ſum of money called z; and the 
number of years during which the annuity (hall have been due, but not paid, 
is called 7; and 7 be the value of 14. together with it's intereſt for one year 
according to the rate of intereſt, (hitherto unknown,) which makes the faid 
amount of the annuity be equal to z; it is required from this Knowledge of a, 
, and z, to determine the value of r, or the rate of intereſt, 


Art. 4. This Problem may be reduced to the equation — K r wr = 


— — 1 by the following train of reaſoning, 


. . . a — 60 Pang: \ 
It is ſhewn above in page 222 that z is = - . Therefore r —1| X 2 


will be = er — 4 4 rf — 1, and conſequently à will be = z X — = 
1 21 
Therefore —- will be = = x "==; that is, 1 will be = = X - at, 


1 21 
—— — 


and conſequently 1X — 1 will be = —_ r — 1, or — will be 


—X7T = 1 (= — X r — — * 1 —— * r — —. Therefore (adding 


io both ſides,) we ſhall have — 1 + = = X 7, and (ſubtracting - 
Var, V. 3A from 


= 
— — 


9 
: ER; 


_ 


Wr = 
« Ip =-= 
I 


. 1 1 
— - l > 4 * 
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from both ſides,) = — 1 = —— Xr ,, or (in the more uſual way of 


ranging the terms, with the known quantity, or abſolute term, on the right 


hand,) = r —r = —— I Q. E. b. 


. fe 
We muſt therefore now endeavour to reſolve the equation ＋ 2 


Art, 5. Now it is eaſy to obſerve that 1 will be a root of this equation. For, 
if 7 be ſuppoſed to be = 1, F will alſo be = 1, and conſequently ur _r 


will be = — XI — 1, which is = — — 1, or the abſolute term of the 


equation, And conſequently 1 will be = r, or will be a root of this equation, 
| Q E. D. 


. > | 4 . 
But, though 1 is a root of the equation — Xr = 7 = —. yet it cannot 


be that root of the equation which will ſolve the foregoing Problem; becauſe 
in that Problem 7 1s ſuppoſed to be the ſum of one pound and it's intereſt for a 
year, and therefore muſt neceſſarily be greater than 1. Therefore the value of 
7 that will ſolve the foregoing Problem muſt be the greater of the two roots of 
the equation _ *r = —— — 1, which is an equation of ſuch a form 
as to admit of two roots, or (in the language of modern Algebraiſts,) of two 
real and affirmative roots. 


Art. 6. The obſervation made in the foregoing article,“ that 1 is equal to 


2 , 


. 4 . 
one of the roots of the equation — *r = — — 1,” 1s not without 


ſome degree of uſe in our preſent inquiry, notwithſtanding it is not the root 
which will ſolve the Problem. For it will aſſiſt us in finding another quantity 
greater than itſelf that ſhall approach pretty nearly to the other, or greater, root 


of the ſaid equation — K —r = — — 1, of which we are in ſearch. 


But that we may be able to apply it to this purpoſe, it will be convenient, firſt, 
to make a few remarks on the number of roots in a binomial equation of the 


general form Px — «„ = Q and on the limits of their magnitudes; which 


may afterwards be transferred to the roots of the equation — Xr —=#r = 


- — 1, Which comes under that more general form, 


- 


Of 
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Of the Number of Rcols in the Binomial Equation Px — x" = Q» and the Limits 
of their Magnitudes. 


— __—_— 


Art. 7. Now, if P and Q are known quantities, and x an unknown quantity, 


and m is any whole number whatſoever, and Px — x" is = Q it is evident, 


m 
in the firſt place, that x" will be leſs than Px, and conſequently that — or 


, will be leſs than P, and that x will be leſs than P, or than P“ 


Secondly, if x be ſuppoſed to increaſe continually from o ad ixſnitum, it is 


* 9 
1 
. , 
= 
* 
{ 
\ 
L j 
1 
* 
” 
al 
5% 
* 
2 
I 
of 
Lf 
* 
* 
{ 


1 


evident that, while x is leſs than 1, * will be leſs than x; and, when x is equal 


to 1, * will be equal to 1, or to æ; and, when x becomes greater than 1, * 
will alſo be greater than 1 and greater than x; and that, hen x becomes greater 


T 
than P, or PLC, * will become greater than P, and x" will be- 


come greater than Px, and the difference between Px and x will be no longer 
1 


——ů— — 


pr — x”, but * — Px; and, as increaſes further from P“ ad infinitum, 


the binomial quantity * — Px will increaſe continually from o ad infinitum, 
ſo as to become equal to any quantity, how ſmall, or how great, ſoever. 


Thirdly, if the greateſt magnitude which x ever attains in the equation 
I 


Px -* = Q» namely, the quantity P“, be divided into ſome very great 
number of ſmall and equal parts, as, for example, into ten thouſand million 
ſuch parts, and each of theſe ſmall and equal parts be denoted by #, or the 
letter x with a point placed over it, it is evident that, while x, in it's increaſe 


from o to it's ſaid greateſt magnitude P“, increaſes from x to * + #, or 
receives the ſmall increment #, the term Px will increaſe at the ſame time from 


Px to P X x + #, or to Px + Px, or will receive the ſmall increment Fs, 
—_— ; | -1, 
and x" will increaſe at the ſame time from * to x + * or x + mx" © # 


+ &c, or will receive the ſmall increment * x #, 
| 3A 2 Fourthly, 
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Fourthly, while m X is leſs than P, the increment, mx" a, of x" 


will be leſs than Pa, the contemporary increment of Px; and, when m x a! 


is greater than P, the ſaid increment of « will be greater than the contem- 
porary increment of Px. Therefore, while m x * is leſs than P, the 
| binomial quantity Px — **, or the exceſs of Px above *, will continually 
increaſe ; and, when mx” is greater than P, the ſaid binomial quantity will 


continually decreaſe, till it becomes equal to o when x" is equal to Px, or x 


I 
ml 


is equal to P, or x is equal to ws or Pi. Therefore the ſaid binomial 


quantity Px — 4 will, firſt, increaſe from o to it's greateſt magnitude, while 


— . . — 1 P . | 
mx" increaſes from o to P, or while K increaſes from o to — or while 
I 
. P — . . . 
x increaſes from © to 6 and it will then decreaſe from it's greateſt 
I 1 


— —⅛ 


magnitude to o, while æ increaſes further from 1 to PP. And con- 


ſequently the greateſt magnitude of the ſaid binomial quantity Px — & will 
| I 


be that which it has when x is equal to = ah” 


1 
But, when à is == Px will be = P x 4 (= X — * 


1 — 1 — m 
P 41 m—1 ml __ P Be . 
F e x EP 
mm 


| q 0 i m . | BED P 21 
and conſequently the binomial quantity Px — x will be = m Xx —| 


n _— T herefore the greateſt poſſible magnitude 


of the binomial quantity Px» — * in the equation Px — x* = Q will be 
m7 


a= x >|" 2 Q, E. I. 


Art. 8 
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Art. 8. And hence it follows that, if Qz or the abſolute term of the binomial 


. 963 . P N a a 
equation Py — x = Q. is equal to m— 1] x —| „ the ſaid equation 


I 


will have but one root, which will be — whe but, if the abſolute term Q 


m 
1821 F : ; 
is leſs than #2 — 1) x . „the ſaid equation will have two roots, to wit, 


one root that will be leſs than * and another root that will be greater 


1 
han "=* „ but leſs than P“. 


Art. 9. If 2 or the middle value of x, which it has when the bi- 


nomial quantity Px — * has attained it's greateſt poſſible magnitude, be 
denoted by the letter M, and the exceſs of this middle value of x above the 


lefſer root of the equation Px — * = Q be denoted by the letter &, the 
greater root of the ſaid equation will be leſs than M + 4. For, it æ be taken 


=M + 4, the value of Px — & thence ariſing will be leſs than Q or it's 
value when x is = M d, as may be ſhewn in the manner following 


Ifx is = M—4, we ſhall have Pr (= PX M —4) = PM - Pa; 


and we ſhall have x” M- 4. Therefore Px — * will be = PM —Pdg 
. 


Therefore Q or the abſolute term of the equation Px — * = Q, will be 
= PM — Pd — M—<F"®. 


No let x be ſuppoſed to be = M d. 


Then we ſhall have Px (= PX MTA) =PxM+P xd; and we 
ſhall have «- = M +4\*. Therefore Px — x will be = PM + PA 


NM“. 


We 
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We muſt therefore compare together the former compound quantity PM 
PREY, > N42“ (which is equal to the abſolute term Qs) with this latter 


compound quantity PM + Pd — 'M +4\", in order to diſcover which of 
the two 1s the greater. 


Now the former compound quantity PM — Pg = 'M — 4)” will be greater 
than the latter compound quantity PM + Pd — MT“ if PM 
— [M—7" is greater than PM + 2Pd — 'M +a)", or if PM + M +4” 
M=“ is greater than PM + 2Pd, or if N], — Md" i,; 
greater than 2 Pd. We muſt therefore inquire whether M + Ai — M4 
is greater or leſs than 2Pg, 


Now M +4” is, by the binomial theorem, = to the ſeries M“ + wm x; 


M“ X 4 ＋ * — F 1 ge ah 


=2, and D = m * 


* d + &c, or (if we put B = n, and C=M x = 
2X ) = to the ſeries M* +BXM" „ 4 + C x M* 


* d +D x M“ X 4 + &c; and M —@\” is, by the reſidual the- 


orem, = to the ſeries M“ —B x MYC x4 T CX M“ „ 4. — P 
x MO? „ # + &c, which conſiſts of the ſame terms with the former ſeries, 


but with the ſign —, or the ſign of ſubtraction, prefixed to it's ſecond, fourth, 


and other following even terms. Therefore M“ —'M = @® will be 
equal to the exceſs of the former ſeries above the latter, and conſequently to 


the ſeries 2B x M“ x4 +2D x MO „ 4 + &c, the terms of 
which are reſpedtively double of the ſecond, fourth, and other following even 


terms of the firſt ſeries, We muſt therefore compare this ſeries 2B X pee” 


* d +2D x M5 „ & + &c with 2P, to diſcover which of the two is 
the greater quantity. | 


Now the ſeries 2B x MTI X 4 + 2D x Ms „ 4 + &c will be 


greater than 2Pd if the ſeries B x MCI + d x MO x d. + &c (ariſing 
from 
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ſrom a diviſion of the terms of the laſt ſeries by 24) is greater than P. We 


muſt therefore inquire whether the ſeries B M“ Y“ + DX MU x & 
+ &c will be greater, or leſs, than P, 


1 
Now B is = mn, and M is = — * Therefore M“ will be = 2. 


and B x M“ vill be (B * = * ) = P, that is, the firſt 


term B X M of that ſeries will be equal to P, and conſequently the firſt 


term together with thoſe that follow it (which are all marked with the ſign +, 
or added to the firſt term,) that is, the whole of the ſaid ſeries, muſt be greater 


than P. 


Therefore the compound quantity PM — PA M=“, (which is equal 
to the abſolute term Q» will be greater than the compound quantity PM + PA 


. Q. E. D. 


1 


Therefore, while x increaſes from M, or — 4 to M 4, the binomial 


quantity Px — x” will decreaſe from it's greateſt magnitude to a quantity leſs 


than Q. or the abſolute term of the equation Px — x" =Q; and conſequently 


the value of x at the inſtant of time at which the ſaid binomial quantity Px -& 
| I 


is equal to Q. muſt be ſomewhat leſs than M + 4, or | . 


Art. 10. Though M + d will be ſomewhat greater than the greater root of 


the equation Px — x” = Q yet, for the moſt part, the difference between 
them will be but ſmall, and conſequently the number obtained by computing 


I 
the value of M + 4, or * + 4, will be near enough to the true value 


of this greater root to be a very convenient ground-work, or baſis, of a further 
approach to it's true value by Mr. Raphſon's method of approximation, 

which two ſucceſſive proceſſes would be ſufficient in moit caſes to give us the 
value of the ſaid greater root to a very great degree of exactneſs. But it will 
be {till more convenient to make one more approach to the true value of the 


laid greater root before we have recourſe to Mr, Raphſon's method of approxi- 
7 mation, 
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mation, by employing tbe Differential Method of approximation, deſcribed in 
my Appendix to Dr. Halley's Tract on this ſubject (pages 97, 98, 99, &c 
- - - 108,) for this purpoſe. This may be done in the manner following. 


I 


Let M + d, or * + d, be ſubſtituted inſtead of x in the binomial 


quantity Px — x" ; and let the value of the ſaid binomial quantity reſulting 
from ſuch ſubſtitution be called D. 


| Secondly, let another quantity leſs than M + d by a 2ooth part of it, or 


equal to M + 4 — = - be ſubſlituted inſtead of x in the binomial quan. 


tity Px — x" ; and let the value of the ſaid binomial quantity reſulting from 
ſuch ſubſtitution be called E. Then we ſhall have three different values of x 


M +4 
[.-£60 - * 


that are nearly equal to each other, to wit, M d, M d — and 


the true value of the greater root of the equation Pr — * = Q and likewiſe 


three values of the binomial quantity Px — x" correſponding to the (aid three 
values of x, to wit, D, E, and Q which are, all three, known quantities, as 
are likewiſe two of the former three quantities to which they correſpond, to wit, 


M +d b 
25 5 fo that æ is the only quan- 


the two quantities M + d and M + 4 — 


tity of all the ſix that is unknown. We muſt, therefore, according to the 
directions of that differential method of approximation, make the following 
proportion for the diſcovery of a nearer value of x; to wit, As the difference 


of D and E (which are the values of the binomial quantity Px — x” corre- 
| ſponding to M +d and M + d — pets reſpectively,) is to the difference 
of D and Q (which are the values of the ſaid binomial quantity correſponding 


to M 4 and x, or the greater root of the equation Px — a, reſpectively, 


ſo, very nearly, will be the difference of M d and M + 4 — —_ that 1s, 


200 
the ſmall quantity — to the difference of M + d and x; or as E - 


M +4 
200 


is to Q- D, fo, very nearly, will be to M +d — x; or, if we put 


y for M 4, as E—D is to Q—D, ſo, very nearly, will 280 be to yx 
from 
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2 — 

A 0 . 200 Q- 
from which proportion we ſhall have y — x, very neaily, = FR and 

A 

pa * Q-D 
conſcquently (adding x to both ſides,) y, nearly, = — + x, and 

F AE Q-D | 

(ſubtracting = from both ſides,) , nearly, = y be fradti 
(lubtracting E= from both ſides,) *, nearly, = y — the fraction 
* X OD 
290 - 


—— . Thais quantity will be much nearer to the true value of x, or the 


*. 
greater root of the equation Pæ — = Q than M + 4, or y, was, and will, 
in many caſes, be as near to the ſaid true value as need to be deſired. But, if 
it is not thought to be ſufficiently exact, it will, at leaft, be an excellent 

round-work of a further approach to the faid true value by Mr. Raphſon's 
method of approximation, of which a ſingle proceſs will give us another value 


of the ſaid greater root of the equation Py — 4 = Q that may be conſidered 
as perfectly exact. And this, 1 apprehend, will be found a very convenient 
and ſatisfactory method of inveſtigating the value of the greater root of this 


equation Py — * = Qs when we already know the value of it's leſſer root, 


Art, 11. If it ſhould happen (which, perhaps, may in ſome caſes be poſũble, that 


Md will be conſiderably greater than the greater root of the equation Px — ** 
= Q and conſequently that it will not be very fit to be choſen for the firſt 
near value of that greater root, or the ground of our approach to a fecond 
near value of it either by Mr. Raphſon's method of approximation, or by the 
aforeſaid differential method of approximation, ſuch over-great magnitude of 
it will be diſcovered by the ſubſtitution of it inſtead of x in the binomial quan- 


tity Py — 4“; for the value of the ſaid binomial quantity, reſulting from ſuch 
ſubſtitution, (which value we have above called D,) will, in ſuch caſe, be 
much leſs than Q. And in this caſe we muſt take ſome quantity leſs than 
M + 2, that we ſhall conjecture to he nearly equal to the true value of the 
jaid greater root; and, calling the ſaid leſſer quantity M + e, we muſt fub- 


ſtitute M + e inſtead of x in the binomial quantity P> A, and call the 


reſult of the ſubſtitution E; and afterwards we muſt ſubſtitute Me — —_ 


inſtead of æ in the faid binomial quantity Pæ — *, and call the reſult of the 
laid fubſtitution F; and then, putting y = M + e, (inſtead of making it = 
M + &, as before,) we mult fay, As F — E is to Q E, ſo, very nearly, will 
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M „ N I + C 1 
NMI ———, or the ſmall quantity ne"? be to Me =x; | 
, | y 
or, as F — E is to Q — E, ſo, very nearly, will y — 4 8 the ſmall 
54 — „ 
„ 
quantity - be to ) — x; whence we ſhall have y — * = r-, and 


55 ESE 


(adding æ to both ſides,) y = 2 E + x, and (ſubtracting the fraction 


* QE * 
200 ee tt 3 
— from both ſides, v» = y the fraction ER > 


therefore be a ſecond near value of x, or the greater root of the equation 


which will 


Px — x* = Q. which will be much more exact than the firſt near value y, or 
Me. And afterwards, if greater exactneſs be required, we may, by one 
proceſs of Mr. Raphſon's method of approximation, obtain a third near value 


of x, or the ſaid greater root, that will be as cxact as can be deſired, 


3 -- 


— — — — — 


= 


The Application of the foregoing Concluſions to the Equation —_ xXr—r = _ 1 


. A F4 2 . 
Art, 12. I now return to the equation F — — I, of which 


we know the leſſer root to be = 1, and will apply the concluſions obtained in 
the preceeding articles concerning the roots of the binomial equation Px — &“ 


. . 2 7 7 
= Qu to the ſaid equation TNT r= — — 1, of which we wiſh to find 


the oreater root, 
8 4 


's 5 I 2 f ; : 
Now in this' equation * XT — r = — — 1 the letter 7 anſwers to the 
letter #2 in the equation Px — x* = Q» and — anſwers to P, and — — 1 
a 


anſwers to Q» and er anſwers to the unknown quantity x, 


P . 
Therefore ul be = — _ . or — , and 2 „or M, will 


1 
1 


2 121 . f 
be = . herefore the greater root of the equation x r — = 


1 


— — 1 will be greater than — . 


Further, 
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1 1 


— — 


- + — 2 147 —1 . 
Further, the exccls of oY 0 =] „or M, above the leſſer root of 


I 


— — — ———— 


L 
© 1. 5 . 2 — [ 1 I ; . 4 * — 
the equation (which we know to be 1,) is = — — 1 chat SE 
I 


— — — 


; 2 \t—1 P 1 1 = S 1721 
2 | — I, herefore MI 4, or — + 4, will be (= — 
at mM at 
I I 
211 62 21 ; ; 
_ — —— 1 — — 117 * [ * 
-_ 3) S K * 1. Let this quantity be called 5. 


Having thus obtained 5, or the firſt near value of r, or the greater root of 


yy 
— 


. 2 ? . . 2 . 
the equation - Xx TY —7 = = I, ve mult ſubſtitute it inſtead of r in 


the binomial quantity —— Xr — 7, and put D for the value of the ſaid bino- 
mial quantity reſulting from ſuch ſubſtitution ; and then we mult ſubtra& from y 


a 200th part of it, or 2, and ſubſtitute the remainder, or y — —, inſtead 
200 200 


of v in the ſaid binomial quantity —— „r, and call the reſult of ſach 


ſuch ſubſtitution E. Then we muſt make the following proportion; As E =D 


290 ? 


is to Q — D, or to — — 1 — D, fo, very nearly, will y — ly _ or 
| 


the ſmall quantity 7885 be to y —r. And we ſhall thereby have y - = 


— „ and conſequently (adding r to both fides,) y = r + the 


e — X — —1-D 
fraction —— , and (ſubtracting f- 5 from both 


— Of L 


ſides,) r = y — the fraction — 7 — 5 ; which will be a very good 


approximation to the true value of r, or the greater root of the equation er 
t Y 0 

e that will be much nearer than M + 4, or y, to the true 

value of the ſaid greater root. Q. E. I. 


3 B 2 And, 


9 * . FS 


» 
— —— —— , ä 
— 


372 AN APPENDIX TO THE FOREGOING DISCOURSE 


And, if we make this ſecond near value of 1 the ground-woik of a further 
approach to the true value of the faid quantity by Mr, Raphſon's method of 
approximation, a fingle proceſs of that method will give us a third near value 
of it that will be as near the truth as any one can deſire, 


Art. 13. I will now proceed to try the accuracy of this expreſſion y — the 


Sx 
fraction ——p—57 » juſt now given for a ſecond near value of 7, or 


| . 2 t 2 3 , 
the greater root of the equation —Xr —r7 = — — 1, by applying it to 


the reſolotion of the numeral equation „ —r= 16.8614, 
which Dr. Halley has brought as an example of the utility of his expreſſion 


1 + 5% + 26)\* — 3 for finding the value of r, or the greater root of the 


, f : 
equation —X 7 _ = — — *. 
— . .. rr eee er ́ ĩ— — — ar II: 


An Example of the Reſolution of the Numeral! Equation 11.8614 x r — r= 
16.8614, (which comes under the General Equation — Xr —r = — —1, 


e 
200 a 


by means of the foregoing Expreſſion, r= y — the Fraction png; + 
given in the preceeding Article. 


— 


This numeral equation 17.8614 X 7 — 7* = 16.8614 is derived from 
the general equation — xr —r = — — 1, by ſuppoſing the annuity @ to 


be 344. 85., or 34.4. per annum; and t, or the number of years during which 
the receipt of the annuity has been forborn, to be 12 years and a half; and z, 
or tbe amount of the annuity (which is now to be paid to the annuitant in a 
fingle payment, with compound intereſt upon it, in conſequence of his having 

- forborn to demand the ſaid annuity during the whole of the ſaid term of 
12 years and a half,) to be 614.4327/. And it is required to find r, the rate 
of intereſt which correſponds to that amount. 


6 "END | 

Here — is 3 = 17.8614, and —— 1 is (= 17.8614 — 1) 

= 16,8614, and 7 is = 12.5. Therefore at will be (= 34.4 & 12.5) = 43% 
an 
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ind = will be (= £2) = 1.428,913,2, and Y will be (= 


T 


— 


1.425 913, 2)“ IgE ane 1.428, 3,271.5; which root of 
1.428,913,2 may be moſt readily found by means of a Table of Logarithms. 


Now the logarithm of 1.428,913,2 is = 0.155,005,8, 
I 
Therefore the logarithm of 1.428, 913,215 will be = 


0.15 5,005,8 
11.5 
478,7; which is -the logarithm of the number 1.031, 522,5. Therefore 

be 7 £ 2 
0,328,901 3,2) 11.5 will be = 1. 03 1,5 22,5, or — =, or M, will be 1.031, 522, 5. 


Therefore 2 X =" will be (= 2 X 1.031, 522, 5) = 2.063,045,0, and 


= 0.013, 


2 X [ET — 1 will be (= 2.063, 043,0 — 1) = 1.063,045,0 ; that is, 
M + 4, or y, will be = 1.063, o4 5,0. 8 


This is a pretty good approximation to the true value of 1, which is 1.06. 
But the next approximation, which we ſhall obtain by computing the expreſſion 


ee — 


— 


* 2 
— Xx — -1 — D | 
E the fraction — E 5 „ will be much nearer to the ſaid true 


a 


value, This expreſſion may be computed as follows. 


1.063,045,0 


Art. 14, Since is = 1.053,045,0, we ſhall have 755 (S 200 * 


o. oo 5, 31 5, 2, and y — 25 (= 1.063, 045, 0 — o. 005, 315, 2) 1.057, 729,8. 


Theſe values of y and y — — muſt now be ſubſtituted inſtead of 7 in the 


binomial quantity 17.8614 K — 7, and the reſults of theſe ſubſtitutions 
will be equal to D and E in the foregoing expreſſion. 


Now, if y be = y, or 1.063,045,0,, we ſhall have 17.8614 X r (= 17.8614 


* 1.063,045,0) = 18.98, 471,963, and * = 1.063, 43, 0 lc, and con- 
tequently 17.8614 x - = 18.987, 47,9 — 1.063, 048,0 . 


We muſt therefore endeavour to find the value of 1.063,45 0 . f 
ow 


1 
8 
F 
fl 
th 
1 


5 * SD — 2 — * Pe — F 
—_ . — . — — — . 
* 3 Fx L => 5 _ * 5 = — — 
: 1 2 


— 
* 
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Now the logarithm of 1.053,045,0 is = 0.026, 55 1,6. Therefore the 


logarithm of 1.063,045,0 8 will be ( = 12.5 x o. 026.551, 5) = 0.321, 
893,0; which is the logarithm of the number 2.147,311,3., Therefore 


1.90 3,04.5,0\'*5 will be = 2.14), 11,3. And conſequently 17.8614 %r — 7s 


will be (= 18.987,471.9 — 2.147,311,3) = 16.840, 160,0. Therefore D, 
or the reſult of the ſubllitution of y, or 1.063,045,9, inſtead of r, in the 
binomial quantity 17,.0614r — 7**, will be = 16.840, 160, 6. 1. 


We mull next ſubſtitute y — 235 or 1.067, 729,8, inſtead of r, in the bi- 


nomial quantity 17.8614 K 7 —- , and call the reſult E. 


Now, if 7 is . 1.057, 729, 8, we ſhall have 17.8614 x r (= 17.8614 x 


1.057,729,8) = 18.892,535,049,72, and r* = 1.057,729,8)"**, and con- 
ſequemly 17.8614 X r — 7*** = 18.892, 533.049,72 — 1.057,729,8)"**, 


We mult therefore endeavour to find the value of 1.05), 729,8 U. 


Now the logarithm of 1.057, 729,8 is = 0.024,374,7- Therefore the lo- 


garithm of 1.057, 729, 8 will be (= 12.5 X o. o24, 374,7) o. 304. 683, 7; 
which is the logarithm of the number 2.016, 896,7. Therefore 1.057, 729, 500 
will be = 2.016, 896,7. And conſequently 17.8614 X r — 7** will be (= 
18.892,535,049,72 — 2.016,896,7; = 16.875,638,3. 


Therefore E — D will be (= 16.873, 638,3 — 16.840, 160,6) = 0.035, 
417»7+ | ; 


Further, ſince — — 1 is = 16.8614, and D is = 16.840, 160, 6, we ſhall 


have — — 1 — D (= 16.8614 — 16.840, 160,6) = o. 021, 239, 4, and 
conſequently 255 * — — 1 — D (== Xx 0,021,239,4 = 0.C05,315,2 
X 0.021,239,4) = 0,000,112,891,658,88, and — 1 5 (= 


0.000, 1 12,691,058,88 


C.93334727 


) = 0.003,182,0, Therefore y — the fraction 


F 2 
rr | 
E—D will be (= 1,063,045,0 — 0.003,182,0 = 1.059, 863,0; 


that is, the greater root of the propoſed equation 17.8614 * — = 


16.8614 will be nearly = 1,059,863,0, E. 1. Thi 
| lis 
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his ſecond near value of r is very near the true value cf it, (which is 1.06,) 
the difference being only 0.000,137,0, or the 773th part of the ſaid true value. 
This difference is fo ſmall that the intereſt of a hundred pounds for a year, eſti- 
mated according to this value of r, would be equal to 6 pounds wanting only 
(100 X 0.C00,137,0/,, Cr 0.013,70l,, or 240 X 0.1379 pence, or 3.2830 
Pence, or) 3 pence, farthing, inſtead of being exactly cquil to 6 pounds. 


This is a very great degree of exactneſs, and almoſt equal to that of the 
S 2 i 


value of r, or this greater root of the equation 17.8614 X 7 — #75 = 


16.3614, obtained by Dr. Ialley's expreſſion 1 + #6 + 24 3, which 
was 1.059,990,0. * But, it greater exactnets ſhould be required, it may be 
obtained by a ſingle procets of Mr. Raphſon's method of approximation, 
grounded on this ſecond near value of r, juſt now obtained, to wit, 1.059,863,0. 
Suck a proceſs will be as follows, 


Art. 15. Since 1.0 59, 863, o has been found to be a near value of r in the 
propoſed equation 17.8614 X - = 16,8614, we mult begin our pro- 
ceſs by ſubſtituting this near value of r inflead of 7 in the binomial quantity 
17.8014 K r — s, in order to diſcover whether the reſult of ſuch ſubſti- 
tution will be greater, or leſs, than the abſolute term 16.8614, and confequently 
whether the ſaid number 1.059,863,0 will be leſs, or greater, than the true value 
of r, or the greater root of the {aid equation. 


Now, if v be ſuppoſed to be = 1.059,863,0, we ſhall have 17.8614 X r 
(= 17.8614 X 1,059,863,0) = 18.930,036,988,2, and conſequently 


: pay Pe 
17.0914 X 7 * = 18.930, 636,988, 2 — 1.059, 803,008. 


We muſt therefore find the value of 1.059, 863, 0 ; which may be done 
as follows. 


The logarithm of 1.059, 863, o is 0.025, 248,7. Therefore the logarithm 
of 1.059, 863, l will be (= 12.5 x 0.023, 248,7) = o. 315, 608,7; which 


is the logarithm of the number 2.068, 277, 1. Therefore 1059, 803, % will 
be = 2.068,27, 1. | 


Therefore 17.8614 X r - will be (= 18.930,636,9 — 2.068, 277, 1) 
= 16.862, 359,8. This number is very nearly equal to, but a little greater 
than, 16.8614, or the abſolute term of the propoſed equation 37.8614 Xx 7 
— 75 = 16.8614 ; and therefore the number 1.059, 863, o mult be very nearly 
equal to, but ſomewhat leſs than, the true value of 7, or the greater root of the 
laid equation. . 


Now let be put for the exceſs of the true value of #, or the greater root of 


this equation, above the number 1. 059,863, 0. T! 
1hen 


Pg 


25 
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Then will 7 be = 1.059,863,0 + w, and conſequently 17.8514 x r will be 


- 


= 18.930,036,9 + 17.8614 X W. 


(= 17-8914 & 1.059,863,0 + w\ = 17.8614 X 1.059,863,0 + 17-9014 Xw) 


Further, 1 will be — 1.059, 803, 0 + * (=, by the binomial theorem, 
to the ſeries 1.059, 863, 0 * + 12.5 X 1.039, 803, 0 x w + &c = 


5 1c -N, u. ho 
1:039,803,0/% + 12.5 x E „ + &c = 2.068,277,1 + 12.5 


1.059, 863, o 


2.068, 277, · ” | h 
7559,86, * © + & = 2.068,277,T + 12:5 K 1:95 145730 * 


+ &c) = 2.068, 277, 1 + 24.393, 212,5 X œ ＋ &c. 


Therefore the binomial quantity 17.8614 Xr - will be equal to the 
compound quantity 


18.930, 636,9 + 17.8614 X w } 
{ — 2.068, 277,1 — 24-393,212,5 X ] — & 


= 16.862,359,8 — 6.531,812,5 X ] — &c, 


But the binomial quantity 17.8614 * — is = 16.8614. 


| Therefore the compound quantity 16.862,359,8 — 6.531,812,5 X w — & 
will alſo be = 16.8614. 


Therefore (adding 6.531,812,5 Xx w to both ſides,) we ſhall have 16.862, 
359,8 — &Cc = 16.8614 + 6.531,812,5 X ww, and (ſubtracting 16.8614. 
from both ſides,) 6.53 1, 8 12, x w ( = 16.862,359,8 — 16.8614 — &c) 
0.000,959,8 
6.531,812,5 
146,9 — &c. Therefore 1.059,863,0 + w will be = 1.059,863,0 + 
o. oo0, 146,9 — &c = 1.060,009,9 — &c ; that is, this third near value of , 
or the greater root of the propoſed equation 17.8614 X - = 16.8614, 
will be = 1.060,009,9 — &c, or ſomewhat leſs than 1.060, oo9, 9. Q E. I. 


= 0.000,959,8 — &c, and conſequently w (= — &C) = 0.000, 


This number, 1.060,009,9, is ſo near the true value of r (which is 1.06, 
or 1.060,000,0,) that the intereſt of a hundred pounds for a year, computed 
according to this value of 7, would be equal to (100 Xx 0.060,009,9/., or to 
$.c00,99/., or to 6 pounds and 0.000,99 parts of a pound, or 6 pounds and 
g60 * 0.000,99 ſartbhings, or 6 pounds and 0.950,40 parts of a farthing, 
or) 6 pounds and leſs than a ſingle farthing, inſtead of being exactly equal 
to 6 pounds. This number 1.060,009,9 exhibits the value of 7, or the 
greater root of the propoſed equation 17.8014 — 7 = 16.8614, to nearly 


the ſame degree of exactneſs as the number 1.059,990,9, obtained for * 
I, 
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Dr. Halley's expreſſion 1 + i — 4; that number being leſs than the 
true value of r (which is 1.06,) by the ſmall fraction 0.000,009,1, and the 
number 1.060,009,9, juſt now obtained, being greater than the ſaid true value 
by the ſmall fraction 0.000,009,9, which differs from the fraction o. ooo, oog, 1 
by o. ooo, ooo, 8, which is leſs than 0.000,001, or one millionth part of an unit. 


Another Example of the Reſolution of the Equation —— Xr —=r = — — I, by 
means of the foregoing Expreſſions M + d, or y, and y — the Fraftion 


YE 
— X — -1--D 
200 OE 5 — » when t, or the Number of Years during which the Annuity 


has been forborn, is 70 Years. 


— — — — 


Art. 16, I will now try the foregoing method of reſolving the equation 


—Xr — 7 — — 1 by means of the expreſſions M + 4, or y, and 


F 
— nn ® 


y the fraction 


| pony „or expreſſions ſimilar to them, in a 


caſe in which 7 is a very great number of years. 


Let us therefore ſuppoſe the annuity to be, as before, an annuity of 34.4, 
or 344. 85s. per annum, but the number of years during which the receipt of it 
has been forborn, to be 70, inſtead of 12+, or 12.5, years, and the amount of 
the ſaid annuity at the end of the ſaid 70 years to be 33,297.095,903,04/. And 
let it be required, from the knowledge of theſe three quantities, to finder, or 
the rate of intereſt correſponding to the ſaid amount 33,297.095,903,04/. 


Now in this Problem the true value of r is 1.06; becauſe the amount 
33-297.095,903/. was derived above, in pages 265, 266, from a ſuppoſition 
that 7 was = 1,06, And in reverſing the Problem, and computing the value 


of 1 by means of Dr. Halley's expreſſion 1 + 46 + :5)\= — 6, it was found 
to be = 1,058,712,7, in page 267; which number is tolerably near the true 
value of r, or 1.06, and ſhews that this expreſſion of Dr. Halley is very uſeful 
even in chis difficult caſe of ſo great a number of years as 70. By comparing 
the values of r that we ſhall obtain in the following computation with theſe two 
numbers 1.06 and 1.058,712,7, we ſhall be able to judge of the uſefulneſs of 
the expreſſions by means of which thoſe values will be obtained, 
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Now in this Problem @ is = 34.4/., and # is = 70, and 2 is = 


33,297. 093, gog, oal., and conſequently — is (= — bs = 967.648, 


136,7, and _— * SOREN Therefore the general equation 


— Xr —=7 = —— — 1 becomes in this caſe 967.648, 136, X 7 — 7” = 
966.648, 136,7. 
U — ZZZ ————— 
The Inveſtigation of a firſt near Value of r, or the greater Root of the Equation 
967.648,136,7 X 7 — 7 = 966.648, 136,7, by means of the leſſer Root of the 
faid Equation, which is known to be = 1. 


— — mms 


Art. 17. Since — is = 967. 645513657. and 7 is = 1 we ſhall have — 


67.648, — ns 
(= > == a = 13.823, 544,8, and r ; (= * ; 
4 


| 


I k 
S$] 99) = 13,323,544), We muſt therefore find the value of 


T3.B23:5440) 55. 
Now the Iogarithm of 13.823, 344,8 is 1. 140, 619, 4. Therefore the loga- 
rithm of 1 3.823, 544,8 will be ( = . o. 016,530, 7; which is 


the logarithm of the number 1.038, 797, 1. Therefore 13-823, 544,857 wilt 


be = 1.038,797,1 ; that „ „ or M, will be = 1.038, 595,1. 


1 a 
Therefore 2 * Ds will be (= 2 x 1.038,79), 1 ) = 2.077, 594, 2, 


1 


and 2 — — 1 will be (= 2.0%, 594.2 — 1. ooo, ooo, o) = 1,077, 
5942 3 that is, M + d will be = 1.077, 594, 2. 


Art. 18, 


: 
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Art. 18. This quantity M + 4, or 1.077, 594,2, we know to be greater 

than the true value of r, or the greater root of the equation — Xr — T = 

= — 1, or 967.648, 136, X r 1 = 966.648, 136, ; but we do not 
a 


know whether the difference will be conſiderable or not, and conſequently 
whether this quantity will be fit to be made uſe of as a firſt near value of 7 in 


— 


— X——-1—-D 

the following expreſſion y - the fraction — 2 — 5 — or any ſimilar 
expreſſion, by which we may endeavour to obtain a ſecond and much nearer 
value of it. In order therefore to be able to judge, whether the exceſs of 
M + 4, or 1.0, 594, 2, above the true value of r will be ſmall, or great, 
we will ſubſtitute 1.077, 594, 2 inſtead of r in the binomial quantity 967.648, 
136, X r — e, and compare the reſult of this ſubſtitution with 966.648, 
136,7, or the abſolute term of the equation 967.648,136,7 x 1 — 7? = 
966.648,136,7, which is equal to the true value of the ſaid binomial quantity, 
or it's value in the foregoing equation. 


Now, if r is = 1.07, 594, 2, we ſhall have 967.648, 136,7 x r ( = 
967.648,136,7 Xx 1.077,594,2) = 1042.732,019,748,727,14, and 7 = 
1.077, 594, % We mult therefore find the value of 1.077, 594, 27e. 


The logarithm of 1.077,594,2 is = 0.032,455,2. Therefore the logarithm 
of 1.077, 594, will be (= 70 x 0.032,455,2) = 2.271,864,0 ; which is 


the logarithm of the number 187.01. Therefore 1.077, 594, 2 is = 
187.010,000,0 ; and conſequently the binomial quantity 967.648,136,7 x r 
— r will be ( = 1042.732,019,7 — 187.010,000,0) = 855.722,019,7. 
This number is much leſs than 966.648,136,7, or the value of the binomial 
quantity 967.648,136,7 x 7 — , when vis equal to the true value of the 
reater root of the equation 967.648,136,7 Xx r — 1 = 966.648, 136, 7. 

herefore 1.077, 594, 2 muſt be conſiderably greater than the true value of that 
greater root, and conſequently will not be very fit to be made uſe of as it's firſt 
near value, or the baſis of the following approximation. And therefore it will 


be expedient in this caſe to chooſe ſome number leſs than 1.077,594,2 for our 


firſt near value of 7, that is to be called y, and employed in the next expreſſion 
2 Z n 
8 . 200 a 

EA the fraction 1 — 
that we ſhall have occaſion to compute. Now we know that this greater root 


(though it is leſs than M + 4, or 1.077, 594, 2, and from this trial it appears 
to be conſiderably leſs than that number,) yet will be greater than M, (or 
I 


— — 


, or other expreſſion of the ſame kind 


2 2 or 13.823, 544,8 or 1.038, 797, 1. And therefore, ſince it is 
30 2 greater 


1 
ö 
ö 
ö 
| 
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greater than 1.038,797,1, and a good deal leſs than 1.0%, 394, 2, we will now 
ſuppoſe it to be nearly equal to an arithmetical mean between thoſe two num- 
bers, and conſequently to be nearly = (——_— , or 2, 
or) 1.068, 195,6, and will try the effect of this conjecture by ſubſtituting 
1.058, 195,6 inſtead of r in the binomial quantity 967.648, 136,7 Xr — e, 
in order to diſcover whether the value of the ſaid binomial quantity, reſulting 
from ſuch ſubſtitution, will be nearly equal to the abſolute term 966.648, 136,7, 
or not, and conſequently whether 1.058, 195,6 will be nearly equal to the true 
value of r, or the greater root of the propoſed equation 967.648, 136,7 x r 
— 77? = 966.648, 136, 7, or not. 


Now, if 7 is = 1.058, 195,6, we ſhall have 967.648, 136,7 Xr (= 


967.648,136,7 X 1.058, 195,6) = 1023.961,000,604,138,52, and e will 
be = 1.058, 195, % We muſt therefore find the value of 1.058, 195,0 5e. 


The logarithm of 1.058, 195,6 is = 0.024, 565, 9. Therefore the logarithm 
of 1.08, 195,6 will be (= 70 x 0.024,565,9) = 1.719, 613,0; which is 
the logarithm of the number 52.434,000,0. Therefore 1.058,195,6)'* will be 


= 52.434, oo, o; and conſequently the binomial quantity 967.648, 136, X r 
— 77 will be (= 1023 961,000,6 — 52.434,000,0) = 971.527,000,6. 


This number 971.527,000,6 is nearly equal to, but a little greater than, 
966.648,136,7, or the abſolute term of the equation 967.648, 136, X r — 7? 
= 966.648, 136,7. Therefore 1,058,195,6 will be nearly equal to, but a little 
leſs than, the true value of the greater root of the ſaid equation, and will be 
near enough to the ſaid true value to be fit to be taken for a firſt near value of 
the ſaid greater root, and employed as ſuch in the next expreſſion by which we 
are to make a further approach to the true value of the faid greater root. 


The Inveſtigation of a ſecond near Value of r, or the greater Root of the Equation 
967.648,136,7 x 7 — 7 = 966.648,136,7, by the Differential Method of 


Approximation, 


—— 


Art. 19. We will therefore put y = 1.058,195,6, and D = 971.527, ooo, 6, 
or the value of the binomial quantity 967.648, 136, Xr ' reſulting from 
the ſubſtitution of 1.058, 193, ö in it's terms inſtead of v. And, as 1.058, 195,6 


is not greater than the true value of 7, (as M + 4d, or 1.077, 394, 2, was, ) but leſs 


than the ſaid true value, we will add = to y, (inſtead of ſubtracting 2 from 
200 200 


Y, as In the laſt example,) and ſubſtitute the ſum y + — inſtead of r in the 


the ſaid 


binomial quantity 967.648, 136, X — 7”, and call the value of | 
5 binomial 
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binomial quantity reſulting from ſuch ſubſtitution E. This may be done in the 
following manner, 
1.958,195,6 


=) =0.005,290,9, 


Since y is = 1.058,195,6, we ſhall have 23 (= 


and conſequently y + _ (= 1.058, 195,6 + 0.005,290,9) = 1.063, 486, 5. 


We muſt therefore ſubſtitute 1.063, 486, 5, inſtead of 7, in the binomial quan- 
tity 967.648, 136, x r — 7, and call the value of the ſaid quantity reſulting 
from ſuch ſubſtitution E. | a 
Now, if 7 be ſuppoſed to be = 1.063, 486, 5, we ſhall have 967.648, 
136,7 x 7 (= 967.648,136,7 X 1.063,486,5) = 1029.080,730,130,604,55 
and 17? will be = 1.003, 486, 5%. We muſt therefore find the value of 


1.063;486,5 )'* 

The logarithm of 1.063, 486, 5 is = 0.026,731,9. Therefore the logarithm 
of 1.003, 485,5 will be (= 70 x 0.026,731,9) = 1.871,233,0; which is 
the logarithm of the number 74.341, 793, 1. Therefore 1.003,80, 5 7 will be 
= 74.341,93, 1; and conſequently the binomial quantity 967.648, 136, X r 


— * will be (= 1029. 080, 730, 1 — 74.341,93, 1) = 954.738, 937, 0; 
that is, E will be = 954.738, 937, o. 


This number E, or 934.738, 937, o, is leſs than 966.6 48, 136,7, or the ab- 
ſolute term of the propoſed equation; and therefore 1.063, 486, 5, or the value 
of r correſponding to it, will be greater than the true value of r, or the 


greater root of that equation. 


Here therefore we have three contiguous values of r, to wit, iſt, the number 
1.038, 195, 6, or y, (which 1s leſs than the true value of r, or the greater root 
of the equation 967.648, 136, Xr — 1 = 966.648, 136, ,) and, 2ndly, the 
ſaid true value of r, or the greater root of the ſaid equation, and, 3dly, the 


number 1.063, 486,5, or y + ==, (which is greater than the ſaid true value 


of 7, or the greater root of the ſaid equation,) and we have alſo the three 
correſponding values of the binomial quantity 967.648,136,7 X — , to 
wit, 1ſt, the number, or value, 971.527,000,6, or. D, correſponding to 


1.058,195,6, or y, and, 2ndly, the abſolute term 966.648, 136,7, or — — 1, 


correſponding to the true value of , or the ſaid greater root of the equation, 
and, 3dly, the number, or value, 954.738,93 7,0, or E, correſponding to 


1.063, 486,3, or y + 228 and conſequently we may form the following pro- 
portion for the diſcovery of a ſecond near value of , or the greater root of the 


laid equation: As D — E is to D — — — 1, or as 971.527, co, 6 — 
954.738, 


— i : — — = —— 
> - — * . 2 42 — . 
3 — 4 —— > . — T% * 
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954-738,937,0 is to 971.527, 00,6 — 966.648,136,7, ſo, very nearly, wil! 
y + = —Y), or _— or , or o. oo 5, 290, 9, be tor — 5; or, as 


16.788, 063, 6 is to 4.878, 863,9, ſo, very nearly, will o. oog, 290, 9 be to — y, 
or to © 1.058, 195, 0. Therefore 7 — 1.058, 195,6 will be = the fraction 


4.878, 863, 9 & o. oog, 290, c (= o. 025, 813, 58 1, oo8, 51 
16.7 88, o03, o . 16.788, obg, 6 


quently will be (= o. col, 537,6 + 1.088, 195,6) = 1.0359, 733,2; that is, 
the ſecond near value of 7, or the greater root of the equation 967.648, 136, 7 xr 
— 77? = 966.648, 136, 7, obtained by this application of the differential me- 
thod of approximation, will be 1.059, 733,2. Q. E. I. 


) = 0.001,37, 6; and conſe- 


This number, r. 059, 733, 2, is a good deal nearer to the true value of r in 
this equation (which is 1.06, ) than the number obtained for it in page 267, by 


means of Dr. Halley's expreſſion 1 + % + 275 2 — , which was 1.058, 712. 
And, if this number 1.059, 733, 2 is not thought to be ſufficiently exact, a 
ſingle proceſs of Mr. Raphſon's method of approximation, grounded upon 
this number, will give us another near value of r, that will be as exact as need 
be defired for any purpoſes whatſoever. Such a proceſs will be as follows. 


lEnmmmmmmm_m_________— 


The Inveſtigation of a third near Value of r, or the greater Root of the Equation 
967.6048,136,7 x r — r = 966.648, 136,7, by Mr. Raphſen's Method of 
Approximation, | | | 


Art. 20. The firſt operation of this proceſs muſt be to ſubſtitute the number 
1.059, 733,2 inſtead of 7 in the binomial quantity 967.648,136,7 x 7 — , 
in order to diſcover whether the value of the ſaid binomial quantity reſulting 
from ſuch ſubſtitution will be greater, or leſs, than 966.648, 136,7, or the 
abſolute term of the equation 967.648, 136, Xr — #7”? = 966.648,136,7. 
and conſequently whether the ſaid number 1.059,733,2 will be leſs, or greater, 
than the true value of 7, or the greater root of the ſaid equation. 


Now, if we ſuppoſe 7 to be = 1.059, 733,2, we ſhall have 967.648, 136, x” 
{= 967.648, 136, X 1.059, 733,2) = 1025.448,856,379,128,44, and e = 
1.059, 733, 7. We muſt therefore find the value of 1.059, 7 33,2)7e. 


The logarithm of 1.059, 733, 2 is = o. 025,196, 3. Therefore the logarithm 


of 1.059,733,2\'* will be (= 70 x 0.025,196,5) =- 1.763,755,0 ; which is 
the logarithm of the number 58.043, 693, 3. * Tow 


Therefore 
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Therefore 1.059,7332'7? is = 58.043,693,3- And conſequently the bino- 


mial quantity 967.648,136,7 X 7 — 17? will be (= 102.448, 8 56,3 — 
58.043,69 3,3) 567.405, 163,0. This number is greater than 966.648, 136, 7, 
or the abſolute term of the propoſed equation 967.648, 136, X — 1 = 
966.648, 136,7; and therefore the number 1.059, 733, 2 muſt be Jeſs than the 
true value of r, or the greater root of the ſaid equation. 8 


Art. 21. Let w be equal to the ſmall exceſs of r above the number 
1.059, 7332. 5 
Then we (hall have r = 1.069, 33,2 + w, and conſequently 967.648, 


136, x ( 967.648,136,7 * 1.059 733, + w = 967.648,136,7 * 
1.059,733-2 + 907.648, 136, & w) = 1025.448,856,379,128,44 + 967.048, 


136, X w. And ve will be = 1.059,733,2 + w)'? (=, by the binomial 
theorem, to the ſeries 1.05, 733,2 + 70 X 1.059, 733, x w + &C 


3 44 0 1.050,733.2 7 — N 
= 1.059, 733, 2½ + 70 Xx DIE MPS & = 58.043,093,3 + 70 


58.043,693,3 2 | 
X 1.050733, X W + me! = 58.043,093,3 ＋ 70 X 54.771,98, 2 X W 


+ &c) = 58.043, 693,3 + 3834. 039, 104, X w + &c. 
Therefore the binomial quantity 967.648, 136,7 X 7 — 77* will be = the 
compound quantity 


{ 1025. 448, 8 56,3 + 967.648, 136, & w 
— 88.043.693. 3 — 3834. 039, 104.0 X w — & c 


= 967.405,163,0 — 2866.390, 967, 3 X w — &c. 


But that binomial quantity is = 966.648,136,7. 


Therefore the compound quantity 967.405,163,0 — 2866.390,967,3 Xx W 
= &c will alſo be = 966.648,136,7. And conſequently (adding 2866.390, 
967,3 X w to both ſides,) we ſhall have 967.495,163,0 = 966.048,1 36,7 + 
2366.390,967,3 * , and (ſubtracting 966.648,1 36,7 from both ſides,) we 


mall have 2866.390,967,3 & w (= 967.405, 162, — 966.648,136,7) = 


0.757,026,3 


—_ =) = 0. 264, 1. 
2866. 390, 967, 3 * 


0.757,026,3, and conſequently w (= 


Therefore r, or 1.059,733,2 + w, will be (= 1.059,733,2 + 0.000,264,1} 
1.959,997,3 3 that is, the third near value of r, or the greater root of the 
equation 967,648,136,7 X - = 966.648,136,7, obtained by this pro- 
cels of Mr, Raphſon's method of approximation, will be = 1.059,997,3- 

Q E. I. 
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This number, 1.059,997,3, is ſo near to the true value of 7 (which is 1.c6,) 
that the intereſt of a hundred pounds for a year, computed according to this 


eſtimation of r, would be (= 100 x 0.059,997,3/. = 5.999, 73ʃ., or 5/. 195, 
+ 0,049,731. = 51. 195. + 20 X o. o49, 736. = 5l. 195. + 0.994,60 of a 


ſhilling, or) 5/. 19s, and more than _ parts of another ſhilling, inſtead of 


being exactly equal to 6 pounds. The difference of theſe ſums is leſs than half 
a farthing. The equation therefore is now reſolved with great exactneſs. 


CCC_____———_—_———  ——— 


Obſervations on the foregoing Method of reſolving the Equation 


2 f 


— X77 —7 — — . [, 


Art, 22. The principle of this method of reſolving the equation —— *r 


— —1 is to make uſe of our knowledge that the leſſer root of it is equal to 1” 


as a means of diſcovering the greater root of it, which is the object of our purſuit, 


This is done by obſerving, firſt, that the middle value of r in an equation of this form, 


— X 7 = r= — — 1, (which is the higher limit of it's leſſer root and the lower 


1 1 


limit of it's greater root,) is = — mw or —_ „ and, ſecondly, that, if 
1 


this middle value of r be called M, and it's exceſs above 1, or the leſſer root 


I 
of the equation, be called d, that is, if 4 be = 3 — 1, the greater 


root of the equation will always be leſs than M + 4; fo that the ſaid greater 
root will always be leſs than M + 4, but greater than M. And we oblerve', 
in the zd place, that M + 72, though greater than the greater root of the 
equation, would often exceed it by only a very ſmall quantity, and therefore 
would be ſufficiently near to it's true value to be a very convenient firſt near 
value of it, or to be fit to be employed in a ſecond proceſs of approximation to 
it's true value either by the differential method of approximation or by Mr. Raph- 
ſon's method. And we further obſerved that we might always diſcover Whether 
M + 4 was, or was not, near enough to the true value of the ſaid greater root 
to be fit to be ſo employed, by ſubſtituting it inſtead of 1 in the binomial 


quantity — Xr -, and comparing the value of the ſaid binomial quantity 
reſulting 
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8 . . . 2 ; 
reſulting from ſuch ſubſtitution with — — I, or the abſolute term of the equa- 


/ 2 . | — a a 
ton — X —r = — — 1, For, if the value of the faid binomial quantity 
a 


reſulting from ſuch ſubſtitution was only a little leſs than the abfolute term 


— — 1, we might conclude that M + 4 would be only a little greater than 

a 

the true value of the ſaid greater root of the equation, and would therefore be 

fit to be employed as a fizft near value of it in _a.ſe-ond procets of approximae 
oh Dj 


tion to it's true value: but, if the value of the ſaid binomial quantity refulung 
_— . . 2 
from ſuch ſubſtitution was very much leſs than the abſolute term * 


might conclude that M + d would be a good deal greater than the true value 
of the {at4 greater rob of the equation, and that it would in chat caſe be ex pe- 
dient to find, by a reafonable conjecture, another quantity, leis than M + 4, 
but greater chan M, for our firſt near value of r, or the ſaid greater root of the 
equation, which we are to employ in a ſecond proceſs of approximation to;1t's 
true value, And in this latter caſe it will ſometimes be convenient to take the 
arithmetical mean between M + d and M for the ſuid firft n-ar value of the 
ſaid greater root, as we have feen in the ſecond of the two foregoing examples, 
or the retolution of the equation 967.648, 136,7 x r — * = 900.68, 136.7. 


Now, when we have thus obtained our firſt near value of v, or the greater root 
. 2 [4 2 . . . 
of the equation —Xr_—r=—wh either by making it equal to M + d, 


uf that quantity is pretty near the truth, (as we did in the firit of the two fore- 

going examples, or in the reſolution of the equation 17.8014 r — 78s — 
16.8614) or by making it equal to ſome quantity leis than M + d, as, for 
example, to an arithmetical mean between M + 4 and M (as we did in the 
ſecone of the foregoing examples,) if M + A is found to he too great, we may 
find a ſecond near value of r, or the ſaid greater root of the equation, that will 
be very near to it's true value, by a different method of procceding from that above- 
deicribed in the foregoing articles, (» hich was the differential method of appro- 
X'mation;) to wit, by the reſolution of a certain quadratick equation, that may be 


7 2 
deduced from the ſaid quien - —Xr — = —- — 1, though not without 


42 
a good deal of computation borh algebrälcal and ich umetical, which makes this 
method, in my opinion, much leis cob venient than che laid former method 
alrcady deſcribed. But, that the reader ma y jedoe of this matter for himſelf, I 
will now procced to lay before bim this {econd way of lining fuch lecond near 


o& 7 — 


value of 7, or the greater root of the equation — * r === by 
a < 


means of a quadratick equation; which may be defcribed as follows, 


Vor, Vi; 2 D Anctor 
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Another Method of reſolving the Equatim r — rf = = — 1 by the Res- 


lution of a Quadratick Equation. 


Art, 23. Let M + 4, or ſome quantity leſs than M + 4, but greater than 
the greater root of the equation — Xr —r = — — r, be taken as a firſt 


near value of r, or the ſaid greater root, by means of which we are to find a 
ſecond and much nearer value of the ſaid greater root. Call this quantity 5, 
and it's exceſs above the true value of 7, or the ſaid greater root, . | 


Then will be = +—w = K 1 — , and 7 will be = T= = # 


X 1 —_— = (by the binomial theorem,) > X the ſeries 1 = f x — + 
f — 1 4 
E X * + X 1 &c. 


Now let x be 2 ＋ 


Then we ſhall have = X 1 — x, and rf = #& x the ſeries 1 — 2 * * 


1 — 7 


+ 7 * = x x* &c = the ſeries  — / x © X + 1X —- x * 1 


1 — Kc. And — Xx r will be = . = 
a a a a 


Therefore the binomial quantity _ Xr vill be = the compound 
quantity 
= — = X x the ſeries 2 — : „ X x + 7 * — „ 5X = &c 


= the compound quantity 


bz bz 
OT 


= +IXUFXa=IX— xX# x T &c. 
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. . . f + 
But the binomial quantity — x 2 — _ Ft. 


Therefore the compound quantity 


= = 
ry * 


1 — {| 


9 +1iXUxs=txX— x X * + &c 
will alſo be = = — — . 


To ſimplify the notation, put e = _ and f = — — I, 


And we ſhall then have the compound quantity 


be = be Xx 5 
| 4 +IXUX#—!1X——< XU x & + &c | =x 
Now, becauſe & is ſuppoſed to be greater than r, or the greater root of the 
equation — *r = — — , it follows that — K 5 — will be lels 
than — 7 r, or than (it's equal) the abſolute term — — I; that is, 


h — & in the lafl equation will be leſs than F, and therefore may be ſubtracted 
from both ſides of the equation, Let it be ſo ſubtracted. And we ſhall then 


bare r* X * — ehr - * — x# x * + & = f + 5 —-8, or 


* U = xx = N x oO + & = f + * — ch. There- 


fore (multiplying both ſides into the fraction — or the reciprocal of 
t#Xt—iXb 


"on - : Z f 
t — x 3, the co efficient of *, in order to free »* from it's ſaid co- effi- 


7 f 
he „2 2cb 
cient,) we ſhall have ZZ „ — i + & = ZE, 
PE -< off ©&8 — th 
3 * 
Now let G be = =, and H be = Z. 
ib — ib th — tb 


3D 2 And 
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And we ſhall then have 2G af + & = H, and 2Gx — x — 
II — Ke. 


Now let both ſides of this equation be ſubtracted from GG, than which they 
are necetiarily lels, | 

And we ſhall then have GG — 26 + x* = GG — H + &c. Therefore 
G — x will be = / GG — H + &c, and G-wiil be = x + 4 GG - H + &c, 
and x will be = G = V/GG-H — &c, or * will be ſomewhat leſs than 
G = Vac. Therefore w, or b Xx x, will be ſomewhat leſs than þ * 
G — VGG — H, ander, or þ — , will be = þ —6 x G — 1 


+ &c, or ſomewhat greater than fe þ 31G V GG — H; that is, the 


ſecond near value of r, or the greater root of the propoſed equation — Xx r 


Dy”, =— — 1, will be nearly equal to, but ſomewhat greater than, & — + 
X G =. S E. I 


Art. 24. In the foregoing article the near value of r, or the greater root of 
the equation — Nr 2 2 — — 1, which was denoted by , was ſuppoſed 


to be greater than the true value of 7, or that greater root, though leſs than 
M + d. But it may ſometimes be leſs than the ſaid true value, as well as lels 
than M + 4; and then the manner of proceeding, in order to find a ſecond 
near value of er by the reſolution of a quadratick equation, will be as follows. 


Let w be put for the exceſs of the true value of r, or the greater root of 
. Z 7 2 . 
the equation —Xr —7 =— — 1, above 6, it's firſt and known near 


value ; and let x be = . 


Then we ſhall have 2 TO = x 1+ 7 =6 x 1+x=6b-+bx. 


Ander will be = N= =# KITTY =, by the binomial theorem, 


> x the ſeries 1 + * * +! x — X * + &c = the ſeries 5 + 7 * 


I 


* * +!X— x# &c; and — Xr will be = = X 3 + 9 
2 — xXb x lx. 
Therefore 
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Therefore the binomial quantity — X r — r will be = the compound 


quantity = X U + —= x be — the ſeries # +1503 x « + | 


- 
„XK * + &e = the compound quantity 
2 2 
_ x 6 + 2• 8 bx 


_ —XIX*x—t1X = xXUx& Ke. 
But the ſaid binomial quantity is = — — 1. 
Therefore the compound quantity 
X + — X bs 
a a 
= # N r N -& 
will alſo be = — — 1. 
To ſimplify the equation, put e = — 832 —— — I. 


And we ſhall then have the compound quantity 


Z eb eb X * 
E 1 
Add ? * N * N x & to both ſides of this equation. 
And we ſhall then have eh — # + e X — &c =# + 7X D Xx+1X 
— * by X &'s 
And ſubtract eb x x from both ſides; and we ſhall then have eh = — & 


12 I 


=f+t1x3xa—bxx+tx— XI x K. 


Now, becauſe 4 is ſuppoſed to be leſs than r, or the greater root of the 


equation — *r —=r = — — 1, it follows that — Xb — will be 


greater 


— he Dum! ! — N — 
— T 2 4 4 2 Eo 2 « 4 - _ 
— ©4-4S < -— — K an - 4 . r 
IO <4 => _—— — nr —— 
» "— ö 4 oy og — A - p. 


. — — PI - 
* TY * 22 


1 


EX 


— 


we „ 


equation in the more uſual manner, with the abſolute term on the right-hand 


* 11—1 2 
— or than 
at | at 
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| | A ; 
greater than — Xr — r, or (it's equal,) the abſolute term — 714 that is, 


exb — # in the laſt equation will be greater than 7, Therefore F may be 


ſubtracted from e x=, and conſequently from the other ſide of the equation, 


Let it be ſo ſubtracted. And we ſhall then have eb — “ —f — &c = 72 % 


12 1 


„ # x , or (ranging the terms of the 


ſide,) * & —ebx ＋ XxX x * = eb — . —f — &c. 


Now in this equation #7 X 5% XK — er +1 X — — x VN A = eb - 


— f — &c, the co- efficient # X U mutt always be greater than the co- elficicnc 

eb. For b, though it is leſs than M d and alſo than , will yet be greater 

than M, Which is the lower limit of the magnitude of 7; that is, & will be 
I J I 


t * P \t—1 Z |f—1 
greater (than =]* ! or than * „ or) than * „ by art. 12, 


111 


page 370. Therefore 3 t will be n chan a „ or than 


1—1 


Therefore 2 x ä muſt be greater than ? x —, or 
than — , Or than e, and 7? X e 5 muſt be greater than e X , or 2 * 5 
muſt be greater than es. Qs . 5. | 


Since therefore # x Y is greater than c, the quantity t x Us will be 


greater than the quantity eb * x, and the equation  X X x — ebx + 1 X 


e # 66 — f — &c will become 7 x 5 = xs +9 
EIS XxX = bf — f — &c, and (multiplying all the terms 


. . 2 . . . 
into the fraction = or the reciprocal of the co-efficient of *, in 
X IX 5 


order to free the ſaid ſquare of x from it's 1 we ſhall have 


17 
R X 2 WW as and, Wan — „or half 


SE m if PY - Bf of - 


: 270 — 2th 


the 
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che co-efficient of x, and H for 1 = 2 „ or the abſolute term of the 
RY 

equation, we ſhall have 2G x x + x* = H. Therefore GG + 2Gx + x« 

will be = GG + H, and G + x will be = SGGTH, and x will be = 

VGo + H — 6. Therefore w (which is equal to 4 X,) will be = to 

bx VdS H —G,otbx Y- „ G; and , or 3 + w, 

will be TL X VGG + H —6 x G. 8 


The Refelution of the Numeral Equation 967.648, 136, Xr = 1 — 
966.648,136,7, by this Method, or by means of a Quadratick Equation, 


—— 


Art. 2 5. I will now proceed to try this laſt method of finding a ſecond near value 


* [4 2 . 
of 7, or the greater root of the equation — X 7 = = — — 1 by applying 


it to the reſolution of the numeral equation 967.648,136,7 X — 7 = 


966.648, 136,7, in which — is = 967.648, 136,7, and — — is = 966.648, - 


136,7. And in doing fo | will chuſe the number 1.058, —_ for J, or the firſt 


near value of r, by means of which we propoſe to obtain a much more exact 


value of it by reſolving a quadratick equation in the manner juſt now de- 
ſcribed. 

This number was obtained above in art. 18 by ſuppoſing the greater root of 
this equation to be nearly equal to an arithmetical mean between M + d and 


M, or 1.077, 94,2 and 1.038,797,1 ; and it was ſhewn in the ſame article to 
be lomething leis than the true value of x, or the greater root of the faid 
equation, We mult therefore proceed according to the directions of the laſt, 


or 24th, article. 
Here then / is = 40, and & is = 1.058,195,6, and e, or — is = 967.648, 
136,7, and f, or — — 1, is = 966.648, 136.7; and * is. = 1,055,19y5,6177 


= 52.434, coo, o, as is ſhewn above in art. 18; and es — , or 967.648, 
136, X b — 8®, or 967.648, 136,7 * 1,059,195,6 — 1.038, 195,647, is 
(= 1023. 961, oo, 6 — 52.434, 00 o) = 971.527, oo, 6. Therefore eb — 4. 
— f will be (= 971.527, oo, — 966.648, 136,7) = 4.878, 863,9, and 


2e — of 2f will be (= 2 Xx 4.878, 863,9) = 9-757,727,8. And , Xx l. 
7 will 
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will be (= 70 X 52.434, ooo, o) = 3670.380,000,0, and !* x will be 42 
700 X 54.434, ooo) = 4900 X 52.434, oo0, o) = 250, 926. 0, ooo, o, and 


X wil be (= 256, 926.600, 00, — 3670. 380, 00,0) = 


253,266. 2 20, 000; and conſequently 7 7 2 will be (= 
5. ee ) = do. ooo, o38, 5; that is, H will be > o. ooo, og 8, 5. 


Further, ſince : x 4 is = 3670. 380, ooo, , and eb is (= 967.648, 136,7 


X 1.058. 195,6) = 1023.961,0p0,0, we ſhall have G (= 


2670. 380, ooo, o — 102 3.081,00, 2646. 6.418,999,4 _ % 

252,256.220,000.0 253,256,220, 000,0 
quadratick c equation 2Gx + x* = H will become 2 Xx 0.010,449,5 X ＋ 2 
= 0.000c,038,5, of which the root x will be = V + H G. 


= 0.010,449,5z and 


Now, fince G is = 0©0.010,449,;, we ſhall have GG = 0.10, 449,5, = 
o. oo, 109. 92, 050, 25, and GG + H ( = o. ooo, 109, 192, 050, 28 + 
0.000.038,5) = oO. ooo, 47,692, 0 50, 25, and VGGTH ( = Vo. ooo, 147, 
692, 50,5) = 0.012,152,8, and GG+H — G \ = 0.012, 132,8 — 


-0.010,449,5) = 0.001,703,3. Therefore x will be = 0.001,703,3, and 
coniequently w, or & x x, will be (= þ Xx ©. 001,703,3 = 1.053, 195,6 
X o. o0 1,703 2) = 0.c01,802,4. Therefore r, or 6 + ww, will be (= 
1.058,195,6 + 0.091,8c2,4) = 1.059,998,0 ; that is, the greater root of 
the propoted equation 967. 648,136,7 „r — : = 906.6438, 136, will be 
very nearly = 1. 09,998, 0. Q. E. 1. 


This value of r is wond lerfully near it's true value, which is 1. os. And 
therefore we may conclude th: it this la e of finding the vale of r by 
rcloiving the quadratick equation 26 + xx = H is a very exact one, 


— 


4 SE. ; . [4 > - 
A Third Metbed & reſelving the Enuation — N nmr = 2 to @ great 
5 a 


Degree of Exatineſs by means of a Series invented by Sir Iſaac Newton fir 
revertin, an Infinite Series, 


* * 


Art. 26, This equation may alto be reſolv ed to a great degree of exactneſs 


Dy ucaus of a certain tcries invented by Sir Iſaac Newton for rev erding a g vo 
intin! e 
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infinite ſeries of quantities involving the ſucceſſive powers of a quantity lels 
than 1, and of which the powers conſequently form a decreaſing progreluon, 
This ſeries is as follows, 


Tf y be a quantity leſs than 1, fo that it's powers v, y*, „, „, , , 57, &c 
form a decreaſing progreſſion of .erms, and a, 6, c, d, e, f, g, &c are nfmeral 
co- efficients of the ſeveral ſucceſſive powers of y, to wit, y, „, , % J*. 9%, 
4, &c; and, if the ſeries ay + % + ch ＋ . + ff + g + &c 15 
= Z, and z is allo lets than 1, fo that it's ſeveral ſucceſſive powers z, 2*, 3 2*, 
25, z, 27, &c form likewiſe a decreaſing progreſſion of terms; then will y 
be equal to an infinite ſeries of quantities, of which the firit five terms 

a 3 5 20b — ac «+ 563 — gabe + aa 4 
will be = — * + ZZ x —[E = XK. + 
a0 — 21ab*c + 64*bd + 143 — a 

a? 


* 25, 


This is the firſt of two very ufeful Theorems given us by Sir Iſaac Newton 
for the reverſion of infinite ſerieſes, and publiſhed in the Commercium Epiſtolicuim 
of Mr. John Collins and other learned Mathematicians of the laſt century, 
which was printed in the year 1712 by order of the Royal Society of London, 
in conſcquence of the diſpute between Sir Iſaac Newton and Mr. Leibnitz, ot 
Hanover, concerning the firſt invention of the Method of Fluxions, Thele 
Theorems make a part of Sir Iſaac Newton's (then Mr. Newton's,} Second 
Letter to Mr. Oldenburgh, the Secretary of the Royal Society, with directions 
to communicate it to Mr. Leibnitz, dated October 24, 1676, which is full of 
curious and uſeful mathematical diſcoveries. But they are given without a 
demonſtration or inveſtigation. It ſeems probable, however, from ſome ex- 
preſſions in Sir Iſaac Newton's Letter, that he inveſtigated them by his ſecond 
method of reverting infinite ſerieſes, which he has deſcribed in that Letter to 
Mr. Oldenburgh, and which is founded on the plaineſt and cleareſt principles 
of Arithmetick, and the common operations of Addition, Subtraction, Multi- 
plication, and Diviſion. And accordingly I have, in my Diſcourſe on the 
Reverſion of Infinite Serieſes publiſhed in the Third Volume of this Collection 
of Tracts called Scriptores Logarithmici, inveſtigated both theſe Theorems at 
great length by this ſecond and moſt eaſy method of reverting infinite ſerieſes 
contained jn this celebrated Letter. The inveſtigation of the firſt of theſe 
Theorems, or that which I have above ſet down, is contained in art. 313, 314, 
315, &C = =» 319, of that Diſcourſe on the Reverſion of Serieles, pages 695, 
696, 697, &c = 700, of the ſaid Third Volume of the Scriptores Loge- 
7119mict ; to which 1 refer the reader. 


Art. 27. If a, or the co-efficient of y in the firſt term, ay, of the ſeries 
ay + by + e + e + eh + f* + gy? + &c, which is to be reverted, is 1, 
(as is very often the caſe,) the notation of the foregoing theorem will be much 
thorter and fiinpler than it is in the foregoing article, and the ſaid theorem wil! 

Vol, V. 3E then 
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then be as follows; to wit, that, if the quantity y is leſs than 1, and conſe. 
quently it's ſucceſſive powers , , 5, „, 3*, „, „, &c form a decreaſing 
progreſſion of terms; and the quantity 2 is alſo leſs than 1, and conſequently 
it's ſucceſſive powers 2, 22, 2*, 2*, 2*, 2*, 27, &c form likewiſe a decreaſing 
progreſſion of terms; and, if the ſeries y + * + ff + df +9 + ff 
' + gy? + &c is equal to the quantity 2, the quantity y will be equal to an 
infinite ſeries of terms of which the five firſt terms will be x — X 22 + 


20% — c 2* — 5% — 5bc +4) X 2* + 30 — 21hbc + 6bd + 14% XZ. 


Now this laſt ſeries may be applied to the reſolution of the equation — X r 


— = _ — 1 to a great degree of exactneſs, when we have already ob- 


tained a pretty near value of r, or the greater root of the ſaid equation, (which 
may be done by means of it's two limits M and M + d in the manner above- 
deſcribed,) by proceeding as follows. | 


Art. 28. To avoid confuſion in the notation, it will now be expedient to uſe 
the letter p, inſtead of the letter 4, to denote the firſt near value of r, or the 
greater root of the propoſed equation — Xr —r = — — 1, that we have 


already diſcovered by means of it's two limits M and M + 4 And I will 
ſuppoſe that p is ſomewhat leſs than the true value of 7, or the ſaid greater 
root, as we found 1.058,195,6 to be in the numeral equation 967.648,136,7 Xr 
— 77? = 966.648,136,7, which has been already reſolved. And I will put ww 
(as before,) for the unknown ſmall exceſs of r, or the ſaid greater root of the 


equation —Xr - = = — 1, above p, the known near value of it. 
a a y 


And, to ſimplify the notation, I will ſubſtitute P inſtead of —_ the co-efficient 


of r, and Q inſtead of the abſolute term — — 1; whereby the ſaid equation 
— Xr —r = — — 1 will be converted into the equation PA — "= Q 


Further, let y be = . 


And then we ſhall have 1 (=p +w =p NI 1 = K TT) = 
2 ＋ , and PN (=P TD) PND Y＋＋ Px y. 


And F will be T =pX1+=|' =p x I + =P X 


1 FI =, by the binomial theorem, to ? * the ſeries 1 +/ x9 +7 
| X 
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— e . $8 7:74 
x — * +1 x — es ke tad Lhe as ma. r I} 
as. : 48 
* —X — Xx —˙Xũ4E — x * + &c, "3408 
+ X 2 X 3 * 4 5 J n 4 * 
{48 
N . l 8 NR vu 
Therefore the binomial quantity Pr — 7 will be = the mp quantity 1 
I f — 1 I 
5 E + 7 oy 
t — pt = ns f — 
3 | 2 3 


5 + &c, 


But the binomial quantity Pr — ris = Q. k j 

: 4 | 

Therefore the compound quantity Pp + Pp XY — P X the ſeries 1 + . b 
* 10 * jv 

K +1X— x} OE * * = 7591 
_ — XxX & vill allo 1 

D = Q. iy 1 
. Fl 
Therefore (dividing both ſides by p*,) we ſhall have — + — x y — the f * ö 
P 7 19 

— — * Knee 

. ＋ * * xy + 1X — — 9 1 
— * * — "x #0” 9 

3 2 oY 

. n N Pp * 

— „and (adding the ſaid ſeries to both a we ſhall 3 — + _ * 7 98 
of Fa 1 

F + 7 "WW * = 
5 i; # 

I 11 1 — 2 — 1— 4 1 

7 7 5 itt f 
«„ + &c, and Cs 1 from both ſides,) 2 + 2 * —1 = * 
P P 24 

Q 3 F i 
t 97 
5 [af 
t = 1 12 2 t — 3 4 f{--1 t — 2 F.-Y f 4 1 | | 
* 2 * 7 * 7 X92 ＋ 4k n X 4 X ; X .Y le 
WT | 
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+ &c, and (cubtracting S- from both ſides,) — + — 4 + 1 - 
| 5 P 7 


Q _. . t—1 . 15+ #444 = 
. * — XJ) +IxX—X— xy + 2 


a „ 
* rr 858 * - a 
+ &c, and IM _ * Y from both ſides,) © + 8 — I = the 
Fa : 
ſeries 7 X y Ys — 
121 — 4 121 12 2 123 1— 4 
1 — — — 
* 2 3 4 4 A 5 X 
+ &c. 


Art. 29. Now, ſince 7 is greater than , and conſequently 7 x p* is 


| t 
greater than Pp, it follows that ? x y — — * (Which is = —.— * y 
F 7 


4 — 
— ＋ X 5) will be = = - Px ; and conſequently the laſt equation will 


75 
become —— —= — 1 = the ſeries e ＋ XN +7 x 
8 7 t | t 2 

5 5 5 
3 12 2 1 1 5-2 { - 1 


r K J * n TG 


_ f 2 f — _ . 
* 2 . * — * — * * + Ke, or 2 - 2 = the ſeries 
5 


_—P — — — 
PER xa „ + 1x 
7 


X 2x xy +1xXEIXEXEIxXE x + &c;z 


[2 


and therefore (multiplying all the terms into þ # we ſhall have Pp A- 


= the ſeries 1p — PG xy +1 X — x # x 5 + #2. 4 = x £= 


1 — 1 122 


* 
x 


42 


* X 5 + IX X— x M N + 1x — 
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x 54 i= — „ x3 + c, and (dividing all the terms by 2 = Pp, 


4 
the co-efficient of y,) we ſhall have L =£ 2 2 the faries 1 1 
hn 
t 4 x t + 5 
„nnn —_ 2 
e S t — Pp 3 
| _ | f — RE. f 
„„ — * * * * KX * 
4+ — 3 + 5 is! = Po 


+ &c, or (ranging the terms of the equation in the uſual order, with the 


known quantity, or abſolute term, on the right hand,) the ſeries y + / Xx —— LA] 
t 3 2 t 2 
x F—xF +1X XX —— xy r Xx „ 
. — Pp 3 * — Pp 
t 
s 1 uw = * 3 4 5 
-— Pp =; — Q 3 
R + 0 = en 3 which is an equation of the ſame 
* — Pp i — Pp 


form with the equation y + * + ff + df ＋ & + 5 + gy? + &c 
= 2, which is the ſubject of Sir Iſaac Newton's firſt theorem above-men- 
tioned, : 

P> - 


i — Pp 


Now let q be put for the abſolute term of this laſt equation 


7 
DD § === + tx IX N 
1 —Pp ES. 
121 f — 2 1 = 5 1— 1 1 — 2 8 wn 124 
mn moe • ; œ ꝶ́gœAm n 6 — — 
2 F 2 ; 7 


„ and let 4 be put = t x 


f 
I f 2 


— » or the numeral co efficient of y*; and c be put N — x 
p Fp : : 


X OY or the numeral co- efficient of y*; and d be put = z x 1 


of F 


. REES —— V — 22 


th, 
n+ 
80 
g 
bs 
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Di | SY 1 
: X —_ * —.— or the numeral co- efficient of y*; and e be put 
| . 


IW 


X 


„ „e 2 -, or the numeral co efficient 
2 3 8 5 to — Pp 

of y%, And the ſaid equation will then be converted into the equation ,y + g. 

+ oo T + ef + & S 2. And conſequently, by the above-mentioned 

firſt theorem of Sir Iſaac Newton, we ſhall have y = 7 — b X * ＋ 20% — 0 


* — 6555 = + A* q + 36 — 21bbc + bbd + 146* —e X 95 — &c, 


And, when y is fonnd by computing ſome 'of the terms of this ſerie:, ue 
ſhall have w = Þ x , and r =p +w=þ+Þ xXx); that 1s, the ſecond 


| 25 Eng 
near value of r, or the greater root of the equation — Xr —7 = — — 1, 


will be D + p N 3: . 


vill now proceed to try the exactneſs of this method of reſolving the 
equation — xr —r = — — 1 by applying it to the reſolution of the 


ſame numeral equation 967.648, 136, x — r?? — 966.648, 136,7, which 
has been above reſolved by the two preceeding methods of reſolution explained 
in the foregoing articles. | i | 


. 
#- 3% 
” . , * n 


The Reſoluticn of the Numeral Equation 967 .648,136,7 xr —1* = 
966.648,136,7, by the foregoing Method of Reſolution founded on Sir Iſaac 


Neurons ſecund Method of reverting an Infinite Series. 


, , 


Art. 30. Let p, or the firſt near value of , or the greater root of the pro- 
poſed equation 967.648, 136, x r — 77? = 966.648, 136, ), be 1.038, 195,6, 
which is the value that has been already obtained in art. 18 by ſuppoſing the 
ſaid greater root to be equal to an arithmetical mean between M + 4 and M. 
This value has been ſhewn, in the ſame art. 18, to be ſomewhat leſs than the 
true value of the ſaid greater root, Therefore, if w be put for the difference 
between this greater root and 1.058,195,6, we (hall have r = 1,058,195,6 + , 
or p + w, as in the two foregoing articles, 28 and 29. 5 


And, 
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And, fince / is = 70, we ſhall have p = 1.038, 195.00 = (by art. 18) 
62.434, O00, o, and 7 x p (= 70 X $52.434,000,0) = 3670. 380, ooo, o. 

And, becauſe P is = 967.648,136,7, we (hall have Pp (= 957.648, 136,7 
x 1.058,195.6) = 1023.961,000,6, and conſequently f x 9 — 2 
3670. 380, 00, — 1023. 961, 0, 6) = 2646. 418, 999, 4. Therefore 


<8 

? i e 
2 will be * o. 019, 8 13, l. 

Further, ſince Q is 966.648, 136,7, we ſhall have Pp — pf — Q ( 
1023.96 1, ooo, 6 — 52.434, ooo,o — 966.648, 136,7 = 1023.96, 00,6 — 
PY — 2 A „ 4.878, 863,9 ) 3 
, x — Ps — 2646.418,999,4 8 
o. o0 1, 843, 5 that is, q will be = 0.001,843,5. 

t 


And, face bin = 8:56 K&K oo, 
txp -P 


1019.082,136,7) = 4.878,863,9, and 


2 


. 1 2 — 
and cis = N ——= N : 


3 * PG 


da u N „„ 2 = N ml; 
5 3 4 tf — Pp 
5 t 
5 ern 8 —4 

— —ͤ — — — — 
and e is e 4 * = 
we ſhall have þ (= 70 * — - x 0.019,813,1 = 70 Xx Ax 0.019,813,1 

= 35 * 69 X 0.019,813,1 = 2415 X 0.019, 8 13,1) = 47.848,636,5, 
and e ( 3 * 2 —_— == 47.848,636,5 x © 

= —— = 1084.69, 094, o; 
and d (= c x — 3 Tl S — = 1084.69, 94, 0 „ — 

= — = 138, 166. 532,324, 5 
and e (A4 * — 2 —.— — 4 * — = 18,166.532,324,5 * = 


= — = 238, 998.226, 683,4. 


Therefore 


4 * 
0 'V, q 
1 " 
* | 
* 

++ 
ol b 
47.0 
. 8 4 
1 
i 
1 
A 

. y 
4 

w 

5 


—— 
—- 


- 
* 
— _— . "> 
2 N er — * 
2 3 — - £4 
—_— > — — Cz ; 


LI 


— 
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Therefore the final equation y + Y + r “ +e&f* + &c = 9 ob. 
tained in art. 29 will, in this caſe, become y + 47.849,636,5 & »* + 1084. 
569, 094, X % + 18,166.532,324,5 K 3* + 238,998.226,683,4 & y* + &c 
= O. 001.843, 5. 6 


Further, ſince q is = Oo, 843, 5, we ſhall have 9* (= 0.001,843,5)*) = 
0.000,003,398 492,25, and 3 ( = 0.000,003,398,492 X 0.001,843,5) = 
0.000,000,000,265,120,002, and 9 (= o. ooo, ooo, o06, 265, 120, 02 X 0.001, 
843,5) o. ooo, ooo, ooo, o11, 549, 748. 


Therefore y (which is = q - x ＋ 20% — c * 45 — (5⁵⁰⁰ — be +4) 
* 9 + &e,) will be = o. 01, 843,5 — * o ooo, oog. 398, 492,25 + 


20% = (\ X o. ooo, ooo, oo6, 265, 120,02 — 5% — 5c + d) X o. ooo, ooo, 
Oo, o 11, 549,748 + &c. 


Now, ſince þ is = 47.848, 636,5, we ſhall have 39 (= 47.848, 6 36,5) = 
22$9.492,014,799, and 5 (= bb Xx b = 2289.492,014,709 X 47.848,636,5) 
= 10, 549.07 1, 181,463, and 255 (= 2 X 2289.492, 014, 09 = 4578.984, 
029,418, and 5% (= 5 Xx 100, 549.07 1, 181,463) = 547,745.35 5,907, 319. 


And, ſince c is 1084. 569, og4, o, and d'is = 18, 166.5 32, 324, 5, we ſhall 
have 245 — c (= 4578.984, 029,418 — 1084. 569, 94, 0 = 3494.414, 
9353418, and bc (= 47.848, 636,5 X 1084. 569, 094,0) = 51,895.12, 337, 940, 
and 5%c (= 5 X 51,895.15 2,337,940) = 239, 475.761, 689,700. I heretore 
5% — Sc will be (= $547,745-355,997,315 — 259,475-761,689.700, ) = 
288,269.594,217,615, and 5% — 54 + d will be (= 288,269.594,217,615 
+ 18, 166.5 32,324, = 306, 436.126, 541,615. 


Therefore y will be = o. oo 1, 843,5 — 4.848, 636, 5 X o. ooo, oog, 398, 492 
+ 3494. 414, 935, 418 X co. ooo, ooo, oo6, 265, — 306, 436. 126, 541,618 * 
o. ooo, ooo, ooo, 11 + & C = o. o0 1, 843,5 — o. oo, 162,589 + o. ooo, o2 1, 892 
— co. ooo, oo3, 370 + &c = o. oo, 865, 392 — o. ooo, 165,959 + &c = 
o. 00 1, 699,433 + &c, or (neglecting the two laſt figures, ) o. o0 1, 699, 4. 


Therefore w, or X, or 1.058, 195,6 X , will be (= 1.058, 195,6 * 
o. 0 1, 699, 4) = o. 001, 98, 2, and conſequently 1.058, 198,6 + wv will be = 
1.058, 195,6 + o. 001,798, 2 = 1.059, 993, 8; that is, the ſecond near value 
of 7, or the greater root of the propoſed equation 967.648, 136, X r — 
= 966.648, 1 36,7, obtained by means of the four firſt terms of the ſeries q - 


+ 20% — X % —[ — g M + 360 = ze + 6 + 144 —0 
* &e given us by Sir Iſaac Newton for the reverſion of an infinite ſeries, 
will be = 1.059, 993, 8. . . 


This value of vis extremely near it's true value 1.06. For the intereſt of 

a hundred pounds for a year, computed according to this value of , would 
amount to (109 X 0.059,993,8/. =) 5.999,38/., or more than 51. 195. 114d, 
7 | inſtead 
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inflead of being exactly fix pounds. This is a very great degree of exaAneſ, 


0 7 . . Y 
and therefore proves that this third method of reſolving the equation how Xr 
— 7 = — — 1 by means of the ſaid ſeries, is very juſt and accurate. And 


it is alſo founded on clear and ſatisfatory principles. But yet, as it requires us 
to go through ſuch a number of troubleſome arithmetical operations hetore we 
arrive at the value of w, or the difference of the firſt ncar value of r from it's 
true value, it appears to me to be much leſs convenient than the firſt method of 
finding a ſecond near value of , explained above in art. 19, which proceeds, 
firſt, by the differential method of approximation, and atcerwards, (if (till 
greater exactnels is required,) by a proceſs of Mr. Raphſon's method. I allo 
prefer this firſt method of refolving equations of this kind to the ſecond method 
of reſolving them mentioned above in art. 23, (which proceeds by the refolution 
of a quadratick equation,) and am inclined to think i, upon the whole, the molt 
judicious and convenient method that can be taken tor this purpoſe. 


Art. 31. As that firſt method of reſolving the equation — ** — = 
— — i ſeems to me to be preferable to the other two, and to be, upon the 


whole, the beſt method, of all thoſe I have any knowledge of, that can be 
taken for that purpoſe, I will now endeavour to recapitulate in a ſhort and 
ſummary manner the ſeveral grounds and reaſonings by which we obtained in 
that method the three ſucceſſive near values of r, or the greater root of the ſaid 
equation, in art. 7, 8, &c - - 12 of this diſcourſe. 


A Recapitulation of the ſeveral Proceſſes of the firſt of the foregoing three Methods of 
reſolving the Equation 2 Xr —r = — — 1, by which we obtained three 


ſucceſſrve near Values of r, or the greater Root of the ſaid Equation, in Art. 7, 
8, &c, - - 12, 


In the firſt place then we obſerved, that this equation —Xr — = 
— — 1 is an equation of that form which admits of two roots; the term r., 
or the higher power of the unknown quantity r, being ſubtracted from — *r, 


which involves it's ſimple power x. 


Vor. V. 3 F Secondly. 
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Secondly, we obſerved, that the leſſer root of this equation —- 1 


= — — 1 is 1, and conſequently that the root of it which is neceſſary to 


the ſolution of the Problem from which this equation is derived (in which 
Problem it is ſuppoſed that 7 muſt always be greater than 1,) is the other, or 
greater, root. 


- Thirdly, we obſerved, that in every binomial equation, (or equation con— 
taining two different powers of the unknown quantity,) of the more general 


* 


form Px — x" = Q (of which form the equation — Xr —r = —— — 1 


is a particular caſe,) the leſſer root muſt be always leſs than / N = or than 


I I 
* 4185 

— , and that the greater root muſt al Vays be greater than — » but 
1 


leſs than PP=!'. This obſervation is true, whenever there are two roots to 
the equation, But, when the abſolute term Q 1s of the greateſt poſſible mag. 


nitude, (which is the magnitude of the binomial quantity Px — & when x is 


1 
equal to A, the equation will have only one root, which will be 


P |m—1 


mM 
Fourthly, it is ſhewn that the greateſt poſſible magnitude of the binomial quantity 


Px — *, and conſequently of, it's equal, the abſolute term Q» is that value 
| 1 


6— ww 


of the ſaid binomial quantity which it has when x is equal to 2 *; Which 


middle value of x may, for the fake of brevity, be conveniently denoted by the 
letter M. And it is alſo ſhewn that that greateſt magnitude of the binomial 


. OR. „ — | 
quantity Px — x will therefore be equal to my — 1 x uw 1 or to 1 — 1 


w IM, 
1 


Fiſchly, it is ſhewn that, if 4 be put for the exceſs of — 255 „ or M, or 


that middle value of x, above the leſſer root of the equation Px — «„ = Qs 
lo 
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ſo that the ſaid leſſer root (hall be = M — 4d, the greater root of the equation 
I 


— —— 
1 —1 


* : ; 
will be always leſs than M + 4, or than _ + 4. But their difference 


will often be but ſmall, ſo that M + A will be a pretty goo#l firlt near valve of 
the ſaid greater root, or a good ground-work for a further approach to n's true 
value by Mr. Raphſon's, or ſome other, method of approximation. 


And further, it is obſerved, that we can always diſcover by a trial whether 
the difference between M + d and the ſaid greater root of the equation is 
great or ſmall, For, if we ſubſtitute M + d, inflead of x, in the binomial 


quantity Px = x", and the value of the ſaid binomial quantity reſulting from 
ſuch ſubſtitution is but a little leſs than Qs or the abſolute term of the equation 


Pr —x" = Q: we may conclude that M 4 will be but a little greater than 
the true value of the ſaid greater root, and therefore will be fit to be employed 
as a firſt near value of the ſaid greater root and made the ground-work of a 
further approach to it's true value; but, if the value of the 4aid binomial 
quantity refulting from ſuch ſubſtitution is much leſs than the ablolute term Q. 
we may conclude that the ſaid quantity M + A 1s confiderably greater than the 
true value of the ſaid greater root; and in this caſe it will be expedient to take 
for our firſt near value of the ſaid greater root a quantity ſomewhat leſs than 
M + d. And, as the faid greater root is always greater than M as well as leſs 
than M 4, it will ſometimes be found convenient in theſe caſes to take an 


arithmetical mean between M +4 and M, to wit, the quantity M + TA , for the 


firſt near value of the ſaid greater root, and the ground-work of a further 
approach to it's true value by Mr. Raphſon's, or ſome other, method of ap- 
proximation, 


Sixthly, by transferring the foregoing conclufions from the general equation 
Pr — +" = Q to the equation —— Xr —r = —_ — 1 (which comes under 
the ſaid general equation,) and by ſubſtituting — for P, and — — 1 for Q 


P 
and r for x, and f for u, we found that — , or _ would be = , and 


* FS NE. ; 
that 2 would be = — or M. 
423 Seventhly, 


1 p 
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Seventhly, we obſerved, that, fince the leſſer root of the equation — x 7 


— = — — I is = 1, the quantity 4, or the exceſs of M above ſuch 


[ 


2 [ff —-1 


I 
lefler root, will be = M — 1 (= — _ —1) = _ —1 ; and con- 


I 


1 I 
ſequently M + 4 will be (= M + == BY 7 DE + 


I I 


— ) = 2 „ —— = —— 1. So that 2 * [HG — 1 will, probably, 


at 
be a fit quantity to be taken for a firſt near value of r, or the greater root of 
the equation — Xr—r= — — 1. This, however, muſt be tried by 
I 


ſubſticuting this quantity 2 x £A 21 — 1 inftead of 7 in the binomial 


quantity — Xr — 7, agreeably to the fifth branch of the preſent recapitula- 
tion: and, if the value of the ſaid binomial quantity reſulting from this ſub- 


ſtitution is found to be but a little leſs than —_ — 1, or the abſolute term of 


: © t : g 
the equation — XP — 2 — — I, we may conclude that this quantity 


I 
2 X (= i will be proper to be made uſe of as a firſt near value of r, 
or the greater root of the ſaid equation; but, if the value of the ſaid binomial 
quantity reſulting from ſuch ſubſtitution is conſiderably leſs than — — 1, or 


the abſolute term of the ſaid equation, we mult, chuſe ſome quantity leſs than 


2 X 2 * " — 1 for our fiſt near value of 2, or the greater root of the ſaid 
d 


equation; and in this caſe it may ſometimes be expedient to chuſe M + , 


or the arithmetical mean between M + d and M, (which arithmetical mean 


| I 
E 
vill be = at > x l "al . 


our 
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our firſt near value of v, or the ſaid greater root, or the ground work of a 
further approach to the true value of the ſaid greater root by Mr, Raphlon's, or 


ſome other, method of approximation, 


1 


I 
- , 221 3 82 1 —1 * 
Eighthly, let 2 & — 1, or X HA — ot whatever 
other quantity we ſhall have choſen for our firſt near value of r, or the greater 
. 2 . . 
root of the equation „ * — — 1, be called y; and, to obtain a 


ſecond near value of r, or the ſaid greater root, which ſhall be much nearer to 
it's true value than the ſaid former root, we may proceed as follows. 


Subſtitute y, inſtead of , in the binomial quantity — Xr —r, and call 


the value of the ſaid binomial quantity reſulting from ſuch ſubſtitution D. 


Then ſubtract from y (if y is greater than the true value of r, or the faid 
greater root,) a 200th part of it's value, and ſubititute the remainder, or 


y— 255 inſtead of r, in the ſame binomial quantity — *r, and call 


the value of the ſaid binomial quantity reſuliing from ſuch ſubſtitution E. 
And this quantity E will be greater than D. 


But, if y is leſs than the true value of r, or the greater root of the equation 
2 | * 8 
* — — 1, it will be better (though not neceſſary,) to proceed 
in a different manner, and to add to y a 200th part of it, fo as to produce the 


quantity y + =, and then to ſubſtitute y + 25 inſtead of r, in the bino- 


mial quantity —— Xr —7, and to call the reſult of ſuch ſubſtitution E. 


And in this caſe E will be leſs than D. 


But, not to make theſe directions too intricate by providing for this variety 

of caſes, I ſhall ſuppoſe y to be greater than the true value of r, or the greater 
a 

root of the equation — * — 1 = — — 1, and y — — (and not y + 


755 to be ſubſtituted inſtead of r in the binomial quantity — Xr —r, and 


— 1 1 of the ſaid ſubſticution to be called E; in which caſe E will be greater 
than D. 


We muſt then ſubtract D from E, and likewiſe from — — 1, or the abſo- 


2 14 2 
lute term of the equation — Xx - = — 1, and mult make the fol- 


lowing 


* 
—— om 5 


as 
ERA. 
7 * < _—y 
— * 
* * © 4 - 
- WS — 
2 I — a 
— 22 
31 2 9 
2 _ - 8 - E 
©. 6 


— 5 So SA —y-—— 
= B34 LO 2 W 


25 


& SS. ·˙ — —— 
I. 
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lowing proportion; As E — D is to — — 1 — D, fo, very nearly, will 
y — |y — =, (or y — »y + =) or 2, be to y — 7; and we ſhall thence 


21 Bd D 
, and conſequently y =, very 


E — D 


nearly, r + the fraction — — , and er, very nearly, = y = the 


— RIES 
fraction 2 Therefore y — the fraction ELD 


will be a ſecond near value of r, much nearer to it's true value than y was. 
1 


Ninthly and laſtly, make this ſecond near value of y, to wit, y — the 


— 


Db 


— 1 — 5 » the ground-work of another approach to the 


fraction 


f . 1 2 
true value of 7, or the greater root of the equation — rr = 1, 


by a proceſs of Mr. Raphſon's method of approximation. And we ſhall 
thereby obtain a third near value of r, or the ſaid greater root, that will be 
accurate enough for all purpoſes. . 


. 


rr I ee .———̃—— k | 


A SCHOLIUM, 


Art. 32. I have now gone through the whole of what I meant to offer to the 


. Re . 2 
reader's conſideration on the reſolution of the general equation 2 Yr i 


2 . wa . 
= — — 1, which is derived from a Problem relating to the amount, 2, of 


an annuity a, that has been due, but never paid, for a given number, 7, of 
years, when the quantity, @, of the annuity, the number, 7, of the years 
during which it has been due, and the amount 2, that is become due in 4 
ſingle payment at the end of the ſaid 7 years, are all given or known, and 7; 


the rate of intereſt correſponding to the ſaid given amount, z, is to be — 
rom 
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from the knowledge of thoſe other three quantities. This equation Dr, Halley 


has directed his readers to reſolve by computing the expreſſion 1 + #6 + 2c; 1 
2 

C WEL 5 1 8 
— 6, in which y is = — — 1, and 4 is = —— : and this expreſſion 
is found, upon trial, to give us a very accurate near value of r, or the greater 
root of the ſaid equation, which is the root wanted for the folution of the 
aforeſaid Problem. But he has not given us any inveſtigation of this expreſſion; 
which makes the uſe of it, to thoſe perſons who have not found, or ſeen, an 
inveſtigation of it, an unſcientifick and unſatisfactory mode of obtaining the 
quantity r that they are in ſ-arch of. And now, after the ſaid expreſſion has 
been inveſtigated by the learned and ſkilful Mr. Willam Morgin, of the 
Equitable- Aſſurance Office, in the manner ſet forth above in the firlt of the 
foregoing Notes on Dr. Hillzy's Diſcourſe, it is found to depend on a very 
long and intricate A\igebraical computation, which is grounded upon Mr. 
De Moivre's Theorem for raiting a multinomial quantity to any given power, 
and on a ſuppoſition that the faid Theorem 1s true 1n the cale of fractional 
powers, or of the roots, and powers of the roots, of a multinomial quantity, 
as well as in the more fimple caſe of it's integral and affirmative powers; 
though it has never, I believe, been demonſtrated, either by Mr. De Motvre 
himſelf or any other Mathematician, in any but that firſt and molt fimple cale. 
It is, indeed, highly probable that this Theorem (as well as Sir Iſaac Newton's 
binomial theorem, ) is true in all thoſe caſes as well as in the more fimple cate 
of integral and affirmative powers. But till the truth of ic in thole cales has 
been demonſtrated, it is, in the eyes of a lover of truth and accuracy in theſe 
{ciences, an obſcure and uncertain Propofition. And, even if it had been 
demonſtrated by Mr. De Moivre, or Mr. Stirling, or Mr. Mac Lainin, or 
Mr, Thomas Simpſon of Woolwich, or ſome other profound Algehrai:t, the 
application of it to the inveſtigation of this expreſſion of Dr. Halley is at- 
tended wich ſuch a number of intricate and troubleſome ſubſtitutions of one 
number, or Algebraick quantity, for another (ſuch as index-s of powers, and 
co-ethcients of the terms of ſerieſes, and other complicated Algebraick quan- 
tities,) that the reader feels himſelf in continual apprehenſion of making lome 
falie ſtep in his computation, and conſequently of falling into fome error in his 
concluſion. At leaſt I muſt confeis hat tuch were my fcelings, both when I firſt 
read and examined Mr. Morgan's inveſtigation of Dr. Halley's ſaid expreſſion, 
and when I aſterwards conficercd it with ſtill greater care and attention in order 
to draw-up the full and expanded view of it which is ſet forth in the firſt of the 
foregoing Notes on Dr. Halley's Diſcourſe. Theſe circumſtances, attending 
the laid expreſſion of Dr. Halley, leſſen both our pleaſure in peruſing the in- 
veſtigation of this expreſſion, and our confidence in the expreſſion itſelf when 
we have obtained it, untill we have tried it in ſeveral numeral equations, or 


examples, and have found it always to fucceed ; and then our confidence in 
the 


— 
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the truth of it is of the experimenta! rather than of the /cientifick kind, and is 
paid to the ſucceſs of the trials tather than to the evidence of the inveſtigation. 
And for thelc reaſons I ſhould be rather inclined to prefer eicher of the chree 
methods of reſolving the equation — Xr —r = — — 1, that have been 
given above in this Appendix, and more eſpecially the firſt of the ſaid three 
methods, (of the particulars of which J have given a recapitulation in the 


preceeding art. 31,) to the reſolution of it by the expreſſion 1 + 45 + 259% — 3, 
which Dr. Halley has given us for this purpoſe: acknowledging, however, that 
it is good to have ſeveral different methods of doing the ſame thing, and that 
Dr. Halley's aforeſaid expreſſion of the value of r, or the greater root of the 
ſaid equation, is very uſeful in practice and comes very near the true value of 


the ſaid greater root. | 
End of the Conſideration of the firſt of the three Problems in Dr. Halley's Diſcourſe on 


Compound Intereſt which have given occaſion to the foregoing Notes, 


and the Equation X — 221 
a a , 


deduced from tt. 


Art. 33. We come next to conſider the ſecond of the three Problems in 
Dr. Halley's Diſcourſe which have given occaſion to the foregoing Notes, and 
the equation deduced from it. This Problem relates to the finding of the rate 
of intereſt of money allowed in a bargain made for the purchaſe of an annuity 
for a number of years that are ſtill to come, when the quantity of the annuity 
purchaſed, the number of years during which it is to continue, and the price 
that is to be paid for it by the purchaſer, are all given, or known; and it 
occurs above in pages 226, 227, and 228 of the preſent Volume, in theſe words. 


CC —ﬀ—  — ——— — — — — — — ———————————————————C 
PROBLEM IV. 


© The annvity (a,) preſent value (z,) and time (t,) being given, to find (r, 
the rate of intereſt. 
BBB —— n — — % H:: 


SOLUTION. 


* This Problem being more difficult than it appears at firſt ſight, and requir- 


ing the reſolution of this equation, — = - „ wo. [or, in the more 


uſual 
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uſual way of ranging the terms, with the known quantity, or abſolute term, on 


5 : lf SSR — ,] to which it is reduced, there muſt 


the right-hand,) 


be applied ſome method of approaching the root r, which is by no means 
evident. And that approximation, as the number of years and [the] rate [of 
intereſt] are greater, or leſs, cannot properly be obtained by one general rule; 
but rather by two, according as the value of the reverſion is greater, or leſs. 


ce If the number of years be great, (as, ſuppoſe, 40, or upwards,) and, 
eſpecially, if the rate of intereſt be high, 1 + — will be nearly the rate; or, 


— — Ml * . Call it [this laſt quantity = — 


more accurately, — - 


£1" —]r. And ——— will be exceeding near the value of the 
1 F r * 71 


reverſion ; which [quantity ” 87 ] let be z. Then 1 + = ſhall ap- 
p—_ 

proach the true rate ſufficiently. But, if greater exactaeſs be required, by 

repeating this proceſs it will be obtained. Hence this rule. From the loga- 


rithm of a, &c,” as in page 227, to the bottom of the page. 


* If the number of years be ſmall, the aforeſaid rule will avail little. In 


this caſe it will be requiſite to approach the rate thus. Let —— be the index 
of a root of — 3 from which root ſubtract 1, and the remainder call v. And 


let — be called 5. I ſay, that 3 — 33 = 2004 is ſufficiently near to r 1, 


and will be ſtill nearer to the truth as the number of years is ſmaller; and that 
the error will be always in exceſs. Hence the rule. Divide the logarithm of 


= y =, &c,“ as in page 228. 


Theſe are the words of Dr. Halley. But the Problem may be ſtated more 
fully in the following manner. 


PROBLEM IV. Concerning the preſent Value of an Annuity that is to continue 
for a given Number of Years. | 


If an annuity of @ pounds a year, that is to continue for # years, is ſold for 
the ſum of 2 pounds; and all theſe quantities, a, t, and z, are given, or 
known: it is required, from theſe three known quantities, to determine the 

Vol. V. 3G value 
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value of v, or the rate of intereſt that correſponds to the price à that has been 
paid for the ſaid annuity, | | 


Art. 34. Dr. Halley (as we have ſeen,) divides this Problem into two caſes, 
according as 7, or the number of years during which the annuity is to continue, 
is greater, or not greater, than 39 years: and he gives us different expreſſions 
for the ſolution of theſe two different caſes of the Problem, When f is greater 


than 39 years, he gives us, iſt, tie expreſſion 1 + — for a tolerably near 


value of 7, or the rate ſought ; and, 2ndly, the expreſſion * 2 * = 
for a ſecond and nearer value of it; and, laſtly, the expreſſion 1 + - 7 - for 


a third and ſtil] nearer value of it. Theſe three expreſſions have been examined 
and inveſtigated above in the Second of the foregoing Notes on Dr. Halley's 
Diſcourſe : and I have nothing to add to what is there ſaid concerning them; 
the principles from which the {aid expreſſions are derived being fimple, clear, 
and certain, But the expreſſion 3 — 5 — 2%, which Dr. Halley gives us 
for the ſolution of the ſecond caſe of the Problem, in which, or the number 


of years during which the annuity is to continue, is leſs than 40 years, is 


derived from Mr. De Noivre's Multinomial Theorem, and from a ſuppoſition 
that the ſaid Theorem is true in the caſe of powers that are both fractional and 
negative, which makes the inveſtigation of it (which is given above in the 
Third of the foregoing Notes on Dr. Halley's Diſcourte,) exceedingly intricate, 
obſcure, and ſubtle, In this caſe therefore I ſhould be inclined to make uſe of 
ſome other method of determining the value of r, or the rate of intereſt, that 
ſhould be derived from ſome clearer principles than thoſe by which Dr. Halley's 


ſaid expreſſion 3 — 3} — 20 > has been inveſtigated by Mr. Morgan in the 
Thicd of the foregoing Notes on his Diſcourſe, | 


Art. 35. One ſuch method of finding the value of 7 in this ſecond caſe of 


the foregoing Problem, inſtead of reſorting to the expreſſion 4 — 64 — 201 
given us by Dr. Halley, has been already deſcribed above in the latter part of 
the ſaid Third Note on Dr. Halley's Diſcourſe, art. 15, 16, &c; and conſiſts 
of two parts, to wit, 1ſt, of a deſignation of r — 1 by the letter v, and 
a ſubſtitution of the binomial quantity 1 + v inſtead of 7 in the equation 


| F ö 
— or = — and, 2ndly, of the computation of the three 


2 
or four firſt terms of a certain ſeries of decreaſing quantities, which is 
equal to v, or 7 — 1, and which is obtained by means of Sir Itaac 
Newton's ſecond method of reverting an infinite ſeries, This ſecond method 
of reverting an infinite ſeries is much ſimpler and clearer than Sir Iſaac's 
firſt method of doing the ſame thing, which is founded on the aſſumption 


of a ſeries with unknown numeral coefficients (denoted uſually by the — 
pita 
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pital letters, A, B, C, D, E, F. G, H, &c,) of the ſeveral powers of the 
quantity involved in it's terms, which unknown co-efhicieats are afterwards ſuc- 
ceſſively determined, together with the ſigns + and — which are to be prefixed 
to them, by reſolving the ſame number of ſeparate, fimple equations of a very 
difficult and complicated nature. But the faid ſecond method of reverting an 
infinite ſeries requires no ſuch aſſumption of another ſeries with unknown co— 
efficients to be afterwards ſucceſſively determined by the reſolution of thoſe 
difficult ſimple equations, but is founded on the common Arithmetical opera- 
tions of Addition, Subtraction, Multiplication, and Diviſion. Both theſe 
methods of reverting, infinite ſerieſes are explained, and illuſtrated by examples, 
in my Diſcourſe on that ſubject in the Third Volume of this Collection of Tracts 
called Scriptores Logarithmici ; and the deſcription and illuſtration of the ſecond 
of theſe methods begins in page 668, and continues to page 725 ; and the 
ſuhject is then reſumed in page 762, and continued to page 785, or the end of 
the Volume. And it is there ſhewn, in page 711, that, it v and & are two 
quantities leſs than 1, ſo that their powers v, v*, v, v“, vi, v, v, &c, and 
hb, h, , , bs, he, , &c will form decreaſing progreihons of terms; and, 
more eſpecially, if v and , are mucb imaller than 1, fo that thoſe two pro- 
greſſions will decreaſe very ſwiftly; and, if 4, c, d, e, /, &c are numeral 
co-efficients of v, vi, v, v5, 7, &c; and the ſerics — 3 + cv? 
— 4 + er — u + &c is = hb ;—l fay, it is there ſhewn that, upon 
theſe ſuppoſitions, v, or the root of the equation v — bv + a? — ab 
+ ev* — 5” + &c = h, will be cqual to the ſeries b6 + b x þ* + 


26bb — c xÞ + 5% = gbc +4) Xx ＋ 30 — 21b6c + 60d + 146* — 0 
Xx þ* + &c. And TI have ſhewn above in this preſent Volume, in Note III, 


art. 15, 16, 17, &c, how this reverted ſeries B + b X ＋ 20% — C x #* 


+ 50* = ß + d\ x N + 3* — 214bc + d + 144 = © X bb + &c 
may be applied to the finding of v, or © — 1, and conſequently to the deter- 
mination of 1 + v, or r. Theſe things I (hall therefore not repeat in this 
place, as | have nothing to add to what is delivered on this ſubject in that latter 
part of the ſaid Third Note. But | will here mention another method of de- 
termining the value of in the foregoing Problem concerning the preſent value 
of an annuity for a term of years, witnout having recourſe to Dr. Halley's 


expreſſion 1 + þ — 8 — 24y"*, which is derived from Mr. De Moivre's 
Multinomial Theorem in the caſe of fractional and negative powers, And this 
method will be very different from that juſt now mentioned, (which 1s 
grounded on the reverſion of ſerieſes,) and will bear a great reſemblance to the 
firſt of the three methods by which we found a near value of r, or the greater 


root of the equation — *r — ” = — — 1, (reſvlting from the former 
Problem of Dr. Halley concerning the amount of an annuity that had been 
unpaid during a given number of years paſt,) in the preceeding part of this 
Appendix, 

3 G 2 Art. 36. 
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Art. 36. Now, in order to ſnew how the value of r in the prefent Problem 
may be determined by this other method, which I now propoſe to deſcribe, it 
will be neceſſary, in the firſt place, to ſhew that the ſaid Problem may be 


: t t 
reduced to the equation : - EX Fo, i — „ as Dr. Halley affirms, and 


_ conſequently that the refolution of that equation will be equivalent to the 
ſolution of the ſaid Problem. Now this may be ſhewn in the following manner, 


The Reduction of the foregoing Problem to the Equation —ĩ— ZN of 3 


It has been ſhewn in Dr. Halley's aforeſaid Diſcourſe on Compound Intereſt, 
in pages 224 and 225 of the preſent Volume, that z, or the price of an annuity 
of @ pounds a year for a term of ? years, when the rate of intereſt of money is r, 


is = - = ty —. Therefore (multiplying both ſides into r — 1,) we 
7 XT : 


ſhall have 72 — 2 = 4 — —— and (multiplying both ſides into „„ we ſhall have 
r 


„a - KS Xa—a=r— 1 | x a ; and (dividing both fides 
55 | t#+1 hes: 
by r — 1,) we ſhall have .. = a; and (dividing both ſides 


1 21 


5 Fes : ; 92 

by z,) we ſhall have 5 7 _— _ Therefore (multiplying both fides 
t : | 

into  — 1,) we ſhall have LY = — — — and (adding -— 60 


« 


b ar* = 5 | | 
both fides,) — , + = and (adding 7 to both fides,) . 


| ' t 
+ ===+r ==+==*E*>x/; and, laſtly, ſubtracting? 


from both ſides,) <- = == F 
| ranging the terms, with the known quantity, or abſolute term, on the right 


t t 
XT — 1 


1 . 
„ or (in the more common way of 


- 


hand,) = — * rear 2 =. . . 


Of 
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[4 11 a 
VI Eg +. * 


z + a 


Of the Reſolution of the Equation 
Art. 37. Having thus ſhewn that the foregoing Problem may be reduced to 


t { f k f 
che equation - K mr” = — in which 7 is the only unknown 


quantity,) we mult now proceed to ſhew how this equation may be reſolved. 


Now, in order to the reſolution of this equation, we may obſerve in the 
firſt place, that one of it's roots will be = 1. For, if we ſuppoſe to be = 1, 
we ſhall have (= 1) = 1, and FL (= iff") alſo = 1. And conſe- 


quently * 2 will be (= 1 —1 = —.— — = 


OE os ns er ab —) = —, or the abſolute term of the equation. 
2 2 2 2 2 2 


0 . 4 f I a 
Therefore 1 1s a root of the equation —— *r — ft = —o a . 
; . . 2 + a 1 
Art. 38. But, though 1 is one of the roots of the equation — Xr 


3 — yet it is not the root that will ſolve the foregoing Problem: 


becauſe in that Problem r denotes 1 pound together with it's intereſt for a year, 
and therefore muſt always be greater than 1 pound, or 1. Therefore the root 
of the ſaid equation which will ſolve the foregoing Problem, muſt be it's other 
and greater root. We muſt therefore now endeavour to find the value of the 


—π ODER, 


other and greater root of this equation 


Art. 39. The obſervation made in art. 37, that 1 is equal to one of the 


nne — is not without ſome degree 


roots of the equation 


of utility in our preſent inquiry, notwithſtanding it is not the root that will ſolve 
the foregoing Problem. For it will often (though not always) aſſiſt us in 
finding another quantity, greater than itſelf, that will approach pretty nearly to 
Z Zu ——_—_—_ — 1 of 
2 2 
which we are in ſearch. But that we may be the better able to apply it to this 
purpoſe, it will be convenient, firſt, to make a few remarks on the number of 


the other, or greater, root of the ſaid equation 


. . . . I 
roots in a binomial equation of the general form Px" — x" = Q and on 
the limits of their magnitudes ; which may afterwards be transferred to the roots 


2 + a 


of the equation K 


ncral form, 


* 1 — 1 = — „ which comes under that more ge- 


Of 


a 
3 
2 


—— — 


„1 


+ — @ 2 5 1 


= IF = - * 3 > F 2 
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Of the Number of Roots in the Binemial Equation Pr — * Q» and be 


Limits of their Magnijudes, 


Art. 40. Now, if P and Q are known quantities, and m any whole 


+ 


. . . mwxl.- 
number whatſoever, and the binomial quantity Px" — x is equal to Q. 


it is evident, in the firſt place, that x” will be leſs than Px” ,. and conſe- 


quently that = 


I | 
„or x, will be leſs than P. 


Secondly, if x be ſuppoſed to increaſe continually from o ad infinitum, it is 


evident that, while x is leſs than 1, * will be leſs than x, and vill be 


leſs than x” ; and that, when x is equal to 1, x" will be equal to 1, and * 


will alſo be equal to 1 and to x and to x" ; and that, when x is greater than r 


+1 


x” will be greater than 1, and greater than x, and x" T will be greater than 1, 


and than x, and alſo than x® ; and, laſtly, that, when x becomes greater than P, 


vill become greater than Px", and the difference between Px“ and 


and * vill be no longer Px" — , but * 1 — Px”; and, as & in- 


creaſes further from P ad infinitum, the binomial quantity in 


increaſe continually from o ad infinitum, ſo as to become equal, in ſome inſtant 
of time dui ing it's increaſe, to any quantity, how ſmall, or how great, ſoever, 


Thirdly, if the greateſt magnitude which x ever attains in the equation 


Pr - = Q» namely, the quantity P, be divided into ſome very great 


number of ſmall and equal parts, (as, for example, into ten thouſand million 
of ſuch parts,) and each of theſe ſmall and equal parts be denoted by #, or the 
letter x with a point placed over it, it is evident that, while x, in it's increaſe 
from © to it's greateſt magnitude P, increaſes from any one of it's ſucceſſive 
values to it's next value, or receives the ſmall increment #, or, in other woids, 


increaſes from x to x + 4, the term Pa“ will increaſe at the ſame time from 


Pxx toPxXxzÞF73", (or to PX K TM NK 4 + &c,) or to Px" 
. | + 
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+ mPx * + &c, or will receive the ſmall increment mPx"—'4 + &c, and 
CEP : 1 
vill increaſe at the ſame time from 4 Fox + r, or to ͤ4 + 


„n IX X #4 + &c, or will receive the ſmall increment m + 1X x" 
'X # + &c, 


Fourthly, while # + 1] x *“ x 4, or the increment of 9 continues 


Iſs than mb & x #, or the contemporary increment of Pa“, the binomial 


” ", and there- 


quantity Px — * (which is the exceſs of Px" above & 
fore will be increaſed in conſequence of the increment of Px", but diminiſhed 


in conſequence of the increment of the ſecond term x", which is ſubtracted 


from Pr“, will continually increaſe : but, when mw +1) x x x #, or the 
increment of x” , becomes greater than Pe, or the contemporary in- 
crement of Px®, the ſaid binomial quantity will continually decreaſe, till it 
becomes equal to o, when „ js equal to Px“, or x is equal to P. But the 


increment m +1]'X & X will be leſs than the increment mbæ 4 fo long 


as m + 1| X * is leſs than b , or as * is leſs than — - XP”, 


or as ——, Or &, is leſs than —— x P; and it will be greater than the in- 
* 


nog XP. Therefore, while x is 


increaſing from o to N XP, the binomial quantity . 


crement P when x is greater than 
will con- 


to 


tinually increaſe; and, while x increaſes further from — . 
W ＋ 1 


EN P, (which is it's greateſt poſſible magnitude in the equation Px 


— Q:) the ſaid binomial quantity will decreaſe from it's greateſt 


magnitude to o. And conſequently the greateſt magnitude of the ſaid binomial 


quantity Px — x" will be that which it has when x is equal to 7 T - XP, 


—=— x Þ, the term Px” will be = PN =", and 


will be = 1 * ==; 


But, when x is = 


ST 


and conſequently the binomial quantity 


Px 


2 _ 
—— KM ===z 


— 


— r <->. 


| —_ 9 | * 
c - _ 
— . . 2 


P * x to P , (or to P * Tu NN 4 + &c,) or to Px" 
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Of the Number of Roots in the Binemial Equation Px” — * = Qt and tbe 
Limits of their Magniiudes, | 


Art. 40. Now, if P and Q are known quantities, and m any whole 
number whatſoever, and the binomial quantity Px“ wr equal to Q. 


it is evident, in the firſt place, that x” ** will be leſs than Px”, and conſe- 


4 ＋ 1 


quently that „or x, will be leſs than P. 


Secondly, if x be ſuppoſed to increaſe continually from o ad infinitum, it is 


evident that, while x is leſs than 1, ** will be leſs than x, and vill be 


leſs than x" ; and that, when x is equal to 1, x" will be equal to 1, and ” at 


will alſo be equal to 1 and to x and to x" ; and that, when x is greater than 2 


+1 


x” will be greater than 1, and greater than x, and «“ vill be greater than 1, 


and than x, and alſo than &“; and, laſtly, that, when x becomes greater than P, 


vill become greater than Px", and the difference between Px“ and 


m+1 +1 


and x will be no longer Px” — , but« — Px”; and, as & in- 


creaſes further from P ad infinitum, the binomial quantity „ pa“ will 


increaſe continually from o ad infinitum, ſo as to become equal, in ſome inſtant 
of time dui ing it's increaſe, to any quantity, how ſmall, or how great, ſoever. 


Thirdly, if the greateſt magnitude which x ever attains in the equation 


Pr = «„ = Q» namely, the quantity P, be divided into ſome very great 


number of ſmall and equal parts, (as, for example, into ten thouſand million 
of ſuch parts,) and each of theſe ſmall and equal parts be denoted by #, or the 
letter x with a point placed over it, it is evident that, while x, in it's increaſe 
from © to it's greateſt magnitude P, increaſes from any one of it's ſucceſſive 
values to it's next value, or receives the ſmall increment #, or, in other words, 


increaſes from x to x + #, the term Pa“ will increaſe at the ſame time from 


+ 
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+ „be 4 + Kc, or will receive the ſmall increment mPx"—'4 + &c, and 
* vill increaſe at the ſame time from * T to TA“, or to * + 


m +i]1xx" X # + &c, or will receive the ſmall increment m + 1|X * 
* # + &c, 


m+1 


Fourthly, while I] x x* x 4, or the increment of & , continues 


1 7 m1 . . m . . 
leſs than mPx x #, or the contemporary increment of Pas, the binomial 


quantity Pr* — ” es (which is the exceſs of Px" above , and there- 
fore will be increaſed in conſequence of the increment of Px®, but diminiſhed 


. 0 1 . . . 
in conſequence of the increment of the ſecond term i, which is ſubtracted 


from Px”) will continually increaſe : but, when mw +1) x x* x #, or the 
increment of x” , becomes greater than PS , or the contemporary in- 
crement of Px", the ſaid binomial quantity will continually decreaſe, till ir 


is equal to Px“, or x is equal to P. But the 


becomes equal to o, when &“ 
"IB, . . mT. 
increment m +1] x #* X 4 will be leſs than the increment PY = ſo long 


* 3 


m +1 


as m+1]X x” is leſs than b , or as * is leſs than 


m 
* . 
or x, is leſs than 


n — m + | 


m 


or as x P; and it will be greater than the in- 


＋ XP. Therefore, while x is 


increaſing from o to * * P, the binomial quantity Px” — * ©" 


tinually increaſe ; and, while x increaſes further from 


crement P“ A when x is greater than- - 


will con- 


m +1 


X P to For 


—— x P, (which is it's greateſt poſſible magnitude in the equation Px“ 
— _ Q:) the ſaid binomial quantity will decreaſe from it's greateſt 


magnitude to o. And conſequently the greateſt magnitude of the ſaid binomial 


+1 m 
—— 


But, when x is = —— P, the term Pr will be = P x . and 


m +1 
2 7 1 ill 1 8 5 5 * _; and conſequently the binomial que 
Fa” 


quantity Px" — «„ will be that which it has when x is equal to 


> . a v 
c 


— 
: 
— 


2 K — = 
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" 7 Ge _ mP \m mP m * mP \ 
3 will be (=P x ET — E * =P — — XM 


= m | 
E _ PP +P —mP wr. EET mP \m 
| STA + — * ) = —_— X R Therefore the greateſt 
MM ＋ 1 


poſlible magnitude of the bieedeial quantity ©, ey 


: P 
will be ＋ 71 X 


=1*, and conſequently the greateſt poſſible magnitude of the abſolute term 


mP | 
m+1| * 
1. 


Q of the binomial equation Pr a — Q will be _ X 


Art. 41. And hence it follows that, if Q, or the abſolute term of the 


: : . m m+1 , P mP : 
binomial equation Pæ —x * = Q is equal to —— X =] the ſaid 


. . . P 2 ; 
equation will have but one root, which will be 1 P ; but, if the 


abſolute term Q is leſs than =_ * _ „ the ſaid equation will have two 


roots, of which the leſſer will be leſs than —_ X P, and the greater will be 


m + 1 


greater than _— XP, but leſs than P, or than 5 * F. 


Art. 42. Theſe limits of the greater root of the equation Px" — £*'=Q 

. . . 1 
are ſo near to each other, (their difference being only — th part of P,) that, 
if we take an arithmetical mean between them, the ſaid arithmetical mean 


| LA 
(which will be — * 
tion to the true value of the ſaid greater root, which lies between the ſaid limits 
. x P. And thus we may eaſily obtain a good firſt near 


value of the greater root of the equation Px" — 3 
previous knowledge of the leſſer root of this equation. 


2m + 1 
3 XP, be denoted by the 
1-1 


letter 5, and be ſubſtituted inſtead of x in the binomial quantity 1 
— * 


2M +1 
2m +2 


x P, or x P,) will be a very good approxima- 


„ and 
m4 1 


1 . 
| = Q» even without a 


Let the ſaid arichmetical mean, or quantity 


, reſulting from ſuch ſubſtitution, 
is 


And, if the binomial quantity P&4" 
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, . | I . 
is greater than Q or the abſolute term of the equation Px" — 3 Q» it 


will follow that & is leſs than the greater root of the ſaid equation; and, if the 
faid binomial quantity is leſs than Q: it will follow that þ will be greater than 
the ſaid greater root; and, further, if the ſaid binomial quantity is nearly equal 
to Q: it will follow that the ſaid quantity þ will be very nearly equal to the faid 
greater root. By this ſubſtitution, therefore, of 5 for x in the binomial quantity 


Px” — x"*", we ſhall be enabled to judge whether & will be near enough to 


: m m + 1 
the true value of x, or the greater root of the equation Px — x SG to 


be taken for a firſt near value of it, or made the ground-work, or baſis, of a 
further approach to it's true value by the differential, or by Mr. Raphfon's, or 
any other method of approximation: and, if we do not think it near enough 
to the truth to be ſo employed, we may increaſe it, or diminiſh it, by fome 
{mill quantity, (ſuch as a 100th, or a 200th, part of itſelf,) as may be thought 
neceſſary, in order to make it approach nearer to the true value of the; ſaid 
greater root. And then it will be expedient to make uſe of ſuch nearer value 
of x, or the ſaid greater root, as a firſt near value of it, or as a ground-work 
of a further approach to the true value of the fail greater root by the differential 
method of approximation. And, if the ſecond near value thereby obtained 1s 
ſill judged to be not ſufficiently exact, it will be proper to inveſtigate a third 
near value of it by a proceſs of Mr. Raphſon's method of approximation. And 
thus we may obtain a very exact value of the greater root of the equation 


Px” - = Q without a previous knowledge of the leſſer root of the 


{aid equation, 


Art. 43. But, if we already know the value of the leſſer root of the equation 


1 Q: we may thereby obtain a pretty good approximation to- 
wards the value of the greater root of the ſaid equation by proceeding as follows. 


Let . XP, (or the value of x at the inſtant of time at which the bino- 


nomial quantity Pa“ „ during the increaſe of x from o to P, attains 
it's greateſt poſſible magnitude, ) be denoted by the letter M; aud let 4 be the 
difference by which M exceeds the leſſer root of the equation Px" _— 
= () which is ſuppoſed to be known. Then it will be found that, if we add 
half the quantity 4 to the ſaid middle quantity M, the ſum M + 2 Will 
oſten be pretty nearly equal to the greater root of the ſaid equation. It will 


— — 4 
therefore be adviſeable to ſuppoſe this greater root to be equal to M + 3 


3 $i, ; Oy - | 
and to ſubſtitute M + —_ inſtead of x in the terms of the binomial quantity 


ei. . 3 LI Py” 


— — T . 
— = - * — * 
— = — — 


r _ 
— 2 
4 a * * — - 


— 


— - 
ne 


92 
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Px” - . in order to diſcover whether the value of the ſaid binomial 
quantity reſulting from ſuch ſubſtitution will be greater, or leis, than Q, or the 


abſolute term of the equation Px" — "FT = Q and conſequently whether 


; ; 3 
- the ſaid quantity M + — Will be leſs, or greater, than the true value of x, 


or the greater root of the ſaid equation. And, if it ſhall appear that the reſult 
of the ſaid ſubſtitution is pretty nearly equal to Q or the abſolute term of the 
{aid equation, (as, for example, if it dilters from Q by leſs than a 2oth part 


of Q:) we may conclude that the quantity M + — is a pretty good firſt near 


value of r, or the greater root of the ſaid equation, and is fit to be employed 
as ſuch, or to be made the ground-work of a further approach to the true value 
of the ſaid greater root either by the differential method, or Mr. Raphſon's 
method, or ſome other method, of approximation. 


I have found, by the examples of equations of this form which I have 


undertaken to reſolve, that M + - is much fitter than M + to be adopted 


in this conjectural manner for a firſt near value of , or the greater root of the 
equation. | 


Art. 44. When we have thus made the ſubſtitutions of both the quantities 
_ x P and M + 2 inſtead of x in the binomial quantity Px” — K ＋ 
and found each of the values of the ſaid binomial quantity reſulting from theſe 
ſubſtitutions to be pretty nearly equal to the abſolute term Q we may afterwards 
either make uſe of the quantity which produces the reſult which comes neareft 
5 K * M + =, as a firſt near 
value of x, or the greater root of the ſaid equation, or as a ground-work for a 
further approach to the true value of the faid greater root, without taking any 
farther notice of the other quantity, or we may make uſe of both the faid 


5 


to Q» (whether the ſaid quantity be 


7 4 . 3 
quantities — XP and M + — at once in the inveſtigation of a ſecond 


: 
near value of x, or the greater root of the ſaid equation 0. 


by the differential method of approximation. For, if 4 be put for SR WP, 


and c be put for M + . and B be put = PU 2 TA, and C be put 


„ WS 


„we may make the following proportion, according to the di- 
rections of the differential method of approximation; to wit, As the difference 


ot 
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of the reſults B and C is to the difference of B and Q: fo, very nearly, will the 
diffgrence of 4 and c (which correſpond to B and C,) be to the difference of 4 
„ 


. m 
and the true value of 7, or the greater root of the equation Px — | 
and by this proportion we ſhall obtain a ſecond near value of r, or the ſaid 


Do. - 
— 2 en — 
. RX. - — 
=. — 


fi 

greater root, which will be much nearer to it's true value than either & or c, or 1 

2X Por M 2 „ was. And, by thus making uſe of both þ and c for "x 

2m +2 2 1 

this purpoſe, we may ſave ourſelves the trouble of making a third ſubſtitution | 
fl , 3 

of a quantity nearly equal to 5 or c, (ſuch as 3 + 5—, or 5 — ——, or 4 
, *. 

Cc Cc . . . . . m m+1 * 1 

ec ＋ 23 or ©— — ,) inſtead of x in the binomial quantity PE —x , 5 1 
which would be a neceſſary operation if we made ule of only one of the two 10 
2 2m +1 5 3 3 17 
quantities à and c, or — * P and M, in the application of the 1 
differential method of approximation. 1 
If it ſhould be thought expedient to make uſe of only one of theſe two quan- i 
tities 6 and c, or _ - x P and M + —, as a firſt near value of x, or the $ 


greater root of the equation Px” — x” . = Q, or as a ground-work for a 


further approach to the true value of the faid greater root, without taking the ; 
pains to ſubſtitute both theſe quantities ſucceſſively inſtead of x in the binomial * 


- , and comparing the reſults of ſuch ſubſtitutions, I be- 


2m ＋ 1 . f 
— XP, will, for the 5 


moſt part, deſerve to be employed in this manner in preference to the latter al 


quantity Px" 


lieve it will be found that the former quantity &, or 


E PP / · A —<S. 


quantity c, or M + 2. But I ſhould rather adviſe the employment of both " 
theſe quantities & and c, or 2 x P and M + . together with Band C, q 


the reſults of their ſubſtitutions in the binomial quantity Px" — , as the 


grounds of a further approach to the true value of the greater root ſought by 
= differential method of approximation, in the manner that has been jult now 
deſcribed. 
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The Application of the Conclufrons cbtained in the five preceeding Articles to the 


. t t+1 8 2 
Equation _ xr —riT = => which is @ particular Caſe of the mare 


general Equation 2 cum of - ** = Q; 


3 9 z {+1 a 
Art. 45. I now return to the equation < - * —t = TY of which 


we know the leſſer root to be = 1, and will apply the concluſions obtained in 

the five laſt articles concerning the roots of the more general binomial equation 
m+1 . . 8 

* Q to the roots of the ſaid equation — . 


of which we wiſh to find the greater root. 


Now in this equation * — the letter r anſwers to the 


letter x in the foregoing equation Px" , = Q and the index ? of the 
unknown quantity 7 anſwers to the index yz of the unknown quantity x in the 


2 - = (the co-efficient of 


other equation, and t + 1 anſwers to m + 1, and 
? ; * 

7,) anſwers to P (the co- efficient of * „) and the abſolute term — anſwers 
to Q the abſolute term of the other equation. 


Therefore M, or — x P, will be A X © =; and conſequently, 


N 2 


. I | 
fince the greater root of the equation Px" — «„ = Q was ſhewn to be 


greater than M, or — x P, but leſs than P, we may conclude that the 


| : : 
- - * —r 7" = —< will be greater than — 


greater root of the equation » 71 
X 8 but leſs than SS or than $12 EE, 
Z % t+1 Z 
Further, = = x P will b = 27 . And therefore, ſince 
z m2 21 +2 2 


1 0 
„p has been ſhewn to be a near value of the greater root of the 


zmr2 
former equation Px" — K Q» it follows that — b X — will be a 
EEE x; ow 772 
— 2 
Further, 


near value of the greater root of the preſent equation 
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| 0 D 1 141 
Further, ſince we know that the leſſer root of the equation —.— K 


m t 
: X F.) or X 


— f 2 
2 + 2, above the ſaid leſſer root will be = 2 X - - - 


— *. is = t, it follows that the exceſs of M, (or 


oo 
— 


— ;; that is, d will 


4 5 t 
be = - Xx —— — 1. Therefore * will be = —— X 2 — 


and M + — will be = - x <5 . 3 - = 


t+1 2 2t + 2 2 2 — 211 2 


s + 4 t z + a 1 1 2 + a 8 
„ Of on | en } ONE Rn . And there 


| 7 
fore, ſince M + — is a near value of the greater root of the former equation 


m = Q we may * 1 
Gn Q, we may conclude that —— & — — will be a 
h . 2 + a 1 141 
near value of the greater root of the preſent equation — Xr —r 71 5 


. . 1 x + 4 3. 
Art. 46. Having thus obtained the two quantities — —_ — and +3 


a ate — for tolerably near values of 7, or the greater root of the 


. 1 "BY . 
equation = 2 — , let the former of theſe quantities, to wit, 


2 
2t +1 * ＋ a 2 . at z + a 
be put S , and the latter of them, to wit, ——— r 


— —. be put = c; and let 3 be ſubſtituted inſtead of r in the binomial 


quantity = nr, and let the value of the faid binomial quantity 


reſulting from ſuch ſubſtitution be called B; and let c be, in like manner, 
2 ＋ a {+1 
r 


Ln 
— 


t 
*r — „ and 


ſubſtituted inſtead of 7 in the ſaid binomial quantity 


_ value of the ſaid binomial quantity reſulting from ſuch ſuhſtitution be 
called C, 


Then, if the difference of the reſult B and — (the abſolute term of the 


equation - xo . = —)) is leſs than the difference of the reſult C 


Lag 
ny 


a . 
and — » we may conclude that & will be nearer to the true value of r, or the 


greater root ſought, than cis; and, if the difference of B and — is greater 
than 
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6 and c, or 
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than the difference of C and _ „we may conclude that c will be nearer to the 


true value of 7, or the faid greater root, than þ is. And thus we ſhall be able 
to determine with certainty, by means of theſe two ſubſtitutions, which of the 


5 2t +1 z + a zt 2 + 4 1 
two quantities & and c, or — II and — 2. 


proaches neareſt to the true value of r, or the greater root of the equation 


z + a A+ 1 3 


ft a * . 
* — = , which we are ſeeking. 


Art. 47. Having thus diſcovered which of the two quantities 6 and c, or 


at + it z + a 3t z + a I a h 
3 * 3 approaches nearelt to the true value 


* 


44 a 
of r, or the greater root of the equation —. *r — = , ve mul 


make choice of it in preference to the other as a firſt near value of the ſaid 
greater root, or as a ground work of a further approach to the true value of 


the ſaid greater root, either by the differential, or Mr. Raphſon's, or ſome 


other, method of approximation. And, if we chuſe to make uſe of the dif. 
ferential method of approximation on this occaſion, it will, for the moſt part, 
be convenient to make uſe of the other, or leſs exact, of the ſaid two quantities 


386+ 1 * + a 3t 2 + 4 I h 
r - as well as of the more 
exact of them, in order to ſave ourſelves the trouble of making a third ſubſti- 
tution of a new quantity a little greater, or leſs, than the more exact of ihe 
| b 


{aid two quantities, (as, for example, of the quantity 5 + LA or þ — —» Of 


. o . . . . . 
the quantity c + — or c — —)) inſtead of 7 in the binomial quantity 


200 
z + 2 
Z 


f F4 
1 


. And, if we thus make uſe of both the quantities þ and c, 


and of the reſults B and C that correſpond to them, we muſt proceed to make 
the following proportion; to wit, As the difference of the reſults B and C is to 


the difference of the reſult B and the abſolute term —, ſo, very nearly, will 
the difference of the two quantities þ and c be to the difference of the quantity 


b t {+1 
b and the true value of 7, or the greater root of the equation — Was. 


— —j, which we are ſeeking. And, by means of this proportion, we hal] 


obtain a ſecond near value of ſuch greater root, that will be much nearer to it's 
true 
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. 4 2! +1 2 + a 
true value than either of the two former quantities 2 and c, or — — 
gt 1 1 
and 2t + 2 S "wy Q& 


And if this ſecond near value of r, or the greater root of the equation 


„7 1 thought to be ſufficiently exact, we muſt have 
2 


2 t 

2 Ev X 7 — 
8 . . 

recourſe to Mr. Raphſon's method of approximation to find a third near value 

of it from the ſecond near value of it. And the ſaid third near value, that 


will be thereby obtained, will be as near the truth as ever need be defired. 
. E. I, 


Art. 48. I will now proceed to apply this method of reſolving the equation 


a t „„ 
Z T 


909,0 * 7” I = 0,090,909,0, which comes under the general form 
z +4 *. 1 


* = —, and which Dr. Halley has reſolved by means of 


to the reſolution of the numeral equation 1.090, 


the expreſſion 1 + þ — , — 200 „ which he has given us for that purpoſe, 


This equation reſults from the following Problem. 


A PROBLEM. 


An annuity of 20/. per annum, which is to continue for 21 years, is fold 
tor the ſum of 220/. It is required to find the rate of interelt allowed to the 
purchaſer. : 


BPB—ĩ—;!Fꝝ᷑ — ͤ— ee Cao —— 


SOLUTION. 


* 


Here à is 20l., and 7 is = 21 years, and z is = 220/, 


Therefore 2 + à will be (= 220/, + 201.) = 240ʃ., and will be 


2 
2 25) = 1.090,909,0, &c, and — will be (= —) = 0.090,909,0 &C;z 


+ a 


4 . [4 tpxl . 
and conſequently the general equation — K 1 x 


= — will, in this 


caſe, become 1,090,909,0 x 1 -= = 0.090,909,0, &c; which numeral 
equation 
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equation muſt therefore be reſolved, in order to find the value of x, or the 
greater root of the ſaid equation, which denates the rate of intereſt fought, 


Now the reſolution of this numeral equation in the manner juſt now recom— 


mended, (to wit, by, firſt, finding the two quantities 75 — „P and M + 


m + 2 
d 2t +1, zz +a at s + a I , 
— or 2 * — and 5 * or 5 and c, and ſubſtitut- 


ing them inſtead of 1 in the binomial quantity 1,090,909,0 x: —- and 
calling the reſults of the ſaid ſubſtitutions B and C; and then deriving from 


5, c, B, C, and —, by means of the differential method of approximation, 


a ſecond near value of r, or the greater root of the ſaid equation, that ſhall be 
nearer to it's true value than either þ or c was; and, laſtly, by finding a third 
near value of the ſaid greater root by Mr, Raphſon's method of approximation, ) 


may be performed as follows, 


CCXEXESTETTTRTTTTTTT YT TYYYcYYEXIYECERYE —— 


The Reſolution of th? Equation 1,090,909,9 x — r* = 0.090,909,0, &c 
in the Manner explained and recommended in the foregoing Articles. 


Art. 49. In this equation 1.090,999,0 ** — * = 0.090,909,0 &c, 


the index 7 is = 21, and the abſolute term —— is = o. oo, 909, o &c, and the 


2 * 2141 
2 Xx 2172 


. Ts . FIR 
co-efficient —— is = 1,090,909,0 &Cc, Therefore — 2 will be (= 


— . AX . 
= -) = = and conſequently 1 will be (= — * 
— — 43 * 1.090, 900, 456.900, 087, 

44 3 59 95 a 44 44 3 55 
Therefore 1.066, 115, 6 will be a ncar value of 7, or the greater root of tle 


equation 1. 090, 9og, o X r* — 7* = 0. ogo, gog, o. 


a at 3X21 


2 ＋ a I . | FER 
And M + 3 Or 2 i 2 IC 5 — * will be (= : 21 7 * 
1 1563 x 1.090,909,0 SF 
1.090,909,0 TPVPCTT [= So = 24 2 


68.727, 67, 0 3 1 3 | 
44 —== = t.561,003,3 — — = 1.561,983,3 — 0.500,000,0, 


= 1.061,98 ,. Therefore 1.061, 983, 3 will alſo be a near value of v, or the 
greater root of the equation 1.090,90y,0 x — 7 = 0.090,909,0. 
The 


[| 


DF DR, HALLEY ON COMPOUND INTEREST. £25 1 
The former of theſe two near values of 7, to wit, 1.066, 116, , muit now be 9 
ſubſtituted inſtead of r in the binomial quantity 1.090, 90, K =-. 1 
Now, if ris = 1.066, 113,6, the binomial quantity 1.990, 909, K ." 
will be = 1.099;909,0 X 1 066, 115,60 — 1.066, 11 5, 5 We mult there- 1 
fore find the values of 1.066,115,6)** and 1.006,11 5,61”, | 8 
oi 

Nou the logarithm of 1.066,115,6 is 0.027, 804, 2. Therefore the loga- 74 
rithm of 1.066, 115,50 will be (= 21 Xx d. 027, 804, 2) = o. 583,888, 2 1 1 
— 4 


which is the logarithm of the number 3.836, 84,9. Therefore 1.006,11 5,6)" 
will be = 3.836, 084, 9. 


Therefore 1.066, 11 560 will be ( = 1.056, 115,% „ 1.066,11 $6 = 8 Jn 
2.836,84, 9 x 1.066,115,6) = 4.089,709,9544$14,44; and 1.090,909,0 X 


1.006, 115, 6 will be (=1.090,909,0X 3.836,034,9) =4-184,819,542,174,10; and 1 i 
conſequently the binomial quantity 1. 090, og, o x 1. 006, 116, 0 = 1.066, 115, 00 * { 
will be (= 4-184,819,542,174,10 — 4-089,709,954,514,44) = 0.095109, 1 
587,359.66. | 1 þ 
This reſult is a little greater than 0.090,909,9 &c, or the abſolute term of 1 F 
the equation 1,090,909,0 x * — 7. = 0.090,909,0. And conſequently 1 q 
the number 1.066, 115,6 (from the ſubſtitution of which inſtead of in the Wh 
binomial quantity 1.090,909,0 x * — 7** it ariſes,) muſt be ſomewhat leſs bp I 
than the true value of 7, or the greater root of the equation 1.090,909,0 Xx r* 8 
— 1** = 0.090,909,0, &c. But the difference is not great; and therefore the 4 
number 1.066, 115,66 (obtained by means of the expreſſion _ — x P, or : 1 
_ p X — „) may be conſidered as a pretty good firſt near value of r, or ff ; 
the greater root of the equation 1.090, 909, Xr. — r* = o. ogo, 909, &c. 2 
WT 

_——Ik_—————————— | 

The Inveſtigation of a ſecond near Value of r, or the greater Root of the Equation | [ 
1.090,909,0 X * - = 0.090,909,0, by means of the Diſſermtial Methid 1 
of Approximation. ; 
Art. 50. Since the number 1.066, 115,6 appears to be leſs than the true h 
value of r, or the greater root ſought, and ſince the other near value of r, to * 
wit, the number 1.064, 983, 3 (which was obtained by means of the expreſſion * 
4 t 4 | . | 10 

M + —, or — = xe Z ; = —) is conſiderably leſs than 1.065,115,6, f : 


it follows that the ſaid other near value of r will be cenſiderably more diſtant j 
Vol. V. 3 I from | [ 


' + — * s —_— — 
* * a — 
- _— — alt MH ib. rin re tre — —— cram ey erm ee — — —— — p — 
— — — * — * a - —— 2 
Ku * . * q ** 
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from it's true value than 1.066,115,6 is; and therefore it will not be fo fit to 
be ſubſtituted inſtead of r in the binomial quantity 1.090,90y,0 x — , 
in order to lay a foundation for a proceſs of the differential method of approxi- 
mation towards the true value of r, as ſome quantity a little greater than 
1-066,115,6, and which therefore (unleſs it be ſo great that it's excels above 
1.066, 11 5,6 ſhall be greater than the exceſs of 1.066,115,6 above 1.061, 983, 3, 
mult be nearer than 1.c61,983,3-to the true value of :. Now the exceſs of 
1.066,115,6 above 1.061,983,3.is = 0.004,132,3. Therefore, if we add to 
1.066,115,6 any number not greater than 0.c04,132,3, the number thence 
ariſing muſt be leſs diſtant than 1.061,983,3 from the true value of T. We will 
therefore add to 1.066, 1 15, 6 one third part of the number 0.004,132,3, that is, 
the number o. 0 1, 377, 4; and the ſum thence ariſing, to wit, 1.067, 493, ũ 
will neceflarily be much nearer than 1.061, 983, 3 to the true value of r. We. 
will, therefore, ſubſticute this number, 1.067, 493, o, inſtead of 7, in the bi- 
nomial quantity 1.090,909,0 X — , in order to lay a foundation for a 
proceſs of the differential method of approximation towards the ſaid true value. 


Now, if 7 is ſuppoſed to be = 1.067,4930, the binomial quantity 1.090, 


g909,0 X * — will be = 1.090,909,0 X 1.067,493,0)** — 1.067,493,0 ©. 


We muſt therefore find the values of 1.067,493,0\** and 1.00), 493, 0 Which 
may be done as follows, 75 


The logarithm of 1.067, 493.0 is = 0.028,365,0, Therefore the logarithm 
of 1.067,493,0)** will be (= 21 Xx 0.028,365,0) = 0.595,665,0; which is 
the logarithm of the number 3.941, 531,8. Therefore 1.06%, 493,00“ is = 
3.941,531,8. Therefore 1.067,493,0!** will be (= 1.067, 493,0 Xx 1.067, 
493,0 = 3.941,53 1,8 X 1.06, 493,0 4.20), 557, 605, 77, 40; and 
1.090, 909, X 1.067, 493, 0“ will be (= 1.090, 909, X 3.941,53 1,8) = 
4.299, 8 52, 5 14, 406, 20; and conſequently the binomial quantity 1. oo, go, o 
* 1.06), 493,00 — 1.067,493,0)** will be (= 4.299, 85, 5 14, 406, 20 — 
4.207,57, 605, 777, 40) = o. 092, 294, 908, 628, 80. 

This reſult is ſomewhat greater than 0.090,909,0, &c, or the abſolute term 
of the equation 1. ogo, o, o X r** — 1 = o. ogo, go, o &c. And therefore 


the number 1.067, 493,0 (by the ſubſtitution of which inſtead of * in the 


binomial quantity 1.090,909,0 „ — #* that reſult has been obtained,) 
will be lefs than the greater root of that equation. 


We have now three different values of r in the binomial quantity 1.090, 
g09,0 X — 7*®, that are contiguous to each other, or differ but little from 
each other, to wit, iſt, the true value of the greater root of the equation 
1.090,909,0 x = i = 0.090,909,0, and, 2ndly, the number 1.067, 

493,0, 
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493,0, Which 1s leſs than the ſaid greater root, and, zdly, the number 1.065, 
115,6, which is lels than 1.067,492,0; and we have likewiſe the three values 
ot the ſaid binomial quantity 1.090, 909, Kr — #** that correſpond to the 
ſaid three values of xr, or reſult from the ſubſtitution of the faid values of r in 
it's terms; to wit, iſt, the number 0.0g90,909,0, or the abſolute term of the 
equation 1.090,909,0 X — 7* = 0.099,909,0, which correſponds to the 
greater root of the ſaid equation; and, 2ndly, the number 0.092,294,9, &c, 
which correſponds to 1.067, 493, o, or the middle value of r; and, zdly, the number | 
0.095,109.5, &c, which correſponds to 1.065, 11 5,0, or the third and leaſt value of {i 


r. We may therefore (according to the directions of the differential inethod of „ 
approximation,) make the following proportion; to wit, As o. 95, 109,8 — 4 
0.092,294,9, (or the difference of the ſecond and third values of the binomial Fi 
quantity 1.090,909,0 Xr — 7) is to c.092,294,9 — o. oo, go, o (or the IA 

- T 


difference of the firlt and ſecond of theſe values,) fo, very nearly, will 1.067, 
493,0 — 1.066, 113,6 (or the difference of the fecond and third values of r,) i 
be to r — 1.06, 493, o, or the difference of the firſt and ſecond of thole 
values; that is, As 0.002,814,6 is to 0.001,385,9, fo, very nearly, will 
0,001,377,4 be to 7 — 1.067, 493,0. And hence it follows that 1 — 1.067, i 


. | o. oo 1, 386, * 0.001,377,4 __ o. ooo, 01, 908, 938,66 . ; 
493,0 will be, very nearly, (= — — = — ** 
0.000,678,2, Therefore 1 will be, very nearly, (= o. oo, 678,2 + 1.067, 1 
493,0),= 1.068, 171, 2; that is, the ſecond near value of 7, or the greater root 8 


of the equation 1,099,909,0 Xr — r** = 0.090,909,0, obtained by this 
procels of the differential method of approximation, will be 1.068,171,2. 


Q E. I. f 


This value of r, or the greater root of the equation 1.090,909,0 * * — #r** 
= 0.090,909,0, is a very exact one, conſidering that it is the reſult of only 
one procels of the differential method of approximation. For it 1s true in the 
firſt five figures 1.0681 ; the true value of r in this equation being 1.068, 14, 


P ͤ LS <a * K 


ESL 


e I 
as is declared by Dr. Halley, and has been ſhewn above in this preſent Volume " 
in the Third Note upon Dr. Halley's Diſcourſe on Compound Intereſt, in "* 
page 312, I 

Art. 51, This number 1.068, 171, 2, thus obtained for a ſecond, near value * 


of v, or the greater root of the equation 1.090, 9og, o Xr — r** = 0.090, 
909,0 by the differential method of approximation, is a little 2 than the 
true value of the ſaid greater root. For, if it be ſubſtituted inſtead of 7 in the 
binomial quantity 1.090, go, o X * — , the value of the ſaid quantity 
reſulting from ſuch ſubſtitution will be ſomewhat leſs than 0.090,909,0, or the | 
abſolute term of the ſaid equation, This ſubſtitution may be made as follows. : 1 


If 7 be ſuppoſed to be 1.068, 17 1,2, the binomial quantity 1.090,909,0Xr*' "A 
— * will be = 1.090,909,0 X 1.068, 17 1, . 1.068, 171, *. We muſt ih 
312 therefore = 


> - Az 
— — - -_ 
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thereſore find the values of 17.608, 17 and 1.008,17 , ; which may bz 
done as follows. 

The logarithm of 1.068, 171, 2. is = 0,028;640,8. Therefore the logarithin 
of 1.008, 171, 2)“ will be (= 21 x 0.028,640,8) = 0.601,456,8 ; which is 
the logarithm of the number 3.994.448, 4. Therefore 1.058,17 1, 2 * will be 
= 3-994,448,6 ; and conſequently 1.068, 17 T Z will, be (= 17068, 171,2)"* 
X 1.068,171,2 = 3.994,443,6 X 1.068,171,2) = 4.266,754,954,400, 32, 
add 1.099,909,0 X 1.008, 17 1, ) will be ( 1.090,909,9: X 3-9944448,6) 
= 4.3 57,6 79,927,777, 40. Therefore the binomial quantity 1.090, 909, o X 
1.066, 171, 2“ — 1.008, 171, U will be (= 4.357,579, 927,777, 40 — 4.266, 
754,954, 400, 32) = o. o9o, 8 24, 973.377. 08 ;. Which is leſs than o oo, 909, o, 


or the abſolute term of the equation 1. oo, go, o X. * - = o. ogo, go, o; 
and conſequently the number 1.068, 171, 2 muſt be greater than the greater root 


of that equation. . . 
—— . — — — tx 
The Inveſtigation of a third near Value of r, or the greater Root of the Equation 
1.090,909,0 x — #* = 0.090,909,0, by a Proceſs of Mr. Raphſon's. 
Method of Approximation. 


— —  — — — — * — 


Art. 52. I will now make uſe of the ſaid number 1.068,171,2, or the ſecond 
near value of r above obtained, to find a (till more exact value of r, or the 
greater root of the equation 1.090,909,9 X — #** = 0,090,909,0- by a 
proceſs of Mr, Raphſon's method of approximation. | 

Let the exceſs of 1.068, 171, 2 above the true value of r, or the greater root 
of the ſaid equation, be called ww. 

Then wül 7 be = 1.068, 171,2 — ww; and conſequently. * will be ( = 
1.068,171,2 — to) =, by the binomial theorem, 1.068,171,2)* — 21 x: 


21 
1.068, 171, 20 . 4 w + & c = 1.068, 171,2 — 21 x. . 
— * 7 7 
3.094.448, 


+ & c = 3.994, 448,6 — 21. 1:068, 171,2 X w + &c =. 3.994,448,0 — 21 


X 3.739,20, 9 X w + &c) = 3.994, 448,6 — 78.529, 938, X w + &c; 
and 1.090,909,0 K will be (= 1.090,909,0 & 3.994, 448,6 — 1.090,909,0 
* 78.529,938,9 K w + &c) = 4357,579-9275777,49 — 85.669, 017, 115, 
460,10 K w + &c. 25 
And e will be (= 1.068, 171, = w)** =, by the binomial theorem, to 


1.068, 171,2 — 22 X. 1,068,171,2)** K + & c = 4.266, 754,954,400, 32 
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— 22 „ 3.994.448, x w + &c) = 4.266,54, 954, 400, 32 — 87.977, 
869,2 X w + &c. 


Therefore the binomial quantity 1.090, 909, Xr - 7** will be equal to 
the ompound quantity 


4-357+579:92737 77549 — 85.669,017,115,469,10 & h + &c : 
— 4.266, 7 54.954,400,32 + 87.877, 869, 2 x w — & 


= o. ogo, 824, 973, 377,03 + 2.208, 85 2,084.5 39,00. & h — &c. 


But the binomial quantity 1.090, og, o Xr — 1 13 o. co, gog, o. 


Therefore the compound quantity o. o9o, 824, 9 &c + 2.208, 8 52,0 &c.X wv - 
will alſo be = 0.090,909,0; and conſequently 2. 208,852, X w will 
be = 0.090,909,0 — 0:0590,824,9 = 0.000,084,1, and w will be = 4 
0,009,084, 100,000,099 - N 

2. 208, &8 5 2, 
be (= 1.068, 171,2 — o. ooo, o38, 0) = 1.068, 133, 2; that is, the third gear 


value of r, or the greater root of the equation 1.090, 909, X * — FF? = 
0.090,909,0 obtained by this procels of Mr. Raphſon's method of approxima- 


non, will bo 1.068,13 3,2. Q. E. I. L 


The difference of this number, 1.058,132,2, from 1.068, 14, or 1.068,140,0, 
(which is the true value of the greater roac of the equation 1.090,999,0 X f 
— j** = 0.090,909,0,) is only o. o, oo6, 8, or leſs than the 158, 504th part k 
of 1.068,140,0, or 1.068, 14, the true value of the {aid greater root. This is | 
as great. a degree of exactneſs as need ever be defired. 


= 0.000,038;0, Therefore r, or 1.068,171,2 — ce, will 


a --— A — — 82 * — 2 — * _ = — ” 
: . —— a _ F* 8 22 ＋ - 5 . 2 — — ——— — 2 — * 
1 = — — — 4 6 P of as # of 3 80 — — * 3 - 
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rr * 3 EW WO CS : , 7 8 —— - — 
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. . . % ＋ 4 f +2 
Art. 53. The foregoing method of reſolving the equation er 1 
f 4 
= — may be employed with ſucceſs when :, or the number of years during 1 
which the annuity is to continue, is a great number, as well as when it is 8 1 
NF go '% 
ſmall number; whereas Dr. Halley's expreſſion 1 + & — 46 — 20 1s recoiur- l 
mended by him as uſeful only when / is not greater than 39 years. And, when * 
is greater than 39 years, Dr. Halley has given us other methods, (and very 4 
good ones, founded upon clear and ſimple principles,) of refolving the faid 4 
equation, But by the foregoing method of reſolving it, the greater the number 1 
. 271 „ 21 . 2 1 — — 1 
715, the nearer will it's firſt near value - - Ie. - 8 - (which is an arithmetica] 4 
5 9. 2 + 4a z + ? 1 z + @ þ 
mean qu ' 3 — > j 
q antity between * X pg and - „ Or 2771 * 2 the two 4 
limits of the greater root of the equation,) approach to the true value of 7, or 1 


the ſaid greater root; So that this method of reſolution may juftly be cor- 
8 dere 
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Another Example of the Reſolution of the Equation 
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ſidered as equally well adapted to all the caſes of the equation x 
2 — But that this may appear the more clearly, I will now pro. 


ceed to give another example of this method of reſolving an equation of this 
form, in which r, or the number of years during which the annuity is to con- 
{inue, ſhall be 40 years. 
ZZZ  —— —— —— 
2 4 1 
5 32 


by the Method deſcribed in the foregoing Articles, when t, or the NMumder of 
| Fears during which the Annuity is lo continue, is 40 Years. 


Art. 54. It has been ſhewn above, in the Third of the foregoing Notes upon 
Dr. Halley's Diſcourſe on Compound Intereſt, art. 12, page 316, that, if 7, 
or the rate of intereſt of money, be ſuppoſed to be = 1.06, and an annuity of 
20l. a year for a term of 40 years be ſold to a purchaſer for it's true value, 


correſponding to the ſaid rate of intereſt 1.06, the ſaid value, or fair price of 


the ſaid annuity, will be = 300.926,042,2/., or zool. 18s. 64. And hence it 
follows, 2? converſo, that, if the ſum of 300.926,042,2/., or 3ool. 185. 6d. has 


been paid for an annuity of 20/. a year, that is to continue for 40 years, the 
rate of intereſt that has been allowed to the purchaſer of ſuch annuity mult have 


been 1.06, or 6 per cent. 


Art. 55. Now let it be ſuppoſed that ſuch an annuity has been ſold for the 
ſaid price of 300.926,042,2/., or 3oo/. 18s. 64., but that it is not known what 


rate of intereſt was made the ground of the ſaid valuation of it, or intended to 


he allowed to the purchaſer on that occaſion : and let it be 00 to deter- 
mine, what that rate of intereſt muſt have been, by reaſonings founded on our 


knowledge of the other circumſtances belonging to it, to wit, the quantity of 


the annuity, the time during which it is to continue, and the price that has 
been paid for it. 


If a be put for the quantity of the annuity, or the number of pounds to be 
annually paid to the annuitant, and # be put for the time of it's duration, or 
the number of years during which it is to continue, and z for the price that has 
been paid for the ſaid — or the number of pounds and parts of a pound 
contained in the ſaid price of it, and r for the rate of intereſt allowed the pur- 
chaſer in the purchaſe of it, (which rate of intereſt is ſuppoſed to be unknown, 
and 1s required to be found from the knowledge of the other three quantities,) 
the ſolution of the ſaid Problem may be reduced to the reſolution of the equa- 


— xr wr = , as has been ſhewn above in art, 36; and the 


greater 


tion 
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greater value of 7 in this equation, or it's greater root, will be the rate of intereſt 
{ought, | 


Art. 56. Now, ſince a is, in this caſe, 20l., and z is = 300. 926, o42, al., 


In _— 200. *. 9 
and t is = 40 years, we ſhall have — = — TIn—ns, 28 o. 066, 461, 5, 


and + a (= — + —— li —— =1 + o. 066, 461,5) = 1.066, 461, 5, 


2 
Ee d os e d conſ, ly th . 2 14 1 
and , ul =; and conſequently the general equation —— Xr 


— JO — will, in this caſe, become 1.066, 461,3 X r — 7% = 0.066, 


451,5; and the greater value of er in this equation, or the greater root of this 
equation, will be the rate of intereſt ſought, We mult therefore now endeavour 
to reſolve the numeral equation 1.066,461,5 Kr — r, = 0.066,461,5 by 
the method deſcribed in the foregoing articles. 


— — — —ͤ—ͤ—— —— 
The Inveſtigation of a firſt near Value of r, or the greater Root of the Equation 
1,066,461,5 K — © = 0,066,461,5, 


Art. 57. Now, ſince # is 40, and — is 1.066, 461, 5, we ſhall have 


20 ＋ 1 x1 12, 2 40+1 _ +1 —_ 
* (= Tat 2 00646155 = 5, ang 


4 X 1,066,461,5 = XI = BS) — 1,053.455,8- There- 


fore, (by art, 42 and 45,) the number 1.053,455,8 will be a firſt near value of 5 
or the greater root of the equation 1.066, 461,5 x 1 7 = o. o66, 461, 5. 


d t * + a I . _ X 40 
E M . HN =D vill bo (= 
| I 120 | 


1.066, 461,5 — — = = * 1,066,461,5 — — = r X 1.066,461,5 


3 ; x __ bo x 1.055,61 1 __ 63.987,699,0 
n 1.066,46 1,5 — — = 7 2 
— _ = *. 560,67 553 — — = 1.560,67 573 — 0.500,000,0) = 1.060, 675,3. 


Therefore (by art. 43,) the number 1.060, 675, 3 will alſo be another near value 
of r, or the greater root of the equation 1.060, 46 1, 5% *r — r** = o. 066, 461, f. 


9 Art. 58. 
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Art. 5B, Theſe two near values of r, or the greater root of the equation 
1.065, 461, & — © = o. 066, 461, 3, have been obtained with very little 


trouble; and the latter of them, to wit, the number 1.060, 675,3 (which was 


k LY 7 1 . 
derived from the expreſſion M + . Or „ 1 — is exceed. 


| 2t + 2 2 
ingly near the true value ef the ſaid greater root, which we know to be 1.06. 
But this will not always be the caſe; and I am inclined to think that, in molt 


1 p t4-1 4 
= XN PF ew 7 + _ . the former near value of r, 


equations of this form 


2 —＋ 1 z + a 
2t + 2 * 


the latter near value of it that is derived from the expreſſion M + =, or 


that is derived from the expreſſion , will be nearer the truth than 


35 2 + a 1 
21 + 2 2 "Tag 


Art. 59. The number 1.060, 675, 3 is ſo little greater than the true value 


of 7, or che greater root ſought, which is = 1.06, that the equation may be 
conſidered as already ſufficiently reſolved ; or, if a greater degree of exactneſs 


ſhowld be required, we ought to adopt this latter number 1.060,67 5,3 in preſe- 
rence to the former number 1.053,455,8, as the ground-work of a further 
approach to it's true value by the differential method, or by Mr. Raphſon's 
method, or by ſome other method, of approximation. But this near approach 
of the number 1.060,675,3 to the true value of r would not be yet apparent, 
if it were not for our previous Knowledge that 1.06 is the true value of 7, or the 


_ ſaid greater root, And I think it will be beſt on the preſent occaſion not to 


make uſe of this previous knowledge, but to proceed in the reſolution of this 
equation in the manner which would be proper to be adopted if we were 1gno- 
rant what the. ſaid true value was, any further than it had been diſcovered by 


2t + 1 * + a 37 x +a 
21 +2 * * and 2t + 2 * 2 


— _ „by which we obtained the two numbers 1.053, 455,8 and 1.060, 675,3. 


the computation of the two expreſſions 


And in this cafe the next ſtep to be taken would have been to ſubſtitute the 


number 1.053,455;8 (obtained by means of the expreſſion _ * £250 


inſtead of 2 in the binomial quantity 1.066, 461,5 x 7 — 7%, This may be 
done in the manner following. 


Art. 60. If vis ſuppoſed to be = 1.053,455,8, the binomial quantity 
1.066,461,5 X 7. — 7* will be = 1,066,461,5 X 1.053,455,8\® — 
1053,45 8)“. We muſt therefore find the values of 1.053, 45558 and 
1.05 3,4558 %; which may be done as follows. | 


The 


OF DR. HALLEY ON COMPOUND INTEREST. 433 


The logarithm of 1.053,455,8 is = 0.022,616,2. Therefore the logwithm 
of 1.053, 455,8 » will be = 40 x 0.022,616,2 = 0.904,648,0 ; which is the 


Ir ns e 
logarithm of the number 8.028,75 18. Therefore 1.053, 45 5,“ will be = 


8.028, 751,8. Therefore 1.053, 455, d % will be (= 1.053, 455, 89% X 1-053» 
455,8 = 8.028, 751,8 & 1.053, 455,8) = 8.456, 934,130, 470,44; and 1.096, 
461,5 * 1.053, 45 5, 8“ will be (= 1.066, 461,5 X 8.028, 751,8) = 8.562, 354, 
687,755.70. Therefore the binomial quantity 1.056, 461,5 X 4.05 3,45595® 

— — "RS 1 
188 1.053, 55˙80„ will be (= $.562,354,0 IIS = 8.450,534,150,470,4 7 
— o. 105, 420, 537,285, 26. 

This number 15 greater than o. 066, 451, 5, or the abſolute term of the eq im- 
tion 1.066, 461, x r — 7 = 0. 066, 461,5; and conſequently the number. 
1.063. 453,8 (from the ſubſtitution of which iuſtead of 7 in the binomial QUan- 
tity 1.006,461,5 K — it ariſes,) mult be leſs than the true value of r, 
or the greater root of that equation, 


We will now proceed to ſubſtitute the other near value of r, (obtained by 


4 z + a [ K 
means of the expreſſion 72 R ww >, to wit, the number 1.060, 


675,3, inſtead of r in the binomial quantity 1.066,461,5 X 7 — , which 
may be done as follows. | 

If 7 is ſuppoſed to be = 1.060,675,3, the binomial quantity 1.066, 461,5 * 
— * will be = 1.066,461,5 x 1.060, 675, 3% — 1.060,075,3)*. We muſt 


therefore find the values of 1.060,67 5,0% and 1.000,075,3\* ; which may be 
done as follows, 


The logarithm of 1.060,675,3 is = 0.025,582,4. Therefore the logarithm 
of 1.060, 675, 3% will be (= 40 Xx 0.025,582,4) = 1.023,295,0; which is 
the logarithm of the number 10.551,058,2. Therefore 1.060,67 5,3) will be 


= 10.551,058,2, Therefore 1.000,075,3\*" will be (= 1.000, 675, 3% x 
1.060, 67 5,3 = 10. 55 1,058, 2 x 1.060, 675, 3) 11.191, 245,821,602, 46, and 
1.066, 461,5 X 1.060,75, 3 will be ( = 1.066, 461,5 X 10.35 1,068, 2) 
11.252, 297, 354,559, 30. Therefore the binomial quantity 1.066, 451,5 X 
1.060,07 5,3\® — 1.000, 75,3 will be ( = 11.252, 297, 354,559,300 — 
11.191, 246,82 1, 602, 46) = o. 61, 050, 532,956, 84. 

This number is leſs than o. 066, 46 1, 5, or the abſolute term of the equation 


1.066, 461,5 X 1. — 7 = 0. 066, 461,5; and conſequently the number 
Vol. V. 3 K 1,060, 
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1.050,67 5, 3 (by the ſubſtitution of which inſtead of 7 in the binomial quantity 
1.066, 461, x 7 — 7* it ariſes,) muſt be greater than the true value of x, 
or the greater root of that equation. | 


Art. 61. We are now poſſeſſed of three different values of the binomial 
quantity 1,0606,461,5 K — 7, to wit, the numbers 0.105,420 5 &c, 
0.066,461,5, and o. 051,0 50,5 &c, which correſpond to three different values 
of r, that differ but little from each other, to wit, 1ſt, the number 1.053,455,8, 
and, 2ndly, the greater value of 7 in the equation 1.066, 461,5 X 1? — 7. —= 
0.066,461,5, and, 3illy, the number 1.060, 675, 3. We may therefore make 
the following proportion; As o. 105, 420, Kc — 0061,050,5 &c, (or the 
difference of the firſt and third of the firſt ſet of numbers,) is 10 o. 066, 461, 5 
& c — . o6 1, 0 50, 55 &c, (the difference of the ſecond and third of the firſt ſer 
of numbers,) ſo, very nearly, will 1.060, 675, 3 — 1.053, 453, 8 (the difference 
of the firſt and third of the ſecond ſer of numbers,) be to 1.060, 675,3 — x, 
or the difference of the ſecond and third of the ſecond ſet of numbers; that is, 
as 0.044,370,0 is to o. o05, 411,0, ſo, very nearly, will 0.607,219,5 be to 
1.060,675,3 — 7; whence we (hall have 1.060, 675,3 — , nearly, (= 
0.005,411,0 9.07.2193 — noni od ) = 0.020, 880, 4. Therefore 

0.044,372,0 0.044,370,0 
1.060,675,3 will be = 0.000,880,4 + r, and 7 will be ( = 1.060, 675, 3 
— 0.002,880,4) = 1.059,794,9 ; that is, 1.059,794,9 will be a ſecond near 
value of 7, or the greater root of the equation 1.066,461,5 X 7? — 7“ = 
0.066,461,5. 1. | 


Art. 62. This number 1.059,794,9 will be ſomewhat leſs than the true value 
of 7, or the greater root of the equation 1.066,461,5 x 1 — 7 = 0.066, 
461,5; becaule, if it is ſubſtituted inftead of r in the binomial quantity 
1.066,461,5 K — 7*, the value of the ſaid binomial quantity reluliing 
from ſuch ſubſtitution will be greater than 0.066,451,5, or the abſolute term of 
the ſaid equation. This will appear by making the ſaid ſubſtitution, which may 
be done as follows. | 


If 7 is ſuppoſed to be = 1.059, 794.9. the binomial quantity 1.066, 461,5 N75 


— will be = 1.066, 461,5 X 1.059, 794, 9% — 1.059, 794, 9 We mult 


therefore find the values of 1.059, 94,9% and 1.059, 794,9 % which may be 
done as follows. 


The logarithm of 1.059, 794,9 is O. 025, 221,8. Therefore the logarithm 
of 1.059,79 4,9% will be (= 40 x o. o2 5, 221,8) = 1.008, 872, o; which is 
the logarithm of the number 10. 206, 385,8. Therefore 1.059, 794,9“ is = 
10. 206, 385,8. Therefore 1.059, 794,9)“ will be ( = 10.059, 794, 9 * 
1.059,94, 9 = 10.206, 38 5, 8 X 1. 059,7 94,9) = 10.816,675,618, 272424 


OF DR. HALLEY ON COMPOUND INTEREST, 425 


and 1.066, 461,5 * 1.059,79 4,0 will be (= 1.066, 461,5 X 10.205,38 3,8) 
= 10. 884,717, 509, 846,70. Therefore the binomial quantity 1.066, 461.5 X 


1.039, 794, 9 — 1.059, 94,90“ will be (= 10. 884,17, 509,846,70 — 
10.8 16,675, 618,272, 42) = o. 068, o41, 891, 574,28; which is greater than 
o. 066, 461, 5, or the abſolute term of the equation 1.066, 461, K — 7 = 
o. 066, 461,5. And conſequently the number 1.059,794,9 (from the fubiti- 
tution of which inſtead of r in the binomial quantity 1.066, 46,55 „* — 7“ 
the ſaid number 0,068,041,891,574,28 ariſes,) mult be leſs than the tue value 
of r, or the greater root of that equation. . 1. 5. 


Art. 63. To find a ſtill nearer value of , let w be put for the excels of the 
true value of 7 above the number 1.059,794,9, and let the value of w be in- 
veſtigared by Mr. Raphſon's method ot approximation. 


Then will r be = 1.059, 794,9 + w. And conſequently “ will be = 
1.059,794,9 + w)®P (=, by the binomial theorem, to 1.059, 794.9 + 40 


as con o go | 0140 
059, 7904, NC w &c = 1.059, 794, 9“ 27999 
x Togg7gag)® X w + ob 
FRY 5 10. 206, 3 6,8 an — 
+ &c = 10. 206, 385,8 + 40 X ERS X w + &c = 10. 206, 385,8 


+ 40 X 9.630,529,2 & w + &c) = 10.206,385,8 + 385.221,168,0 X w 
+ &c; and 1.066,461,5 K will be (= 1.066,461,5 x 10.206,385,8 + 
1,066,461,5 X 385.221,168,0 X w + &c) = 10.884,717,509,846,70 + 
410.823, 544,657, 03 2, * w + &c, 


And :“ will be = 1.059, 794,9 + w}* (=, by the binomial theorem, to 


1.059,79449 * +41 & 1.059, 794, 9 X w + &c == 10.816,675,618,272,42 
+ 41 X 10.206,385,8 X w + &c) = 10.816,675,618,272,42 + 418.461, 
817,8 X w + &c. 


Therefore the binomial quantity 1.066,461,5 X 71 — 7 will be = to the 
compound quantity 


10.884,717,509,846,70 + 410.8 23, 544, 657, 03 2, 0 X w + &c 
— 10.8 16, 673,618, 272,42 — 418.461, 817,8 X w — &c þ 


= 0,068,041,891,574,28 — 7.638, 273, 142, 968, 0 Xx Ww — &c. 
But the binomial quantity 1.066, 461,5 X“ — 7 is = o. 066, 461, fl. 


Therefore the compound quantity 0.068,041,8 &c — 7.638, 273, 1 &c X w 
— &c will alſo be = 0.066,461,5. And conſequently 0.068,941,8 will be 
= 0.066,461,5 + 7.638,273,1 &c x w, and 0.068,041,8 — o. 066, 46 1, 5 
will be = 7.638,273,1 &c x w, or 0,001,580,3 will be = 7.638, 273, 1 &c Xx w, 
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o. oo 7, 580, 3 
7+035,27 390 
will be (= 1.059,794,9 + o. oo, 242,2) = 1.060,037,1 ; that is, the third 
near value of 7, or the greater root of the equation 1.066,461,5 X 1%. — 5 
= 0.066,461,5, obtained by this proceſs of Mr. Raphſon's method of approxi- 
mation, will be 1.060,037,1. 1. 


and d will be = = o. ooo, 242,2. Therefore r, or 1.059, 794,9 + w, 


This third near value of 7 is very near it's true value, which is 1.06, For the 
intereſt of a hundred pounds, reckoned according to this value of 7, would be 
(= 1co X 0.060,037,1/., or 6.003, 71l., or 6/. and 0.003,71 of a pound, or 
64. and 240 X 0.003,71 of a penny, or 6/. and 0.890,40 of a penny, or) 
. 6 pounds and lels than one penny, inſtead of being exactly 6 pounds. 


End of the Confideration of the ſecond of the three Problems in Dr. Halley's Diſcourſe 


on Compound Intereſt which have given occaſion to the foregoing Notes, 
2 ＋ 2 * 1 
2 


K 


and of the Equation 


which is deduced from it. 


——— I Et 


Art. 64. We come now to confider the third and laſt of the three Problems 
in Dr. Halley's Diſcourſe on Compound Intereſt which have given oocaſion to 
the foregoing Notes, and the equation which is deduced from it, and on the 
reſolution of which the Solution of the ſaid Problem depends. This Problem 
relates to the finding of the rate of Intereſt of Money allowed in a bargain made 
for the prolongation of a given annuity that has been already granted for a 
given number of years, for an additional number of years, when the quantity 
of the annuity purchaſed, the number of years during which it is to continue 
by virtue of the fiſt grant, the number of years during which it is to be pro— 
longed beyond the firſt term by virtue of the new bargain, and the price that 
is to be paid for ſuch prolongation of it by the purchaſer in conſequence of ſuch 
new bargain, are all given or known; and it occurs in page 229 of the preſent 
Volume 1n theſe words, 


« Laſily, by way of corollary to the former, let it be required to find the 
« rate of intereſt allowed the purchaſer, when he pays a ſum z for an annuity 2, 
© wherein he has already a term r, to have it prolonged for a certain time = x.” 


„Example. An annuity of 207. per annum that is already granted for a 
* term of years of which 21 years are ſtill to come, may, for the ſum of 
40 pounds paid down, be prolonged for 10 years more, or to 31 years. 
* What is the rate of Intereſt required?“ 


S O. 


OF DR, HALLEY ON COMPOUND INTEREST, 437 


SOL U FN 


«Put T=2t +x + 1, and *7 (hall be the index of . Let — by be 
6T+6 


AX 


« = 1 + y, and be = 3. I fay, r — 1 1s very near to þ — 


47% — 20004. 


Theſe are the words of Dr. Halley. But the Problem may be ſtated more 
fully in the following manner. 


A fuller Statement of the ſaid Problem of Dr. Halley. 


Art. 65. If an annuity of a certain number of pounds per annum denoted by 
the letter a, that is to continue for a certain number of years, of which 7 years 
are unexpired, has been already granted; and the annuitant is deſirous of 
prolonging the annuity for an additional number of years denoted by the 
letter x, and agrees to pay to the grantor of the annuity a certain ſum of money 
denoted by the letter z, (or containing 2 pounds and parts of a pound) for 
ſuch prolongation of the annuity; ander be put for the rate of Intereſt of Money 
correſponding to the ſaid price ⁊ that is to be paid for the ſaid prolongation of 
the annuity for the additional term of x years; and the four quantities a, , x, 
and 2 are all given, or known; but the laſt quantity 7, or the ſaid rate of 
Intereſt, is unknown: It is required, from the tour known quantities a, , x, 
and 2, to determine the unknown quantity r, or the rate of Intereſt allowed to 
the annuitant in the purchaſe of the ſaid prolongation of his annuity, 


The Reduction of the ſaid Problem to an Equation. 


A 


Art. 66. This Problem may be reduced to the following trinomial equation, 
(or equation involving three different powers of the unknown quantity r,) to 


wit, — „ YT a” as —, by the following train of reaſoning. 
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The value of an annuity of 1/. per annum for t years is known to be — 
17 1. 


— — ——— , Therefore the value of an annuity of 11. per annum for 


; + x years will be = 8 . Therefore the exceſs of the 


4 a e ey 


value of an annuity of 10. per annum for t + x years above the value of the 


like annuity for only 7 years will be equal to the exceſs of the ſum of — 


J. J. il. 2 
— - - above the ſum off : — 7 that Is, tO the ſum of 
* 4, 12 1 1 
11. 11. 2 
— But the exceſs of the value of an annuity of 1/, 
t „„ OO 
1 7 X r—I 


a year for 7 + & years above the value of an annuity of 11. a year for only ? years 
is equal to the value of an annuity of 1/. a year to commence at the end of F years, 
or to be added to an annuity of 14. a year already granted for a term of 7 years, 
Therefore the value of ſuch an additional annuity of 1/. a year for x years, to be 


added to a like annuity of 1“. a year for z years already granted, will be = 


Eo — — And conſequently the value of an annuity of à pounds 


. 71 1 


a year for x years, to be added to a like annuity of a pounds a year for ? years already 


* . . J. . m—_ 
granted, will be 2 times the former value, or will be = a 0 — — — 
* 


Xr—T 57,1 


— —— — 12 ; that is, according to Dr. Halley's notation, 2 (or 
T X r-lI r X r—1 
the price paid for the prolongation of the annuity of @ pounds for the addi- 


tional term of x years, beyond the term of ? years for which it had been 


originally granted,) will be = — — 2 —. Therefore (multiply- 
7 Xr—T r ** Xr—1 
ing all the terms into r — 1,) we ſhall have zXr —1= m_ — 17 or 
r r 
72 = 2 = _— * , and (multiplying all the terms into „) we ſhall have 
t+1 1 on 8 x rf 2 ar On a 
r X2 P » 6 —, ad (ou! 


tiplying all the terms into ) we ſhall have * ! „ 2 — an 
— 2. Therefore, if we add à to both ſides, we ſhall have n tt 


xz T =8@ X , and (adding * to both ſides,) TI 2 ＋ 4 
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=aXr + * X x, and (ſubtracting * X 2 from both ſides,) a = 
axr 4 * 2 ATT x 2; and, laſtly, dividing all the terms by 2,) 
we {hall have _ = — R ee or (in the more uſual way of 
ranging the terms of an equation, with the abſolute term, or known quantity, 


on the right hand,) —- „ — . a kk 


In order therefore to ſolve the foregoing Problem of Dr. Halley concerning 
the rate of intereſt allowed in a bargain for the prolongation of an annuity for 
a term of years, it will be neceſſury for us to reſolve this trinomial equation 


— K + 1 2 22. 


Art. 67. This equation — K 4 e e — is of ſuch a form 


as to admit of having two different roots, or, in the language of modern Alge- 
bräiſts, two different real and affirmative roots; there being one change of the 
ſigns + and — amongſt the terms on the left-hand fide of the equation, and 
the higheſt power of the unknown quantity r, to wit, * tes having the ſign 


— prefixed to it, or being ſubtracted from the ſum of the other two terms 


*r and , And of the two roots of this equation the leſſer will be 


=1, For, if we ſuppoſe r to be = 1, we ſhall have r* (= 1”) = 1, and 


PE (= 1 alſo =1, and SHE 2 3 alſo — 1, becauſe all 
the powers of 1 are equal to 1. And therefore — xr + noo” 
will be (= _ X1-+1—1=Z — X 2) = — which is the abſolute 


term of the equation — x + EIT 2b — And conſequently 


1 15 a root of the ſaid equation. Q%; . 
But, though 1 is a root of the ſaid equation _ „ + „ 
= — „it is not the root that will ſolve Dr. Halley's aforeſaid Problem; be- 


cauſe in that Problem r is ſuppoſed to be t pound together with it's intereſt 
for a year, and therefore muſt be greater than 1 pound, or 1. It is therefore 


; R t & 11 ＋ 
the other and greater root of the ſaid equation — K 41 * 


— — that will ſolve Dr. Halley's Problem, and that we mult conſequently 
endeayour 


— 


* 
| 
| 
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endeavour to find in order to effe& that ſolution, But in our inveſtigation of 


. : a * x+t g 
that other and greater root of che ſaid equation r 3 e 


= — „the knowledge that 1 is the leſſer root of it may be made uſeful, by 


enabling us to find a quantity greater than 1, and greater likewiſe than the value 


x +t x +t+1 
r — 17 


. . . a * n 
of 7 when the trinomial quantity — x ＋ is of it's greateſt 


poſſible magnitude, for a firſt near value of the greater root, that will -approach 


pretty nearly to it's true value, and may therefore be employed with good 
ſucceſs as the baſis, or ground-work, of a further approach to the ſaid true 
value by the differential method, or Mr. Raphſon's method, or ſome other 
method, of approximation. But, that we may apply this knowledge of the 
lefler root of this equation to the diſcovery of a near value of it's greater root, 
it will be convenient, firſt, to make a few remarks on the number of roots in a 


trinomial equation of the general form Px" + ord” e Q» and on 
the limits of their magnitudes ; which may afterwards be transferred to the roots 


of the equation — X . , which comes under that 


more general form. 


Of the Number of Roots in the Trinomial Equation PS" + a = . Q 
and the Limits of their Magnitudes, 


— 


Art. 68. If P and Q in this equation are known quantities, and m and # 
are any whole numbers whatſoever, it is evident, in the firſt place, that, ſince 


| mS+n+1 
. always leſs than Px” + * the fraction —— muſt always be 
S Xx 
n mn rr m. n+1 
leſs than the fraction Z 2 + But the fraction ———— 2 — 
* * * 
mM nn m m +1 m m n 
= , and the fraftion EE2— is (= 4 
* x a * os Fn 


=P + x". Therefore a muſt always be leſs than P + a"; and conſe- 


quently EF =” muſt always be leſs than P. 
Secondly, 
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Secondly, if x be ſuppoſed to increaſe from being equal to 1 (at which time 
+1 +1 


* is = 1, and is allo = 1, and conſequently x — „ ISS] 1 


= o, ) to any greater magnitude, the increment of ill de greater than 
the contemporary increment of x", and conſequently the binomial quantity 


8 * or the exceſs of above x", will continually increaſe; and 


therefore the ſaid binomial quantity & — & will be greateſt when & is 


greateſt ; and, vice ver/d, the quantity x will be greateſt when the ſaid binomial 


quantity Fa? greateſt, But the greateſt poſſible magnitude of the 


. . . I . . . . 
binomial quantity x FE , when x is a root of the trinomial equation Px" 


44 aha — Q is P; as has been juſt now ſhewn. Therefore the 


greateſt poſſible magnitude of the quantity x in the (aid trinomial equation will 


be the magnitude which it has when the binomial quantity 271 — is equal 


to P, or will be the root of the binomial equation 12 


Therefore, in order to find the greateſt poſſible magnitude of the quantity æ in the 
ti inomial equation Px" + 1 9 = Qu it will be neceſſary to reſolve 


the binomial equation #**" — = p, (which is an equation that admits of 


only one root,) or to find the value of it's root x. Let this root be called A. 


Thirdly, let us ſuppoſe the quantity x in the trinomial quantity Px" + * 


9d increaſe gradually from o till it becomes equal to it's greateſt 
poſſible magnitude, which will be A, or the root of the binomial equation 


** =P; and let us inquire how the trinomial quantity Px” + _ 
„ increaſe, or decreaſe, at the ſame time. 


Now it is evident that, when is leſs than 1, * will be leſs than 1, and than 


that, when x is = 1, K will be alſo = r, and vill alſo 


gutut1 


will alſo be = 1; and, laſtly, that, when x 1s greater than 1, 


x" will be greater than 1 and than x, and x” * will be greater than x”, and 


r „il be greater than a . 


Vor. V. 31. Further, 
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Further, when x is = o, x", and conſequently Px”, will be = o likewiſe ; 
and fo will "** and * +3; and confequently the whole trinomial quantity 
Px" + „ r „ it be = o likewiſe. And, when x is become equa! 
to A, or it's greateſt magnitude, or to the root of the binomial! equation ” peg 
— x" = P, the trinomial quantity Px" + „ - will be a ſecond 


time equal to o. It follows therefore that the trinomial quantity Pr + ft! 


— , muſt, during the increaſe of x from o to it's greateſt magnitude A, 
have firſt increaſed from o to ſome certain finite quantity, and then have de- 
creaſed from the ſaid finite quantity to o. And therefore, if Q. or the abſolute. 


my n 


term of the trinomial equation Px” + & = Q is exactly equal 


to the ſaid. finite quantity to which the trinomial quantity Px" + e 


„at becomes equal at the inſtant it has attained it's greateſt magnitude and 
begins to decreaſe, the ſaid trinomial. equation will have but one root; which, 
will be the value of x at the ſaid inſtant of the ſaid trinomial quantity's attaining 
it's greateſt magnitude, and which (being an intermediate, or middle, value of. 
x between o, it's leaſt magnitude, or it's lower limit, and A, it's greateſt mag- 
nitude, or it's higheft limit,) may be conveniently denoted by the letter M; 
but, if the ſaid abſolute term Q is leſs than the ſaid finite quantity, or greateſt 


magnitude of the trinomial quantity nh. Fs rod 


+7 oy, r 


, the ſaid trino- 


mial equation Px" + a = Q will have two roots, to wit, one 
that will be leſs than the ſaid middle quantity M, and another that will be 
greater than the ſaid middle quantity M, but leſs than A, or the root of the 


binomial equation PH ES =P. 


Art. 69. We will next endeavour to determine the value of M, or the 


faid middle value of x, which makes the trinomial quantity Px" + ds. 


* "FE be of it's greateſt poſſible magnitude. 


Let us ſuppoſe A, or the greateſt poſſible magnitude of x in the trinomial 


quantity Px" + 2 Q» to be divided into ſome very great 


number of ſmall and equal parts, as, for inſtance, into ten. thouſand —_— - 
| | ur 
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ſuch parts, and that each of theſe equal parts is denoted by æ, or the letter x 
with a point placed over it. And let us ſuppoſe x to increaſe gradually from o 
to A (which is it's greateſt poſſible magnitude,) by the continual addition of one 
of theſe equal 3 — by æ, in ſo many ſucceſſive ſmall and equal 
portions of time, to n's former value. | 


Then, if x be put for the value of x at the beginning of any one of theſe 
ſmall and equal portions of time during it's increaſe from o to A, it is evident 
that x + * will be it's value at the end of the ſaid ſmall portion of time. And 


in the ſame ſmall portion of time the quantity * will increaſe from & to 
x + 1 , or (by the binomial theorem, ) to * + m N » N 4 + &c; and 
the quantity 1 ** will increaſe from & * to 7 + * or (by the binomial 


theorem,) to“ + NK Kc; and the quantity & 1 


will increaſe from * * to x T ,, or, (by the binomial theorem, ) 


to * 1 . „NK „IA + &c; and Px“ will increaſe from 


PXa" (to PN AT I, or to PN“ TN „ + &c, or) to 


PXXx +mP (I r + &c. Therefore, while x receives the increment æ, 


* will receive the increment PX x" 


the binomial quantity Px" + ** 
+ & + N „ „ + &, or (neglecting the terms included 
under the two marks of &c, on account of their extreme ſmallneſs,) the incre- 


ment P X * et + m + a X 3 * #; and the fangle quantity 
RN dads + 


will receive the increment m + un +1) Xx X K. 


Now, while x increaſes from o to it's greateſt magnitude A, the quantity 
m+n . m1 * . a 
x will at firſt be very much leſs than x „or ——, and will continue 


to be leſs than & A ſo long as x is leſs than 1; and then it will be equal to 


rel; and, when x is greater than 1, * will be greater than x 


And hence it follows that, while x is increaſing from o to 1, and for ſome time 


m+na-1 


after, the quantity m + 2 + 1 x 53 X (which is the increment of 


* ee or the third term of the trinomial quantity Px + he” a.) 


will be leſs than PX 4 + m +0 x «„ „ 4, or the contemporary 
31 increment 
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increment of the binomial quantity Px" + * , or the ſum of the firſt and 


ſecond terms of the ſaid trinomial quantity; and then, at a certain inſtant of 
time during the increaſe of x from o to A, and, when x 1s arrived at a certain 


& will be equal 


magnitude greater than 1, the increment m +# +1) x x" 
to the increment m x 5 * * + m+n)X ieee #; and aſterwards, 
when x is increafing further, from that certain magnitude that is greater than 1, 
to A, it's greateſt magnitude, the increment m +# + 1X 9 „ & will be 


greater than the increment mP x #: 7M 2 + m x n 


But, while the increment of the third term * of the trinomial quantity 


Px” „, (which is marked with the ſign —, or is ſubtracted 


from the ſum of the other two terms Px” and x" of the ſaid trinomial quan- 


tity,) is leſs than the contemporary increment of the ſum of the ſaid other two 
terms, it is evident that the ſaid trinomial quantity will increaſe : and, when the 
former inerement is become greater than the latter, the ſaid trinomial quantity 
will decreaſe. And conſequently the faid trinomial quantity Px” T 

ill have attained it's greateſt magnitude at the inſtant of time at 
which the increment m+ 2+ 1) x „ * r is equal to the increment mP x: 


m＋ 1 


„* XA + m+#3) X „* X *. 

But, when m FA 1] x * * „ is PN + K i, 
we ſhall have v TITI Xx Xx = PN + 7 x ens and 
(multiplying all the terms into æ,) m +2 +1) x uf = mP Xx" +.m+7 
Ne, and (dividing all the terms by x,) n+" K* = mÞ + 


bl 


05 + 1] X x, and fubtracting m +n\ * from both ſides,) m - +n +1) x 
SF ſm Fn x x* = mP, and, laſtly, (dwiding all the terms by m.+2+1,) 


1 ＋1 m + n. IEICE m | 
8 n r . 


Therefore the trinomial quantity Px” * - vill bave attained 
it's greateſt magnitude when the binomial quantity & — — x x" is. 
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mM . . . 
equal to r P, or when x ts equal to the root of the binomial 

| 3 m +n a m ; ; 
equation x _ TT Xx = 3 P; that is, M, or the above- 


. . . . . 0 P m 
mentioned middle value of x, which will make the trinomial quantity Pæ 


+ ff ne oF"! be of the greateſt magnitude, will be the root of the 


. . . #+1 | m + _ ” 
binomial equation * — rr & & aw 8 X P. Q. E. I. 


Art. 70. Ie appears therefore that, if we reſolve the binomial equation. 


FFI „ =P, and call it's root A, and if we alſo reſolve the binomial! 


. 1 ＋ 1 m + n 3 m 2 
equation x — „N P, and call it's root M, the 
ſaid quantities A and M will be the limits of the magnitudes of the two roots 
of the trinomial equation „ „ Q or that, if Q the 
abſolute term of the ſaid equation, be leſs than the trinomial quantity P- x M“ 
EMD -M, (or that value of the trinomial quantity Px” T 
, vhich reſults from the ſubſtitution of M in it's terms inſtead of x,) 
the ſaid trinomial equation Px + 899 ara - Q will have two roots; 
of which the leſſer will be leſs than M, (or the root of the binomial equation 


a+1 | m +n FOE m : 
x — mage wy XX = 8 27 7 X . and the greater will be greater 


than M, or the root of the ſaid binomial equation * — —— Xx = 


— XP, but leſs than A, or the root of the former binomial equation 


ST df =P; but, if the abſolute term Q be exactly equal to the faid 
quantity P x M“ + MT” -M“, the faid trinomial equation Pa 


TY * . Q will have only one root, to wit, M, or the root of 


. ICY . #+1 m + A 3 m 
the binomial equation x — 3 F P. 


In order therefore to diſcover the values of the quantities A and M, (which are 
the limits of the magnitudes of the two roots of the trinomial equation Px” x 


8 


*. 
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EO Q: it will be neceſſary to reſolve the two binomial equation, 
n+1 3 1 ＋1 9 „ 7 , 
8 = P and x n 44 Hibee wh . We will 


_— n 
therefore now endeavour to reſolve the equation x r. 


The Reſolution of the Binomial Equation x" Tlns =P. 


Art. 751. The value of x in this equation is always greater than 1, and may 
be of any magnitude greater than 1, how great ſoever, if the abſolute term P 
be of a magnitude proportionally great. For, if x be ſuppoſed to increaſe, 


from being equal to 1, ad infinitum, the binomial quantity ** ns will a 


the ſame time increaſe continually from o ad inſinitum, and therefore will become 
equal, at one time or other of it's increaſe, to any quantity, how ſmall, or how 
great, ſoever. But, if P is leſs than 1, (as is generally the caſe in trinomial 


* „ff = Q, that reſult from the 


foregoing Problem concerning the rate of intereſt allowed to a purchaſer of the 
prolongation of a given annuity for an additional term of years,) the value of x 
will be very little greater than 1, and much leſs than 2. For, if x was = 2, 
and n (which is ſuppoſed to be a whole number,) was the ſmalleſt poſſible whole 


number, or 2, we ſhould have * (=21*) = 4, and & F* (= 2}*** = 2) 
+1 


equations of this form, P + x" 


= 8; and conſequently K — x" would be (= 8 —4) = 4. And there- 


fore, if x was = 2, and # was 10, or 20, or fome greater number, the quantity 


I IL 
„„ would be much greater than 4. Therefore, if P is leſs than 1, and 
is any whole number whatſoever, (even the ſmall number 2; and, à fortieri, 
if u is 10 or 20, or any greater number,) the value of x in the equation 


FFI P muſt be much leſs than 2, though greater than 1, and will 


probably be nearly equal to 1.2, or 1.3. And therefore, if we put v for the 
exceſs of x above 1, and ſubſtitute 1 + v inſtead of x in the equation 


„ =P, (whereby the ſaid equation will be transformed into another 


equation of which che ſmall quantity v will be the root,) the powers of v in the 
ſaid transformed equation will decreaſe with conſiderable ſwiftneſs, and therefore 
the ſaid equation may be reſolved to a conſiderable degree of exactneſs by a 
ſingle proceſs of Mr. Raphſon's, or ſome other, method of approximation. 


The ſubſtitution of 1 + v inſtead of æ in the equation 1 nn 
be made as follows. 


Since 
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Since # is = 1 + v, we ſhall have * = 1 ' , by the binomial the- 


FP: whe. =, by the binomial theorem, to the ſeries 1 + 1 + 1X v + 


n+1) X — x v* + &c, and conſequently ” fo 


— = the ſeries 


i+X+1)Xxv +#+D X — x v* 8 the ſeries 


1 Tun X * — x v + &c = the ſeries 
* V + x Xx + &c, 
+1 


But *' — 4 is = P. 


Therefore the ſeries v ＋ nx v* + &c willallo be = P. 


Therefore — + v* + &e will be = =, and v* + — + _ + &c 
_ ONT 122 0 1 ,__4ÞP+1 N 4.2.8 
rn pi 3 an Therefore v + ＋ & 


will be = fa —, and v will be = Lana — - &c, And conſequently 


x, or 1 + v, will be = 1 + 2 — 0 &c, or will be ſomewhat leſs 


2 
than 1 + 3 =; that is, the root of the binomial equation " 


24 
/anP +1 —1 
2n : 


Q. Es» I, 


— x" = P will be nearly equal to, but ſomewhat leſs than, 1 + 


This way of obtaining the value of x in. the binomial equation 33 


=P by the reſolution of the quadratick equation v + 7 x v* + &c = P, 
or —— + v* + & = =, will be attended with very little difficulty of com- 


putation ; more eſpecially, if we do not carry the extraction of the ſquare-raot 
of u ＋ 1 to more than four places of figures, which will be enough for our 
preſent purpoſe, which is to obtain the value of the root x, or of the quantity 
A, (which is the greateſt poſſible magnitude of x in the trinomial equation 


r Q» or the higher limit of it's greater root,) to a 


ſufficient 9 of exact neſs to enable us to derive from it a probable firſt 


near value of the greater root of the ſaid trinomial equation. 
Art. 72. 
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| ' ; © ” > . 141 m + n ; * — — 
Art. 72. The other binomial equation x > ates ty ry 


| x P, (the root of which is equal to M, or the middie value of x in the tri- 
nomial quantity Px” + #7" — „ which, by being ſubſtituted inſtead 
of x in it's terms, will make the (aid quantity be of the greateſt poſſible mag- 
nitude, may be reſolved with nearly the ſame eaſe as the former equation 
N — * P, and with rather more exactneſs, by ſubſtituting 1 + v inſtead 
of x in it's terms, and reſolving the transformed equation, thence reſulting, in 
the ſame manner as we before reſolved the transformed equation derived from 
the equation * =P in the foregoing article, that is, by retaining 
only the terms that involve v and vv in the ſaid transformed equation, and re- 


ſolving it as a quadratick equation. For in this equation " CR ** 


— e . abſolute term 231 X P ts conſiderably leſs than of 
+1 


or the abſolute term of the former equation K — * = P, and conſequently 


the root x will alſo be leſs than in the former equation, and therefore v, or the 
excels of x, or 1 + v, above 1, will be leſs than it was in the former tran. 
formed equation, and it's powers will conſequently decreaſe with greater u iſt- 


neſs. This transformation of the ſaid binomial equation ** 


= E x P, and reſolution of the transformed equation derived from it, 


may be performed in general terms, as follows. 


— 


— 


m + 1 
m+n+1 m+n+1, 


The Reſolution of the Binomial Equation ͤK — [ZE „ ** 2 2.x P. 


—  — — 
— - 


Art. 73. Let F be put = 3 , the co-efficient of x", and g be put 


= the abſolute term "FT x P. And we ſhall chen have * 


— fs" = p. 


Now let x be=1 +v. : 
| Then 
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Then we ſhall have *“ = IU =, by the binomial theorem, to the ſeries 


1 +nXv +# X — X v* + &c, and K = Ts hh 2 by the 
binomial theorem, to the ſeries 1 + XU + 7 + 1 x — * * + &c, 
and fXx" = f x the ſeries 1 +$nXv +2% * — x v + & = the 
ſeries f + nv 12 X v* + &c. 

T herefore the binomial quantity * — fX x" will be = 


the ſeries 1 + INV + 


= x v* + Kc 


— — theferies f + n v + fr = Xx + &c 


= the ſeries 1 -f + TIN v += fn bong * + &c. 


But the binomial quantity Ae is ⁊ g. 


Therefore the ſeries 1 =f +» +1 =fA\X.v + = — t „e 
+ &c will alſo be = g. 


Therefore (adding f to: both ſides, we ſliall have 1 + » + 1 — fa) x v 
4 „ + & = g + f, and (ſubtracting 1 from both 


2 


ſides,) we ſhall have 1 + 1 —A Xv + Z=2t re 4+ & = e 


= 
+ f — 1, and (multiplying all the terms by 2,) we ſhall have 2» + 2 — 2/0 
XV + m— fm +n+fn\Xxv* + & = 2g + 2f — 2, and (dividing all. 


al have 2 +2 = 2fn\x v "WY 
the terms by n — fun + # + fn) we ſhall have 2 + vw + & 


C-- =_ 2 Therefore (adding to both ſides the ſquare of the fraction 


n+1- ft | 2 +1 —fe_ 1 th 
KT 7 we ſhall have vv + 2 * n 


— 28 + 7 2 n ＋ N 
ee e e, eee e, 


To ſimplify this notation, put þ A + 1 — fn, and i = 2y + 2f — 25 
and & = mm — fun + A + ft. 


Vol. V. : 3. M. And 
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"> 2h | hy 3 AY 
And we ſhall then have vv + TX9 + 57 |= &c = T 


1 + þ* 
42 


— Therefore (extracting the ſquare-roots of both ſides,) we ſhall have 
ik + 22 
4 


— « 3 4 +? 5 
rc — 


. 2 + &c = , and (ſubtracting LA + &c from both ſides,) 


— &c. Taerefore 1 + v, or , 


will be = 1 + * >. tina R &c; that is, the root of the binomial equation 
JEEP —b 
7 


1 ＋1 m +1: 3 * 20 2 N 


Vit +h>* — h 


7 0 Q. E. 1. 


vill be nearly equal to, but ſomewhat leſs than, 1 + 


Art. 74. The general algebraick expreſſion of this root is ſo complicated 
that it would probably be more ealy and convenient in practice to neglect it, 
and to proceed to the reſolution of any particular numeral equation of the form 


3 —— Xx = . x P, that we might have occafion to 

reſolve, by applying to it all the foregoing reaſonings and operations above ſet 

forth in art. 73, inſtead of computing the values of þ and i and &, in order to 

it+Þ —b 
& 

But this muſt be left to the judgement and diſcretion of the calculator in every 

particular example. | | 


find the value of the general expreſſion 1 + » Juſt now obtained. 


Art. 75, When we have thus obtained the values of the roots of the two 


+1 * 2＋ 1 { m+x WW n 
3 n Ez xa — m+n+1 
* P, (which roots have been ſhewn to be equal to the quantities A and M, 


or to the limits of the magnitude of the greater root of the trinomial equation 
Py” FY ** E- Meer 


- . . 7 
binomial equations x 


= Q:) we may derive from them a conjectural value 
of the greater root of the trinomial equation Px” + oF" — 2 
that will probably be pretty near the truth, by computing the value of the 


m +1 * I 


trinomial quantity P M“ + M „or the greateſt poſſible 


magnitude of the trinomial quantity Px" + "pots we 3 and comparing 
it with the abſolute term Q: or the value of the faid trinomial quantity in the 


equation Px” TA A — „ = Q, And in this manner we may obtain 
oo a pretty 


25 
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x pretty good firſt near value of the greater root of the ſaid trinomial equation, 
independently of the leſſer root of the ſaid equation, or without any knowledge 
of the value of the ſaid leſſer root. 


Art. 76, But, if we already know the magnitude of the leſſer root of the 
ſaid equation, we may in ſuch caſe obtain another conjectural value of it's 
greater root by means of it's ſaid leffer root. For, if 4 be put for the exceſs 
of M, (or the mi.!dle value of » which, being ſubſtituted inſtead of x in the 


+2 my 3 


trinomial quantity Px ＋ * „makes that quantity to be of the 


greateſt magnitude poſſible,) and we add — to M, it will, I believe, often be 


found that the ſum thence ariſing, to wit, M + —. will be pretty nearly equal 


to the greater root of the ſaid equation. And thus we ſhall in theſe caſes have 
two ready methods of obtaining a tolerably good firſt near value of the greater 


root of the trinomial equation. Px + Fon erg Q 


Art. 77. And, when we have, by either of the two foregoing methods, 
obtained a pretty good firſt near value of x, or the greater root of the trinomial 


equation Px" + "gt 0” earn Q we may derive from it a ſecond near 


value of the ſaid root, that ſhall be much nearer to the truth than the ſaid firſt 
near value, by a proceſs of the Differential method of approximation: and, i- 
ſuch ſecond near value of the ſaid greater root ſhould not be thought ſufficiently 
exact, we may eaſily find a third near value of it, that ſhall be much more 
exact than the ſaid ſecond. near value of. it, by a. proceſs of Mr. Raphſon's 
method of approximation. 


The Application of the Concluſions obtained in the ten preceeding Articles to the 
Equation — r n nn HT —_ , which is a particular Caſe of the 


ore general Equation Px + 5 Q& 


+? „„ — 
2 7 
(of which we know the leſſer root to be = 1,) and will apply the concluſions 


obtained in the ten laſt articles, concerning the roots of the more general“ 


trinomial equation Pa” + brig . 
+? MA 


Art. 78. I now return to the equation — XS" 4. 1 


= Q to the roots of the faid 
equation — *r + 1 


greater root, 


—— of which we. wiſh to find the 


3 . M 24 Nos . 
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x+t —_ ATTE 


Now in this equation — xr +#r = —, the letter v (which 


denotes the unknown cantiey,) anſwers to the letter x, which denotes the 
unknown quantity in the foregoing equation 2 Q; 


and the index, x, of the unknown quantity 7 in the firſt term, *, of the 
preſent equation, anſwers to the iudex, m, of the unknown quantity x in the 


firſt term, Px, of the former equation; and the index, x + 4, of the un. 


x +f 


known quantity v in the ſecond term, , of the preſent equation, anſwers 


to the index, m + u, of the unknown quantity x in the ſecond term, * 
of the former equation; and the index, x + # + 1, of the unknown quantity 


7 in the third term, +* es. of the preſent equation, anſwers to the index, 
m + n + 1, of the unknown quantity x in the third term, wee” of che 
former equation: and —,. the co- efficient of r in the firſt term, — x , 
of the preſent equation, anſwers to P, the co · efficient * in the firſt term, 
Px", of the former equation; and the abſolute term, -— , of the preſent equa- 
tion, anſwers to Q: the abſolute term of the former cis; as well as to P, 
the co-efficient of x” in the ſaid former equation, becauſe the abſolute term of 
the preſent equation is equal to the co- efficient of r* in it's firſt term. 
Art. 79. Since the index : in the preſent equation — Xr* + . 


= — anſwers to the index # in the former equation Px" + „ 


= Q and the co- efficient — anſwers to the co-efficient P, the binomial equa» 


n+l 


tion 1 ner = — will anſwer to the binomial equation c — K = P. 


And, ſince the index x in the preſent equation anſwers to the index m in the 


8 471 KA „ IS . OA 
former equation, the binomial equation r [- r 


a . g . n+I m + n 3 
* — will anſwer to the binomial equation x * 


* — F. And 1 A, or the greateſt r magnitude of r 


in the trinomial equation — OR * ＋ . = will be the value 
; of 
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of r in the binomial equation 3 — and M (or the middle value 


of r in the trinomial quantity —_ 1% OO which, if it is ſub- 


ſtituted inſtead of 7 in the ſaid trinomial quantity, will make it be of the greateſt 


magnitude poſſible,) will be the value of r in the binomial equation * 


—_—_— x ER, 2 : 
_ — ay cy, OF the root of the ſaid equation. 


And therefore, in order to obtain the values of A and M, {which are the 
higher and lower limits of the magnitude of the greater root of the trinamial 


„ —— ,) we mult reſolve the two bino- 


. . 1 141 x + t 133 * 4 
mial equations — — r and 7 — = =7777 * . 


and the root of the former of theſe binomial equations will be = A, or the higher 


r bo — 
1 


equation — X 4 * 


limit of the greater root of the trinomial equation — x Fart 


and the root of the latter of the ſaid binomial equations will be = M, or the 
lower limit of the greater root of the ſaid trinomial equation. 


And, fince 2, in the preſent trinomial equation — K 44 


= — , anſwers to # in the former trinomial equation Px" + 9 
= Q;—and —_ the co-efficient of in the preſent equation, anſwers to P, 


the co-efficient of x in the former equation it follows that the expreſſion 


— = — (found above in art. 71 for the root of the binomial 


144 


„ 


Vi — 1-7: 
equation K — . = P,) will be = 14 - — Therefore 


V\=+1)=1 141 [ 


1 + — — will be the root of the binomial equation — — 7 
27 


= — „ or will be = A, or the higher limit of the greater root of the trinomial 


* n 5 
2 * 


equation — x r* + © d. E. 1. 
As for the other binomial equation, the root of which is = M, to wit, the 


. t+1 { a + t t x 3 . F . 
quation 7 ITE WF = X t. it will be moſt convenient 
ro 
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to reſolve it in each particular example, or numeral equation, by ſubſtituting 
1 +v in it's terms inſtead of r, and reſolving the transformed equation chat 
will reſult from ſuch ſubſtitution, as if it were a quadratick equation. The 
value of x + v, or x, obtained by this way of proceeding, will be- a pretty 
good near value of M, (or the middle value ot 7 in the trinomial quantity 


— xr + „ which, by being ſubſtituted inſtead of r in the 


ſaid trinomial quantity, will make it be of the greateſt poſſible magnitude.) 
which is the lower limit of the greater root of the trinomial equation 
— * r + 5 — 


Art. 80. When A and M, the two limits of the magnitude of the greater 


, . ; t+.1 . 
root of the equation * + . —, are thus obtained, we 


muſt ſubſtitute M inſtead. of r in the trinomial quantity — „„ 47 
14 compare the quantity —— XxX M* + M- + METH . 


ſulting from this ſubſtitution, with , the abſolute term of the equation 
> = * 


a OTE ; and from this compariſon we ſhall be able 


— * * + Ft 
to find a conjectural value of the greater root of this equation, which will not 
differ greatly from it's true value, but will be ſufficiently near it to form a very 
good ground-wor k of a further approach to it's true value by the Differential 
method of approximation, by which we ſhall obtain a ſecond near value of the 
faid greater root that will be much more exact than the ſaid firſt near value of 
it. And, if this ſecond near value, obtained by a proceſs of the Differential 
method of approximation, is not thought to be ſufficiently exact, we may 
obtain a third and more exact value by making the ſaid ſecond near value the 
ground work of a further approach to the true value of the greater root ſought 
by a proceſs of Mr. Raphſon's method of approximation. 


Art. 81. And, when we have obtained the value of M, or the lower limit 


of tie greater root of the equation * + bee 2+ ths , in the 


manner above-deſcribed, we may employ it in obtaining another firſt near value 
of the {aid greater root by means of the leſſer root of the ſaid equation, which we 
already know to be = 1. For, if we put 4 for the exceſs of the ſaid quantity 


M above :, and add - to M, the ſum thence ariſing, to wit, M ＋ . 


will often, I believe, be found to be pretty nearly equal to the. ſaid greater _ 
| and 
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and near enough to be uſed as a firſt near value of it, or to be made the 
ground-work of a further approach to the true value of ſuch greater root by the 
Differential method of approximation, And thus, when we have found the 
value of M, we ſhall have two ready methods of obtaining a tolerably good 
! 
. . . a ö 

firſt near value of the greater root of the trinomial equation — X "= 
x+1+1 __ 4 

— 4 — — 


Art. 82. And, if we doubt which of theſe two firſt near values of the greatet 


* . t 
root of the ſaid equation — „ 41 ETHTL — comes neareſt to 


it's true value, that doubt may be removed by ſubſtituting them both ſuc- 


. . * k 
ceſſively, inſtead of r, in the terms of the trinomial quantity — K + * 


„ and obſerving which of the two reſults of theſe ſubſtitutions will 
differ leaſt from — the abſolute term of the ſaid equation. For that value 


of r which produces the reſult that differs leaſt from the abſolute term — may 


be concluded to differ leaſt from the true value of the greater root of the ſaid 
equation. And we may obſerve further, that our trouble in making both theſe 


4 t 
__ oP +1 


ſubſtitutions in the trinomial quantity —— * + if will not be 


thrown away; becauſe both theſe ſubſtitutions may be uſefully employed in 
performing a proceſs of the Differential method of approximation, by which we 
ſhall obtain a ſecond near value of the ſaid greater root, that will be much more 
exact than either of the two firſt values that have been ſo ſubſtituted inſtead of 
7 In the ſaid trinomial quantity. And, if this ſecond near value of r, or the 
laid greater root, is not thought to be ſufficiently exact, we may uſe it as the 
ground-work of a further approach to the true value of the ſaid greater root by 
a proceſs of Mr. Raphſon's method of approximation, by which we ſhall obtain 
a third near value of it that will be as exact as need be defired. 


An Example of the Reſolution of an Equation of the foregoing Form, _ Xx r* 
„„ , by the Method deſcribed in the foregoing Articles. 


Art. 83. Iwill now proceed to apply the method of reſolving the trinomial 


equation * + FT? = of 7 = =, deſcribed in the foregoing ar- 
ticles, 
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ticles, to the reſolution of the numeral equation of this form that reſults from 
the Problem propoſed by Dr. Halley, which is fer forth above in art. 64; in 
which a, or the annuity granted, is 20 pounds a year; and r, or the number 
of years of the firſt term for which it was granted, that are unexpired, or ſtill 
to come, is 21 years; and x, or the number of years for which the anauity is 
to be prolonged beyond. the ſaid 21 years, is 10 years; and x, or the ſum of 
money paid down as the price of ſuch prolongation, is 40 pounds; ander de- 
notes the rate of Intereſt of Money correſponding to the price x, or 40 pounds, 
and which 1s required to be found. | 


Now, ſince @ is = 20l., and / is = 21 years, and x is = 10 years, and z is 


= 40/., we (hall have — 42 77 ==) = 0.500,000,0, and x +? (= 


10 + 21) = 31, and x +t+1(=31+1) = 32. Therefore the 
equation — Sas Poon POP — will in this caſe be 0.500,000,0 


* r r - = o. oo, ooo, o. We muſt therefore endeavour to reſolve 
this equation o. 500, ooo, o X r* + 7 - = 0.500,000,0, and diſcover the 
value of it's greater root, by the method deſcribed 1a the foregoing articles. 


— ́ »—üEàmœ6ũd . —ö—[—é— 
Of the Magnitudes of A and M, the higher and lower Limits of the Magnitude of 


the greater Root of the trinomial Equation 0.500,000,0 x. r + #* - 5 
— O. 500, OO, o. : 


— — —  — — __ _———  — — — 


Art. 84. Since #15 = 10, and f is = 21, and — is = 0.500,000,0, the binomial 


equation grin = — (obtained in art. 79,) will, in this caſe, be * 7 = 


N 8 2. © . 8 11 Xx + 4 E * * 
oe and the binomial equation. # - rr 
1 * 231 1 | __ $.020,000,0 

* will be 7 = = 2 X 0+500,000,0 12 9 57 ) 


0.156,250,0, or * — 0.968,750,0 x * = 0.156,250,0. Therefore A, or 
the higher limit of the greater root of the trinomial equation 0.500,000,0 X 7. 
+ 1 — 7* = o. so, ooo, o will be the root of the binomial equation * - 
= o. goo, oo, o; and the quantity M, or the leſſer limit of the greater root of 
the ſaid trinomial equation, will be the root of the binomial equation o — 
0.968,750,0 X r** = 0.156,250,0. In order therefore to diſcove; the ſaid 
limits A and M, we muſt reſolve the faid binomial equations — — r = 
o. 300, oo, o and 1. — 0.968,750,0. = o. 156, 250, o. 


The 
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The Inveſtigation of the Magnitude of A, or the higher Limit of the greater Root 


of the trinomial Equation 0.500,000,0 X r'? + r'' t = 0.500,000,0. 


— 
Art. 85. It has been ſhewn in art. 79, that the root of the binomial equation 
* — 11 1 a 
STC =D ins nearly = the expreſſion 1 + „Which, 
2 24 


. a 0 8 1 — 
when t is = 21, and is = 0.500,000,0, or — becomes = 1 + 


7 2 
ad abate on 3 2 2 + LE X28 ha 


2 X 231 42 42 


29221 6.5574 = 1 — 824 — — : 
r + 0.1323) = 1.1323 


But in the numeral equation —˙ — »** = 0.500,000,0, (which comes under 


the general equation 2 —)) tis S 21; and? + 1 is = 22, and 


EY 


Therefore the root of the numeral equation * - = 0.500,000,0 will 
be = 1.1323. Therefore A, or the higher limit of the greater root of the 
trinomial equation 0.500,000,0 Xx 7 + r** - = 0.500,000,0 (which has 

. . . t t a 
been ſhewn to be equal to the root of the binomial equation r +1 = — 


will be nearly = 1.1323. Q. E. I. 


The Inveſtigation of the Magnitude of M, or the lower Limit of the greater Root of 
the trinomial Equation 0.500,000,0 & + en — 7* = 0.500,000,0. 


Art. 86. We muſt next endeavour to find the value of M, or the lower limit 
of the greater root of the trinomial equation 0.500,000,0 x + e — 1 
= 0.500,000,0. Now this limit is the root of the other binomial equation 
* —0.968,750,0 X * = 0.156,250,0, which may be found in the following 
manner, 


Let v be put for the exceſs of the root of the ſaid binomial equation 
* — 0.968,750,0 x r = 0.156,250,0 above 1, or er be put = 1 v. 
And let 1 + v be ſubſtituted inſtead of r in the ſaid binomial equation. 

Vol. W. 3 N T hen, 
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Then, ſince r is = 1 + v, we ſhall have ** = 1 + 4|** ( =, by the 
* + & = 


binomial theorem, to the ſeries 1 + 22 K v + 22 K - 
the ſeries 1 + 22v + 22 X _ X v* + &c = the ſeries 1 + 22v + 11 X 


21 x v* + &c) = the ſeries 1 + 22v + 231 Xx vv + &c; and we ſhall 
have r = 1 + vi** (, by the binomial theorem, to the ſeries 1 + 21 Xv 


+ 21 X —— * v + &c = the ſeries 1 + 21v + 21 x — * + & 
= the ſeries 1 + 21v + 21 X 10 x v* + &c)-= the ſeries 1 + 21 + 


+ 210vv + &c, and conſequently 0.968,750,0 Xx (= 0.968,750,0 X the 
ſeries 1 + 21v + 210vwv + &c = the ſeries 0.968,7 50,0 Xx 1 + 
0.968,750,0 X 21v + 0.968,750,0 X 210vv + &c) = the ſeries o. 908. 750, o 
+ 20. 343,750, o Xx v + eee * vv + &c. 


Therefore the binomial quantity * — 0.968, 7 50, x 7** will be = the 
compound quantity 


1.000,000,0 + 22.000,000,0 X v + 231.000,000,0 X vv + & 
— 0.968,750,0 — 20.343,750,0 X v — 203.437, 500, Xx vv — &c j 
= 0.031,250,0 + 1.656,2 50,0 * v + 27.562,500,9 X vv + &c. 
But the binomial quantity * — 0.968,750,0 x * is = o. 156, 2 50, o. 


Therefore the compound quantity 0.031,250,0 + 1.656, 250, x v + 
27.562, 500, o x vv + &c will allo be'= 0.156,2 50,0. 


Therefore 1.636,250,0 X v + 27.562,500,0 Xx vv + &c vill be (= 
I. 656, 250% 


0.1 56, 280, 0 — 0.031,250,0) = 0.125,000,0, and 8 * +,vv 
959 , : 

. . 12 5,000,0 

+ &c will be = JT 80 that is, 0.060,090,7 Xx v + vv + &c wil 


be = 0.004,5345,1, or (neglecting the three laſt figures of 0.060,090,7,) 
0.0900 }2 


0.0600 X Y + vv + &C =: 0.004, 53 3,1. Therefore (adding „ or 
0.0300 , or 0.009, to both fides,) we ſhall have vv + 0.0600 X v + . as 
+ &c = 0.004,535,1 + 0.0009 = 0.005,435,1 ;z and (extracting the ſquare- 
roots of both ſides,) we [hall have v + 0.0300 + &c (= V/0,005,435,1) = 
0.9737, and (ſubtractmg 0.0300 + &c trom both fides,) v (= 0.0737 — 
0*0300 — &c) = 0.0437 — &c; that is, v will be nearly equal to, but 
ſomewhat leſs than, 0.0437. Therefore 7, or 1 + v, will be nearly equal to, 
but lomewhat leſs than, 1 + 0.0437, or 1. 0437. Therctore M, or the lower 
limit of the magnitude of the greater root of the trinomial equation o. 500,000,0 
* 1? r — 7 = o. 5, oo, o, will be nearly equal to, but ſomewhat leis 


than, 1.0437. Q E. 1. | 
IN 5 
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The Subſitution of 1.0437, or the Value of M „ inſtead of r, in the trinomial 
Quantity o. 500, ooo, o X 1? + r — , in order to obtain the greateſt 
poſſible Magnitude of the ſaid trinomial Quantity. 


— OE Ca: 


Art. 87. Having thus diſcovered that the two quantities A and M, or the 
two limits of the magnitude of the greater root of the trinomial equation 
0.500,000,0 X + t — 7* = 0.500,000,0, are nearly equal to 1.1323 
and 1.0437, we will now ſubſtitute the latter quantity M, or 1.0437, initcad 
of r, in the trinomial quantity 0.500,000,0 X 7? + 7! — 77, whereby we 
ſhall obtain the greateſt poſſible magnitude which the ſaid trinomial quantity can 
ever attain; and, when we have made this ſubſtitution, we will compare the value 
of the ſaid trinomial quantity reſulting from ſuch ſubſtitution with 0.500,000,0, 
or the abſolute term ot the trinomial equation 0.502,000,0 X + . — xt 
= 0.500,000,0, in order that we may be enabled from that compariſon to form 
a probable conject ure concerning the greater value of r in the ſaid equation. 
This ſubſtitution of 1.0437 inſtead of r in the trinomial quantity 0.500,000,0 
*r +1 — 7* may be made in the following manner. 


If v is ſuppoſed to be = 1.0437, we ſhall have r* = 1.0437], and * = 
1.04371”, and ** = 1.04371”; and conſequently 0.500,000,0 x + e == 
will be = 0.500,000,0 X 1.04371 + 1.8437 — 1.0437), We muſt 
therefore find the values of 1.6437 , 1.0437 P, and 1.0437)”, 


The logarithm of 1.0437 is = 0.018,575,7. Therefore the logarithm of 
1.0437}? will be (= 10 X o. 018, 575,7) = 0.185,757,0; which is the 


logarithm of the number 1. 533, 758,6. Therefore 1.0437 will be = 
1. 533,758, 6. 


And the logarithm of 1.0437)" will be (= 31 X 0.018,575,7) = 0.575, 
845,7; which is the logarichm of the number 3.765,708,7. Therefore 


32 


1.0437)” will be = 3.765, 708, 7; and conſequently 1.0437 * will be ( 
1.043) X 1.0437 = 3.765,708,7 X 1.0437) 3.930, 270, 1. 
Therefore the trinomial quantity 0.500,000,0 X 1.0437] + 1.0437 * 


— 1.0437] will be (= 0.500,000,0 Xx 1.533,7538,6 + 3.765,708,9 — 
3.930, 270, 1 = 0.766,879,3 + 3-765,708,7 — 3.930, 270, 1 = 4.532,588,0 
— 3-930,270,1) = 0.602,317,9. Therefore 0.602,317,9 is the value of the 
trinomial quantity 0.500,000,0 x r + 17 - whenr is = M, or 1.0437, 
and conſequently is the greateſt poſſible magnitude of the ſaid trinomial quantity. 


Q. E. I. 
3 N 2 The 
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The Inveſtigation of a firſt near Value of the greater Root of the Equation 
0.500,000,0 X 7? + 3! — 75 = 0.500,000,0, by means of A and M, 
or 1.1323 and 1.0437, the two Limits of the Magnitude of the ſaid preater 
Root. 


Art. 88. Now, while r increaſes from 1.0437, or M, to 1.1323, or A, (which 
is it's greateſt poſſible magnitude while #** continues to be leſs than the binomial 
quantity o. so, ooo, Xx #* + .,) the trinomial quantity 0.500,000,0 Xx r'? 
+ n — * will decreaſe from o. 602, 3 17,9 to o, ſo that the increment of r 
that is contemporary with the ſaid decrement, 0.602,317,9, of the ſaid trinomial 
quantity, will be (= 1.1323 — 1.0437) = 0.0886. 


Further, while the trinomial quantity 0.500,000,0 X + 17 — 17 de. 
creaſes from 0.602,317,9 to 0.500,000,0, (or the abſolute term of the equation 
o. oo, ooo, x Q ., — 7* = ©.500,000,0,) r will increaſe from M, or 
1.0437, or the value correſponding to 0.602,317,9 (the greateſt poſſible value 
of the trinomial quantity 0.500,000,0 x + et — 7®,) to the value of the 
greater root of the trinomial equation 0.500,000,0 x r + 177 — * 2 
o. 00, oo, o. Therefore, if we ö the increment of r from M, or 1.0437, 
to the ſaid greater root of the ſaid trinomial equation, to bear the ſame, or 
nearly the ſame, proportion to it's whole increment from M, or 1.0437, to 
1.1323, or to the increment 0.0886, as the decrement of the trinomial quantity 
0.500,000,0 Xx 7? + 7 — 7* from 0.602,317,9 to the abſolute term 
0.500,000,0, to wit, the decrement (0.602,317,9 — 0.500,000,0, or) 0.102, 
317,9, (which is contemporary with the increment of r from M, or 1.0437, 
to the value of the greater root of the trinomial equation 0.500,000,0 X r* 
+ * — 5* = 0.500,000,0,) bears to the whole decrement, 0.602,317,9, of 
the ſaid trinomial quantity from 0,602,317,9 to o, we (hall have r — 1.0437, 
0.0586 N 9. 102, 317, , _ 0.009,065,365,94 

0.502, 317,9 (= 0.002,317,9 

r, nearly, = 0.0150 + 1.0437 = 1.0587 ; that is, 1.0587 will be, probably, 
not very diſtant from the value of the greater root of the trinomial equation 
0.500,000,0 X þ+ ern — 7 = 0.500,000,0. And thus, by having com- 
puted the values of A and M, or the higher and lower limits of the magnicude 
of the ſaid greater root of the ſaid equation 0.500,000,0 x 1? + 77 — 7 
= 0.500,000,0, and found the ſaid limits to be equal to 1.1323 and 1.0437, 
we have been enabled to form a probable conjecture concerning the value ot 
the ſaid greater root, and to conclude that it is nearly equal to 1.0587, inde- 
e of the leſſer root, or without making uſe of our previous knowledge 
e laid leſler root is = 1. | 


) = ©.0150, and conſequently 


nearly, = 


_ that 


And 
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And this number 1.0537, thus found for the firſt near value of the greater 
root of the ſaid trinomial equation o. 500, ooo, Xr + r — 5. = 
0.400,000,9, Is tolerably near to the true value of the faid greater roo”, for a 
firſt, or conjectural, value of it. For the true value of the ſaid greater rost 
has been found above, in page 356 of the preſent Volume, to be = 1.063, 
235.9 ; which exceeds 1.058,7 by the {mall quantity 0.004, 535,9, which is lets 
than the 234th part of the ſaid true value 1.003, 238,9. This is a very conli- 
derable degree of exactneſs for a firſt near value of r, and ſuch as will make 
the ſaid firſt near value 1.0587 be an excellent baſis, or ground-work, for a 
further approach to the true value of r, or the ſaid greater root, either by the 
Differential method, or Mr. Raphſon's method, or any other method, of ap- 
proximation. 


— — — 


The Inveſtigation of another near Value of r, or the greater Root of the trinomial 
Equation o. 500, ooo, o X r + 1** = r = 0.500,000,0, by means of M, 
or 1.0437, it's lower Limit, and of the leſſer Root of the ſaid Equation, which 


is known to be = 1. 


— — 


Art. 89. But, if we make uſe of our previous knowledge of the magnitude 
of the leſſer rout of the trinomial equation 0.5c0,000,0 Xr + r' = rf = 
o. 500, ooo, o in order to obtain a probable firſt near value of the greater root of 
the ſaid equation, by putting 4 for the exceſs of M, or 1.0437, above the faid 
leſſer root, (which we know to be = 1,) and ſuppoſing the greater root to be 


nearly equal to M + 2. we ſhall thereby obtain another near value of the 


ſaid greater root, which will be ſtill nearer to it's true value than 1.0587. For, 
ſince Mis = 1.0437, and the lefler root of the equation is = 1, we lhall have 


d (= 1.0437 —1) = 0.0437, and —(= — = 0.0218, and conſe- 


quently M + — (= 1.0437 + 0.218) = 1.0665; which is greater than 


1.063,235,9, or the true value of the ſaid greater root, by only the ſmall 
quantity o. 002, 264,1, which is leſs than the 469th part of 1.063,235,9, or the 
true value of the ſaid greater root, This difference from the true value of the 
ſaid greater root is but half the former difference, 0.004,535,9, of the number 
1.058, from the ſaid true value. So that this number 1.0665, (obtained by 


means of the expreſſion M + - , and derived from our previous knowledge 


of the magnitude of the leſſer root of the equation 0.500,000,0 x 7 + 1* 
— = 0.500,000,0,) is a better firſt near value of the greater root of the ſaid 
equation 
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equation than the former number 1.0587, which was obtained from the two 
quantities A and M, or 1.1323 and 1.0437, which were the limits of the 
magnitude of the ſaid greater root. But both theſe numbers 1.0587 and 1.0655 
are near enough to the true value of the ſaid greater root to be fit to be taken 

for the firſt near values of it, or employed as the baſis, or ground-work, of a 
further approach to the ſaid true value either by the Differential method, or 
Mr. Raphſon's method, or ſome other method, of approximation, 


The Inveſtigation of a ſecond near Value of r, or the greater Root of the trinomial 
Equation o. go, oo, o Xr + 1*' — 7* = 0.500,000,0, by means of the 
Differential Method of Approximation. 


Art. go. We will now make uſe of both theſe numbers 1.0587 and 1,066; 
as the means of a further approach to the true value of the greater root of the 
equation 0.500,000,0 X + . — 77? = 0,500,000,0, by a procels of the 
Differential method of approximation; and for that purpoſe we will ſubſtitute, 
iſt, 1.0587, and afterwards, 1.0665, inſtead of 7 in the trinomial quantity 
0.500,000,0 X 7? + rf! — r®*, and compare the values of the ſaid trinomial 
quantity reſulting from thoſe ſubſtitutions with 0.500,000,0, or the abſolute 
term of the trinomial equation 0,500,000,0 X r? + . - 7, in the manner 
preſcribed by the ſaid Differential method, | 


Now, if we ſuppoſe 7 to be = 1.0587, we mall have r* = 1.0587], and 
1 = 1.05871%", and * = 1.0587], and 0.500,000,0 x r* + „ — 
= 0.500,000,0 X 1.0587)? + 1.0587)” — 1.0587)”, We muſt therefore 
find the values of 1.0587, 1,0587)*", and 1.0587)”; which may be done as 
follows, | 

The logarithm of 1.0587 is = 0.024,772,9. Therefore the logarithm of 
1.05871”? will be = 10 X 0.024,772,9 = 0.247,729,0; which is the logarithm 


of the number 1.769,004,8. Therefore 1.0587\”* will be = 1.769,004,8. 
Therefore 0.500,000,0 X 1.0587)'* will be ( = 0.500,000,0 x 1.769,004,8 


= _ X 1.769,004,8) = 0.884, 502, 4. | 

And the logarithm of 10587\** will be ( = 31 x o. 024, 72,9) = 
0. 767,9 59,9, which is the logarithm of the number 5.800, 840, Therefore 
1.0587” will be = 5.860, 840, 5. Therefore 1.0587 * will be (= 1.0587. 
X 1.0589 = 5.860, 840, 5 X 1.0587) = 6.204, 871, &. 


Therefore 
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Therefore the trinomial quantity o. zo, ooo, X 1.0557)** + 1.038)" 
— ey will be (= o. 884, 302, 4 + 5.800, 849,5 — 6. 204, 871,8 = 6.745, 
342,9 — 6.204, 871.8) = o. 540,471, Which is greater than 0.590,009,0, 
or the abſolute term of the trinomial equation 0.500,002,0 Kt + 17 — 1. 
= o. oo, oo, o. Therefore 1.0587 muit be leis than the greater root of that 


equation, 


We muſt next proceed to ſubſtitute 1.0565 inſtead of in the trinomial 
quantity 0.500,000,0 Xr + .* — 77, 


Now, if we ſuppoſe r to be = 1.0653, we ſhall have “ = 1.0665\?, and 
* = 10065)", and nf = 1.06605) ; and conſequently the trinomial quan- 
ity 0.500,0C0,0 X r +7” 5? will be = 0.500,000,0 X 1.0605)" < 
1.000% — 1.0565 . We muſt therefore find the values of 1.0001 
1.0665)", and 4.0965) *; which may be done as follows, 


The logarithm of 1.0665 is = o. 027,960, 9. Therefore the logarithm of 
1.0565,” will be (= 10 x 0.027,960,9) = 0.279,609,0; which is the 
logarithm of 1.903,746,0. Therefore 1.0065)'* will be = 1.903,746,0, and 
conſequently 0.500,000,0 X 1.0665! * will be (= 0.500,000,0 x 1.903, 746, o 


= — X 1.903 746,0) = 0.951, 873.0. 


And the logarithm of 1.006505 will de (= 31 0.027, 960,9) = 
0.866,87 9; which is the logarithm of the number 7.358, 476, 2. Therefore 
1.500% will be = 7.358, 476,2. Therefore 1.00 50“ will be (= 1.0665)? 
* 1.0665 7.358, 476, 2 X 1.0665) = 7.847, 8 14, 8. 


Therefore the trinomial quantity 0.500,002,0 X 1.56 + 1.000505 


— 7 5665 * will be (= o. 951, 873,0 + 7.358, 476,2 — 7.847, 8 14,8 = 
8.310, 349,2 — 7.847,8 14, 8) = o. 462, 534, 4; which 1s leſs than o. 3;00, ooo, o, 
or the abſolute term of the trinomial equation o. 30, oo, X 7 + 177 — pF? 
= © 500,000,0, Therefore 1.0665 mult be greater than the greater root of that 
equation. 


We have now three different values of the trinomial quantity 0.500,000,0 
X 1 + 7". — *, that are contiguous, or neatly equal, to each other, to 
wit, the three quantities o. 340, 471,1, 0.500,000,0, and 0.462,534,4, of which 
the firſt, or greateſt, ariſes from the fubſticution of the quantity 1.0587 inſtead 
of 7 in the ſaid trinomial quantity, and the ſecond, or middle, value is the 
abſolute term of the trinomial equation o g o,, o,o X 7 +  — 7 — 
o. 00, oo, o, and the third, or leaſt, ariſes from the ſubltitution of the quantity 
1.0005 inſtead of r in the ſaid trinomial quantity, We may therefore now 
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make the following proportion, in order to diſcover a ſecond near value of u, 
or the greater root of the ſaid equation 0.500,000,0 Xx r + r —  — 
O. oo, ooo, o that ſhall be nearer to the true value of the ſaid greater root than 
eicher of the two numbers 1.0587 and 1.0665, which have been already found 
for it; to wit, As 0.540,471,1 — 0.462,5 34, 4, or the difference of the firſt 
and third of the firſt ſet of quantities, is to 0.540,471,1 — o. soo, ooo, o, or 
the difference of the firſt and ſecond of the firſt ſet of quantities, fo, very 
nearly, will 1.0665 — 1.0587, or the difference of the firſt and third of the 
ſecond ler of quantities, be to r — 1.0587, or the difference of the firſt and 
ſecond of the ſecond ſet of quantities; that is, as 0.077,936,7 is to 0.040,471,1, 
ſo, very nearly, will 0.0078 be tor — 1.0587, Therefore r — 1.0587 will 


0.040, 47 1, 1 Xx 0.0078 __ 0.000,315,674,63 __ | 
be, nearly, = 3 „ = 0.004050, 3. There. 


fore 1 will be, nearly, ( = 0.004,050,3 + 1.0587) = 1.062,750,3; or 
1.062,750,3 will be a ſecond near value of the greater root of the trinomial 
equation 0.500,000,0 X 7? + r** - — 0.500,000,0, that will be nearer 
to it's true value than either 1.0587, or 1.060 f. . E. 1. 


This number 1.062, 7 50,3, thus found for a ſecond near value of 7, or the 
greater root of the ſaid trinomial equation o. 500, ooo, o Xx 7? + rf — rF 
= 0.500,000,0, is leſs than it's true value 1.063,235,9, by the difference 
o. ooo, 4 5, 6, which is leſs than the 218gth part of 1.063,235,9 This degree 
of exactneſs is much greater than that of either of the two former numbers 


1.0587 and 1.0665, 


The Inveſtigation of a third near Value of r, or the greater Root of the trinomial 
Equation 0.500,000,0 X r'* + 7" — 7** = 0,500,000,0, by @ Proceſs of 
Mr. Raphſon's Method of Approximation. 


Art. 91. If this number 1.062, 7 50,3, thus obtained for a ſecond near value 
of r, or the greater root of the trinomial equation 0.500,000,0 X + 7 
— #2 — 0.500,000,0, is not thought to be ſufficiently exact, we may proceed 
to find a third near value of it by Mr. Raphſon's method of approximation, 
which will be as exact as any one need deſire. This may be done in the fol- 
lowing manner. | | 


Let the ſaid ſecond near value of 7, juſt now obtained, to wit, 1.052,7 50,3, 
be ſubſtituted, inſtead of r, in the trinomial quantity 0.500,000,0 X 7r** + 7* 
— *, in order to diſcover whether the reſult of ſuch ſubſtitution will be greater, 
or leſs, than 0.500,000,0, or the abſolute term of the trinomial equation 
0.500,000,0 X r + r = o. p oo, ooo, o, and conſequently whether 1,062, 
750, 3 will be leſs, or greater, than the greater root of the ſaid equation. 5 

ow, 


. 
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Now, if 7 1s = 1 062,750, 3, we ſhall have = 1.062,750,31*, and * 
= 1.062, 50, 3, and r* = 1.062,750,3\**; and conſequently the trinomial 


quantity 0.500,000,0 X 7? + 73* — 7 will be = 0.500,000,0 Xx 1.062, 50, 30 
+ 1.062, 50, 3 — 1.062, 7 50, 3. We mult therefore find the values of 
1.062, 750, 35, and 1.062,750,3)*, and 1.002, 7 50, 3%; which may be done 
as follows. 

The logarithm of 1.062,30, 3 is = 0.026,431,2, Therefore the logarithm 
of 1.062, 7 50, 3 will be (= 10 X 0.026,431,2) = 0.264,312,0; which is 
the logarithm of the number 1.837,353,2. Therefore 1.002, 7 50, 3% will be 
= 1.837,858,2. Therefore o. 5300, ooo, o X 1.062, 50,3)" will be (= 


0.500,000,0 X 1.837, 858,2 = — * 1.837,858,2) = o. 918,929, 1. 


And the logarithm of 1 .002,750,3 u will be (= 31 x o. oa, = 
0.819,367,2; which is the logarithm of the number 6. 597,315, 1. Therefore 
1.062, 50, 30 will be = 6.597, 315,1. Therefore 1.062, 7 50,3\* will be (= 


1.062, 50, 3 X 1.062,50, 3 = 6.597, 315, 1 X 1.062, 50, 3) = 7.011, 
298,6. 
Therefore the trinomial quantity o. 500, ooo, o X 1.002, 50,3% + 


I 1.062,7 50,3) — 1 052, 50575 will be = 0.918,929, t + 6.597,315,1 — 
7.011,298,6 = 7.516,244,2 — 7.011,298,6 = 0.504,945,6; which is a 
little greater than o. 500,000,0, Gr the abſolute term of the equation 0.500,000,0 
X r Tu -* = 0.500,000,0. Therefore 1.062,750,3 mult be ſome- 
what leſs than the greater root of that equation, 


Now let ev be put for the exceſs of r, or the greater root of the ſaid equation 
above 1.062,7 30, 3, or let r be = 1.062,750,3 + w. And let the binomial 
quantity 1,062,750,3 + w be ſubſtituted inſtead of r in the equation 
O. 00, ooo, o X po + r -* = o. soo, ooo, o. 


Then, ſince r is = 1.062, 750, + w, we ſhall have * = 
1.002, 730,3 + w) (=, by the binomial theorem, to 1.02, 750, 31 + 10 


br” | 1.837.869, 
* 9 X ww < Ke = = 1.837,858,2 + 10 X CEE X w + & 


1.837,858,2 + 10 X 1. 729,341,5 K w + &) = 1.837,858,2 + 
1 0 5,0 X w + &c, and conſequently 0.500,000,9 X (= — * 
. 1.837, 858,2 + — X 17.293,41 5, X w + &c) = o. 918, 929,1 


+ 8, 8 * w + Ke. 
Vor. V. 30 And 


- 
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And z will be = 1.062,; 50,3 + w\* (=, by the binomial theorem, to 


Sn” * w + &C = 6.597,315,1 + 31 X 


1.002, 750, 3 
6.500,31, : 
7867585 K w + & = 6.597,315,1 ＋ 31 x 6.20%, 75,3 Xx w + &c) 
= 6.597,315,1 + 192.441, 34,3 * w + &c; and * will be = 


1.062,750,3 + h (= 1.062,750,3\” + 32 x 1.062,750,3\'* X w + &c) 


= 7-011,298,6 + 32 x 6.597,315,1 X w + &c = 7.011,298,6 - + 
211.114,083,2 & w + &c. 


Therefore the trinomial quantity 0.500,000,0 Xx + 77 n ill be 
= the compound quantity 


1.562,75 + 31 K 


©.913,5629,1 + 8.646,707.5 X w + &c 


+ 6.597,315,1 + 192.441,034,3 X W + &c 
— 7.011,298,6 — 211.114,083,2 & w — &c 


Th. { 7-516,244,2 + 201.087,741,8 * 0 ＋ &c 
| Qt —- 7.011,298,6 — 211.114,083,2 & W — &c | 


= 0.504,945,6 — 10.026,341,4 X w — &c. 
But the trinomial 0.500,000,0 X r + 1” - is = o. go, ooo, o. 


Therefore the compound quantity o. 504, 945,6 — 10.026,341,4 * 60 & c 
will alſo be = o. go, ooo, o. 


Therefore (adding 10.026, 341,4 Xx w to both fides,) we ſhall have 
. 504, 945,6 — &c = o. oo, ooo, o + 10.026, 341, 4 Xx w, and (ſubtracting 


9. 500, co, o from both ſides,) 10. 026, 341, 4 X 9 = o. co4, 945,6 — &c, 


F 5 * th . 
and conſ. EEE +  - LASSO = 0.000 2 — &c; that is, 
onlequently wv * &c 493, n 


w will be nearly equal to, but ſomewhat leſs than, o. 000, 493, 2. Therefore , 
or 1.062, 750, 3 + w, will be nearly equal to, but ſomewhat leſs than, 
1.062,50, 3 + o. oo, 493, 2, or 1.063, 243, 5; that is, the third near value 0¹ 
the greater root of the trinomial equation o. 500, ooo, o x 7 + t, — if = 
o. So, ooo, o, that is obtained by this proceſs of Mr. Raphſon's method of 


approximation, will be 1.063,243, 5. * 1 1. 


This number 1.063, 243, 5 is greater than the true value of r, or the greater 
root of the equation o. 500, ooo, X ˙ + #7 — r* = o. 5, ooo, o, (which 
is 1.063,235,9,) by the very ſmall quantity 0.000,007,6, which is leſs than the 
139, 89th part of 1.063,235,9, or the true value of the ſaid greater _ 
This equation may therefore now be conſidered as reſolved to a great degree of 


exactneſs. | 
Art, 91. 


* 
— — — — 
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Art. 92. I have now gone through the examination of all the three equations 
(relating to the inveſtigation of r, or the rate of Intereſt of Money, allowed in 
bargains that have been made concerning annuities granted for given terms of 
vears,) for the reſolution of which Dr. Halley has given us certain Algebraick 
expreſſions derived from Mr, De Moivre's Theorem for raiſing the powers of a 
multinomial quantity, upon a ſuppoſition that the ſaid Theorem is true in the 
caſe of fractional powers, and of powers that are both fraftional and negative, 
or of the reciprocals of fractional powers, as well as in the caſe of integral and 
affirmative powers, in which alone it has hitherto been demonſtrated : and 1 
have ſhewn how all theſe equations may be reſolved, to the fame, or indeed to 
any, degree of exadtneſs, by other methods, grounded on more clear and 
certain principles, and obtained by Algebraick operations of much leſs intricacy 
and complication than thoſe which were employed in the inveſtigation of Dr. 
Halley's expreſſions. But the full explanation of theſe methods of reſolution 
has unavoidably extended the ſubject through a greater number of pages than I 
could have wiſhed, And therefore I will now endeavour to recapitulate the 
reſults of the reaſonings uſed in the foregoing articles, and to compreſs them 
into as narrow a compaſs as poflible, and will deduce from them ſuch practical 
directions as ſhall be neceſſary to enable the reader to apply the ſaid reſults with 
eale and expedition to the reſolution of the three equations to which they 
relate, | | 


——— ͤ H—̃ —ñ — ͤſ¼———̃ — 


Of the Reſolution of the Equation _ 1 —_ — 1 by the three Methods 
fet forth above in Art. 5, 6, 7, 8, 9, Wc » = 32. 


Art. 93. In this equation the leſſer value of r is = 1, as is ſhewn above in 
art, 5, page 362. And the greater value of 7 is that which is neceſſary to be 
found in order to the ſolution of the Problem ſtated in art. 3 and 4, from which 
the ſaid equation was deduced. This greater value of r may be found by three 
different methods, which have been explained in the foregoing articles. 


Of the Reſclution of the ſaid Equation by the firſt of the ſaid three Methods. 


To find it by the firſt of thoſe methods, we may proceed as follows, 


Art. 94. Compute the value of _— the co-efticicnt of r, and call it P; 
and compute the value of the abſolute term — — 1, and call it Q. 


30 2 Then 
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Wo . . N # | . 
Then will the equation — Xr — 1 = — — 1 be converted into the 


equation PN — r=Q. 
1 


Compute the value of P, or PY, and call it N; and compute the 
1 


value of , or — , and call it M. 


Then will the greater root of the equation PX r — r= Q. be leſs than 
N, but greater than M; or N will be the greater limit, and M will be the 
leffer limit, of the magnitude of the ſaid greater root, 


Let d be =M— 1. 
Then will M + @ be greater than the greater root of the equation P x 7 


— = and conſequently the faid greater root will be of an intermediate 
magnitude between M + d and M. 


Let & he taken = M A d, and be employed as a firſt near value of r, or 
the greater root of the equation P x Y — r= Q and, for that purpoſe, let 
it be ſubſtituted inſtead of v in the binomial quantity P x — A; and let 
the quantity P x — 25 (or the value of che binomial quantity P X — rf 
reſulting from ſuch ſubſtitution,) be called B. 

Then, fince b, (or M + 4,) is greater than , (or the greater root of the 


equation P X — 5 = Q:) the quantity B will be leſs than the abſolute 
term Q» and conſequently may be ſubtracted from it. 


From & ſubtract = , and call the remainder c; and let c be ſubſtituted 
inſtead of 7 in the binomial quantity P x r ] and let the quantity PN 


— ©, (or the value of the binomial quantity P'x r — r* reſulting from ſuch 
ſubſtitution,) be called C. 


Then, ſince 5 1s greater than 6, the quantity B will be leſs than the quantity 
C, and conſequently may be ſubtracted from it. 


Now make the following proportion; to wit, As C B is to Q— B, ſo» 


very nearly, will 2 — c be to Y. Therefore 3 — r will be, nearly, = 
ABN 5 — e 


9 0. 8 bs 
—— and 5 will be, nearly, = r + == g : 


„ and r will be, 
nearly, 


B 
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nearly, = 3 — the fraction —— that is, 3 — the fraction 


C=O - - —= will be a ſecond near value of r, or the greater root of the 

t =P 
equation PX r - = Q that will be much. nearer to it's true value than it's 
firſt near value, &, or M + 4, was. 1. 


—Bxb—c 


+ Ri 


Now let g be put = 6 the fraction „and let g be ſubſti- 


tuted inſtead of r in the binomial quantity PX — r; and, if the quantity 
PXg -, (or the value of P x r —»* reſulting from ſuch ſubſtitution,) 


is greater than Q: (or the abſolute term of the equation P Xr — r= O) it 
will follow that g will be leſs than the greater root of the {aid equation; bur, if 
the ſaid reſult is leſs than Q the quantity g will be greater chan the ſaid greuter 
root. Therefore, in the firſt caſe, if we wiſh to obtain a value of the laid. 
greater root that ſhall be more exact than g, we muſt ſubſtitute g + w 1nſtead 


of r in the equation P Xr = = Q and in the ſecond caſe we muſt ſubſti- 
tute g — © inſtead of 7 in the ſaid equation; and mult reſolve the transformed 
equation ariſing from ſuch ſubſtitution as if it were a mere ſimple equation, 
agreeably to the directions of Mr. Raphſon's method of approximation: and 
the value of g + w, or g — w, obtained by the ſaid reſolution, will be a 


. . | 4 
third near value of 7, or the greater root of the equation P x r —r = Q»as 
exact as need to be deſired. 4 „ ä 


Art. 95. In this deſcription of the firſt method of reſolving the equation 


P „ —r = Q ſo as to find it's greater root, I have ſuppoled M + & to be 
taken for the firſt near value of r, or che (aid greater root, and to be made ule 
of in finding a ſecond near value of the laid greater root by the Differential 
method of approximation. And this I have done, becaule, in general, it will 


be found that in an equation of this form, P X r — ” = Q, the quantity 
M + 4 will be near enough to the true value of the ſaid greater root to make 
it fit to be ſo employed. And we found it to be fo in the caſe of the numeral 
equation 17.8614 X -* = 16.8614, which we relolved in this manner in 
art. 13, 14, and 15, pages 372, 373, &Cc, - - 376, where M d was = 
1.063, 045, o, and the true value of the ſaid greater root is = 1.06, which differs 

om 1.063,045,0, by only 0.003,045,0, or leſs than the 348th part of 1.06, 
or the ſaid true value. And, if we had not known already what the true value 
ot the ſaid greater root was, we might have concluded that the number 


1.063,04 3,0, or M + d, would be but little greater than the laid true value, 
becaule 


= 
„ eo Ad ed ond ads ac 1 : . r 
* A — — — — 
a . N - = C _ — — — 
0 = * 
e 22 — * * — — 
— > — — — —. 8 — L = — —— 


— 


— —— 222 


— — 


— — ” 
* —— — 
— — 

= * 
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becanſe the value of the binomial quantity P x -in, or 17.8614 X r 
— , ariſing from the ſubſtitution of 1.063,045,0 in it's terms inſtead of x, 
to wit, the quantity 16.8 40, 160,66 (which is obtained in art. 14, page 374,) is 
but little leſs than 16.8614, or the abſolute term of the equation 17.8614 Xx r 
— 15 = 16.8614, their difference being = 0.921,2 39,4, which is only the 


290th part of the abſolute term 16.8614. But it ſometimes happens that the 
quantity M + 4 (which is always greater than the greater root of the equation 


PX —r = Q.) exceeds it in too great a degree to be fit to be taken for a 
firſt near value of it, or to be employed in diſcovering a tecond and more exact 
value of it by means of the Differential method of approximation ; of which 
we have had an example in the numeral equation :967.648,136,7 X r — #? 
== 966.648, 136,7, which has been reſolved above in art. 17, 18, 19, 20, 
and 21, pages 378, 379, & 384. For in that equation the true 
value of 7, or it's greater root, is 1.06, and the value of M is = 1.038,797,1, 
and the value of M — 1, or 4, is = 0.038,797,1, and the value of M + 4 
is (= 1.038,797,1 + 0.038,797,1) = 1.077,594,2, which exceeds 1.05, or 
the true value of the greater root of the equation, by 0,017,594,2; which 
excels is the both part of the ſaid true value, inſtead of being (as in the former 
equation 17.856147 — r = 16.8614,) only the 348th part of the ſaid true 
value. And * that this number 1.077,594,2 would be too great to be a 
conventent firſt near value of r, or the greater root of the equation 967.648, 
136, K 1 = 966.648,136,7,” might be diſcovered, without a previous 
knowledge that the true value of the ſaid greater root was 1.06, by ſubſtituting 
1.077,594,2 inſtead of r in the binomial quantity 967.648, 136, Xx r — , 
and obſzrving that the value of the ſaid quantity reſulting from ſuch ſubſti- 
turion, to wit, 855.7 22,0 19, (which is obtained in page 379,) is very conſi- 
derably leſs than 966.648, 136,7, the abſolute term of the ſaid equation. In 
theſe caſes, therefore, it will be expedient to chooſe ſome number leſs than 
M + & tor our firſt near value of r, and to call it &, and ſubſtitute it inſtead 


of 7 in the binomial quantity P Xx 7 — 4, in order to diſcover whether the 


quantity P  — , (or the value of P x r — r* reſulting from ſuch ſub- 
ſtitution,) will be greater, or leſs, than Q» or the abſolute term of the equation 


t ä 
PxXr —r = Q» and conſequently whether 5 will be leſs, or greater, than 
the true value of r, or the greater root of that equation, and alſo whether the 


difference of the ſaid quantity P x — from Q will be ſmall or great. 
And in ſome caſes it will be found convenient to chooſe M + = „ inſtead of 
M + 4, for the ſaid firſt near value of 7; as was done above in page 380, 
where we choſe (1.038,797,1 + D, or 1.038,79, + o. 0 19,398, 5, 


2 


cr) 1.058, 195,6 for our firſt near value of 1; and afterwards proceeded, (in 
© art. IQ, 
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art. 19, pages 380, 381, 382,) to derive from it a ſecond near value of r by 
the Differential method of approximation, which ſecond near value of r was 
1.059,7332 3 and then made uſe of the ſaid ſecond value, 1.059,733,2, to 
obtain a thiid near value of 7 by a proceſs of Mr. Raphſon's method of ap- 
proximation, which was 1.059,997,3, which is exceedingly near to it's true: 
value 1.06, But it may ſometimes happen that ſome other number, leis than 


M + 4, but greater than M + —, (fuch as M + =,) will be nearer than 


M + - to the true value of the greater root of the equation Pr — r* 
= Qi and conſequently fitter to be taken for it's firſt near value and employed 
in obtaining a fecond near value of it by means of the Differential method. 
And therefore in the choice of the ſaid firſt near value of r, from a knowledge 
of it's limits M + 4 and M, the calculator mult exerciſe his own judgement. 
and ſagacity, as no general rule can be laid down that will anſwer equally well 
in all caſes, But it will always be very eaſy (by means of the ſaid: limits and 


the compariſon of the value of the binomial quantity P x r — #* reſulting 
from the ſubſtitution of M: + & in it's terms, inſtead of. r, with Q or the 


abſolute term of the equation P x y — = Q:) to find a number, leſs than 
M I 4, that will be ſufficiently near to the true value of r, or the greater root. 
of the ſaid equation, to be cholen for it's firſt near value and employed wich. 
ſucceſs to diſcover a ſecond. and more exact near value of it by means of the 
Differential method of approximation, 


Art. 96. And, when ſome quantity, leſs than M + d, has been pitched- 
upon as a proper quantity to be made uſe of as a firlt near value of , or 
employed in the diſcovery of a ſecond and more exact value of. by the Dif- 
ferential method of approximation, and denoted by the letter &, and it ſhall. 


have been found that the binomial quantity P x — , (or the value of the 


binomial quantity Pr — ariſing from the ſubſtitution of. 4 in it's terms 


inſtead of ,) is leſs than Qs. or the abſolute term of the equation P Xx — 7 
= Q and conſequently that 4 (though leſs than M + &4,) will yet be greater 


i t 
than r, or the greater root of the equation Pr = = Q» we muſt take 


c = b — 755 , and ſubſtitute c inſtead of 1 in the binomial quantity PX x 


— , and denote P x — , (or the value of the binomial quantity P x . 


— reſulting from ſuch ſubſtitution,) by the capital letter C, and P X þ — ##- 
by the capital letter B, as above in art. 94, and proceed, exactly as in the ſaid 
art, 94, to make the proportion therein ſet forth, of the four quantities C — B, 
Q=—B,b—c, and 5 — ; by which we ſhall obtain 4 — the fraction 
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Q = - 15 == for a ſecond near value of , or the greater root of the equation 


P x r — rf = O, that will be much nearer to it's true value than the former 
near value, , was, Q- . 1. 


But, if che quantity 5, which we have choſen for our firſt near value of 7, or 


the greater root of the equation PX — * Q is not only leſs than M + g, 
but likewiſe than the true value of 7, or the ſaid greater root, (as it muſt be if 


B, or the binomial quantity P Xx þ — p, is greater than the abſolute term Q. 


it will then be proper to make c = 6 + — inſtead of making it = þ 


— = and to denote the quantity P X © — (as before, ) by the capital letter 
C, and to make the following proportion, to wit, As B — C is to B — Q o, very 
nearly, will c — 3 be to 7 — ; whence it will follow that 7 - will be 


B-Q xXc—b 


= F and conſequently that 1 will be = 4 + the fraction 
_— LL — 2 or that þ + the fraction = EE =2 will be a ſecond near 


value of r, or the greater root of the equation P x r — ry = Q that will be 
much nearer to the true value of the ſaid greater root than it's former near value 
4 was, Q. E. I. 


Of this method of obtaining a ſecond near value of 7, or the greater root of 


the equation P X — ” Q we have had an example above in art. 19, 
pages 380, 381, and 382, where, in reſolving the equation 967.648,136,7 X r 


— 77? = 566.648, 136,7, we took M + =, or 1.058,195,6, for our firſt 


near value of 7, or the greater root of the ſaid equation, and derived from it, 
by the Differential method of approximation, the number 1.059,733,2 for a 
ſecond, and much more exact, value of the ſaid greater root. 


When we have obtained in this manner a ſecond near value of the greater 


root of the equation P X — 7 = Q» we may, if till greater exactneſs is 
required, find a third and more exact value of it by a proceſs of Mr. Raphſon's 
method of approximation. | 


This is the ſubſtance of what has been above delivered, concerning this firſt 
and, in my opinion, beſt method of refolving the equation — * 272 


_ — 1, or P Xx r — r = Q by approximation. 


p | Of 
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Of the Reſolution of the ſaid Equation — Xr amr = — — 1, er Pr - =Q 
by the ſecond of the three foregoing Methods, which is given above in Art. 23. 
24, and 25, Pages 386, 387, 388, c,. 392. 


Art. 97. Let 5 be a firſt near value of r, or the greater root of the equation 


Pxr —r = Qꝛ that is either equal to M -+ 4, or, though leſs than M + d, 
is yet greater than the true value of the ſaid greater root ; which will appear by 


ſubſtituting it inſtead of r in the binomial quantity P X , and obſerving 


that P 5 — 4, (or the value of the faid binomial quantity reſulting from 
ſuch ſubſtitution,) is leſs than Q» or. the abſolute term of the equation P x r 
— # = Q. Such a firſt near value of r, or the ſaid greater root, muſt be found 


by means of it's limits M + d and M, in the ſame manner as in the foregoing 
reſolution of the ſaid equation by the firſt method. 


Then, ſince 5 is greater than r, or the greater root of the ſaid equation, 
let w be = the exceſs of & above r, or the ſaid greater root. And we ſhall 


have r =b = @ = 3 * 1— 3. 


Let x be = * 


And we ſhall have 1 ( X 1 = XK 1 *) S — bs, and 
Pxr (PN = PXb —Pb x *. 


And we ſhall likewiſe have (=. = = F 30 1 x\ = x the 


ſeries 1 — tx + 1 x N &c) = the ſeries N +87 


41 
X — x# - &c, 


You. V, 


Therefore 
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Therefore Pr — 7 will be (= P? — Pix — the ſeries “ — 1 xÞ xx 


* xX#/ & = P — Pi —# K UN * 9 8 * 
= +8&) = P- P N +t# xx —t K x 


1 ** + &c, 

But Pr —# is = Q. 

Therefore PG — # — PB xx T X * —t X — K Xx * + & 
will alſo be = Q. 

Therefore (ſubtrafting PG — from both ſides,) we ſhall have 7% x * 
DN = U, c = Q Po, and 27 x x 


— 2P⁰ N - Xx INXX + & = 2Q + 26 — 205, or 


_— 


| 2 — 2Pb\x * — i b xXx + & = 20. + 1 2P, and 


20 + 25 — 2Pb 


= 
__ Xx — x* + &c = 


JK 7 
1 p 255 
Now let G be = 1 and H be = 20 + 2b * : 
: tt —t) x 55 t —t)xb 


And we ſhall have 2G XxX x — x* + &c = H. 

Therefore (ſubtracting both ſides from GG,) we ſhall have GG — 2Gr + * 
= GG — F, and conſequently G — x = V H, and G = NYC 
+ x, and x = G — j. 

Therefore W (which is = & x x,) will be =} X G - NU, and r. 
or 5 — w, will be = 5 - x G- Hz; that is, the greater root of 


the equation Pr - = Q will be nearly equal to 3 - x G— VEG = bh 


or the ſaid quantity þ — Xx G — GG — H will be a ſecond near value of 
the ſaid greater root. Q. E. I. 


Art. 98. But, if 3 is not only leſs than M + 4, but leſs alſo than r, or the 
greater root of the equation Pr — r = Q. (which will be the caſe when, upon 


ſubſtituting & inflead of r in the binomial quantity Pr — , it ſhall be * 
that 
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that PZ — Z, or the value of Pr — r* reſulting from ſach ſubſtitution, is 
greater than Q or the abſolute term of the ſaid equation,) we mult proceed as 
follows. 


Let w be the exceſs of r, or the ſaid greater root, above 3. And we ſhall 


then have = TO = X 1 + . 


Let # be put = —-+ And we ſhall then have 1 (= Xx 1 + = x 


1 +x) = 6 + bx, and conſequently Pr (= P X 6 + bx) = Pb + PSX x. 


And we ſhall MII greg r (= * TY =# X1+x'=# x the 
ni oi foe #: It mee N K* + &c) = the ſeries & + 18 X x + t 


— X * * ** * 


Therefore Pr — r will be (= P35 +PhXa— 3 —-is 0. 


1— 1 


X NIA — &c) P P35 = # N= N 
— &. 

But Pr — r is = Q. 

Therefore Pb 4 + P) X * X# —IX—< x# x — & 
will alſo be = Q. 

Therefore (adding i& X x + t X — X 5 ＋ &c to both ſides,) 


11 


we ſhall have PG —=# ＋ PI XN = Q+# x x +7? X — * * * 


+ &c; and (ſubtracting P X & from both ſides,) we ſhall have PS — Py 

= Q + X — Ph Xx « + t X —XU Xx + &c; and (ſubtra&- 
ing Q from both ſides,) we ſhall have PG —# —Q=# x x — Pb x 2 
+ t X _ Xx & X ＋ &c, or (ranging the terms of the equation in the 
more uſual manner, with the abſolute term, or known quantity, Pþ — b — Q 


- x X * + &c = 


on the right hand,) 7 x a — P x # TX — 


pb —# —Q. 
3P 2 Now 
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Now 707 is greater than P;, as may be ſhewn in the following manner. 


The quantity þ is always greater than M, or the lower limit of the magnitude 
I 


of the greater root of the equation Pr — r =; PB Mn = 3 


1 


Therefore 5 mult be greater than SF, Therefore . mult be greater 


t—1 
than = or oo” =, or than . * t x vill be 
greater than f x LEY or than P, and . x 2 x b, or , will be greater 
than PX 6, or Ps. . 

Therefore the equation WU „ * — PN +2 X — — X# U + & 
= PB = —Quillbe#—Pxz+!1xX N x + &c = 
PS —Z — Q. Therefore (multiplying all the terms into 2,) we ſhall have 


. ＋ XII „ X * + &c = 2Ph — 25 — 20. 


— pp 
and (dividing all the terms by * X 7 — 1 X , we ſhall have — CRE 
* Tx & 
| f 
+ x* + & = 22 ==S, of . r 2 
txi=1ixb u=l\x& . 
255 — 2) = 2Q_ 
1 Ax l 
= Ab 
Now let G be = — AN and H be = REDS * 
| u—=i1x# tt A Xx 3 


And we ſhall then have 2G x x + * + &c = H. 

Therefore (adding GG to both fides,) we ſhall have GG + 2G x x 
+ ** = H + GG, and conſequently G + x = VHT G6, and x = 
VH+ GG — G. 

Therefore W (which is = 3 X a,) will be = B x//HFGG G, and 
conſequently , or 5 + ww, will be = 2 +b x H — C, or þ 5 


1 6 . 
x 466% — G; that is, the greater root of the equation Pr — r= Q 


will be = 3 + þ X H G, or the ſaid quantity 4+3x HTS — G 
will be a ſecond near value of the ſaid greater root, Q. E. 1. * 


8 
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Of this method of reſolving an equation of this form, Pr — rf = Q. an 
example has been given above in art. 25, pages 391, 392, in the cale of the 
numeral equation 967.48, 136, X - = 966.648, 136,7; where, taking 
1.058, 193,6 for 4, or the firſt near value of r, or the greater root of the ſaid 
equation, we found that æ would be = o. 001, 703, 3, and that w, or & X x, 
would be (= 1.058,195,6 x 0.001,703,3) = 0.001,802,4, and that , or 
þ + w, would be {= 1,058,195,6 + 0.001,802,4) = 1.059 998,0 which is 
exccedingly near to 1.06, or the true value of the {aid greater root. So thut 
this ſecond method of reſolving equations of this farm ſeems to be a very 
exact one, 


Art. 99. The directions given in art. 97 for fiading a ſecond near value of x, 


or the greater root of the equation Pr — = Q when 5, or it's firſt near 


value, is either equal to M + 4, or leſs than M + 4, but yet greater than the 


. * . . F 4 . 1 
ſud greater root, or when the binomial quantity PS — & is lefs than the ab- 
ſolute term Q may be reduced to a narrower compals in the following 
manner, : 


t t 
þ — Pb 2 
Let G be = << „and H be = 2QE 2P? and let w be = 6 
tt — t) X 4 
x {G N H Then will 3 — . or b — b x {G — / G6 2 be 
a ſecond near value of r, or the ſaid greater root, that will be much nearer to 
it's true value than it's firſt value 4 was. " "of iy 


Art. 100. And the directions given in art. 98 for finding a ſecond near value 


: a 7 : 
of r, or the greater root of the ſaid equation Pr — = Q. when 3, or it's 
firſt near value, is leſs than the ſaid greater root, or when the binomial quantity 


Ph — is greater than the abſolute term Q may be reduced to a narrower 
compaſs in the following manner. 


? f 
Let G be = 8 — , at I = — = and let w be 
it —t\xb tt - & 


=D H — G, or b x HO! — G. Then will + + , or 


b +b X 6 Hf GO: — G, be a ſecond near value of r, or the faid greater 
root, that will be much nearer to it's true value than it's firſt value 4 was, 
a . Io 
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O the Reſolution of the faid Equation — Xr—r= —— — 7, or Pr — 
= Q. by the laſt of the three foregoing Methods, which is given above in 
Art. 26, 27, 28, and 29, Pages 393, 394, Sc, - - = 398, 


lt 


Art. 101. Let p be a firſt near value of r, or the greater root of the equation 
oa t - 8 
Pr — 1 = Qt. that is leſs than the true value of the ſaid greater root; ſo that 


the e quantity Pp — — 7 will be greater than the abſolute term Q. 
Such a firſt near value of 4 muſt be found by means of it's limits M + and 
M in the ſame manner as the firſt near value of it, denoted by 6, 1s to be found 
in the two foregoing methods of reſolving this equation. 


Further, let r be =p + w; and let y be = my whence we ſhall have 


20 = py, and r (=P + wo) = P T. 
Then, by the reaſonings uſed above in art. 28 and 29, pages 394, 395, 396, 


and 397, we ſhall obtain the following equation, to wit, y + # Xx —_ X 


k et 
—— * + * 22 * $1xX — XR — 
ip = Bp 3 tþ* — Po 3 
123 7 t r f — 3 1— 3 1— 4 Pp 3 
* * XW +1 Xx — X X — X X * y 
4 tf = Pp * 2 3 4 5 i = Pp 
.. 
i" — Pp 
| | }- 
Now let 9 be put for the abſolute term . = = of this equation; and 
| . —Þp 
Fg 
let þ be put for b — Xx —£—, or the numeral co- efficient of 9*3 
ip — Pp 


x t 
by, 6 | 122 

and c be put for Xx — x * 2 X 2 , or þ Xx ——, or the nu- 
2 3 i = Pp 3 

meral co-efficient of 9; and d be put for # x —— Xx * 


7 
„„ — 2, or the numeral co-efficient of y*; and e be put for 


3 * 
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\ 


e 

— — 1 2 

„n 2 „or 4 X —, or the nu 
2 3 4 5 ip = Pp 5 


meral co efficient of y%, And the foregoing equation will be converted into 
the equation y + * + © + <* + ef + &c = g. And therefore, by 
virtue of the firſt Theorem of Sir Iſaac Newton concerning the reverſion of 
infinite ſerieſes in his Letter to Mr. Oldenburgh, dated Oct. 24, 1676, we 
ſhall have y = 6 — 3 x + 2% f — BP — 5e T d xo 
＋ J — 21% + 6% + 14% —& XK qf — &c. 


Therefore theſe five terms of this ſeries, or ſo many of them as ſhall be 
judged to be neceſſary in order to obtain the value of y to a ſufficient degree 
of exact neſs, muſt be computed ; and the value of y thereby obtained mult be 
multiplied into 2, in order to obtain the value of m. And, when the value of 
has been thus found, p + w will be a ſecond near value of , or the greater 


. 7 . . 
root of the equation Pr — r = Q that will be much nearer to it's true value 
than it's former near value p was. . 1. 


An example of the reſolution of an equation of the aforeſaid form Pr , 
= Q by this third method has been given above in art. 30, pages 398, 4399, 
and 400, in the caſe of the numeral equation 967.648, 136, X 7 — #77? = 
966.648,136,7 ; where, taking 1.058,195,6 for p, or the firſt near value of x, 
or the greater root of the ſaid equation, we found that y would be = 6.007, 
699,4, and w, or p Xx , would be ( = 1.058,195,6 Xx 0.001,699,4) = 
0.001,798,2, and that r, or p + , would be (= 1.058,195,6 + 0.001,798,2) 
= 1.059,993,8 z which is very nearly equal to 1.06, or the true value of the 
{aid greater root, 


And in refolving this equation 967.648,136,7 X r - = 966.648,136,7 
we computed only the four firſt terms of the ſeries which is equal to y. If we 


had computed the fifth term 3c* — Zi + 64d + 144* —d x 75, the reſult 
would have been ſtill more exact. 


Of the Reſolution of the Equation 7 E nr = — by the Method ſet 
forth above in Art. 37, 38, 39, &c, - - - - 63, Pages 413, 414, 415, &c, 
— —— 436. | 


\ 5 


; * : . ? - a be 
Art. 102. In this equation XY —— — the leſſer value of r is 


z + a 
2 


= 7, as is ſhewn in art, 37, page 413. And the greater value of 7 is that 
| which 
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which is neceſſary to be found in order to the ſolution of the Problem Rated in 
art. 33, pages 408 and 409, from which the ſaid equation was deduced, : 


To find this greater root of the ſaid equation *Z x - = © by 
2 2 


the method ſet forth in this Appendix, we may proceed as follows. 


Compute the value of 


2 , the co- efficient of „„ and call it P; and com- 
2 
pute the value of the abſolute term —,. and call it Q. 
Then will the equation — „ 
e 


= — be converted into the equa. 


tion Pr — = Q» in which the notation is as ſimple as poſſible. 


In the next place we muſt compute the value of —— x P, and call it M. 


Then will r, or the greater root of the equation WA Q be leſs 


t ; 3 
than P, but greater than no Io P, or M; or P and M will be the two limits 


of che magnitude of the ſaid greater root. 


And hence it follows that an arithmetical mean quantity between theſe two 
t f 


8 ; +1 Fa , 

limits P and M, or P and "3% 8 ”, I X P and * * P, to wit, 
FW : Oe EL A 1's 

the quantity ——— * P, or — ==> X P, will be nearly equal to the ſaid 


greater root, or may be taken for it's firſt near value, and employed with ſucceſs 
to diſcover a ſecond and more exact value of it by the Differential method, or 
Mr. Raphſon's method, or ſome other method, of approximation. And thus 
we may ealily obtain a good firſt near value of the greater root of this equation 


? f I * . * . 
Pr —r F = Q even without a previous knowledge of the leſſer root of this 
equation, 


But, as in the preſent caſe we know that the leſſer root of the equation 


F t I bd * . * y 
Prin 7 Qis = 1, it will be expedient to make uſe of that knowledge 
to dilcover another near value of r, or the greater root of the ſaid equation, 


which will often be as near to it's true value as the quantity 1 = - x P. For 


this purpoſe ſubtraR 1 (the leſſer root of this equation,) from M, or _ x Þ, 


and call che remainder 4. And M + — will often be found to be very nearly 


equal to the greater root of the ſaid equation. 


Now 
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Now let 5 be put for p, and be ſubſtituted inſtead of 7 in the 


25 + 2 


FT 


binomial quantity Pr — ; and let PX V-, or the reſult of the 


ſaid ſubſtitution, be called B. And, in like manner, let c be put for M + — 


ATA 


and be ſubſtituted inſtead of r in the binomial quantity P/ — and let 


+1 


„ „or the reſult of the ſaid ſubſtitution, be denoted by the capital 


letter Go 


Then ſay, (according to the directions of the Differential method of approxi- 
mation,) As the difference of the two known quantities B and C 1s to the 
difference of the two known quantities Q and C, to, very nearly, will the dif- 
ference of the two Known quantities 5 and « (correſponding to B and C,) be to 
the difference of the unknown quantity r, (or the greater root of the faid equa- 


. t+1l . . 
tion P. = = Q:) and the known quantity c, which correſpond to the 


abſolute term Q and the quantity C. And by means of this proportion we 
ſhall obtain a ſecond near value of r, or the ſaid greater root, that will be much 


; 2 
nearer to it's true value than either of the two quantities - x P and 


21 + 2 


4 
M + — Was. . 1 


Having thus found a ſecond near value of , or the greater root of the 


equation Pr — * 2 Q by means of the Differential method of approxi- 


mation, call the ſaid value e, and ſubſtitute it inſtead of r in the binomial 


uanticy Pr — 3 and let P/ — * or the reſult of the ſaid ſubſtitution, 
9 y | 


be called E. Then, if E is leſs than Q; or the abſolute term of the equation 


Pit —ft = Q: the quantity e will be greater than , or the greater root of 
the ſaid equation; and, if E is greater than Q the ſaid quantity e will be leſs 
than r, or the ſaid greater root. And, if E 1s very nearly equal to Q» as, for 
example, if it differs from Q by leſs than the 100th part of Q; we may con- 
clude that e will be very nearly equal to r, or the ſaid greater root, and fo 
nearly as to make ir unneceflary to ſeek for a third and more exact value of it. 
But, it it is deemed expedient to ſeek for 2 third an more exact value of the 
ſaid greater root, we may eaſily find ſuc!: more exact value of it by putting w 
for the unknown difference between ed the true value of r, or the aid greater 
root, and ſubſtituung e + , (if e 1s leſs than r,) or e — w, (it e is greater 


= : ! t+1 bY” 
than r,) inſtead of v in the equation Pr — 1 91 Q» and reſolving the tranſ- 


formed equation reſulting from ſuch ſubſtitution, as if it were a mere ſimple 
Vor. V. 3 Q. equation, 


. 4% o - 
. —— 
* __ 2 «A _ wy — 8 - 
8 — 2 . 4 4 4 * — * _ * _ — 
q —.— — „„ OR gy —— * — — 1 * W 4 
* 


„ * — 
— * | — 2 PIE. 
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equation, according to the directions of Mr. Raphſon's method of approxima- 


tion, And the value of e + w, or e — , obtained by this means will be a 


t t+1 
third near value of r, or the greater root of the equation Pr — 7 1 Q 
that will de much more exact than e, it's ſecond value. . 


. . t #-+1 - 
Art. 103. Two numeral equations of this form, Pr — r 5 Q have been 


reſolved in the foregoing articles by the proceſſes juſt now deſcribed, with ſome 
little variation in the manner of obtaining the ſecond near value of by means 
of the Differential method of approximation in the firſt of them from that 
contained in the foregoing directions; to wit, the equations 1,099,909,0 X 7** 
— 7** = o. oo, go, o and 1.066,461,5 x 7? —r* = 0.066,461,5, in the 
firſt of which the exact value of r, or the greater root of the equation, is 
1,068,14, and in the ſecond it is 1.06. 


Art. 104. The former of theſe equations, to wit, 1.090,909,0 x * — 7 
= 0.090,909,0, is reſolved in art. 49, 30, ft, 52, and 53, pages 424, 425, 
426, &c, = - - 430, by means of the following Aeg 


1 21 + 21 + 1 
We, firſt, (in art. 49,) computed the expreſſion - —— x P, or I 
2 + a 


, and found it to be 1.066, 115, 6, and concluded that the ſaid number 


1.066, 115, 6 would be nearly equal to 7, or the greater root of the ſaid equation 
1.090,904,0 X 7* — 7* = 0,090,909,0. 


43+ 2 +a 
* P = —, 33 * Z 


We then computed M + =, or 


— 


_ —, (which has been ſhewn above, in art. 45, page 421, to be = 


M + 2 0 and found it to be 1.06 1,983, 3, and concluded that the ſaid 


number 1.06 1,983, 3 would alſo be nearly equal to 7, or the greater root of the 
ſaid equation. | 


We then ſubſtituted the number 1.066,115,6 inſtead of , in the binomial 
quantity 1.090,909,0 x r* -; and we found the value of the ſaid bino- 


mial quantity reſulting from this ſubſtitution to be == 0.095,109,5 &c, which 


1s greater than ©. 090,909,0, or the abſolute term of the equation 1.090,909,0 
* — 17 = 9.,090,090.9, And hence we concluded that the number 
1.066,115,6 would be leſs than the true value of 7, or the greater root of the 


ſaid equation. 


Having thus found that 1066, 115,6 was leſs than the ſaid greater root, we 


concluded that the other near value of 7, or the ſaid greater root, (which mw 
derive 


or DR. HALLEY ON COMPOUND INTEREST, 433 


. ; a at z + a 1 : 
derived from the expreſſion M + , or * .) to wit, the 


number 1.061,983,73, which is conſiderably leis than 1.066,11 5,5, muſt be in 
che ſame degree more remote from the true value of the ſaid greater root than 
the number 1.065, 115, 6; and therefore we did not think fit to ſibſtüute the 
number 1,061,983,3, inſtead of r, in the binomial quantity 1.09, 9 g, : 
*, (as we had done the number 1.066, 115, 6,) but increaled the number 
1.066, 115,6 by the very imall quantity 0.051,377,4, (which is only the third 
part of o. coꝗ, 132, 3, or of the difference of the two numbers 1.066, 115,6 and 
1.061,83, 3, whereby we obtained the number 1.067, 493 o, for another near 
value of r, or the ſaid greater root of the equation 1.090,909,0 X 1 — #*? 

= o. oo, go, o, that would be much nearer than 1. 061,983, 3 to the true value 
of the ſaid greater root. And this new number 1.057,4 13,0 we {ub{truted, 
inſtead of r, in the binomial quantity 1.090, 909, K — r*, and tound 
the value of the faid quantity reſulting from ſuch ſubſtitution to be = 0.092, 
294,9 &c; which is a little greater than o. oo, go, o, or the abſolute term of 
the ſaid equation: whence it followed that 1.067, 493, mult be a little lets 


than the true value of r, or the ſaid greater root. 


Having thus obtained two pretty near values of 7, or the greater root of the 
equation 1.090,909,0 x — 7* = 0,090,909,0, to wit, the numbers 
1.066, 115,6 and 1.067, 493, o, and having allo found the correſpondent values 
of the binomial quantity 1.090, 909, Xx 7** — *, to wit, 0.095,109,5 and 
0.092,294,9, we proceeded to find a ſecond near value of r, or the ſaid greater 
root, that would be much nearer to it's true value than cicber 1.066, 113,6 or 
1.067, 493,0, by the Differential method of approximation, by means of the 
following proportion; As 0.095,109,5 — 0.092,294,9 is to 0.092,294,0 — 
0.099,909,0, ſo, very nearly, will 1,067,493,0 — 1.066,115,0 be tor — 
1.067, 493,0, or as 0.002,514,6 is to 0.001,385,9, ſo, very nearly, will 
0.001,377,4 be to 7 — 1.067,493,0. And hence it followed that 7 = 1.067, 


o. oo t, 385, 9 X 0.091,377,4 __ . * 


493, would be, very nearly, (= 


o. O02, 8 14, 6 0.02, 8 14,6 
o. ooo, 678, 2, and conſequently that would be, very nearly, (= o. ooo, 678, 2 
+ 1.067, 93,0) = 1.068, 171, 2. Therefore the ſecond near value of 7, or 


the greater root of the equation 1.090,909,0 Xx * — : = 0.090,909,0, 
will be 1.068,17 1,2. Q. E. I. 


We then, in art. 51, ſubſtituted this laſt number 1.068,171,2 inſtead of r 
in the binomial quantity 1.090.909,0 Xr — , and found that the value 
of the {1d quantity reſulting from ſuch ſubſtitution wonld be = 0.090. 824.9 
&c ; which is a little leis than 0.090,909,0, or the abloliite term of the equation 
1. 90. 9 X 1** — #** = 0.090,909,0: and hence we concluded that 
1.068,171,2 would be a little greater than 7, or the greater root of the ſaid 
equation. 


3Q 2 We 
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We then, in art. 52, pages 423, 429, put w for the exceſs of 1.068,171,2 
above r, or the true value of the ſaid greater root, and ſubſtituted the binomial 
quantity 1.068,191,2 — w inſtead of r in the equation 1.090,909,0 Xx 7** 
— 7** = 0.090,909,0, and reſolved the transformed equation reiuking from 


ſuch ſubſtitution as if it had been a mere ſimple cqua ion, agrecably to the 


directions of Mr. Raphſon's method of approximation, and thereby found w 
to be = ©.c00,c38,0, and conſequently r, or 1.068,171,2 — w, to be (= 
1,.068,171,2 — 0.000,038,0) = 1.068,133,2; or obtained the number 
1.068, 133.2 for a third near value of r, or the greater root of the equation 


1,090,909,0 X — 7* 0. oo, go, o. Q. E. I. 


Art. 105. The ſecond of theſe equations, to wit, the equation 1.066, 461,5 
Xx 1 —7® = o. 066, 461, 5, is reſolved in art. 54, 55, 56, &c, - - 63, 
pages 431, 432, 433, &c, - 436, by means ot the following proceſſes. 


In this equation 1.066, 46, X 7? — r* = 0.066,461,5, we have ? = 40, 


and or —, — 1.066, 461,5, and Q or — = o. 066, 461,5. And 


hence we found —.— * P, or - _ X — to be = 1.033, 435, 8, which 


we therefore conſidered as a firſt near value of 7, or the greater root of this 
equation. 


We then computed the expreſſion M + =, or — - —.— — —, 
and found it to be = 1.060, 675, 3, which we therefore conſidered as being alſo 


a firſt near value of r, or the greater root of the ſaid equation. 


Theſe two near values of r, or the greater root of the equation 1.066, 461, 5 
Xx i = o. 066, 461, 5, were obtained with great eaſe; and the latter 
of them, to wit, the number 1.060, 675, 3 (which was derived from the ex- 


; 4 31 2 + a I : : h 
Ga 17 — — true 
Preſſion M + =, or e — 3) is exceedingly near the 


value of the ſaid greater root, which we know to be 1.06, But this will not 
always be the caſe ; as we have ſeen in the foregoing equation 1.090, 909, o we” 


— 7* = 0.099,909,0, in which the number 1.061,983,3 (derived from the 


21 + 2 
1.068,14 (which was the true value of 7, or the greater root of that equa- 
tion,) than the number 1.066,115,6, which was derived from the expreſſion 


OP 2 2t T1 5 2 +a | * ; i 
N P, or 2, 3 And I am inclined to think chat in many 


equations of this form 


expreſhon M + — , or A * — — —)) was much more diſtant from 


2 7 t+1 7 t+rl 


i former 
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27 U 2 2 
. „ oer 
21 + 2 S 


former near value of v, that is derived from the expreſſion 


*1 P, will be nearer the truth than the latter near value of it, which is 


2 + 2 
A at 2 + 2 I 35 
5 n be * — — a — — Or 
dc ived from the expreſſion M + = 2. - == * 


1 
3 


Having thus obtained the two numbers 1.0c2,455.9 and 1.060,675.3 for 
two probable near values of r, or the greater root of the equation 1,096,40t,5 
x 7 — 14% = 066.401, 5, we ſubſtituted, (in art. 60, page 432,) fitit, 
the number 1 053,455,8, and, afterwards, the number 1.060,97 5,3, Initeid 
of 7, in the binomial quantity 1.066, 461, x: — i®; and we found the 
van of the ſaid quan ity reſulting from the lirſt of theſe ſubſtitutions to he = 
0.145 420,5 &c, and the value of it retulung from the latter fubſtitution to be 
= ©0.061,050,5 &c. 


The former of theſe values, to wit, 0.105,420,5 &c, is much greater than 
0.066,461,5, or the abſolute term of the equation 1.066, 461,5 x iP — 7. 
= o. c „401, 5; and conſequently the number 1.053,455,8 (which correſponds 
to the ſaid value,) muſt be confi lerably leſs than , or the greater root of the 
ſaid equation, And the latter of theſe values, to wit, 0.061,050,5 &c, is 
ſomewhat leſs than the abſolute term 0.066.45:,5; and conlequently the 
number 1.060,675,3 (which correſponds to the {aid value,) mutt be tomewhar 
greater than r, or the greater root of the ſaid equation, Bur ir will be much 
nearer than the number 1.053,455,8 to the true value of the ſaid greater root. 
Ard therefore, if we had reſolved to make uſe of only one ot the fad two 
numbers 1.053,455,8 and 1,060,675,3 as a ground-work for a further ap- 
proach to the true value of 7, or the ſaid greater root, by a procefs of the 
Differential method of approximation, the latter number 1.860, 75, ought 
certainly to have been choſen for that purpoſe. But then it would have been 


vecefſary to diminiſh the ſaid number 1.069, 67 5,3 (which we know to be ſome- 


what greater than the truth,) by ſome ſmall quantity, (as, for inſtance, by a 
1.000, 675, 3 
200 

the remainder, (to wit, 1.055, 472, o,) inſtead of r, in the binomial quantity 
1. 066,461, K — 7“, in order to obtain the value of the {aid binomial 
quantity ariſing from ſuch ſubſtitution, which value would have been neceſſary, 
as well as the number 0,061,050,5 & (or the value of the faid binomial quantity 
reſulting from the tubſtitution of 1.060,675,3 in it's terms, infead of 7,) 
iowards the application of the Differential method of approximation. Now 
theſe ſubſtitutions are (as we have ſecr.,) rater tedious and troubleſome opera- 
tions. And therefore, to avoid the trouble of waking this new ſubſtitution, I 
thought it expedient to make uſe of the number 1.052,455,9 (though leſs exact 
than I could have wiſhed,) as well as the number 1,cC0,67 5.3, together with 

| tha 


200th part of itſelf, or by „ or 0,005,303,3,) and then to ſubſtitute 
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the two numbers 0.105,420,5 &c and 0.061,059,5, &c, (reſulting from the 
ſubſtitution of the ſaid numbers 1.053,455,8 and 1.060, 67 5,3, inſtead of 7, 
in the binomial quantity 1.056,461,5 K — ,) in the application of the 
Differential method of approximation, in art. 61, page 434. And we thereby 
obtained ( 1.060,675,3 — 0.000,880,4, or) 1.059,794,9 for a ſecond ncar 
value of r, or the greater root of the equation 1.066,461,5 x r — 7 — 
0.066,461,5. . | 


We then (in art. 62, page 434,) ſubſtituted this number 1.059, 794, 
inſtead of „, in the binomial quantity 1.066,461,5 x 71 — 7, and found 
the value of the ſaid quantity reſulting from ſuch ſubſtitution to be = 0.068, 
041,8 &c, which is ſomewhat greater than 0.065,461,5, or the abſolute term 
of the equation 1.056,461,5 X r® — 7 = 0.066,461,5 ; ani we thence con- 
_ cluded that the number 1.059,794,9 muſt be ſomewhat lels than the true value 
of 7, or the greater root of the ſaid equation, 


We then, (in art. 63,) in order to obtain a third near value of the ſaid 
greater root, that ſhould be ſtill more exact than 1.059,794,9, or the ſecond 
near value of it obtained by means of the Differential method of approxi- 
mation, put w for the unknown excels of the {aid greater root above 1.059, 
794,9, and ſubſtituted the binomial quantity 1.059, 794,9 + , inſtead of r, 
in the equation 1.066,461,5 X“ — 7 = 0.066, 4 1, 3, and relolved the 
transformed equation relulting from ſuch ſubſtitution, as it it had been a mere 
ſimple equation, agreeably to the directions of Mr. Raphſon's method of 
approximation, and thereby found that w would be nearly = 0.000,242,2, 
and conſequently that , or 1.059,794,9 + w, would be, nearly, (= 1.059, 
794,9 + 0.000,242,2) = 1.060,037,1, or that 1.060,037,1 would be a third 
near value of 7, or the greater root of the equation 1.066, 461,5 x 7 — 7.“ 


= 0.066,461,5, that would be very near the truth, .. 
Of the Reſolution of the trinomial Equation — * ＋ 2 — 


by the Method ſet forth above in Art. 67, 68, 69, Sc, 81, Pages 439, 
440, 441, Cc... 455. 


— — 


Art. 106. In this equation (which has two roots,) the leſſer root is = 1. 


For, if 7 is = 1, we ſhall have r* = 1, and FF = 1, and 7 


+? „ ( 


= 1, and conſequently — * + if * — 881 1 1 


| . . = * 
= — * 1) = —_ which is the abſolute term of the equation — * 


T 
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Ts 1 = . But this leſſer root of this equation will not 
pg 


enable us to ſolve the Problem of Dr. Halley, ſtated in art. 64, page 439, 
rom which the ſaid trinomial equation was deduced, And therefore it win be 
neceſſarv to find the ſecond, or greater, root of that equation. And for this 
purpoſe it will be expedient in the firlt place to find the limits of the magnitude 


of the ſaid greater root, 
Now it is ſhewn above, in art. 78, 79, that the greater root of the ſaid 


equation — „Kr * „ — — muſt be leſs than the root of the 


* ® 1 8 7 p 
binomial equation Het — —— „ (which evidently has but one root,) and 


#41 x +t F4 
greater than the root of the binomial equation 7 =- — —_— 


. which likewiſe has evidently but one root; that is, the root of the bino- 
x 1 


mial equation by oy —— will be the greater limit, and the root of the 
n . . 141 7 EY 
binomial equation — — — — * = - oY ho. will be the leſſer limit, 


1 R ; b 
of the magnitude of the greater rout of the trinomial equation — x © + FT 


x+t+xl a 
ATT 2 


2 


Further, it is ſhewn, in the ſame art. 79, that the root of the binomial 


+ | . 


. tr 1 ? 89 /» 
equation r — = — 1s, nearly, = 1 + — 


2 Let this root, 
or the greater limit of the magnitude of r, or the greater root of the equation 
a x x +7 r 

*r =, be called A. 


8 ME 7 
In the next place we muſt reſolve the binomial equation . u 


= TEST and call it's root M. This may be done as follows, 


Pac f= ZZ. .effici s = 
at 7 . the co- efficient of r; and put g = the abſolute term 
* 


. 141 . 4 "Sp x . 
And the equation 7 FFT NCD rm will thereby 


be converted into the equation = fff = g. 
Now 


© „ 


1 
1 


15 


BY 8 —— 
—B - —— 1 Rs 


* 
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Now let 1 + v be ſubſtituted inſtead of r in this equation. And we may 
EE xwy+2f=-2 
ta = +t+ft © P = ++" 
Now let þ be put =? + 1 — ft, and i be = 2g + 2f— 2, and k be = 


„ +1+ ft. And we ſhall then have vw + 2 X — = +, There. 


thence derive the quadratick equation wv + 2 Xx 


fore (adding ＋ to both ſides,) we ſhall have wv + 2 x* ＋ + Ll [= 7 


14 


«+ =_ TIN and (extracting the ſquare- roots of both 


h Vit + Þ Y 


fides,) v + — = ———, and conſequently v = rem rea acg Is or 


4 
Ta IB | Sa | 4 + * = þ . 
i —— „and r, or 1 ＋ v, =1 + 4 7 ; that is, the root of the 


EDS MEEZIH X r= —=— vill be, nearly, = 


. . . [4 
binomial equation 7 8 313 


1 442 2. Therefore M, or the lower limit of the magnitude of 


4 
the greater root of the trinomial equation — x 1 one THI —, 
a | l + b* — 5 
will be, nearly, = 1 + 5 = . . 1. 


We have therefore now found that A, or the higher limit of the magnitude 
| _ * re 


. . a * * 
of the greater root of the trinomial equation Xx + r 


VIE + 1-1 


—— will be, nearly, 2 1 + — , and that M, or the lower limit 


of the magnitude of the ſaid greater root will be, nearly, = 1 + AO += . 


Art. 107. Having thus found a near value of M, the lower limit of the 


.* . . ft ft I ( 
greater root of the trinomial equation — „ — * t =, ve 
2 2 


muſt ſubſtitute it inſtead of 1 in the trinomial quantity — N 4 


and compare the trinomial quantity — xX M 3 
reſulting from ſuch ſubſtitution, with —_ or the abſolute term of the trinomial 


Fa t F : 
equation — ** + * — 7. — , and from that compariſon derive. 
-.-\& © 
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a conje Rural firſt near value of the greater root of the ſaid trinomial equation, 
and call it 6. 


And then we mult ſubtract 1 (or the leſſer root of the ſaid trinomial equa- 
tion,) from M, and put 4 = the remainder M — 1, And M + — will be 


another firſt near value of the ſaid greater root, which will not differ much from 
it's true value. Call this near value of it c. 


Then ſubſtitute þ and c ſucceſũvely, inſteal of r, in the trinomial 
quantity -— „% „ =, and call the value of the ſaid 


trinomial quantity reſulting from the firſt ſubſtitution B, and the value of 
it reſulting from the ſecond ſubſtitution C; and find a ſecond near value of the 
greater root of the ſaid trinomial equation by the Differential method of ap- 
proximation by means of the following proportion; As the difference of B and 


C is to the difference of B and — „ fo, very nearly, will be the difference of “ 


and ec to the difference of þ and r, or the greater root of the ſaid trinomial 
equation, And we ſhall thereby obtain a ſecond near value of the faid greater 
root that will be more exact than either & or c, Qs Bo 1. 


Let this ſecond near value of r be called e; and let it be ſubſtituted, inſtead 


+? * ATT [ 


of r, in the trinomial quantity — xr + rf „ and let the value 


of the ſaid quantity reſulting from ſuch ſubſtitution be called E. 


Then, if the quantity E differs but little from — » (or the abſolute term ot 


_— rer 


the equation — K + „ as, for example, if it differs from it 


by leſs than a 100th part of . we may conclude that e will be very nearly 


equal to the true value of r, or the greater root of the ſaid trinomial equation. 
But, if it differs from it by a greater quantity, or, in general, if a doubt is 
entertained whether e is ſufficiently near to the true value of the ſaid greater 
root, we muſt then have recourſe to Mr. Raphſon's method of approximation 
to obtain a third near value of the ſaid greater root that ſhall be much nearer to 
it's true value than e was; and, for this purpoſe, we muſt put for the unknown 
difference between e and the ſaid true value; and, if E is greater than the 


abſolute term = and conſequently e is leſs than the true value of r, we muſt 


ſubſlitute e + w inſtead of 1 in the trinomial equation — x I pry 


. — and, if E is leſs than the abſolute term —, and conſe· 


Vor. V. 3 R quently 
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quently e is greater than the true value of r, we muſt ſubſtitute e w inſtead 
of 7 in the ſaid trinomial equation; and we muſt then reſolve the transformed 
equation thereby obtained, (of which ww will be the root,) as if it were a mere 
ſimple equation, omitting all the terms of it that involve any higher power of 
w than it's ſimple power, or w itſelf. And we ſhall thereby obtain a third near 


. . . a- * 
value of 7, or the greater root of the trinomial equation * + 77? 


SY THT 3 


a 2 | - 
— » that Will be muck- nearer than e to it's true value, and as 


exact as any one would deſire. Q. E. 1. 


+? Th 1 Tr 25 


Art. 108. A numeral equation of this form — K ＋ * 
: to wit, the equation o. 500, ooo, o x . f — = o. 500, ooo, o, 
has been reſolved in art. 84, $5, 86, &c, - - - - 91, pages 456, 457, 458, 


&c, - - - - 466, by the proceſſes juſt now deſcribed. The leveral ſteps of 
this reſolution were as follows. 


In art. 84, (page 456,) it is ſhewn that in this caſe the general binomial 
equation. PET of = — will be converted into the numeral equation * - 


— | : - . t+1 * ＋ t 
= o. oo, ooo, and that the general binomial equation 7 EA. X r 


FA x RY . . a . 22 
— will be converted into the numeral equation * — o. 968, 
750, x * . 156, 250,0. Therefore A, or the higher limit of the greater 
root of the trinomial equation o. oo, ooo, o * + 7 — 7** = 0.500,000,0 
will be the root of the binomial equation 7** — 7 = © zoo, ooo, o; and 
M, or the lower limit of the greater root of the ſaid trinomial equation, 


will be the root of the binomial equation * = o. 968, 750, x * = o. 156, 
250, 0. In order, therefore, to diſcover the ſaid limits A and M, it 1s neceſſary 


to reſolve the two binomial equations r** — 7** = o. 500, ooo, o and. — 
o. 968,7 50, X Y = 0. 1 56, 2 50, o. | 
In art, 85, page 457, the value of A, or the greater of the ſaid limits, is 


Sn 
—, to which it had 


determined by computing the expreſſion 1 + 7 
been ſhewn above in art. 79 that the root of the binomial equation 1 


= — would be nearly equal. And by this computation of the expreſſion 1 + 


2 + 1 cp 
| 2t 


1.1323. . E. I. 


it appears that A, or the ſaid greater limit, will be nearly = 
In 
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In art. 86, pages 457, 458, the value of M, or the leſſer of the faid limits, 
is determined by reſolving the ſecond binomial equation -* — 0.968,750,0 
XI = 0.156,250,0, of which it is the root. This reſolution is performed 
in the following manner. b : 

We ſubſtituted 1 + v inſtead of r in the terms of the ſaid binomial 
equation by means of Sir Iſaac Newton's binomial Theorem, and by that 
ſubſtitution transformed it into another equation of which v was the root, which 


(by omitting all the terms involving v', v*, v*, &c, as being of inconſiderable 


magnitude, ) was ultimately reduced to the quadratick equation vv + 0.0600 Xv | 


= o. oo4, 535, 1; and then, by reſolving this quadratick equation, we found v 
to be = 0.0437, and conſequently 1 + v, or 7, or the root of the binomial 
equation * — 0.968,750,0 Kr = 0.156,250,0, to be nearly = 1.0437 3 
that is, we found M, or the lower limit of the greater root of the trinomial 
equation 0.500,000,0 x + e — 7® = 0.500,000,000,0, to be nearly 
= 1.0437. . . 1. 

This value of M might alſo have been obtained by computing the Algebraick 


expreſſion 1 + 45 + — © given above in art. 106, page 488, in which + 
is =t+1—f,andiis=2g T 2f — 2, and & is . —= ff + 7t + ft, 
a 


T 3 * NE 
and f is = ——, and g is = ———— X 5 


Having thus diſcovered that A, or the higher limit of the greater root of the 
trinomial equation 0.500,000,0 X 7 + 77 — 1 = o. 300, ooo, o is = 
1.1323, and that it's lower limit, M, is = 1.0437, we proceeded, in art. 87, 
page 459, to ſubſtitute 1.0437, or the value of M, inſtead of r in the trino- 
mial quantity 0.500,000,0 X 7? + r** -, and we found the value of the 
ſaid trinomial quantity reſulting from ſuch ſubſtitution to be = o. 602, 317,9; 
which therefore we concluded to be the greateſt poſſible magnitude of the ſaid 
trinomial quantity during the increaſe of r from o to A, or 1.1323, which is 


the greateſt poſſible magnitude of r in the ſaid trinomial quantity. 


We then, in art. 88, page 460, obtained a firſt near value of the greater 
root of the trinomial equation 0.500,c00,0 X #7? + 7! — 7* = 0.500,000,0 
by making the following conjectural ſuppoſition, to wit, that the whole decre- 
ment of the trinomial quantity 0.500,000,0 X + 7** — 7* from o. Goa, 
317,9 to o, while r increaſes from M, or 1.0437, to 1.1323, it's greateſt 
poſſible value in the ſaid trinomial quantity, (or that which it has when the ſaid 
trinomial quantity is = o,) will be to the decrement of the ſaid trinomial 
quantity from 0.602,317,9, to 0.500,000,0, (which is it's value when 7 is 
equal to the greater root of the equation 0.500,000,0 x + rf! 5 = 
o. Soo, ooo, o,) in nearly the ſame proportion as the whole increment of r from 
M, or 1.0437, to it's greateſt value A, or 1.1323, (which increment is con- 
temporary with the decrement of the trinomial quantity o. 500,000,0 Xx #** 
+ 1 = 7** from o. 602, 317, 9 to o,) to the increment of 7 from M, or 


3R2 1.0437» 


3 


— nt en ERS = 


= — 8 
* 5 
— - 
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1.0437, to the value of the greater root of the equation 0.500,000,0 X r* 
rn — rn, (which increment is contemporary with the decrement of the 
trinomial quantity 0.500,000,0 „r + #7 — 7* from 0.602,317,9 to 
O. 300, 00, o,) that is, that the whole decrement 0.602,317,9 — o, or 0,602, 
317,9, will be to the decrement 0.602,317,9 — 0.500,000,0, or O. 102, 317,9, 
in nearly the fame proportion as the whole increment A — M, or 1.1323 
— 1.0437, or 0.0886, is to the increment T — M, or r — 1.0437 ; from 
which proportion it followed that T — 1.0437 would be, nearly, = 
0.0886 x o. 102, 3/9 __ 0.009,065,365,94 
= 0.602,317,9 0.602, 317,9 
would be nearly (= 0.0150 + 1.0437) = 1.0587; or that 1.0587 would, 
probably, be not very far diſtant from the true value of the greater root of the 
equation 0.500,000,0 r + ern - = O. soo, ooo, o. And thus we 
obtained the number 1.0587 for a firſt near value of the {aid greater root. 


= 0.0150, and conſequently that r 


We then, in art. 89, page 461, ſubtracted 1, or the leſſer root of the tri- 
nomial equation Q.500,000,0 Xx r + j* — 7* = 0.500,000,0, from M, 


or 1.0437, and called the remainder thence ariſing 4, and added —, or 


, or 0.0218, to M, or 1.0437; by which we obtained (M + . or 
1.0437 + 0.0218, or) 1.0665 for another near value of r, or the greater root 
of the ſaid equation. | SIP 


And, having thus obtained the two numbers 1.0587 and 1.0665 for firſt 
near values of 7, or the greater root of the trinomial equation o. 500, ooo, o * 
+ r* r = 0.500,000,0, we employed them both (in art. 90, pages 462, 
463, 464,) in procuring another near value of the ſaid greater root by means of 
the Differential method of approximation ; and for that purpoſe we ſubſtituted, 
firſt, the number 1.0587, and then the number 1.0665, inſtead of r, in the 
trinomial quantity 0.500,000,0 x + 7* — n; and we found the value 
of the ſaid trinomial quantity reſulting from the firſt of theſe ſubſtitutions to be 
= 0.540,471,1, and the value of it reſulting from the latter ſubſtitution to be 
= 0.462, 534, 4. And, having found theſe values, we made the following 
proportion; to wit, As 0.540,471,1 — 0.462,534,4 is to 0.540,471,1 — 
o. 500,000,0, ſo, very nearly, will 1.0665 — 1.0587 be to r — 1.0587; 
that is, as 0.077,936,7 is to o. o40, 471,1, ſo, very nearly, will 0.0078 
be to 7 — 1.0587, And from this proportion we had 7 — 1.0587 (= 
0.040,471,T x 0.0078 __ 0.000,315,674, 58 

- 0.077,930,7  0.077,936,7 
{ = 0.004,050,3 + 1.0587) = 1.062,750,3; that is, we obtained the 
number 1.062,750,3 for a ſecond near value of r, or the greater root of the 
trinomial equation 0.500,000,0 X 7? + r - = 0.500,000,0, that is 
much nearer to it's true value than either of the two former numbers 1.0587 
and 1.0665. . 1. 

| And, 


) = 0.004,050,3, and conſequently r 
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And, having thus found 1.062,7 50,3. for a ſecond near value of r, or the 
reater root of the equation o. o, ooo, o X + 7" — z = 0.500,000,0, 
we ſubſtituted it, (in art. 91, page 464,) inſtead of r, in the trinomial quantity 
2.500,000,0 XY + 7 — , and found the value of the ſaid trinomial 
quantity reſulting from ſuch ſubſtiturion to be = 0.504,945,6 ; which is a little 
greater than 0.500,000,0, or the abſolute term of the equation o. oo, ooo, o x 
Tn — 7* = do. goo, o,o. And we thence concluded that 1.052, 7 50, 3 
muſt be ſomew hat leſs than the greater root of that equation. 


We then, in order to find a third near value of r, or the greater root of the 
equation o. oo, o, X 7? + 5" — 7 = o. go, ooo, o, that ſhould be 
fill nearer to it's true value than the laſt value 1.052, 7 50, 3 was, put @ for the 
unknown excels of the ſaid greater root above 1.062, 7 50, 3, and ſubſtituted 
the binomial quantity 1.062, 7 50, 3 + wv, inſtead of 7, in the ſaid equation, 
omitting all the terms that involved any higher powers of w than it's ſimple 
power, or w itſelf, agrecably to the directions of Mr. Raphſon's method of 
approximation: and by this ſubſtitution we transformed the ſaid equation into 
the equation o. 504, 945.6 — 10.026, 341,4 X W = o. so, ooo, o, Which, 
when properly reduced, becomes 10.026, 341, 4 X w = o. oo, 945,6. And, 
by the reſolution of this ſimple equation, we found w to be = o.ooo, 493, 2, 
and conſequently r, or 1.062, 7 50, 3 + w, to be (= 1.062, 50, 3 + o. 000, 493, 2) 
= 1.063, 243,5 that is, we obtained the number 1.063, 243, 5 for @ third near 
value of the greater root of the trinomial equation o. 300, oo, o x #7? + r** 
S2 do. soo, ooo, o, that will be much nearer to it's true value than the 
foregoing near value, 1.062, 750, 3, was. Q. E. I. 


Art. 109. It has been obſerved in the preceeding article, page 491, that the 
value of M, or the lower limit of the magnitude of r, or the greater root of 


the trinomial equation 0.500,000,0 X + 7 -. = 0.500,000,0, might 


have been obtained by computing the Algebraick exprefſionr 1 + * 1 — — 1 


given above in art, 106, page 488, in which b is =? ＋ 1 — , and i is = 
* 


29 + 27 — 2, and & is r — ff +7 + ft, and f is . and g is 


= — \ $6 — And I ſhould have determined the ſaid value by com- 
puting the ſaid expreſſion, if I had not thought (as is hinted above in art. 74, 
page 450,) that it might be obtained with more eaſe and expedition by reſolving 


. . 1 10 8 
the particular numeral equation K* — = WW = = X 0.500,c00,0 or ** 


— 0.968,750,0 x #** = o. 156, 250, o, (which anſwers to the general equation. 


EE 
x +4t+1 x +t +1 
application of the ſame reaſonings as we had before employed in art. 73, 
(pages 


X —— obtained in art. 79, ) by a new 


— -wh—mow— — 
— — 
L . 
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(pages 448, 449, and 459,) to reſolve the binomial equation ” Es —— 

| - n ＋ 
Ae 772 - x P, or ” fx" = g. But, that we may be the 
better able to judge, which of theſe two methods of obtaining the value of M, 


x 14 * 


, 2 t+1 f EL a 
or the root of the binomial equation * . 


is the eafier and more convenient, I will now, before 1 finally quit the conſi- 
deration of the equation 0.500,000,0 x 7? + 7 — 7* = 0.500,000,0, 
compute the value of M by means of the ſaid general expreſſion 1 + 


. This computation will be as follows, 


In the caſe of the binomial equation "gl NT ITY * * = -_ 


X . when x is = 10, and 7 is = 21, as they are in the numeral equation 


21+1 . 10 2 $7 
7 — 6 . X o. g oo, ooo, o, or * — 37 * 


10 +21 +1 


F 4 


have f (= Era -10+21+1 ©” 32 —_ 0.968,7 50,0, and 8 (= 

* 1 10 EET ATE ps 
Fp X 0:500,000,0 = — X o. soo, ooo, o) = 
O. 1 56, 2 50,0. 


Therefore t will be (= o. 968, 730, x 21) = 20. 343,750, o, and /7* will 
be (= ft X = 20. 343, 50, o Xx 21) = 427.218,750,0. Therefore h, or 
# + 1 — ft, will be (= 21 + 1 — 20. 343,7 50, = 22 — 20. 343, 750, 0) 
= 1.656,250,0; and i, or 2g + 2f — 2, will be (= 2 x 0.156,250,0 + 2 
X 0.968,750,0 — 2 = 0.312,500,0 ＋ 1.937, 500, — 2 =. 2.250,000,0 
— 2) = 9.250,000,0; and &, or f — f/* + 7 + ft, will be (= 21}* — 
427.218,750,0 + 21 + 20.343,750,0 = 441 — 427.218,750,0 + 21 + 
20. 343,7 59,0 = 482.343,750,0 — 427.218,750,0) = 55. 123, ooo, o. 


Therefore ik will be (= 0.250,000,0 x 55.125,000,0 = — = 


13.781,250,0 ; and B. will be (= 1.656,250,0)*) = 2.743,164,062,500,00, 
and ik + „ will be (= 13.781, 2 50, + 2.743,164,062,500,00) = 16.524, 
414,062,500,00. Therefore IT will be (= * 16.524, 414, 062, 500, oo) 
= 4-065,023,2, and /FFF — 5 will be (= 4.065, 023,2 — 1.636, 20, o) 


— LEE. — 2.408,73 2 — 2.405,77 372 
— 2.408,73, 2, and 7 will be 42 —„ — 55.125, 500, 


0.043 7 
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i 42 — X | 
6.043,696,5. Therefore 1 + LL — 2 will be (= 1 + o. o43,696, 5) 


= 1.043,696,5; that is, M, or the root of the binomial equation -* — 


— 


6 t+1 — x —＋. 9. * 
o 968, 750, X72 . 156,250, o, or 7 => a7 ale. r 


x , will be = 1.043, 696, 5, or, very nearly, 1.0437; which is the 


value of M found above by the other method of obtaining it, in art, 86, 
pages 457, 459+ 


End of the Recapitulation (begun in Art. 93, Page 467,) of the Methods of reſolving 


; t F 
the three Equations — Rn == — = n 


＋ 4 11 11 @ 
— 17 => — 


2 — and N 4 
contained in this Appendix to Dr. Halley's 
Diſcourſe on Compound Intereſt. 


# 


Another Problem relating to Compound Intereſt, that is not mentioned by Dr, Halley 
in his foregoing Diſcourſe on that Subject, but is nearly connected with the laſt of 
the three foregoing Problems relating to the Prolongation of an Anunuily for an 
additional Number of Years beyond the Term for which it was originally granted, 


Art. 110. Inſtead of ſuppoſing the annuity a, that has been originally granted 
for a certain number of years of which ? years are ſtill to come, to be prolonged: 
for another term of æ years which is to begin at the expiration of the ſaid firſt 
term, let us ſuppoſe that the ſaid annuity is to be made perpetual at the end of the 

ſaid firſt term, in conſideration of a ſum of z pounds that has been agreed upon 

between the grantor of the annuity and the purchaſer of it as the price of ſuch 
prolongation, or perpetuation.. And let it be required, from the knowledge of 
the quantity, or annual value, of the annuity ſo granted in perpetuity, after the 
expiration of the ſaid firſt term, and of the price z that has been paid for the 
laid prolongation, or perpetuation, of it, to find the rate of Intereſt that has 
been allowed to the purchaſer for his money. 


This Problem may be conſidered as the extreme cafe of the laſt- mentioned 
Problem of Dr. Halley concerning the prolongation of a given annuity for a 


certain number of years beyond the original term for which it was granted, and 
may. 
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may be ſolved by means of an equation that is derived from the equation 


— A — „ Which relates to that Problem. The 


— » 5 1 0 a . 
manner of deriving ſuch an equation from the equation — * 14 


& 1111 2 
1 = is as follows. 


Let all the terms of the equation — 2. de 


divided by . And we ſhall then have — 4 $9 Nou let 


| 4 r 
x, or the number of years during which the annuity is to be prolonged beyond 
the original term, of which # years are till unexpired, be, not (as in the fore- 
going exainple,) a ſhort term of 10 years, but ſome exceedingly long term, 
as, for inſtance, a term of ten thouſand millions of years, Then it is evident 
a 


that r will be a very great number, and conſequently that will be a 
Su. 
very ſmall quantity in compariſon to — and , and 1, and therefore that 
the magnitude of r in the equation — + * 5 = will be nearly 
5 * X 
+1 


: f = 3 ; 
the ſame as it would be in the equation — +r — r = 0; in which caſe 


+1 +1 


we ſhould have — , and — r „, or (if we range the 


terms of this equation in the uſual manner, with the abſolute term, or known 
t+1 f a 


quantity, on the right hand,) - — r = —- And, if we ſuppoſe the 


number x to be abſolutely infinite, or the annuity to be continued for ever, 
inſtead of being prolonged for any certain number of years, however great, the 


quantity * will not be extremely ſmall, as before, but will be abſolutely 


ZXT 


f+1 a 


= ©, and the equation — „ — will be converted into the 


2X7YT 


+1 +1 


equation _ +r —#*T =o, and conſequently vill be exactly 


== — . And therefore the value of 7, or the rate of Intereſt of Money allowed 


the purchaſer of the perpetuity of the annuity @ in the Problem juſt now pro- 
poſed, and which the ſaid Problem requires us to find, will be the value of r 


: . . . 1 fe . . 
in the binomial equation 7 = — „or the root of the ſaid equation. 


Art, 111. 
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Art. 111. This Problem may alſo be reduced to the binomial equation 


+1 „ = © in another manner, to wit, as follows, 
2 
It is obſerved in art. 66, page 438, that the value of an annuity of x pound 
a FA J. 
a year for 7 years is known to be = - — 1 — - . Therefore the value of 
8 
, n 11. 14. 

an annuity of 11. a year for 7 + ü years will be Ee ———> There- 


fore the exceſs of the value of an annuity of 14. a year for ? + x years above 
the value of an annuity of 1/, a year for only ? years will be equal to the exceſs of 


I : I, . 1, J. 
99 — — — — , that is, to _ ; a 
e 57721 TXT 722 . 


But the excels of the value of an annuity of 1/. per annum for t + x years above the 
value of an annuity of 11. per annum for only ft years is equal to the value of an 
annuity of 11, a year for x years to commence at the end of 7 years; or to he added 
to an annuity of 1/. a year already granted for a term of ? years. Therefore the 
value of ſuch an additional annuity for x years, to be added to a like annuity of 
11. 11. 


1], a year for t years already granted, will be = 


r* t+x 

r—1 * „ 71 
And conſequently the value of an annuity of a pounds a year for x years, to be 
added to a like annuity of @ pounds a year for ? years already granted, will be 


„ FT X r-L 


a times the former value, or will be = @ x - 2 gh 1. "0 


— ; that 1s, according to Dr. Halley's notation, 2, (or 


* * 7=1 * „ r= 

the price paid for the prolongation of the annuity of à pounds for the addi- 
tional term of x years, beyond the term of ? years for which it was originally 
al. al. 


ae at SE ga 7 0 
T X rel] I, 


granted,) will be = 


Now let x, or the number of years in the ſaid additional term, become 
extremely great, as, for inſtance, equal to ten thouſand millions of years, 


And it is evident that in ſuch caſe the quantity “ will be extremely great, 


. a 
— —= will be extremely ſmall. And there- 
. 


fore, if x, or the ſaid number of years, becomes infinite, or the ſaid additional 


and conſequently the ſum 


term of years is. converted into a perpetuity, the ſaid ſum Vill be- 


1 X rl 


Vol. V. 38 


3 come 
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: . l ; » 6 J. * 
come equal to nothing, and the quantity — —— will bee 
f t+x | 
7 X rl r Xx rl | 
.* J. J. . 
"©" 2352. FO o, or —— So that ——— will be the value 
7 XX rl 7 X r—l TXT 


of a perpetual annuity of à pounds a year that is to commence at a future period 
at the expiration of ? years. 


Art. 112. But the value of ſuch a perpetual annuity that is to commence 
after a given number of years, or (as it is often expreſſed,) of the reverſion of 
an eſtate in fee-ſimple after the expiration of a given number of years, may be 
found in a more direct manner, and without any reference to the foregoing 
Problem of Dr. Halley and the equation — K 4 2 — „ (that 
was derived from it,) by the following train of reaſoning. 


The ſum of 1 pound being put out at compound Intereſt will, in the ſpace of one 
year, increaſe to r, and in the ſpace of two years tor, and in the ſpace of three years 


to 77, and in the ſpace of four years to 74, and, in general, in the ſpace of ? years to 75 
And hence it follows that the preſent value of 1 pound to be received at the end of 


one year will be =; and the preſent value of the ſame ſum to be received at 
the end of two years will be — and it's preſent value, when it is to be re- 
ceived only at the end of three years, will be —— and it's preſent value, when 
it is to be received only at the end of four years, will be . and it's preſent 


value, when it is to he received only at the end of ? years, will be — +» There- 
r 

fore the ſum of all the preſent values of ſeveral equal ſums of one pound each, 

which are to be received at the end of one year, two years, three years, four 

years, and the ſeveral following years to F years inclufively, will be equal to the 


ſeries — + = + a + = + &C- == -- - =; that 1s, the preſent value 


r 
of an annuity of 1 pound a year, payable at the end of every year, that is to 
begin immediately, (or ſo that the firſt payment of it ſhall be made at the end 
of only one year,) and that is to continue during 7 years, (or ſo that the laſt 
payment of it ſhall be made at the end of the th year,) will be equal to the 


ſeries — + = + 2 + = + & + =, conſiſting of / terms. 
r 


And, if the ſaid ſucceſſive payments of one pound a year are to continue 
for 
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for ever, the preſent value of ſuch a perpetual annuity will be equal to 


the ſaid ſeries = * az + 24 = + 2 + ＋ + 2 4+ &c ns 


x3 
ad infinitum. 


Now it has been ſhewn above in page 237, that, if A, B, C, D, and 
E be a ſeries of quantities of any kind in continued geometrical proportion, 
of which A is the greateſt, and E is the leaſt, the ſum of all the rerms 
of ſuch geometrical progreſſion will be equal to the quotient that ariſes by 
dividing the exceſs of the ſquare of it's greateſt term A above the product 
of the multiplication of it's greateſt term but one, to wit, B, into it's Icaſt 
term E, by the excels of it's greateſt term above it's greateſt term but one, or 


a AA- BE 3 11. 11. il, 
will be = _— Therefore the ſeries + "- ＋ "FT + = + &c 
— — + 27 „(conſiſting of ? terms, of which — is the greateſt, and 
* 
AN 
_ is the greateſt but one, and = is the leaſt,) will be = . . of 
* 75 
„ . ns 
r r 5 5 7 f+2 f +2 
Fu 122 Tied ET . %⅛ Ron 
r r r 742 


FE. 2 RR L Il. 
4 1 And the ſeries — + - T + + 


+ = + 2 + &c ad infnitum will be (= F = ED = = 
X 


1 I I I 
r r r M8 I 
= — = —— = ——) = ——. Therefore the exceſs of 
bs EI” +. I — thao. 8 
r * r r 
I r 1 * 
the latter ſeries above the former will be = —— — 7 (= — 
ns r Xr-1 „ r-l 
35 3 2 „„ 5 1 9 = 1 
| — — iow jen — 8 
* * 71 „* 11 * 721 7 X 71 


352 But 


— — 
e 


— ——— —_ = 
% 
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But the ſaid exceſs of the latter ſeries above the former ſeries is the exceſs of 
the value of a perpetual annuity of 4/, a year, that is ro commence immedi. 
ately, (or of which the firſt payment is to be received at the end of a year,) 
above the value of a like annuity of one pound a year that is alſo to commence 
immediately, but is to continue only during ? years, and conſequently muſt be 
equal to the value of a perpetual anauity of one pound a year that is to com- 


mence at the expiration of ? years, or of whici the firſt payment is to be re- 


ceived at the end of r + 1 years.. Therctore the value of a perpetual annuity of 
one pound a year, that is to commence at the end of 7 years, or of which the firſt 


payment is to be received at the end of 7 + 1 years, will be = — — 
7 Kr] 


And conſequently the value of a perpetual annuity of a pounds a year, that is 


to commence at the end of t years, or of which the firſt payment is to be 


. Y . . 11. 
received at the end of / + 1 years, will be equal to @ times f, or to 
a 7 Xr—1 


al. 


7 45% na Q. E. D. 
7 XII — 1 


Art. 113. Now let z be put for the value of a perpetual annuity of à pounds 
a year that is to commence at the end of 7 years, or of which the firſt payment 
is to be received at the end of #2 + 1 years, or for the value of a reverſion of 
an eſtate in fee- ſimple after the expiration of 7 years. And we ſhall then have 


2 = — .þ . Therefore (multiplying both fides into r — 1,) we ſhall 
X 721 5 
al. 


have 7 — i] X 2 = TM that is, zr — 2 will be = A and (multiplying 


all the terms into 59 we ſhall have 27 27 a, and conſequently (di- 


viding all the terms by ,) far = 2. Therefore, if z is the ſum of 


©; 


money that has been paid by a purchaſer for a perpetual annuity of @ pound: 
per annum that is to commence after the expiration of / years, or for the re- 
verſion of an eſtate in fee-fimple, after the expiration of a term of ? years, and 
it is required, from our knowledge of a, the number of pounds in the faid 
annyity, or in the net rent of the ſaid eſtate, and of r, the number of years at 
the expiration of which the ſaid annuity is to commence, and of z, the number 
of pounds in the ſum of money that has been paid for the ſaid annuity, to 
determine 7, or the rate of Intereſt that has been allowed to the purchaſer for 
his money in the ſale of the ſaid annuity, the ſaid Problem may be ſolved, and 
the ſaid rate of intereſt may be diſcovered” by reſolving the binomial equation 


1 . This equation I ſhall therefore now procced to reſolve. 


r = 


of 
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Of the Reſolution of the Equation r= . 


1 ＋1 


0 a > . 0 t 
Art. 114. As in this binomial equation “ — r = — the unknown term 


r, which is marked with the ſign —, or is ſubtracted from the other unknown 
term , is a lower power of r, or the root of the equation, than the term 


1 from which it is ſubtracted, it is evident that this equation can have but 
one root, or, in the language of modern Algebräiſts, one real and affirmative 


root. This root may be inveſtigated in the following manner. 


In the firſt place, let us ſuppoſe r, or the rate of Intereſt ſought, to be nearly 
equal to 1.05, or, in general, to ſome known rate of Intereſt taken by conjec- 


ture, and denoted by the letter &; and let 1.05, or 6, be ſubſtituted, inſtead 


of r, in the binomial quantity „ ] and let the value of the ſaid quantity 
reſulting from ſuch ſubſtitution be called B. 


n t+1 t a a 

Then, if B is greater than r * or, (it's equal,) the abſolute term —-, 

we may conclude that 1.05, or 4, will be greater than 7, or the root of the 
. t+1 t a . . t+1 * 4 

equation 7 „ — 3 and, if B 1s leſs than 7 T3 #50 , We may 


conclude that 1.05, or &, will be leſs than r, or the root of the ſaid equation. 


Then, having thus taken 1.05, or, in general, 6, for a firſt near value of r, 
+1 t 
d 


and found, (by the ſubſtitution of it in the binomial quantity * 


by comparing B, or the reſult of the ſaid ſubſtitution, with the abſolute 
term —)) whether 1.05, or &, is greater or leſs than the true value of r, we 


may proceed to find a ſecond near value of , that ſhall be more exact than 
1,05, or 6, by a proceſs of the Differential method of approximation, in the 
manner following. 


If 5 is leſs than r, let it be increaſed by the addition of the ſmall quantity 
, | 
-— and let the ſum þ + — be called c. Then let c be ſubſtituted, inſtead 


of r, in the binomial quantity 6 * and let the value of the ſaid bino- 


mia] quantity reſulting from ſuch ſubſtitution be denoted by the capital letter C. 
And, having thus found the two quantities B and C, (or che two values ot the 
binomial 


. — — 
— —ů —— —Kv— — _ -- - 
1 = — 


— 
» — 
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' binomial quantity 1 — # reſulting from the ſubſtitution of 5 and e in it's 
terms inſtead of r,) make the following proportion; to wit, As the difference 


of Band C is to the difference of B and — (the abſolute term of the equation 


rl ng = —)) ſo, very nearly, will the difference of þ and c be to the 
difference of $and r; or, as C—B is to — — B, ſo, very nearly, will 


2 3, (or 5 + EA — ,) or =, be tor — þ; whence we (hall have r — , 


5 4 
n | | | 
nearly, = = 8 — 3 „and conſequently r, nearly, 5 + the fraction 


== PO a: 
; that is, 5 + the fraction ——<=—— will be a ſecond 


D 
| . #+1 . a . 
near value of r, or the root of the equation, — , = , that will be 


more exact than it's firſt near value 5. Q. E. I, 
And, if & is greater than r, we muſt diminiſh 5 by ſubtracting = from it, 
and put the remainder þ — 705 =c. We muſt then ſubſtitute c inſtead of r 


in the binomial quantity 1 rf, and denote the value of the ſaid quantity 
reſulting from ſuch ſubſtitution by the capital letter C, and make the following 


proportion; to wit, As B — C is to B — = ſo, very nearly, will þ — c, 


(or b % = —, or 5 —b + =) er —, be to 3 — r; whence we 


b a 
ſhall have 5 — , nearly, = — uhh N — „ and conſequently 5, nearly, = 
=. "A JR A 
r the fraction — — „and r, nearly, = þ — the fraction 
— 2 | | OR, 
— 1. = ; that is, 3 — the fraction ——- — will be a ſecond 


| B — C 


near value of 7, or the root of the equation HL LE = — , that will be 


more exact than it's firſt near value 5. d. E. I. if 
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I a {till greater degree of exactneſs is deſired, it may be obtained by putting 


t+1 


. a 
2 for the ſecond near value of r, or the root of the equation r 


ft 
— 7 2 — 


(obtained by the faid proceſs of the differential method of approximation, ) and 


ſubſtituting e, inſtead. of 7, in the binomial quantity 5 , in order to 


diſcover whether the value of the ſaid binomial quantity reſulting from this 
ſubſtitution will be greater, or leſs, than —,. (or the abſolute term of the {aid 


equation,) and conſequently whether e will be greater, or leſs, than the true 
value of r in the ſaid equation, and then putting w for the unknown difference 
between e and r, and ſubſtituting either e — w, or e + w, (according as e 


| fhall be greater, or leſs, than r,) inſtead of r, in the equation Fi r= —. 


and reſolving the transformed equation, thereby obtained, as if it were a mere 
ſimple equation, agreeably to the directions of Mr. Raphſon's method of 
approximation. And the value of e — , or e + w, thereby found will be a 
third near value of r, that will be much more exact than it's ſecond near value e. 

Q. E. Is 


An Example of the foregoing Method of reſolving the Eguation 


f--1 ft a 
oP — T——on 


— 


Art, 115. I will now proceed to illuſtrate the foregoing method of reſolving 


+1 


the equation ror = — by an Example. And, that we may be the 


better able to judge of the degree of exactneſs with which each of the three 
fucceſſive near values of r will approach to it's true value, L will chuſe for the ſaid 
example a numeral equation, in which we ſhall know before- hand the exact 
value of it's root 7, and then will make gradual approaches to it's true value in 
the method above-deſcribed, in the ſame manner as if we had not had ſuch pre- 
vious knowledge of the ſaid true value. 


Let us therefore ſuppoſe that the Intereſt of Money is 6 per cent, or that r 
is = 1.06, And let it be required to find the ſum of money that ought to be 
paid for the purchaſe of a perpetual annuity of 100 pounds a year that is to 


commence at the end of 40 years, or of which the firſt payment will be due at 
the end of 41 years, 


7 In 
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In this Problem @ is = 100/., and 7 is = 40 years; and conſequently 


———, which (by what is ſhewn above in art. 112,) is the price that ought 


[4 
XT 21 


. . Wo 2 ö J. 
to be paid for the ſaid perpetual, but remote, annuity, will be = — 
1. 000 X 1.0061 
(= 1000. "DN 100 X 10ool. ©, 100008 Zeosol I bs 
_ 1.060% x 0.06 "* 1.06149 x 100 x 0.0? 1.06} x 6 © 1.06)? oh 
—— = We mult therefore find the value of — — — » and, for 
1.0 : 1.00 


that purpoſe, muſt firſt compute the value of 1.061“. 


Now the logarithm of 1.06 is o. 025, 3059. Therefore the logarithm of 
7.000% will be (= 40 Xx 0.025,305,9) = 1.012,236,0; which is the loga- 


_ rithm of the number 10.285,751,1. Therefore 1.061 will be = 10.285,751,1, 


1666.666, 566, . 1666.66, 666, 61. 
will be 


and conſequently 155605 a Or as 162.036,457,0/.; 


that is, 2, or the price of the ſaid perpetual, but remote, annuity will be = 
162.036, 457, ol., or 1621. os. 854. n 


And hence it follows, è converſo, that, if 1621. os. 839., or 162.036, 45), ol, 
is the price paid for the purchaſe of a perpetual annuity of 100 pounds a year, 
that is to commence at the end of 40 years, the rate of Intereſt that has been 
allowed to the purchaſer in the ſale of the ſaid annuity muſt have been 6 per 
cent, or r will be = 1.06. | 


Art. 116. We will now proceed to ſolve this ſecond Problem (which is the 
converſe of the Problem juſt now ſolved,) in the ſame manner as we ſhould 
ſolve it if we had not already ſolved the former Problem, in which r was 
ſuppoſed to be = 1.06, and z was obtained by computing the expreſſion 


a 


* 
— 


of X r=I | 
It has been ſhewn above, 1n art. 113, that the ſolution of this Problem may 
be reduced to the reſolution of the binomial equation 5 — = ©, We 


: ; t 
muſt therefore endeavour to reſolve the ſaid equation FT emf = —, when 


tis 40 years, and @ is = 100 pounds, and z is = 162.036, 457, ol.; in 
i 5 — 1 8 oo. 
which caſe we ſhall have 7 + 1 (= 49 +1) 41, and — (= = 


t+1 


= 0.617,145,0, and the general equation“ — , = — will be converted 


into 
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into the particular, or numeral, equation * — FP = 9.617,145,09. This 
therefore is the equation which is now to be refolved by the method delcribed 
in art. 114. | 


ZZZ... x 


The Reſolution of the Equation * — r® = . 617,145, by the Mithad 
deſcribed in Art. 114. 


Art. 115. Let r be ſuppoſed to-be nearly = 1.05; and let 1.05 be fubſti- 
'tuted inftead of r in the binomial quantity, r** — , that we may thereby 
diſcover whether the value of the ſaid binomial quantity reſulting from ſuch 
"ſubſtitution will be greater, or will be leſs, than the true value of “ — , 
or (it's equal) 0.617;145,0, the abſolute term of the equation * — 7 = 
0.617, 1450, Which is to be reſolved, and conſequently whether 1.05 will be 
greater, or will be leſs, than the true value of r in that equation. This ſubſti- 
tution may be made as follows, 


The logarithm of 1.0; is = 0:021,189,3. Therefore the logarithm of 
1.0;}® will be (= 40 x 0.021,189,3) = 0:847,572,0; which is the loga- 
rithm of the number 7. ogo, ooo, o. Therefore 1.05“ will be = 7.040,000,0, 
and conſequently 7.55 will be (= I. OSI x 1.05 = 7.040,000,0 X 1.05) 


= 7-392,000,0, Therefore the binomial quantity 1.05\* — 1.051® will be 
(= 7.392,000,0 — 75.040,000,0) = 0.352,000,0. This number is lels than 
0.617,145,0, or the abſolute term of the equation * — 7 = o. 6 7, 145,0. 
And therefore 1.05 muſt be leſs than the true value of r in the ſaid equation. 


Having thus diſcovered that 1.05 is leſs than r, let us increaſe 1.c5 by the 
1.05 
200 


wit, the number 1.055, 250,0, inſtead of r, in the binomial quantity * — 7®, 
This ſubſtitution may be made as follows. 


{mall quantity 


„or 0,005,25, and ſubſtitute the ſum thereby obtained, to 


The logarithm of 1.055,250,0 is = 0.023,355,3- Therefore the logarithm 
of 1.05 5, 250, 0) will be (= 40 X 0.023,355,3) = 0.934, 212,0 ; Which is 
the logarithm of the number 8. 594, 329,4. Therefore 1.05 5, 2 50% 0% is = 


8.594. 29,4. Therefore 1.058, 50.0 will be (= 1. 055,2 50, J“ * 1.055, 
250,0 8.594, 329, X 1.05 5, 250,0 = 9.069, 166, 1; and conſequently the 


binomial quantity 1.055,250.0** — 1.055, 50, 0% will be (= 9.069, 166,1 
— 8.594,329,4) = 0.4744836,7- 
Vol. V. | 3T Now 
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| Now let 0.352,000,0, (or the value of the binomial quantity 7“ — 5 re. 
ſulting from the ſubſtitution of 1.05 in it's terms inſtead of r,) be called B; 
and let £.474,336,7, (or the value of the binomial quantity “ — 7® reſulting 
from the ſubſtitution of 1.055,250,0 in it's terms inſtead of r,) be called C; 


and let us make the following proportion; to wit, As C—B is to —— — C, 


ſo, very nearly, will 1.055, 250, — 1.05 be to 7 — 1.055, 250, o; or as 
0.474,030,7 — 0.352,000,0 is to 0.617,145,0 — 0.474,836,7, ſo, very 
nearly, will 0.055,250,0 be to 7 — 1.055,250,0 ; that is, As 0.122,8 36,7 is 
to 0.142,308,3, lo, very nearly, will 0.005,250,0 be to r — 1.055,250,c, 
0.142,308,3 * o. oo, 250, 
. 


And we ſhall thence have r — 1.055, 2 50, , nearly, (= 


— ©.000,747,113,575, _ | — 

— = ) = 0.006,082,2, and conſequently r, nearly, (S 0.006, 
082,2 + 1.055,250,0) = 1.061, 332, 2; that is, 1.061,332,2 will be a ſecond 
near value of x, or the root of the equation r* — 7? = 0.617,145,0, that 
will approach much nearer to 1t's true value, than either of the two former 


numbers 1.05 and 1.055,250,0 did. Q is. tk | 
/ 


Now let this number 1.061, 332, 2 be ſubſtituted inſtead of - in the binomial 
quantity * — , in order to diſcover whether the value of the ſaid binomial 
quantity reſulting from ſuch ſubſtitution will be greater, or will be leſs, than 
0.617,145,0, or the abſolute term of the equation * — 7 = o. 61, 145, o, 
and conſequently to determine whether the ſaid number 1.061, 332, 2 is greater, 


or is leſs, than the true value of r, or the root of the equation “ — 7 = 
o. 617, 146,0. This ſubſtitution may be made as follows. 


The logarithm of 1.061, 332, 2 is = 0.025,851,3. Therefore the logarithm 
of 1.001,332,2\® will be (= 40 x 0.025,851,3) = 1.034,052,0 ; which is 
the logarithm of the number 10.8 15, 634, 3. Therefore 1.061,332,2)® will be 
= 10.815,634,3- Tuerefore 1.061, 332, % will be (= 1.061,332,2\® x 


1.061,332,2 = 10.815,634,3 & 1.061,332,2) = 11.478,980,9, and con{c- 
quently the binomial quantity 1.067, 332,2 — 1,061,332,2)® will be (= 
11.478,980,9 — 10.815,034,3) = 0.663,346,6. This number is greater than 
0.617,145,0, or the ablolute term of the equation * — 7? = 0.617, 145,0. 
Therefore 1.061,332,2 mult be greater than 7, or the root of that equation. 


1. i. 


Having thus diſcovered that 1.061, 32,2 is greater than r, let it's unknown 
exceſs above v be denoted by , and let the binomial quantity 1.061,332,2 — W 
be ſubſtituted inſtead of in the equation * , = 0.617,145,0, 


Then, 


_— 
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Then, fince r is = 1.061,322,2 — w, we ſhall have “ = 


1.001,332,2 —w\)®" = (by the binomial theorem,) to 1.001,332,2% — 41 
x 1.001,33 2, % x w + & = 11.478,989,9 — 41 x 10.815,634,3 X w 
+ &c = 11.478,980,9 — 443-441,006,3 X w + &c; and we thall have 


— — —— 


1 1.051332, — w)® = (by the binomial theorem, ) to 1.806,33 272 


1.061, 332, 2% 10.816, 6 
bot] — Ww + & = 10. 815,6 _ een 
— 40 X 1.557,332,2 * ＋ 1503473 40 X 1.581724 X o 


+ &c = 10.8 15,634,3 — 40 X 10. 190, 62 1, X w + &c = 10.816, 634, 3 
— 407.624, 840, Xx w + &c. 


Therefore the binomial quantity “* — 7 will be = the compound 
quantity | 
11.478,980,9 — 443-441,000,3 x ＋ &c 
— 10.815, 634,3 + 407-624,840,0 Xx w — &c þ 2 
0.663,346,0 — 35.816,166,3 Xx w + &c. 


But the binomial quantity * — 7® is = 0.617,145,0, 


Therefore the compound quantity 0.663,346,6 — 35.8 16, 166,3 * w +4 &c 
will alſo be = 0.617,145,0. Therefore 0.663,346,6 will be = 0.617,145,0 
+ 33.816,166,3 x w, and 35.816,166,3 x w will be ( = o 603,346,6 
0.046,201,6 
35-816, 166,3 ) 
289,9. Therefore r, or 1.061,332,2 — w, will be (= 1.061,332,2 — 0.001, 
289,9) = 1.060,042,3 ; that is, 1.060, o42, 3 will be a third near value of , 
or the root of the binomial equation * — 7? = 0.617,145,0, that will be 
much nearer to it's true value than 1,061,332,2, or the ſecond near value -of 


it was. 881 


— 0.617, 145,0) = o. 046, 201, 6, and w will be (= = 0001, 


This number 1.060, o42, 3 exceeds the true value of r, (which we know to 
be 1.06, or 1.060, ooo, o,) by only the {mall quantity o. ooo, 42, 3, which is 
leſs than the 25,059th part of the ſaid true value 1.06. This is a great degree 
of exactneſs, and ſufficient for all uſeful purpoſes ; and therefore I ſhall not 
carry the inveſtigation of the value of r any further, But, if greater exactneſs 
were to be dehred, it might eaſily be obtained by going through one more 
proceſs of Mr. Raphſon's method of approximation, 


t+1 b 


Art. 118. The equation 7 — 1 — — (to which this laſt Problem con- 


cerning a perpetual, but remote, annuity, or a reverſion of an eſtate in fee- 
ku ple, is reduced, is the very ſame equation which was obtained above in 
Ut. 79, page 452, for the determination of A, or the higher limit of the mag- 

TH nitude 
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2 . . . a Xx -þ + : 
nitude of the greater root of the trinomial equation — * + e 


— = = and thercfore it's root will be nearly = the expreſſion 1 + 


= — 4. Es : 
„which is ſhewn in art. 77, pages 446, 447, and art. 79, 
pages =: 453, to be nearly equal to, but ſomewhat greater than, the root of 


. . . [4 [4 3 . 
the binomial equation r SPS —_ We may therefore obtain a firſt near 


value of , or the root of the numeral equation * = 0.617,145,0,. 
(which we have juſt now been reſolving,) by computing the ſaid expreſſion 


Ez +1) =: 


2t 


+ „ Which may be done as follows. 


- 


Ano ber Reſolution of the foregoing Equation * — 7 =. . 617,145, by means 
| — | 


I +21'—1 


of the Expreſſion 1 + —— , obtained above in Art. 71 and 79. 


2t 


NN Cy 
Art. 119. In the numeral equation - S 0:617,145,0 Sn Shs" + = 
40, and — = . 617, 145, o, and conſequently. f X — (= 40 X 0.617, 145, o) 
= 24.68 5,800,0, and = (22-4: 24.68 5,800;0) = 98.743,200,0, and — 
+ I (= 98.743,200,0 + 1) = 99.743,200,0, and r (= 9.743. 
200, o) = 9.987, 1, and 42 + 1] — »(= Oy — 1) = 8.987,1, and 


— x 3 ** 

: — (= — = —2 ) = . 112,3. Therefore 1 + 
* 2 X 40 80 | 
E + 1) = I | | 
— 27 will be (= 1 + 0. 112,3) = 1. 112,3; which will therefore 


be 
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be a firſt near value of r, or the root of the numeral equation 2* — 2 . 
= 0.617,14 50» E. I. 


A SCH OLIUM. 


Art, 120. This number 1. 1 12, 3, obtained for a firſt near value by computing 


EE + i'-r 


N „is much more remote from it's true value 


the expreſſion 1 + 


1.06 than the number 1,05 was, which we took by a mere conjecture for our 


firſt near value of 7 in the foregoing reſolution of the numeral equation 
* - = . 617,143, o in art. 117. And therefore it would not be adviſe- 


N 


able to make uſe of this expreſſion 1 + wk in the reſolution of this 


equation. 


But it may be worth while to inquire, how it comes to pals that the ex- 


2 111 


27 


* — 1 = o. 61, 143, o, gives us a firſt near value of er that is ſo much 
greater than the truth. And for this purpoſe it will be neceſſary for us to 


preſſion 1 ＋ „ when applied to the reſolution of this equation 


reſume the conſideration of the binomial equation „ =P, which is 
reſolved above in art. 71, pages 446, 447, in an imperfect manner by means 
of the binomial theorem, and it's root x is, in conſequence of ſuch reſolution, 


/qnP Ti 
TP 2n 


declared to be nearly equal to, but leſs than, the expreſſion 1 


/quP +1 —1! 


2% 


Art. 121, Now in art. 71 the expreſſion 1 + 


by the following train of reaſoning. 


v, d, v*, v*, v5, & form a decreaſing progreſſion of terms that decreaſe 
with a great degree of ſwiftneſs, let 1 + v be ſubſtituted inſtead of * in the 


equation & * — . = P. 


was obtained 


If v is conſiderably leſs than 1, and conſequently the powers of v, to wit, 


Then 


it | 
i 
[ 
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Then we ſhall have, in the 1ſt place, e, by the bino- 


mial theorem, to the ſeries I ＋ +1 xv TAI „ = * v? 


* iK 


＋ iK — * * . x ov 
| 3 4 
T it-t;,,0- t- 4 
„ 53 ine ware ras wane 


+ Kc, continued to 2 + 1 + 1, or 2 + 2, terms, = the ſeries 


T-+Fua+1X0 + +1 X-— x v* 


iNN * , XX 


221 2 2 


+ iK * * * NM of 


4 5 
+ &c continued to 2 + 2 terms; 


or (putting B, C, D, E, F, &c for the co-efficients of v, , v', v“, d, &c, 
reſpectively,) we ſhall have 7 the ſeries 1 + By + Cy* + Dov? + Ev? 
+ FT + &c eee to n + 2 terms, = the ſeries 1 + n+1 Xv 
+ == * Dv*? 12 x Ev* ++ &c conti- 


+ — X Bꝰ 
nued to n +2 terms, or = to the ſeries 1 +: +43 x v + = Xu TIM 
+ Dv* + Ev* of Fv* + &c, continued to n + 2 terms, or to the ſeries 
1i+w+v+—Xxv + — x ov + Do + Ev* + Fo + &c, conti- 


nued to n + 2 terms. 


And, in the ſecond place, we ſhall have * = ITU“ =, by the binomial 


221 
3 


theorem, to the ſeries 1 + N ο . X — X v* + 1 X 


N — 2 22 — 7 i501 2: Bier T 1 — 2 2 
3 x 4 T 2 * 3 4 
3 . 
* - * * + &c, continued to # + 1 terms; 


Or 
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or (putting 4, c, d, e, f, &c for the co-efficients of v, v', 5, 2%, of, &c, 

reſpectively,) we ſhall have * = the ſeries 1 + bv + c + dv? e' + fo 
— Tk 

5 * by* + 


2 


+ &c, continued to # + 1 terms, = the ſeries 1 + 1 + 
— X c + — X dv* + — x ev* + &c, continued to x + 1 terms, 
= the ſeries 1 + #v + —_ n x v* + dv* + ev* + / continued to 
x + 1 terms, = the ſeries 1 + nv ++ — X v* —_— Xx v + 4 + ev“ 
+ / + &c continued to # + 1 terms, 

Thereſore the binomial quantity x = i will be == the ſeries 1 + nv. 
+ v + — * v* + — Xx v* + D&® + Et + FU + &c continued ta 
4 + 2 terms, — the ſeries 1 + 1 + — xX * — — X vV* + du + e“ 
+ fo* + Kc, continued to # + 1 terms, = the feries 1 — 1 + v + 9 
— HY + — Xx v + * =* * + — x o + Do — du + 
EV! — ev* + FU — fo* + & c = the ſeries v + - * v + Do — 4 


+ Ex! - e + F — fof + & c = the ſeries v +u X f + Dif — 4 
+ Ev! — ev* + FU u + &c. 


But the binomial quantity „ 1 — is =P: 


Therefore the ſeries v + # x ＋＋ Do = dv) + Ev! — er + Fos 
— e + &c will alſo be = P. 


And thus far the reaſoning uſed. in art. 71 is jult and accurate. 


Art. 122, But afterwards I ſuppoſed all the terms of this ſeries which come 
after the two firſt terms v + n x , to be much leſs than the ſaid two terms 
on account of the decreaſe of the powers of v, which makes v, v, v*, &c be 
much leſs than v and v, and will therefore contribute greatly to the diminution 
of the ſeveral terms Do, Ex“, Fo, &c, and de, ev*, and fo, &c, in which 
the ſaid powers of v are involved: and I thence concluded that the whole ſeries 
v ND + DV — df + Ev; — ef + Fo; — fo* + &c would be but a 
little greater than it's two firſt terms v + n Xx v, and conſequently that v + #: 
x v* would be nearly equal to, though ſomewhat leſs than, P (to which the 


aid whole ſeries is equal,} and therefore that — + v* would be nearly equal 


to, 
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, to, though ſomewhat leſs than, = ; and then, by reſolving this -quadratick 


equation — + v* = A or v + —— = = [ found that v would be 


a/4nP +t—1 
2n 


nearly equal to, though ſomewhat leſs than, the expreſſion 0 and 
conſequently that 1 + v, or 7, would be nearly equal to, though ſomewhat 


, dn which expreſſion the ex- 


leſs than, the expreſſion 1 + 


22 
é of ko + 1 —1 
preſſion 1 + - _ was afterwards derived for a near value of r, or 


the root of the equation Sir = = {which is of the ſame form as the 


equation * * P,) that would be ſomewhat greater than it's true value. 


Art. 12 3. But it muſt be obſerved that the decreafe of the terms Do, Ex“, 
FH, &c, and 4s, ev“, us, &c, in the ſeries v + N v* + Dou — do 
+ Ev* — ev* + Fr —fef + &c (which is = P,) does not depend ſolely on the 
decreaſe of the powers of v, to wit, v', v', v', &c, that are involved in them, 
but likewiſe on the magnitude of the co- efficients of thoſe powers, to wit, the 
co- efficients D, d, E, e, F, f, &c; and that theſe co-efficients will, in the firſt 
terms Dx, Ed, Fr, &c, and dv*, ev*, fo, &c, immediately following the 
terms v + N, continually increaſe, (though in a proportion continually 
growing leis and leſs,) and that, when » 1s a great number, this increaſe of 
theſe co-efficients will be ſo great as very much to counter: act the diminution of 
theſe terms arifing from the decreaſe of the powers of v, (to wit, v', v“, 2“, 
&c,) and to make the ſaid terms either not decreaſe at all, or decreaſe very 
. lowly. And then, it is evident, the rejection of all theſe terms, as being very 
ſmall and inconſiderable in compariſon of the two firft terms v and » X v, and 
the ſuppoſition that the ſaid two terms are nearly equal to the whole ſeries, and 
conſequently to P, will not be well-grounded, and will conſequently give us a 
value of v that will be much greater than it's true value; as we have found to be 
the caſe above in art. 149, where the value of v obtained by the computation 


* +1): 


of the expreſſion was o. 112,3, which is much greater than it's 


3 
true value, which we know to be 0.06. 


Art. 124. But, that this may appear the more clearly, I will nov proceed to 
compite the values of theſe co-efficienis D, F, F, and 4, e, /, when # is ſup- 
poſed to be = 40, as it is in the foregoing equation * — 7 = o. 617, 145,0. 

| Now 
8 
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Now on this ſuppoſition, that » is 40, we ſhall have 
B (ZZ TI = 40 ＋ 1) = 41, 


and C ( K B * 41 Senn = B20, 


and D (= — * C==—= X C=2E-xC=13xC= 13* 820) t, 660, 
1 — 40 — 2 1 5 + 
and E ( 5 X D = 5 X DS ＋ XD= — x DU 
10,660 = 19 X 3,330) = 101,270, 
a EY —_ 3 — 37. E — 
and F (= — x E — * E * 
X 20,254) 749, 398; 
and we ſhall have þ (= n) = 40, 


* 101, 270 = 37 


and c (=*=Xb = = X N = x4 = 39 X 20) 
= 780, 

and d (= ZxemE2xemExenD x78 = 8 X 
260) = 9,880, 

and e (SS x4 = E—Xd = = Xd = i x 9.880 = 37 X 
2,470) = 91,390, 

and e xe =E*xe=D xe = © x 91,399 = 36 x 


18,278) = 658,008. 


Therefore the ſeries v + n x v* + Df — dof + Ev! — ef + Fo 
— fy5 + &c will, in this caſe, be = v + 40 x v* + 10,660 Xx v* — 
9,880 Xx v + 101,270 x v — 91,390 X v* + 749,398 & vi — 658,008 
X v5 + & = v + 40 Xx v + 780 x v + 9880 x v* + 91,390 X v 
+ &c; in which ſeries the co-efficients of v, v, and v', to wit, the numbers 
780, 9,880, and 91,390, increaſe in very great proportions and very much 
contribute to increaſe the magnitude of the terms to which they belong, and to 
counter- act the diminution of thoſe terms ariſing from the decreaſe of the 
powers of v, (to wit, v', dd, and ',) into which they are multiplied. And 
hence it happens that in this caſe theſe terms cannot be rejected as ſmall and 
incdnſiderable in compariſon of the two firſt terms v + # X , without cauſing 
the value of v, reſulting from ſuch a rejection of them, to be much greater 
than it's true value. 


Art. 125. But the effect of this increaſe of the numbers 780, 9,880, and 
91,390, (which are the co-efficients of v', v“, and vin the foregoing ſeries,) 
in counter-ating the diminution of the terms 780 x *, 9,880 x v, and 


91,390 X *, ariſing from the decreaſe of the powers of v which are involved 
Vol. V. 30 in 
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in them, (to wit, v', v*, and v,) may be made ſtill more evident by ſubſti. 
tuting, inſtead of thoſe powers of v, their reſpective values, which we are in 
this caſe enabled to do by means of our previous knowledge that in the fore- 
going equation * — 7 = ©.617,145,0, the true value of 7 is 1,06, and, 


conſequently that the true value of v is 0.06, or 750 » This ſubſtitution may 
be made as follows. 


Since v is = 0.06, we ſhall have v* (= 0.061") = 0:003,6, and v' (= 
0.06 Xx o. o03, 6) = o. ooo, 216, and v (= 0.06 x 0.000,216) = 
o. ooo, o12, 96, and v' (= 0.06 x 0.000,012,96) g. ooo, O00, 777, 6. There- 
fore 40 X v* will be (= 40 x 0.003,6) = o. 144, , and 780 x * will be 
(= 780 X 0.000,216) = 0.168,480, and 9,880 x v* will be (= 9,880 x 
©.000,012,96) = 0.128,044,80, and 91,390 Xx v* will be (= 91,390 x 
©.000,000,777,6) = o. 071, o64, 864,0; and the ſeries v + 40v* + 780% 
+ 9,880v* + 91,390 x v* + &c will become = 0,06 + 9.144,0 + 
0,168,480 + o. 128, 044, 80 + 0.071,064,864,0 + &c, in which the 3d, 
4th, and 5th terms are fo far from being very ſmall and inconſiderable in com- 
pariſon of the firſt and ſecond terms, that each of them is greater than the firſt 
term 0.06, or v. In this cale therefore the value of v obtained by the rejection 
of all the terms of this ſeries, except the two firſt, or by ſuppoling thoſe two 
terms alone to be equal to the whole ſeries, and conſequently to P, mult neceſ- 
ſarily be much greater than it's true value. 


Art. 126. But, if in the equation ” * 


WF ons — — is much leſs than 40, as, for example, if it is 10, or 11, 
or 12, the numeral coefficients D, E, F, &c, and 4, e, /, &c, of v, vv, 
v5, &c, in the ſeries 1 + TL x v* + Do — 4 + Ev“! — ef + Fo 
— fo* + &c will have much leſs effect in counter-afting the diminution of 
the terms to which they belong, arifing from the decreaſe of vi, v', v', &c, 
than they had in the foregoing caſe of the equation r* — 7 = 0.617,145,0 ; 
and in ſuch a caſe the value of v ariſing from the computation of the. expreſſion 


— * = P, or 7 in the equation 


47 


„i 
2 


» (and which is derived from the ſuppoſition that v + » Xx vi, 


27 
or v +7 N , the two firſt terms of the ſaid ſeries, are nearly equal to the 
whole ſeries,) will be much nearer to it's true value than in the foregoing 
example, and may, perhaps, afford a tolerably good firft near value of v; and- 


r 


conſequently the expreſſion 1 + w_ may, in ſuch a caſe, afford a 


tolerably good firſt. near value of 1 + v, or r, or the root of the equation 


2 — There will, however, be often a good deal of difficulty in 


determining in what caſes, and with what magnitudes of the index 7 of the 
unknown 
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JE +): 


unknown quantity , the ſaid quadratick expreſſion 1 + — will 


approach pretty nearly to the true value of x, or exceed it by only a ſmall 
difference, and will therefore be fit to be adopted as a firſt near value cf it. 
And therefore I thould, in moſt caſes, think it better to neglect that quadratick 
expreſſion, and take 1.05, or ſome other rate of Intereſt, (choſen either upon 
ſome good ground, or even by a mere conjecture,) for a firſt near value of r, 
+1 


. t [2 a 
or the root of the equation r - = —, and then to proceed to find a 


ſecond near value of it by means of the Differential method of approximation, 
and, laſtly, to find a third near value of it by a proceſs of Mr. Raphſon's 
method of approximation; as is done above in art. 117 in reſolving the equation 
* — 7. = 0.617,145,0. 

End of the Scholium begun in Art. 120, Page 509, 


Art. 127. But here it may be obſerved that, in art. 79, page 452, I have, 


in treating of the binomial equation fur = = (by che reſolution of 


which we may obtain the value of A, or the higher limit of the magnitude of 
＋ ik a Sh 5. ) 


. . . a 
the greater root of the trinomial equation & + - 


f , \ 
a Fa: +1-1 
recommended the quadratick expreſhon 1 + 2 as a tolerably near 


value of it's root, and conſequently of the quantity A; and that, in treating of 
1 5 , t+1 + £ 8 * h 
the binomial equation x — — W (by the reſolution of 
which we may obtain the value of M, or the lower limit of the magnitude of 
1 141 ＋1 
pr bh 


the greater root of the ſaid trinomial equation — „ 11 


= I have recommended a like quadratick expreſſion, to wit, the expreſſion 


1 + Li + — Nj as a tolerably near value of it's root, and conſequently of 
the quantity M. And it may be aſked, whether I have altered my opinion 
upon this ſubject, and no longer recommend the uſe of theſe quadratick ex- 
preſſions for obtaining near values of the roots of theſe two binomial equations, 
or of the ſaid limits A and M.—In anſwer to this queſtion I will acknowledge, 
that I have altered my opinion on this ſubject, and that, though the values of 
the quantities A and M that were obtained by means of thoſe two quadratick 
expreſſions in art. 85 and 86, pages 457 and 453, were found to be ſufficiently 
exact to enable us to derive from ; a pretty good firſt near value of the 
greater root of the trinomial equation 0.500,000,0 x r* + 7 — © = 
0.500,000,0, of which root the quantities A and M are the limits, and therefore 
thoſe expreſſions may ſometimes be employed with advantage yet, upon the 


3U2 whole, 
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whole, (after having attentively conſidered the obſervations that have been ſet 
forth in the foregoing Scholium, and the difagreeable uncertainty we ſhall often 
labour under with reſpect to theſe quadratick expreſſions, in not being able to 
determine whether they will, or will not, give us tolerably near values of the 
roots of the ſaid two binomial equations, or of the quantities A and M, to 
which the ſaid roots are equal,) I now think it would, in moſt caſes, be adviſe- 
able not to have recourſe to theſe expreſſions for the reſolution of thoſe binomial 
equations, but to reſolve them in the manner that has been deſcribed above in 
art. 114, and exemplified in art. 117 in the reſolution of the equation * — 74% 
= 0.617,145,0. 
— r __——— 
; | #1 £9 HR” 
Of two other Methods of reſolving the Equation r —r = = with great Exatineſs. 


— ANEERIEIEREITS= a 


Art. 128, The method of reſolving the equation * 
been deſcribed above in art. 114, and exemplified in art. 117 in the reſolution 
of the equation * — 7 = 0.617,145,0, appears to me the beſt method that 
can be taken for that purpoſe ; though the ſaid equation may alſo be reſolved 
with as great exactneſs, by means of Sir Iſaac Newton's Binomial Theorem, by 
two other methods ſimilar to the ſecond and third methods by which it has been 


ſhewn above (in art. 23, 24, 25, &C, - - - = 30, pages 386, 387, 388, &c - - - 


ft a . 
— 7 = which has 


401,) that the equation — xr r = —— 1 may be reſolved. But theſe 


methods ſeem to be much inferiour to the method above recommended in 
ſimplicity and perſpicuity, and therefore I do not think it neceſſary to enter upon 
a deſcription of them. 

— — x — 


CONCLUSION. 


Art. 129. Having therefore fully examined the three equations — — 


̃ t t · a 
„ ad Exr Sree =. 
* Mt 2 8 2 2 2 


for the reſolution of which Dr. Halley invented his approximating Algebriick 
expreſſions derived froin Mr. De Moivre's Multinomial Theorem, and alſo the 


. t . 
equation v 71 27 2 — relating to the purchaſe of a perpetual, but remote, 


annuity, or of the reverſion of an eſtate in fee-ſimple, and ſhewn how all theſe 
equations may be conveniently reſolved without having recourſe to thoſe ab- 
ſtruſe expreſſions, I ſhall here put an end to this Appendix to Dr. Halley's ſaid 
Diſcourle on Compound Interelt. 


End of the Appendix to the foregoing Diſcourſe of Dr. Halley on Compound Intereſt. 
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A LETIER 


FROM 


THE LATE CELEBRATED ALGEBRAIST, 


MR. ABRAHAM DE MOIVRE, F. R. S. 


TO 


DR, EDMUND HALLEY, F. R. S. 


CONCERNING. 


One of the Algebraick Expreſſions given by Dr. HALLEY In his Diſcourſe 


on Compound Intereſt reprinted above in Pages 219, 
220, &c - - 230 of this Volume. 


Article 1. learned friend Mr. Nicholas Vilant, Profeſſor of Mathe- 
maticks in the Univerſity of St. Andrew's in Scotland, has 

informed me that he has met with a very curious Letter of the celebrated 
Algebrziſt, Mr. Abraham De Moivre, to Dr. Edmund Halley, concerning one 
of the abſtruſe Algebiaick expreſſions given by the latter in his Diſcourſe on 
Compound Intereft, which have been tlie ſubjc& of the long Notes on that 
Diſcourſe that have been printed in the foregoing part of this Volume. He met 
with this Letter many years ago in a periodical publication that came out in the 
year 1761, intitled The Mathematical Magazine, and Philoſophical Repoſitory, 
which was undertaken. by Mr. G. Witchell, and Mr. T. Moſs, and ſome other 
perſons, and printed for J. Wilkie at the Bible in Saint Paul's Church-yard. 
This publication, he informs me, was a very uſeful one: the part of it called 
The Mathematical Magazine contained many curious papers taken from foreign 
Literary Memoirs and Journals, or furniſhed by learned foreign correſpondents; 
and The Philgſophical Repoſitory promiſed to be a. moſt valuable work, and was to 
have comprehended a new and univerſal Dictionary of pure and mixt Mathe- 
maticks. But, not meeting with encouragement, it was ſoon diſcontinued, only 
five numbers of it having been publiſhed ; in one ot which, in pages 41, 42, 
and 43, the ſaid Letter of Mr. De Moivre is to be found. Mr. Witchell, the 
principal 
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principal undertaker of this publication, had originally been a journey-man 
watch-maker, but, notwith{tanding the want of a learned education, had (like 
many other men who have become eminent in {cience,) attained a great degree 
of ſkill and knowledge in the Mathematicks, and was much patronized by the 
learned Dr. Bevis (a literary gentleman of great note at that time,) who pro- 
bably communicated to him the ſaid Letter of Mr. De Moivre to be publiſhed 
in his Magazine, where it was printed (as it is ſuppoſed,) for the firit, and, 
perhaps, the only, time: for Mr. Vilant never met with it in any other book, 
The other undertaker of that uſeful Magazine, Mr. T. Moſs, was (as Mr. Vilant 
informs me,) an Exciſe. officer, and had been a writer on the ſubject of Gauging 
with a deſerved reputation. Mr. Witchell was conſidered as a perſon of ſuch 
reſpectable conduct and abilities that, in the latter part of his life, he was 
appointed Head Maſtcr of the Royal Mathematical Academy at Portſmouth, 
From this Magazine Profeſſor Vilant has been ſo kind as to copy this Letter, 
and to ſend me the Copy of it, to be publiſhed on the preſent occaſion. The 
Letter itſelf has no date to it, but was probably written ſoon after the firſt 
publication of Dr. Halley's Diſcourſe on Compound Intereſt, (which was in the 
year 1705, in the Introduction to the firſt edition of Sherwin's Tables of Loga- 
rithms,) when that Diſcourſe, from the accuracy of the abſtruſe and undemon- 
ſtrated Algebraick expreſſions, given in it, of the values of the rate of Intereſt 
of Money in thoſe Problems in which that rate was the unknown quantity, mult 
naturally have attracted the attention of Matbematicians in general, and partt- 
cularly of ſo excellent an Algebräiſt as Mr. De Moivre, and have excited them 
to endeavour to find out the inveſtigation of them. The letter is as follows, 


To Dr. Ermund HaLLEy. 


Sir, 
believe I have hit upon the right method of demonſtrating your Theorem 
for finding the rate of Intereſt in Annuities ; and of continuing it, if there were 
occaſion for it. | 


Let n be the number of years: let 5s repreſent ſo many years purchaſe as the 
annuity is worth, preſent money: x the rate of Intereſt, The equation ex- 


n 
preſſing their relation is = 5. 


SS +6: i. 
Let x be made = 1 + z. Therefore will be = 5s. 


'1+2)* xz 


Let both the numerator and the denominator of the firſt part of the equation 
be reduced into infinite ſeries. And we ſhall have 
9 ö nz + 


P oY 
© - 
A 
1 
N 
1 
4 

/ 
1 
J 
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Xx 2* + &c 


* N + X X 
e Ki = 43 and (di- 


z +nmz EA Xx x 2 + & 


viding both the numerator and the denominator of the fraction by z,) we ſhall 


n + x 
have = 5; and (tak- 
ee e * 
ing the quote of the numerator by vis denominator,) we ſhall have z multiplied 
. n +1 * +1 „„ n +1 n + 2 n +3 
_ * * 2 -K r X 23 
Re 4 


And, becauſe the co-efficient of the ſecond term of this ſeries is — 


am very naturally directed to raiſe that ſeries to the power — U. which is 


che reciprocal of it. 


Now this ſeries, thus raiſed, will be 1 + z — — * 22 &c ; which being 


continued to the cube, I found the co-efficient of the cube to be o. The co- 
efficient of the biquadrate 1 did not purſue, it ſeeming, at firſt view, to be 
ſomething intricate. 


X 22 2 , and therefore 


5 * = * 


n — I 


We have therefore » X iſ ＋ 2 — 


1 +2 —E . 
3 
and 2 — / X 22: = ="*' — 1, 


Let , f be called 9. 


Therefore 2 — IT X 22 will be = y. 
Vol. V. 3X > Let 
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Let —— be called e. And we ſhall have 2 = — — 7 — =, and 


=, 


conſequently the rate of Intereſt = 1 + — — — — 2 


Now make, in this Theorem, _ =; that is, — = 3. And we ſhall 


have the rate of Intereſt = 1 + þ — n =7þ; which is your very 
Theorem. | | 


Now I take this to be extremely near the truth, when x is ſmall. For it goes 
ſo far as the cube exactly ; and it partakes of the biquadrate and of all other 
powers. - . 

IT am your very humble ſervant, 
ABRAHAM DER Molyre. 


Art. 2. In the foregoing Letter of Mr. De Moivre the notation is different 
from that uſed by Dr. Halley ; who uſes 7, inſtead of », for the number of 
years during which the annuity is to continue; and 2, inſtead of 5, for the 
preſent value of the annuity, or the price that has been paid for it by the pur- 
chaſer ; and r, inſtead of x, for the rate of Intereſt which has been allowed the 
purchaſer for his money, which rate is the unknown quantity that is to be found. 
If Dr. Halley's notation be ſubſtituted inſtead of Mr. De Maivre's in the 
inveſtigation contained in the foregoing Letter, the {aid inveſtigation will be as 
follows, | 


—_—______—_____w___w__w_—__________ 


The foregoing Inveſtigation of the Expreſſion 1 + bþ — 25, or 1 +6 
— [4b = 2by\*, by Mr. De Moivre, expreſſed in Dr. Halley's Notation. 


— 


Let ? be the number of years: let z repreſent ſo many years purchaſe as 
the annuity is worth, preſent money: r the rate of Intereſt. The equation ex- 
preſſing their relation is . = z. 
1 


| : p | 
Let 7 be made = x + v. Therefore ee will be = 2. 
I Xv 


Let both the numerator and the denominator of the firſt part of the equation 
be reduced into infinite ſeries. And we ſhall have 


iv 


_ „ ts Das ao Rn 
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1 2 


+ &c 


— — = 2; and (dividing 


V ++ 1/UV 


both the numerator and the denominator of the fraction by v,) we ſhall have 


f — 1 1 — 2 


1— 1 
e 
= 2; and (taking 


the quote of the numerator 6 the denominator,) we ſliall have # 1 


; a 
into 1 — . x v + K N ww = = — x = 3 x vf 
= Ke = . 


And, becauſe the co-efficient of the ſecond term of this ſeries is — 


I 


I am very naturally directed to raiſe that ſeries to the power — — , Which is 


the reciprocal of it. 


Now this ſeries, thus raiſed, will be 1 + 0 — (= * vv &cz which being 


continued to the cube, I found the co-efficient of the cube to be o. The co- 
efficient of the biquadrate I did not — it ſeeming, at firſt view, to be 


ſomething intricate. 
2 
X = * il 


We have therefore :? Ale + 2 — [= = 2, and therefore 


_ e+1k 


1 EY 5 — 
11 N wc "0 £ wt 140 x oo) * 
＋. d (= x 3 and v = [= x RT 


— I, 


Ler £|+* — t be called y. 


1 : 
Therefore v (= X vv will be = 5. 


3 X 2 Let 
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Let > be called c. And we ſhall have v r — V [== =, and 


conſequently the rate of Intereſt = 1 + 2 — — — =, 


Now make, in this Theorem, _ = ; that is, — = 3. And we ſhall 


have the rate of Intereſt = 1 + þ = V 20; which is your very 


Theorem. 


Now I take this to. be extremely near the truth, when f is ſmall, For it 


goes ſo far as the cube exactly; and it partakes of the biquadrate and of all 
other powers. | 
F am your very humble ſervant, 


ABRAHAM DE Moi1yss. 


Art, 3. In the foregoing inveſtigation Mr. De Moivre ſuppoſes the annuity 
granted for a term of / years to be an annuity of only one pound a year; which 


is the reaſon why no mention is made of the fraction =, which Dr. Halley 


; . . 5 . - . . - o 2 . * 
directs us to raiſe to the power of which the index is 8 For, when à is 


= II., the fraction —— (mentioned by Dr. Halley,) becomes {= 1 X —) 


= = which is the fraction mentioned by Mr. De Moivre, and which he. 


directs us to raiſe to the power of which * is the index. 


Remarks on the foregoing Letter f, Mr. De Moivre. 


Art. 4. This inveſtigation. of Mr. De Moivre relates- to the ſecond of thoſe 
abſtruſe and intricate Algebraick expreſſions, given us by Dr. Halley, which 


are obtained by means of the Multinomial Theorem of Mr, De Moivre, The 


inveſtigation of this ſecond expreſſion 1 + 5 — n —%, or 1 +6 


— [bb - 2by 2, that had been communicated to me by Mr. William Morgan, 


(the learned Actuary of the Office for granting Equitable Aſſurances on Lives, ) is, 
in ſubſtance, the ſame with this inveſtigation of it by Mr. De Moivre, and has been 
ſet forth and explained at great length above in the Third of the preceeding long 


Notes on Dr. Halley's Diſcourſe on Compound Intereſt, in pages 302, 303, &c, 
= » = - = 310, of the preſent Volume, to which I refer the reader, And, _— 
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of theſe two inveſtigations of this expreſſion, Mr. Morgan's is rather the eaſier, 


—— 8 +1 _ 


W X VU 


becauſe it enables us to obtain the ſeries 1 — |: 


* — . 5 — 3 xv* + &c (in page 303), by only converting the . 


— fp . . * . . * 
„or the quantity 1 _ „ Into an infinite ſeties by means of the binomial 


I + al 
theorem in the caſe of integral and negative powers, or of the reciprocals of integral 
and yo powers, where is in Mr. De Moivre's inveſtigation the ſame ſeries 


. 125 NAME D I x3 xv + & 


1— 
is —_ by means of a moſt laborious and difficult 8 of Algebraick 


f —1[ 
2 


diviſion of one ſeries by another, to wit, of the ſeries 1 + _ X v + 


f — 121 f 2 


x NW * + &c by the ſeries 1 + 7 


+ kt — + &c, the quotient of which 
diviſion is the faid ſeries 1 — {I n — xv —— x 
— * — Z x v* + &c. The quotient of this diviſion may be. found in 


the following manner, 


Art. 5. The co-efficient © f 7 —＋ = — —, and the co- efficient 


1 — f — _— . > — 22 — 
* K * 52. 6 + 117 6 


6 4 24.; 
Therefore the ſeries _ —_ 2993822 
| : 
? — . — — 
e 2 w + 


15 — 6 +1t—6 
-+ 
1 — 1 t — 
* — X— xo + &c is = 1 r 
12— 3t+2 
6 


* + &c, and the ſeries 1 + u +7 X — X vv + t 


+ &c. We muſt therefore divide the ſeries 1 + — — Xx + X vv 
95900 a - * 

+ + .— ZN 4 &c by the ſeries . + 0 ＋ xw + 

Boo 31 + 2t 


p—_— x + &c; which may be done as follows. 


— 
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- 


— _ 32 622 * 
The Diviſion of the Series 1 = x v + * wv + ——— 
: * * of® 
x v* &c by the Series 1 + w + = x wv + © —— * 
+ &c. 
The Diviſor. The Quotient, 
ff — f | +1 P+ + 2 
e vo | 1 x v + e oY 
| 9 | : 
| „c —— — t 
| The Dividend. 
1 — 1 ta — 31 4 2 8 — 61 + 117-6 
1 + — Xv + 7 X vv ea + &c 
_ 3 3 | 
1 + t + ZZ xw += xv + e 
| 
| SEL RL => + x —6 3 
| 1 - x VV 27 * 
7 ＋ 1 mf TOY 
| „ 1% age gihed + X vv 7 Xv 
| 3 8 
ö . 2 A 
ö ＋— — Xx vw + = * v 
1 8 ＋ 31 + 2t 
+ ELE2 x ov + FLEE xv 
| 


— {3 — 62 — 11t 6 


4 # 52 
þ - 24 aa 
| „6 
n — X v3 
24 | 


Therefore 


52 1 , 
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Therefore the quotient of the foregoing diviſion, or the quotient required to 
be found in Mr. De Moivre's inveſtigation of Dr. Halley's expreſſion, is the 


. | [ + 3t + 2 i + 6 + 112 + 6 
feries 1 — | * v + —— x w —| = Xx U &c, 


1 . t + 1 t + 2 t+1k 
which is equal to the ſeries 1 — — 1 A * vv —|— 


3 — Xx v* &c, which is the ſeries given as the quotient of the 
3 


ſaid diviſion in Mr. De Moivre's inveſtigation. 


Art. 6. In the ſubſequent part of Mr. De Moivre's invelligation the ſteps. 
are nearly the ſame as in Mr. Morgan's inveſtigation, given above in the Third 
Note on Dr. Halley's Diſcourſe, pages 303, 304, 305, &c, = «- 310. For, 
having (by the foregoing operation of diviſion,) obtained the equation # X the 


- 2 ft +1 t + 2 t + 
ſeries 1 —.— * 0 Xx Z=Xx wv + = X * 


+ &c, = 2. Mr. De Moivre raiſes the ſaid ſeries to the power of which 


— — is the index. This is done by his own multinomial theorem, and 


produces the ſeries 1 + v — — X wv +0 x &c. 


But, ſince f x the ſeries 1 x0 R wo. = 
* — * — X v* + &C is = 2, we ſhall have the ſeries 1 * 
24142 t +1 Ts, 3 1 
77 x vv — | * * Nr 
Therefore the ch power of the ſeries 1 —.— XR v + — = X == 


x ⁰ EK $42. x - will be = — Fes 


But the th power of the ſeries 1 —.— * + = —.— * vv 
** N xv + & is = theferies 1 f —[ x wv 
+0 x &c. 


Therefore 


* CERES 9 


by = 2 2 WS r 
— —— — — —äꝓ — — IT _ > : 


a 3 
3 


— 
I 


-— <2 —— — 
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Therefore the ſaid ſeries 1 + v — | _ * vv +0 x &c will alſo be 


— 2 


= 
2 


t 5 
1 
=) |+1. 2 1 Bert 1 1 : 171 
But — is (= = — = 1X the fraction — 


— 2 
= r 7 9 775 
7 3 2 
2 1771 


— 

* 

— — 0 
2 


: P 
Therefore the ſeries x, + v — — x vv ＋ O * * K&c is = — a 


2 
Therefore v 22 * wv + o x v* &c will be = ** — I, 


2 
Let y be put =: . 


And we ſhall then have v — Xx vv + © Xx &Cc = 9, or 


[= de 


Let — be called c. 


And we ſhall then have v = c x vv, nearly = y. 
Therefore — — VV, Or — X V — vv, will be = — and (ſubtracting both 


ſides of this equation from , or the ſquare of , or half of , the co-efficient 
Acc 2c c 


1 
c 


of v, which ſquare is always greater than — XV - us, OL V X 21 — ©,) we ſhall have 


Xo + vv 3 , and (extracting 


the ſquare-roots of both fides,) — my 3 LL _ 22, and (adding v to both 


ſides,) ＋ — — + v, and (ſubtracting = 32 from both ſides,) 


I a1 — gy _1-—- 4/1 —- 4y 
— — . 
__—_ 2c 8 2c t 


DV = 


Now 
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I 6 
Now make * or = ——« 


And we ſhall have 25 ==—\> and 2by (= —— ** = — , and bb — 2by 


(= — — = _ — x) = . and conſequently V — 20 (= 


4e 
2 - —ͤ— 9 — 
* — , and þ -V — 20% ( = — — —=) = 


— 2 , which has been ſhewn to be = v. Therefore v will be = 5 


— V }þ — 2by, and r, or 1 + , will be = 1 + - V - 24y; which is 
Dr. Halley's expreſſion. Qs . 1. 


Art. 7. The foregoing expreſſion 1 + - i — 24y given by Dr. Halley 
for a near value of the rate of Intereſt ſought, or of the greater root of the 


f tf+1 a : 
—. „ „„ is more exact than one would 


binomial equation 


naturally expect from a ſingle proceſs of an approximation of this nature; as 
has appeared in the Third of the foregoing Notes upon Dr. Halley's Diſcourſe 
above-mentioned, in the reſolution of the equation 1.090,909,0 X r — #®? 
= 0.090,909,0, in art, 7, pages 311, 312, where this expreſſion gives us 
1.068, 327, 5 for the value of r, or the greater root of the ſaid equation, inſtead 
of 1.068, 14, which is it's true value, and with which the number 1.068,327,5 
agrees in the four firſt figures 1.068, This great degree of exactneſs of the 


expreſſion 1 + b — 4 bb ay ſeems to be owing to the fortunate circum- 


41 -— 


ſtance of having the co efficient of v' in the ſeries 1 + v — 


I 
＋ X vv HO 


xXx &c, (obtained by means of Mr. De Moivre's Multinomial Theorem,) 
equal to o, which makes the retention of the three firſt terms of the ſaid ſeries, 


. ft —1 . 
to wit, the terms 1 + v — —_— vv,) as a near value of the whole, give 


us as near a value of the whole ſeries as we ſhould have had by retaining the 
four firſt terms of the ſeries, if the fourth term, involving v', had had ſome 
finite number for it's co- efficient. This I call 4 fortunate circumſtance, becauſe 1 
can hardly ſuppoſe that Dr. Halley could have foreſeen, or have had any reaſon 
to conjecture before-hand, that the co-efficient of v in the ſaid fourth term 
would have been = o. And Mr. De Moivre, in the laſt paragraph of his fore- 


going Letter, ſeems alſo to aſcribe the great exactneſs of this expreſſion to 
this circumſtance, 


Voß. V. 9 Art. 8. 


1 . a , . 
7 2 k, b o 4 3 +. w- 
a 
17 — - - _—- — _ 
— - 


— —— 3 


- 4 - _—-— — —  _— 


5 —_— 
— —— — 
—— 


— X — o 


: > 
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Art. 8. After conſidering the foregoing inveſtigation, given by Mr. De 
Moivre, of the expreſſion 1 + 56 — 9 — 2+y found by Dr. Halley for the 


value of r, or the greater root of the binomial equation = 1 


= —— „and the inveſtigations given by Mr. Morgan of the three different 


expreſſions 1 + V + 20 — 3, 1 + 5 — V — 29, and 1 5 


— +# bb — 2by, or 1 + bb + 25% 2 — 3, I + þ — ſoß — 200 L, and 1 + 5 
— = 200, found by Dr. Halley for the values of 7, or the greater roots 


of the binomial equation — Xr —r = — — 1, the binomial equation 


2 + a t 141 4 . R . a * x +k 
SER. - =, and the trinomial equation — Xx + r T 


1 = — , (which inveſtigations of Mr. Morgan have been very fully 


ſet forth above in the Notes to Dr, Halley's Diſcourſe on Compound Intereſt,) 


we may venture to form a conjecture concerning the method in which Dr. 
Halley himſelf proceeded to inveſtigate one of theſe expreſſions, though he 
himſelf thought fit to conceal his inveſtigations of them, and even the fore- 
going Letter of Mr. De Moivre, (in which he had diſcovered 'and communi- 
cated to Dr. Halley an inveſtigation of the ſecond of thoſe expreſſions,) which 
was found amongſt Dr. Halley's papers after his death, and was publiſhed for 
the firſt time, 19 years after it, in the year 1761, in the Mathematical Magazine 
and Philoſephical Repoſitory above-mentioned. I ſhall therefore now proceed to 
ſtate the manner in which it ſeems probable to me that Dr. Halley proceeded 
in his inveſtigation of the firſt of theſe expreſſions, to wit, the expreſſion 


1 + bb + TIER b, or 1 + V + 2by — , which he has given us for a 


| . . | f 2 1 
near value of 7, or the greater root of the binomial equation — & = 


— — —1:. 


A Cone 
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A Conjefure concerning the Manner in which Dr. Edmund Halley inveſtigated the 
Expreſſion 1 + 66 + 2by\* — 2, or 1 + y/bb + 2by = b, which he has given 


us for the Value of r, or the greater Root of the Binomial Equation — „r* 


= — — I, 
a 


Art. 9. In the firſt place, then, in conſidering the equation — X r — 


= — — 1 it muſt, probably, have occurred to Dr. Halley, that, fince * 5 
or the higher power of the unknown quantity r in this equation, is marked 
with the ſign —, or is ſubtracted from the other term — X r, this equation 


muſt have two roots, or, in the language of Dr. Halley and other modern 
Algebriiſts, two real and affirmative roots. He would therefore have ſet himſelf 
to inquire into the magnitudes, or values, of theſe two roots. 


Secondly, in inquiring into the magnitudes of theſe two roots, he would 
ſoon obſerve that one of theſe roots muſt be equal to 1. For, if r 8 = 1, 


r will be (1) = 1, and — * r- vill be (==—xXx1—1) — 


= t 
_ — 1, Which 1s the abſolute term of the equation — X 7 27 = — —1 


whence it follows that 1 muſt be one of the roots of the ſaid equation. 


In the third place he would conclude that this could not be the root that he 
wanted, or that would ſolve the Problem from which this equation was de- 
rived; becauſe in that Problem r was put for the value of one pound, together 
with it's intereſt for one year, or one other time, at the end of which the intereſt 
was to be paid, and therefore muſt always be greater than 1/., or 1, however 
ſmall either that intereſt, or the time at which it is to be paid, may be. 
And hence he would conclude that 1 muſt be the leſſer root of the equation 


＋ . 
— Xr—r = — — 1, and that it's other, or greater, root would be the 


value of 1 which ſhould ſolve the Problem from which this equation had been 
derived. And he would therefore endeavour to find this greater root of the 


. „8 7 2 
equation 3 * 


371 2 Art. 10. 


— OOTY 
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Art. 10. Now in this ſtage of his inveſtigation he might have inquired into 


. . . . - . 2 
the limits of the magnitude of the greater root of this equation — X 7 „ 


— — — 1, in the manner ſet forth above in pages 363, 364, &c -- g70; 
And, if he had done ſo, he would have found that this greater root muſt be 


. I | 
leſs than — , or V | . but greater than — , or - _ 


which leſſer limit of the magnitude of this greater root is at the ſame time the 
greater limit of the magnitude of the leſſer root of the equation, and therefore 
is greater than the leſſer root of it, or 1, and conſequently is nearer than 1 to 
the true value of 7, or the greater root ſought, and is therefore fitter than 1 to 
be taken for a firſt near value of r, or the ſaid greater root, and to be made the 
ground-work of a further approach to the true value of the ſaid greater root by 
Mr. Raphſon's, or ſome other, method of approximation. And by ſuppoſing 


I 
this quantity =”, (which is the leſſer limit of the magnitude of the greater 


root ſought,) to be an arithmetical mean quantity between the leſſer root 1 and 
the greater root 7, which is ſought, he might have obtained the quantity 


( I T | 1 
= +=|-* — 1, or 2 X 2 — 1, or (putting M be I, 
I 


and d for M— 1, or |" — 1, MTM - , or z M — 1, or M + 4. 


for a firſt near value of 1, which would be a little greater than it's true value, 
but nearer to it than either the leſſer root 1, or the lower limit of the greater 


I 


. Z |f—1 
root, to wit, — , or M. 


But Dr. Halley ſeems to have contented himſelf with making ufe of 1, or 
the leſſer root of the equation — X72 2 — — I, as a firſt near value 
of r, or it's greater root, and to have put v for the exceſs of the greater root 
above the leſſer root 1, whereby he had Fr =1 + v. 


He then ſubſtituted 1 + v inſtead of 7 in the equation — Xr —#r = 


— — 1; which was thereby transformed into the equation — X 1 + v 


—1+= — — I, or (by the binomial theorem, ) — X 1 + v — the 
121 1— 1 122 ? I 


ſeries 1 + tv + 2 „ 


KO SIR EEX SERGE +2xX — 
= 
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— — 1 — 1 122 1 — f — 
x I ESI Nu 41x re XX kc. 
3 4 - 3 4 5 


. : 2 e 2 2 . . 
continued to #+ 1 terms, =— — 1, or — X I + — — the faid ſeries = 


— — I; whence (adding the ſaid ſeries to both fides,) we ſhall have — + 


_ — — 1 + the ſaid ſeries; and (adding 1 to both fides,) we ſhall have 


__ + — +:3'= — + the ſaid ſeries; and (ſubtracting — from both ſides,) 


a 
we ſhall have — + 1 = the faid ſeries 1 + to + z Xx _ Xx ww + kt 


t — 1 1 — 2 ; 1 — 1 1— 2 1— 3 4 — 1 
XN. * X v* + t X f * rn X v 4 * 


— * — * — T v* + &c, continued to f + 1 terms; and (ſub- 


tracting 1 from both ſides,) we ſball have —- = the ſeries tv f — 3 


t=r,t=2 > 1221 2 "uo 

1 3 1 : RX 

X — * — * — Xv5 + &c, continued tot terms; and (dividing all the 
121 


terms by v,) we ſhall have — = the ſeries f + t X — * +4 X —— X 


f 1 122 


— — — X —_ — — — 
- We H+X1iXx f * 3 * 4 
X —_ x v* + &c, continued to ? terms; and (dividing all the terms by 7) 


we ſhall have — == the ſeries 1 + — x v + — * X wv + — 


tf - 1 41 


K R 


3 
f — 2 t — 2 t—1 1 — 2 5 — 3 @t—4 1 
* * : $ mm" Xt - X - X s X v* + &c, cont 


nued to : terms; or (in the more uſual manner of ranging the terms of an 
equation, with the abſolute term, or known quantity, on the right-hand fide 


of the mark of equality,) we ſhall have the ſeries 1 + — X v + © _ - Xx 
TPxwH EXE xXTSxv+ = x Xx x — 
Xx v* + Ke, continued to? terms, = . 

Art. 11. Having thus obtained this equation 1 + — X* v + _ * 
* LM, it 


x v* + &c, continued to ? terms, = A » Dr, Halley's next buſineſs would 


be to reſolve it, or to find the value of the unknown quantity v, which is 
involved in it, and which is the intereſt of 1 pound for a ſingle year, or other 
ume at the end of which the intereſt is to be paid, 

32 Now, 
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Now, if this intereſt were extreamly ſmall, (as, for example, if it were only 
1 per cent, in which caſe v would be = — ls or ©0,01/.,) and if (beſides the 


ſmallneſs of this intereſt,) the term of years, denoted by t, during which the 
annuity was to continue, was a very ſhort one, (as, for example, only 5 years,) 


—_ ] 1 — 1 — 1 — 1 t — — 
the ſeveral terms x 7 R * — * 


1 . 
——_ X v, &c, (that involve the powers v“, v*, v', v', &c) to the end of 


the ſeries, would be ſo ſmall in compariſon of the two terms _ x v and 


f=—=1 t=—2 
2 

ſafely (or without producing any important error in the concluſion reſulting 

from ſuch an operation,) be neglected, and the three firſt terms of the ſeries 


* vv, which involve the two firſt powers of v, that they might 


f - 1 t—1l ft — 2 ; 121 1 — 2 f — 3 N t — 1 
“ — X Xx vv + — * == * ** +— 


r We„* + &c might be conſidered as being equal to 


| : | | | 
the whole of the ſaid ſeries, and conſequently as being equal to the abſolute 
term, or known quantity, —_ and then the value of v, the unknown quan- 


tity, might be eaſily found by reſolving the quadratick equation 1 + — * v 


o 

- 
7 . 
7 


— — X vv = —. For, if the term of years denoted by 7 was 


only 5 years, we ſhould have _ (= — = —) = 2, and —_ * 
ww — 121 22 es 
Dr 
= 2 Xx — 2 2X — = — 2 ) gi, and — Xx — x — 
: a - 2 
ET: WEN" Has 5 1 
N ατν NN = F) o; 


4 | 
and conſequently all the following terms of the ſeries would be equal to © 


likewiſe, and the whole ſeries would conſiſt of the five terms 1 + © 7 - Xo + 
f—-T ft —2 1 — 1 3 „„ 
— U — — * . 
- A i X * 3 : X g 
x AA x , or 1 T2 * r N u +1X%9 + — x v, and the 


equation obtained above for determining the value of v, to wit, the equation 


ft —1 . ft feos fog t—1 
I + c WT 
X = X * —* x v* + & = — would become 1 + 25 


5 
2 . . . . I 
+ 200 + + —= —-« Now if, in this equation, v was leſs than og 


ic 
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it is evident that the term v would be leſs than the rooth part of vv, and 
conſequently than the 200th parꝭ of 2vv, and that *. would be leſs than the 


109,000th part of 2vv; and therefore we might, in ſuch a caſe, ſafely, or 
without erring much from the truth, conſider the three terms 1 + 2v + 2vv 


as being equal to the whole five terms 1 + 2v + 2vv + ov? + _ and con- 


ſequently as being equal to the abſolute term — ; and then the value of v 
might be obtained to a conſiderable degree of exactneſs by the eaſy operation 
of reſolving the quadratick equation 1 + 2v ＋ 2vv = _ „or 2v + 2vy = 


2 1 . . 
— — 1, or v v — — -—. But this is a caſe that ſeldom, or never, 


2at 
happens; becauſe the intereſt of money is uſually, not 1 per cent, or a 


hundredth part of the principal, but 3 per cent, or 4 per cent, or 5 per cent, 
and, in Dr, Halley's time, was 6 per cent ; that 1s, v will be equal, not to 
0.01, but to 0.03, or 0.04, or 0.05, or 0,06, the powers of which will 
decreaſe much leſs ſwiftly than the powers of 0.01. Thus, for example, if v 
is = 0.06, we (hall have vv = 0.0036, and v = o. ooo, 216, and v* = 
0.000,012,96 ; and conſequently v', or the fourth term of the ſeries 1 + 2v 


+ 2vv + of + =, will not be, as before, equal to only a 2ooth part of 


06 
the third term 2vv, but will be equal to (2vv X — = 2 X _ = 2VU X 


he 6 6 1 R R 
FA -w 3. 0600) about os part of the ſaid third 


. £2 bs 
term, and therefore the two terms v* + cannot in this caſe be neg- 


lected, and the equation 1 + 2v + 2vv + v* + — — —— be conſidered as 


being nearly the ſame wich the quadratick equation 1 + 2 + 2 = — , 


without making the value of v reſulting from ſuch a ſuppoſition, and ob- 
tained by reſolving the ſaid quadratick equation, be much greater than it's 
true value. And, if it ſhould alſo happen that the term of years during 
which the annuity is to continue, and which is denoted by 7, ſhould not be a 
ſhort term of only 5 years, but a term of 21, or more, years, (as is very 


frequently the caſe,) it is evident that in this caſe the co- efficients of the ſeveral 


ft —-1 {—T f — 2 
- r Xx vv + 


powers of © in the aforeſaid ſeries 1 + 


1— 1 1— 2 ft — 3 1 — 1 1 — 2 1— 3 5 << 4 
F 5 
will, in the firſt part of the ſeries, continually increaſe, and conſequently 
tend to increaſe the terms of which they are the co- efficients, and to counter-act 
the diminution of the ſaid terms ariſing from the continual decreaſe of the 
powers of v. Thus, for example, it 7 is = 21, we ſhall have — 7 > (= 


314 


—— — — 


7 — 
— —— ES 2 


. — 
—ͤ— —ͤ—1' 4 


A Twit» 4. —_—— ht et CREE 4c cates 


A, ns 
P 
— py * _»- ry" 


= 7 * 4 0 — 
— — — 2 
* 
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TI 
21 — 3 


= 63.33 X — = 63.33 X — = 2) = 284.98, and 


„ — = 
X - X 8 * r (= 284.98 x : = 284.98 X * 


284.98 X 75 = e) = 968.93; and conſequently the ſeries 1 + _ | 


} — 1 — 2 1 — 122 1 — 1 — 1 12 2 
X—=Xv> + =X—<=X—Exov + x — 
t —-3 1— 4 | 


* * v* + &c will in this caſe be = 1 + 10 X v + 63.33 x vv 


4 5 
+ 284.98 x v* + 968.93 Xx v* + &c, in which the co-efficients of the 
powers of v continually increaſe, and conſequently counter- act the diminution 
of the terms to which they belong ariſing from the decreaſe of v, vv, v, and 
v, or the ſeveral powers of v. In this caſe therefore it would be by no means 
adviſeable to negle& the terms that involve the cube, and the fourth power, 
and other following powers, of v, as being very ſmall in compariſon of the 


2 


terms 10 X v and 63.33 X vv; and, if we were to do fo, for the ſake of 


reſolving the equation as a quadratick equation, the value of v thereby 
obtained would be very much greater than it's true value, 


Theſe obſervations muſt, no doubt, have occurred to Dr. Halley, and muſt 
have induced him to lay aſide any intention which he might, perhaps, have at 
firſt been inclined to adopt, of neglecting all the terms of the aforeſaid ſeries 


[4 * ee e 100 e ern - 


t : 1 - ? x — * = x v* + Kc, that follow the third term _ * 


82 


— X VV, as being very ſmall in compariſon of the ſaid third term, and 
relolving the equation as if it were a mere quadratick equation, involving only 


the three firſt terms of the ſaid ſeries, to wit, 1 + _ x v + _ I X — 
* vv. And he would then, probably, have uſed his beſt endeavours to 
convert the aforeſaid equation I + — * v + —— * : * * v + — 

; X 7 * - X 3 * 7 * F * v* + _ 


into ſome other equation, (involving the ſame unknown quantity v,) in which 
the co- efficients of the powers of v ſhould not be increaſing quantities, as they 
are in the foregoing equation. 


Now, when he was in purſuit of ſuch a method of converting the aforeſaid 
equation into another equation better fitted for his purpoſe, it ſeems reaſonable 


Thovgh 


to ſuppole that he would have made the following reflections. 
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X 


* — 1 — 1 
2 


Though in the ſeries 1 +m x * + m X x ** + MX — 


2 „ * * — X = x = x #* + &c continued to m + 1 


terms, (which is equal to the mth power of the binomial quantity 1 ＋ x when 
m is a whole number,) the co-efficients of the ſeveral powers of x, to wit, x, 
** * *, *, *, &c, will, if m is a whole number (as 21, or 30, or 40,) 
in the firſt half of the terms of the ſeries continually increaſe, yet, if a fraction, 


as —, (in which » is ſuppoſed to be any whole number, or mixt number, 


whatſoe ver,) be ſubſtituted in the ſaid ſeries inſtead of the whole number m, the 
co- efficients of the powers of x in the new ſeries thence ariſing, to wit, the ſeries 


TX TN * #* X * — 2 X x* + — x 


2 2 3 


1 1 
T* T- „ -N I e, r TX * 
2 3 4 
bf # I — 2 1 — 27 , 2 1— * 1 22 1 — 33 4 
Nn 2 R ** * aa 
54 A 2 # — 1 2 . u — I 20 — 1 3 
+ &c, or I + — X # = N Wo = 50 _— X x 


* 28 —- 1 


= " X 9 X 2. X x* + &c, will decreaſe from the very 


on —— * 
beginning of the ſeries. For the ſeveral generating ſractions — — 2 : 


1 by the continual multiplication of which into —_— (the co-efficient 


of x,) the co-efficients of *, x*, *, &c are produced, are leſs than the 


n—O 22 —O 33 — 0 
3 bl 


, 


fractions 


» &c, reſpectively, or than the fractions 


33 4 
rc 2. 0 
ov 2 &c, or than = . * s ＋ „&c, and therefore will always be 


leſs than 1, and conſequently, by being multiplied into the co-efficients imme- - 


diately preceeding them, will produce other co-efficients that will be leſs than 
thoſe from which they were derived. 


But this ſeries 1 — — * x —— X X * + — X == X — 
. 2n — 1 zu — I . r Ra 
X x? 1 Xx — X — XR R is equal to 1 ＋ *, 


or to the —th power, or the nth root, of the binomial quantity 1 + x. 


Therefore, by extracting the nth root of any binomial quantity, as 1 + x, 
we may always obtain a ſeries of quantities, of which the firſt term ſhall be 1, 
and the ſecond, third, fourth, and other following, terms ſhall involve the 
ſeveral powers of x, to wit, x, **, *, *, x5, x*, &c ad infinitum, combined 

Vor. V. * 1 5 with 
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with, or multiplied into, a ſet of co-efficients of which the firſt will be the 


fraction —5 and the ſecond, third, fourth, and other following ones will be a 


ſet of fractions leſs than —, and continually decreaſing. 


And, after making theſe reflections on the ſerieſes that are equal to the mth 
power and to the — th power, or the zth root, of the binomial quantity 1 + x, 


it ſeems reaſonable to ſuppoſe that Nr. Halley would have extended them to 
the ſerieſes that would be equal to the like powers of a trinomial quantity, (as 
1 + bx + c,) or of a quadrinomial quantity, (as 1 + bx + * + x,) or 
of a quinquinomial quantity, (as I + bx + c + dx + ex,) or, in general, 

of a multinomial quantity, conſiſting of any greater number of terms involving 
the powers of the ſame quantity x, (as 1 + bx + a + df + e + fo + 
gx* + hx" + &c,) and would have concluded that, from the analogy that 
ſubſiſts between a binomial quantity, (ſuch as 1 + x, or 1 + 4x,) and a 
trinomial quantity, (ſuch as 1 + bx + cx*,) and a quadrinomial, or quinqui- 
nomial, or other higher multinomial, quantity, the obſervations which he had 
found to take place concerning the ſerieſes that are equal to the mth and the 


— th powers of the binomial quantity 1 + x, or 1 + &x, would likewiſe be 


true concerning the ſerieſes that would be equal to the mth and the _ th 


powers of the multinomial quantity 1 + bx + c + dx“ + e + ff + gx 
+ bx” + &c, and conſequently that, if we were to find a ſeries that ſhould be 


equal to the zth root, or the th power, of a multinomial quantity 1 + 6x 
+ r + d + ex* + / + gx* + bx! + &c, the numeral co-efficients of 


the powers of x, to wit, x, *, *, *, x*, 4, *, &c, in the terms of ſuch a 


ſeries, and more eſpecially in ſome of the firſt terms of it, would be a ſeries of 


decreaſing fractions. And he would probably alſo have ſuppoſed that, ſince 


Sir Iſaac Newton's ſeries for exhibiting the value of 1 T, or the integral 
power of the binomial quantity 1 + & denoted by the whole number m, is 


found to be true allo when the whole number #2 is converted into the fraction 


—_ or that the ſeries reſulting from ſuch converſion is equal to the —— th 


power, or the nth root, of the ſaid binomial quantity 1 + x, it would likewiſe be 
true that, if in the complicated ſeries which Mr. De Moivre had ſhewn to be 


equal to 2 + be + if + dif + ex* + fof + g + bx + &., or the mth 
power of the multinomial quantity @ + bx + c + dx + en + e + gt 
+ hx” + &c, when m is a whole number, we were to convert the whole 


. . I . . 
number m into the fraction , the ſeries reſulting from ſuch converſion would 


be equal to the —th power, or the nth root, of the ſaid muitinomial quantity 


-1i+bx+ ff +0 +a + fi + g + bx: + &c. 


And, 
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And, when Dr. Halley had thus extended theſe reflect ions to the ſerieſes that 
are equal to the mth and the „ th powers of a multinomial quantity, as @ ＋ bx 


+ c + d + e + ff + gx + bx? + &c, or 1 + bx + c' + d + 
ex* + / + gx* + bx" + &c, he would next be induced to apply them to the 
multinomial quantity, or ſeries, 1 + _ Xx v + — * — * vv + — 
2 t—3 1 
1 — ee 
3 * OI X AD 
to t terms, which forms the firſt, or left-hand, fide of the above-mentioned 
equation which he had obtained in the manner deſcribed in art. 10 for the 
determination of the unknown quantity v ; which application would confift in 


raiſing the ſaid ſeries and it's equal, the abſolute term, or known quantity, 
, of the ſaid equation, to ſome power of which the index would be a 


X — X v* + &c, continued 


fraction, or number leſs than 1, ſuch as _ or in extracting the »th roots of 
both ſides of the ſaid equation, » being ſome whole, or mixt, number, or 
number greater than 1. And, in chuſing the ſaid fraction —, which was to be 
the index of the power to which both fides of the ſaid equation was to be raiſed, 


. . 121 
it was natural to make it equal to ., or to make equal to —— , or the co- 


—ů— —.v.— 


2 
efficient of v in the ſecond term of the ſaid ſeries, becauſe then the two firſt terms of 
the new ſeries, that would be equal to the —— th power of the former ſeries, would 


be 1 and v. For, if the ſaid former ſeries 1 + — 8 + — „ X 


3 
| t=TI,t=2 t—3 ; 1, fe] 62 t=3, t=4 
142 ** * * * on 3 * * v* + &c 


be raiſed to the — — th power by means of Mr. De Moivre's Multinomial 


; 2 
Theorem, it will be found that the five firſt terms of the ſeries that is equal to 


the ſaid power of the ſaid former ſeries will be 1 + v + — xXw+0X0 


12 

«w #3 — 3 ww 413 

— 85 t—6 x v, or 1 + v + Ex ww +0 —[© „ vs, 
as has been ſhewn at large above in pages 241, 242, 243, &Cc - 252 of 
the preſent Volume. Now in this ſeries it luckily happens that the co. efficient 
of the fourth term (which involves the cube of v,) is o, and conſequently that 
the ſaid fourth term is equal to o, or is wanting; and therefore we may with 
the greater ſafety ſuppoſe that the three firſt terms of this new ſeries are nearly 


equal to the whole ſeries, and conſequently to it's equal, the abſolute term of 
2 


the new equation, or to — 4 and then we ſhall have the quadratick equa- 
tion 
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or, 
t+1 8 |f—1 


tion 1 + v + —— Xx vv (nearly) = = for our new and final equation, 


by the reſolution of which the value of the unknown quantity v is to be de- 
termined, | 


When Dr. Halley had thus obtained the quadratick equation 1 + v + 
x 2 


—j— X vo = (nearly) = , the remaining part of his proceſs in order to 


obtain his final expreſſion of the value of 1 + v, or 7, would be very eaſy, 
and would be as follows. 


He would firſt ſubtra& 1 from both ſides of the equation, and thereby obtain 


2 
the equation v + _ 88 — 2 — 1; and then, putting y for the 


2 , 
known quantity 2 — 1, (in order to ſhorten and ſimplify the 


notation,) he would convert the laſt equation into the equation v + 


— * vw = y. Then, by multiplying all the terms of this equation 
into the fraction —_ „ (in order to free vv, or the ſquare of the un- 
known quantity v, from it's co-efficient __ „) he would obtain the equation 
—_ * v + wv = — * y. And this equation he would ſimplify in the 


notation of it's terms by ſubſtituting 26 in it inſtead of the fraction = 


whereby it would be converted into the equation 25 * v + vv = 2%. Then, 


by adding #4 to both fides, he would obtain the equation 33 + 2bv + vv = 
bb ＋ 20; and, by extracting the ſquare-roots of both ſides of this laſt 


equation, he would have 5 + v = V 33 + 2b; and laſtly, by ſubtracting 3 
from both ſides, he would obtain the equation v = * 3b + 25 — 3, or v = 
bb + 2. — +; whence 1 + v, or r, would be = 1 + VT 2by — 6, 
or 1 + bb + 2by* — 5; which is the expreſſion he has given us. d. E. 1. 


Art. 12. In this manner I think it is probable that Dr. Halley inveſtigated 
this expreſſion, But it is to be lamented that he did not himſelf fayour the 
Publick with an account of his inveſtigations of this and the other two ex- 
preſſions given us in his Diſcourſe on Compound Intereſt, as well as commu- 
nicate the expreſſions themſelves in the conciſe and abrupt manner in which 
they are ſtated in that Diſcourſe. 


End of the Tract intitled, A Letter from Mr. De Moivre to Dr. Halley.” 
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—— — —  —— 


SIR, 


T is well known that the conſideration of Compound Intereſt is of great 

utility in the Compurations reſpecting the values of Penſions, Annuities, 
Reverſions, and other affairs relating to Money concerns; and therefore, many 
Mathematicians have beſtowed ſome time on tiis uſeful ſubject, and have 
endeavoured to diſcover practical methods for folving the various caſes that 
might occur: And in theſe inquiries, the uſe of Logarithms has been found of 
ſingular ſervice in facilitating the operations, 


The late William Jones, Eſq. F. R. S. among the variety of Mathematical 
matters to which he gave attention, conſidered the buſineſs of Compound Intereſt 
fully, and did, many years ago, cauſe to be engraved on a Copper plate more 
caſes in Intereſt than had been exhibited before that time : Several copies of 
impreſſions from that plate were diſtributed among his friends; to whom it 
appeared that he had treated this ſubject in a more extenſive manner than had 
been done by other Mathematicians. 


The Theorems, or Rules, for the Caſes of Compound Intereft, without their 
inveſtigations, were inſerted by Mr. Jones, in the quarto edition of Logarithms, 
publiſhed by Gardiner; and the Rules were alſo communicated to Mr. Dodſon, 
who publiſhed them, by Mr. Jones's 8 wich examples to illuſtrate the uſe 
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of his Antilogarithmic Tables: But the inveſtigations of theſe Theorems nat 
having yet been made public, it is apprehended that Gentlemen curious in theſe 
{ſpeculations would be pleaſed to fee them: And ſhould the following Elſay be 
approved of by you, (who have been for many years acquainted with the Fi- 
nances of this Nation, and the importance of a ready knowledge in computing 
the Iatereſt on the National Loans,) you will be pleaſed to communicate it to 
the Royal Society. 
x1 am, SIR, 
Your moſt humble ſervant, 


Joux RoBrrrts0N, 


In this ſubje& five particulars are taken into conſideration. 


aſt, The Annuity, Rent, or Penſion, 
2d, The Times that Annuity, Rent, or Penſion is to continue. 
3, The Rate of Iatereſt uſed in the computation, 


4th, The Amount of thoſe Rents, and their Intereſt, when they are forborn 
to be received any times after they are due. 


Sth, The preſent worth of thoſe Rents, ſome times before they are due; or, 
of a Sum to be received before it is due, Diſcount being allowed. 


And the inveſtigations naturally fall under two heads, 


Firſt, The Conſideration of Amonnts. 
Secondly, The Conſideration of .Diſcounts. 


Under the firſt head an Equation is to be obtained between the Annuity, 
Time, Rate and Amount, from the known proportion that ſubſiſts between ſums 
of money put to intereit, during the fame length of time, and the amounts of 

the principal and intereſt together. 


Under the ſecond head another Equation is to be formed between the An- 
nuity, Rate, Time and prefent Worth, from the known proportion that (ubtiits 
between the ſuis diſcounted, and their preſent worths, when done for the ſame 
time. 


As theſe Equations involve quantities common to bo h of them, therefore 
other Equations may be thence deduced, containing ail the five terms before 
ſpecified. And hence, any three of the five terms being given, the other two 
are to be fund; which admits of 20 Cales. | 


Some of theſe Caſes will produce Adfected Equations, where the index of the 
bigheſt power of the unknown quantity will he the number of times the Rent 
is to continue, or to be paid: Therefore, the ſolution af thole Caſes will be 
given by a method of Appfoxi nation, as nv» beter way his yet been dilcovered 


Aor the folution of Adfected Equations, in audùibeis, above the third or tourch 


0 d Cal Ce. 


8 In 
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In the following inveſtigations, 
Let a = Annuity, Rent, or Penſion. 


= Number of times that intereſt is to be paid for the annuity, or 


ſum lent. 
„= Rate of intereſt of 11. for 1 time. 


m = Amount of the annuity, or ſum lent for # times, at 7 intereſt, 
Pp = Principal ſum uſed, or preſent worth of a ſum before it is due. 


Of Compound Intereſt, 


Firſt, In Amounts, 

Letq=1+r = Amount of 11. for 1 time. 

Now, a = laſt year's amount. 

And 1: :: 4 : ag = laſt but one year's amount. 
1:9 :: aq : 49 = laſt but two year's amount. 
1:9 :: 4% : ag = laſt but 3. 


And ſo on to 29 = fiſt year's amount. 


Therefore a + ag + ap + ap &c. + 429 LE 
But 4: 49 :: m — 42 : 2-4. 

Then m — @ = mq — 4% 

Ocm—a=m + mr — aq, 

Therefore ag” — 4 = mr, 


Then A 1X4 = Mr. 
Therefore A = — 


8 -—- 
Hence a = » 

— 1 FAS 
22 — 


r 


. 


Second, In Diſcounts. 


Since 2: 12: 2: = iſt year's preſent worth. 
42 1 2 7 : — = 2d year's preſent worth, 
. = 3d. 


Ard ſo on to — = mth year's preſent worth, 


| Euc. I 2. Ve 


Put A — Wo 


Therefore 
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Therefore — 1 —.— * + dc, to 7 = 4 


q. 
+43. 2k "29 4 | 
RY Euc. 12, v. 


6 | 


1 | Or —_ =P + pr 4. 


| i Therefore 7 — 4 = prg'. 
4 i 
I Or XI „ 4 S pr. 


Ii Therefore A = ——. 
| | | a — 7 
| Hence A — 1 X @ = mr = prA. 


| | C 
if Therefore A = » —— . 


if CAsE I. Given @, m, p: Required r. 
10 Since A = . 


Thi 7 
A— 1 u 
Therefore r = — — 5 


CasE II. Given p, n, u: Required r. 
Since 7 + 1" = —. 


q * 5 

wu 5 | 

114 . m \| n 

bY. Therefore r = —| — 1. ; 
1 CAsE HI. Given , n, 1: Required r. 


Since A —1 2 = ur. | c 


Therefore 2 — 


Now A 


Therefore — 13 ——— — &c. 


A LETTER FROM MR, ROBERTSON TO JAMES WEST, ESQ. 54 


” 


3 
2 8 , : 3 
And ZIT = Y I= * which, by the Bino- 
mial Theorem“, will become = 1 + r 8 (nearly). 
3 
Let D = ol = 
Then “ + > r D = vs 


Thea 7 EOF Ir 
Therefore r = F — EE. 


2 
In this Solution, 1ſt, find D = = gi 


2d, find E = —— _— 


3d, find F=4/2xD=r +E x E, 
Ath, find Fr =F — E. 


CAsE IV. Given a, p, 1: Required r. 


Since * — + N . 


£ = A-1 EE? 2 ww \ . 
Therefore — ——— — . 
Now, 1 i= e — 7 X _ * n + &c. 
Therefore — = 1 — 2 - r . nearly. 

na 3 


2 2 
Then 2 = 1 — —,5 10 , which, by 


the Binomial Theorem +, will become = 1 +r — : 2 ö 


rr, nearly. 


2 + 2 
Now, £ * = = mo 


1 — 


* Or, rather, by Mr. De Moivre's Multinomial Theorem, extended to the caſe of fractional 


powers, 


+ Or, rather, by Mr. De Moivre's Multinomial Theorems extended to the caſe of fraQional and 
Let 


Negative powers, 


i 


— — 2 —- r — DD F 
— 8 3 _ 


- — — 7—ðj˙—L — 
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2 


121 — 1 


- —_— je 
Let O Cr. 


Therefore rr — * = — e 2 
6 1 — I. i NY 1 


Let 2H = — 


. 
a -—- 1 


Then r- HS (H- 2. 61 x H ) K. 
Therefore r = H — K. 


Cask V. Given @, u, 7: Required m. 


Since A=T X„ 4 = mr. Therefore m = — — 
CAsE VI. Given p, u, r: Required m. 
Since A = * Therefore m = pA.. 


Casz VII. Given a, p, r: Required . 


Since 75 2— . Therefore m 2 


4 — 1 a — rp 
CAsE VIII. Given a; p, 1: Required m. 
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Find G = >|; H = >=; K e eee er x H. 


; LI 


Now, H- K r by 4th. But r + i} = TY 
Therefore » = 7 + 1)" x p. 


Casz IX. Given a, n, r: Required p. 


Since A iX a g pr. Therefore p = — 


CAsE X. Given , n, 7: Required p. 


1 1 ca. of 
Since A = 3 Therefore p = T. 


Casz XI, 
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CASE XI. Given a, , r: Required p. 


mr + a 


Since 2 Therefore p = ———. 


r + a 


CASE XII. Given a, , 1: Required p. 


2 


Find D ( E = ü FS JT FE x E. 


Now, F — E = r, by 3d. But 1 r * 


Therefore p = = 
Casz XIII. Given p, , : Required 4, 
Since T 1 X @ = pra. Therefore à . 


CAsE XIV. Given p, mn, n: Required a. 


1 
Since A i 2 2. Therefore 1 + 1 = = «ch? 


Hence A — 1, and B — 1 (= 7) are known, 


m X B — 1 
Therefore a = 1 


Case XV. Given m, #, r: Required 9. 


mr 


221 


Since A - 1 Xx 2 = ur. Therefore 4 


i Cask XVI. Given 7, m, .: Required 4, 
Since A = 1 A = 1 is given. 


mr 
Therefore a = — 


Vol. V. 4 A CASE XVII. 
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Casz XVII. Given m, p, r: Required x. 


Put L, for logarithm ; and L, for arith. comp. of a log. 
L, TL, 
L, r+1 


Since 1 T = " Therefore # = 


CAsE XVIII. Given a, p, r: Required u. 


bo , —L, — 
Since 1 +n" = ——, Therefore 2 = Los 6. I 2 
% a — pr L,r+1 


Cask XIX. Given 3, p, m: Required 7. 


Since A = (F“ =) , 

Then (L, TTD“ ) L, „ — L, p = L, A; 

Hence A, and A — 1, are known, 

AloL, X= 1 ＋ L, 4 ＋ L, „= L, B 1 (by Caſe 14h): 


Hence 1 = (B — 1), and 7 + 1, are known, 
L, A 


L, r+1I 


Therefore 1 = 


Cask XX, Given a, n, r: Required u. 


Since (A =) INN. 


a 


Therefore 2 = 


THEOREMS, os RULES. 


GIVEN BY THE LATE 


WILLIAM JONES, Eſq. F. R. S. 


FOR THE 


SOLUTION OF THE SEVERAL QUESTIONS RELATING 
TO COMPOUND INTEREST : 


Extracted from the Introduction to Gardiner's large Tables of Logarithms, 
publiſhed in Quarto in the year 1742, intitled The Explication 
and Te of the Logarithmick Tables, in pages 8 
and g of the ſaid Introduction. 


THEOREMS, cc EMEULES; 


GIVEN BY THE LATE 


IVILLIAM JONES, Eſq. V. Ie. S. 


FOR THE 


SOLUTION OF THE SEVERAL QUESTIONS RELATING TO 
COMPOUND INTEREST : 


Extracted from the Introduction to Gardiner's large Tables of Logarithms, 
publiſhed in Quarto in the year 1742, intitled The Expiicaion 
and Uſe of the Logarithmick Tables, in pages 8 
and 9 of the ſaid Introduction. 


II. OF COMPOUND INTEREST. 


I, ET þ be the principal ſum, or preſent worth of ſeveral equal ſums 

due hereafter at ſeveral equal times; n the number of thole times; 
a the annuity or ſum payable at one of thoſe times; m the amount; the rate 
of compound intereſt being that of 1 to 1 + 7, where 7 1s the gain of 14. in 
one time: Any three of theſe five terms (p, u, a, m, 7) being given, the 
reſt are found by the following Table. 


Where the capital letters A, M, R, Cc. repreſent the logarithms of the 
numbers expreſſed by the ſmall letters a, n, r, Sc. A, M., A”, &c. the com- 


plements of 4, M, R, Sc. Let 3 = 7 P/ 22 i 


+ ur, G = 271, 2 2 27 T1, BL. I TTM -P, CSB, 
DL. =I, E=D+A4+M,F= A, e 
Z, , IL. z +P,U=nV +4+P,s = 


Casr 


350 MR, JONES's THEOREMS, OR RULES, FOR THE SOLUTION or 


— 


q 


CASE Given | Req SOLUTION, 


ns. A 8 


„% „„ M= DTA 
2 P, u, | m M = B + P | 
3 [, P, 1 | mM M=H +P+ A 
*. + P, or 


„ V. m * 5 
* L. vu ＋- P, if ac 40. 
u. „ P'=B TDT ATR 


R 1 
ern 
P = XTM ＋ A 

A=B+D+P+R 


2 
VW 
w 
S 
Shs Mins, is, Wm. 


10 [p, u, 1 4 |A4A=D +Lio—i+M 
11 In, u, . a |A=D +M+R 


14 a, p, 1 „ = 


a N N 2 = 

15 „ P, 7 
N 7 

| 16 a, in, r 1 2 


L. 1 + 
| 17 e R=D+A+M 
17588 M 


r 


ig [a, u, 1 r |r= 


20 a, p, u rr 8, or 2 Y- 2-1. 


Mm Caſe 20, take the latter, if # exceeds 40. 1 
2. 
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2. If the annuity commences » time hence; let z = time of continuance: 


JIT; 7 = ITT; ATPTR L. tos 


Old 
& 


1. Given, a, u, r, y; required p. P=D+ A4+B +8 TO. 
2. Given, p, u, , 7; required 2. A2 B + Q + P + X. 


; D+A+BI+R'+P 
3. Given, 3, p, 2, 7; required „ = ——— 


L. +r 
: ; L'a — A 
4. Given, a, Þ, r, „; required 7. 1 = — CEE : 
| L.i+r 
5. Given, @, p, u, »; required r. (Put 3 = —, 1 —— * 
A+N +P/ 1 
— = L.v,2=4— 27 152 414 U 2 L. s.) = #u — & 


3. Let ↄ be the preſent worth of an eſtate in fee-ſimple, whoſe annual rent 
is a, at the rate, or gain, 7 on 14, per annum. 


Then 4=P + X. 


4. Let n be the number of years' purchaſe that will buy an eſtate in fee- 
ſimple, at the rate, or gain, r on 1/, per annum. 


Tben N ;: al R=. 


5. If an eſtate in fee- ſimple, whoſe annual rent is a, to commence y years 
hence, is worth p ready money, at the rate r on 11. per annum. Any three of 
the terms a, p, 7, being given, the fourth is determined as follows ; putting 


q=1+r7r)}, 


1. Given, a, r, y; required p. Then P= A+R + C. 
2, Given, p, , y; required a, Then = T + R. 


8 g / , 
3. Given, a, p, 7; required y, Then = — 77 . 
1 * 


4. Given, a, p, v; required r, (Put e , e , „ e, 
= g T1, “g, ＋ 1, Cc. and à = de T 1, X = of + 1, 


A” > ve” + 1, Cc.) Then r = 60 2 — oa =o = a; „or 
9 4 4 19 


— * — Wat.” Sc. 
. 
8 6. What 
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6. What ſum p, at compound intereſt, in the time M amounts to M, and 
in the time n amounts to mz ? 


NL. n -L. N 5 
I. 9 N —7z q ee 8 


7. If the ſum p, at compound intereſt, in the time » amounts tom what 
will be the amount Mof that ſum 5 in the time I ? 


N X Lem—L.p+nL.p 


L. M = 


e 7 * 


$. If the ſum-p, at compound intereſt," in 1 years amounts to m; in what 
tme M will chat ſum p amount to ? 


If the ſums B, C, D, E, are to be paid 5, c, d, e years (or ſpaces of time) 
8 to find the time 7 when the ſum p (= 8 +C+D+£E) may be 
paid, without detriment to either party, at a given rate 0 of r intereſt: 


Put 9g = 1 + 7 = amount of 14. for 1 time; # = +, #7 = . = = , 
2 WL 


3 
FE ib 
7 


N 2288 . - AY 


10. If the ſum a, is to be paid at each payment, for u ſeveral payments z to 
find the time t, when the whole ſum ua, may be paid all together, at a given 


rate r of compound intereſt : Put „ = 1 + 7", 
L543 . L. . L. 
L. I T 


3 


THE SAME 


THEOREMS, os RULES, 


OF THE SAID 


Mr. WILLIAM JONES, 


CONCERNING 


THE SEVERAL QUESTIONS RELATING TO COMPOUND INTEREST, 


TOGETHER WITH 


EXAMPLES TO ILLUSTRATE THE USE OF THEM : 


Extracted from the Preliminary Diſcourſe of Mr. James Dodſon to his 
Aati-Logarithmick Canon, or Table of Numbers, correſponding 
to all Logarithms under 100,000, publiſhed in one Volume, 
Folio, in the year 1742, in pages 52, 53, &c, 
- - - 65 of the ſaid Preliminary Diſcourſe. 


Vor. V. 4 


* 

; — 

4 
- 
* 
- 
* 
. 
' 
ä 2 K — —e—⅛' 
8 f * — — 
— — = , | N | | 
| Patt an 
— 


— p : PRAISE. < 


<F7-, name <5 FY 


——— — —' 
— — — 


9 2 4 CD * — - - — bt * - 2 — — 
— ¶ͥ¶p2 ] »wu — —˙ ⁰ũmqd — 


THE SAME 
THEOREMS, ox RULES, 


OF THE SAID 
Mr. WILLIAM fFONES, 


CONCERNING 


THE SEVERAL QUESTIONS RELATING TO COMPOUND INTEREST, 


TOGETHER WITH EXAMPLES TO ILLUSTRATE THE USE OF THEM: 


Extracted from the Preliminary Diſcourſe of Mr. James Dodſon to his 
Anti-Logarithmick Canon, or Table of Numbers, correſponding 
to all Logarithms under 100,000, publiſhed in one Volume, 
Folio, in the year 1742, in pages 52, 53, &c, 
--- 65 of the ſaid Preliminary Diſcourſe. 


O ſhorten the Rules and Examples following, obſerve that when * is put 
to repreſent any number, I repreſents it's Logarithm, and N the Arith- 
metical Complement of that Logarithm, and the ſame of any other Letter, 


Alſo, L. a + A ſignifies the Logarithm of the Sum of @ and », and J. a ＋ 
= the Arithm, Comp. thereof, 


PROPOSSEISON 


To ſolve all Queſtions relating to Compound Intereſt, and Annuities com- 
puted thereby, 


Put a = Annuity, Allo, let x» x L.r 4-1 = 
2 = Time, Likewiſe M + Þ = BH, 
1 = Rate, =+F = 4 
m = Amount, P TRAA 0 
2 = Principal, or preſent Worth. M + R = D. 


4 B 2 Cafe, 
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Caſe, 


19 


Given, Required. 


, „ 7 
P, A, 7 


4, 5 80 
a, P, V 


* 


u, in, 7 
a, t, n 


a, th, r 


P, N, r 
, m,n 


m, u, A 
p,m,7 


- 


n, P, 7 
a, p. r | 


a, p, u 


a, m, 7 
= 


a, n, Pp 


P; mu, u 


a, m, n | 


QD 


12 1 


SOLUTION, 


EE. + A4+R. 
125 77 
* Lr 4. 

2 


=nX L. +.1 + P. (See Caſe 20.) 


P L. TI TAT BAR. 
P = M + B. : 


p M= N IL. Ti. (See Caſe 19.) 
P = l. ITA + M A. A. 


AJ = l. Ti TRTB TP. 
A=L.i=i+M+P+0l n= | 
A= MIR J. Ji. 
A=M+R+PH+ln-p 


„ 
L. T_ 
41. —. 


N= — 


| L.r+1 
Put L. = TAT TP F 
* 5 


Then 1 —==. 
J+1 


„ 


* 


Z. 4; 
l 


R= L.m=p+ 4+ Þ P. 
Ae. 


6 


put TAT 


6 
= G, and — = . 


2 then i —b = 7, 


Lo=2xi=i+2_ 
5 | 2 | + x; 
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EXAMPLES. 


1. If an Annuity of 1171/. 175. 64. per Year, (a) remain unpaid 16 Years, 
(% what will it amount to at 5% per Cent? (r*; See Caſe 1, 


r = ,0525 + 1 = 1,0525. It's Logarithm 0,0222221.04 
22 16 


1 L. TI B o, 3555537, and 6 = 2, 2673333 


hes = 12675333 It's Logarithm O, 1029594 
A = 3, 0088813 
'R = 1,2798407 


2 4416814, and mm = 28293, 1561. 
Anſwer, 282931. 35. 11d. 


2. If an Annuity of 1171/7. 17s. 6d, per Year, payable Quarterly, remain 
unpaid 16 Years, what will it amount to at 5% per Cent? 


Now a = 4+ X 1171,875 = 292,906875.,n = 16 X4=64.1+r= = I/1,0525 


+ L. 1,0525 = 0,0055555.26 L. Ir and 1 + r = 1,01287424 and 
: * = 64 (r = ,01287424 


B = 0,3555537, and 6 = 2,2675333 
L.3=1 = 0,1029594 
A = 2,4668213 
XR = 1,8902784 


M = 4, 4600591, and m = 28844, 241 = 28844]. 4s. 10d. 


„What is the Amount of 124777. 10s. od. (p) put out to Intereſt for 
16 e (1) at 31. per Cent. (r)? Caſe 2. 


= ,0525 + 1 = 1,0525. It's Log. o, 222221. 04 
n. 16 


B = 0,3555537 
P = 4,0961277 


M = 4,4516814, and m = 28293, 166. 
Anſwer, 282930. 3s. 12d. 


J. Bought an. Annuity of 11714. 175. 6d. (a) to continue a certain Time for 
124774. 10s. 0:4. () at 5% per Cent. (r) What will it amount to, if forborn 
to the End of that Time? Caſe 3. 


—ä»ũ% 


7 ſignifies the Intereſt of 17. vi. £2 = ,0525, 


— —— — — — — — — — — — — — — —  — — — 
* > - — 
— 2 E * 
= f 
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P:=.- 40001277 
R = 2,7201593 


62 2,8162870, and 2 = 1171,875 
c 655,06893 


51680607 It's Ar. Co. = = 3,2866724 
P = 4,0961277 
A = 23, 0688813 


2 wan C 


| = 4,4516814 
Therefore m = 28293, 156 = 28293/. 38. 15d. 
To perform Caſe 4. find r by Caſe 20. and then m by Caſe 2. 


5. What is the preſent Worth of an Annuity of 1171. 7s. 64. per Year, (a) 
to continue 16 Years, (2) Intereſt being allowed at 534“. per Cent. (r)? Cale 5. 


7 + 1 = 1,0525. Ir's logarithm 0,0222221.04 


n= 16 
B = 0,3555537, and 6 = 2, 2675333. 
þ — 1 = 1,2675333. It's Log. = 0,1029594 
A = 3,0688813 
B = — 1,6444463 
R = 1,2798407 


P = 4,0961277, and p = 12477, 503. 
Anſwer, 124771. 10s. od. 


6. What is the preſent Worth of an Annuity of 11711. 175. 6d. per Year, 
| payable Quarterly, to continue 16 Years, Intereſt at 5% per Cent? 


Now a = = x 1171,875 = 292,96875. 1 = 64.r +1 = 1,0525, 


+ L. 1,0525 = 0.0055555-26 L. I, and 1 +7 = 1,01287424 *.' 7 
n =, 64. | (= ,01287424 


B = 0,3555537, and 6 = 2,2675333 


L. 71 o, 1029594 
A = 2,4668213 
15 = — 1,6444463 
R = 1,8902784 
P = 441045954, and p = 12720,533 = 12720/. 10s. 81. 


7, What 
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7, What preſent Money will pay a Debt of 282931. 3s. 12d. (n) due at the 
End of 16 Years, (2) Diſcount being allowed at 54. per Cent. (r)? Caſe 6. 


1 + 1 = 1,0525, It's Log. 0,0222221.04 
1 = 16 


B = 0,3555537, and B = — 1,6444463 
M = 4,4516814 


P = 4,0961277, and p = 
(12477503 


Anſwer, 124770, 10s. 03d. 
To perform Caſe 7, find r by Caſe 19, and then p by Cale 6. 


8. An Annuity of 1171/. 17s. 6d. (a) to continue ſome limited Time, will 
amount, if forborn to the End thereof, to 282931. 38. 14d. (m) Intereſt being 
computed at 54. per Cent. (7). What is the preſent Worth thereof? Caſe 8. 


M = 44516814. 
R = 2,7201593 


D= 3, 171840%, and @ = 1171,875 
d =.1485,3907 


d + @ = 2657,2657 it's Ar. Co. = = 4,5755650 
M = 4,4516814 
A = 
P 


3,0688813 


= 4,0901277 
Therefore p = 12477,503 = 124770. 10s. 03d. 
9. What Annuity to continue 16 Years, (#) can be purchaſed for 124777. 
105, od. (p) Intereſt being allowed at 5. per Cent. (r)? Caſe g, 


Tr + 1= 1,0525. It's Logarithm 0,0222221,04, 
92 16 


3 = 0,3555537 and = 2,2675332 
R = — 2,7201593 
P = 4,0961277 
bþ—1 = 1,2675333; it's Ar, Co, = — 1,8970406 


A = 3,0688813, and 4a = 1171,87 5. 


Anſwer, 11711. 17s, 64. 


10. What 
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10. What Annuity payable Quarterly, and to continue 16 Years, can be 
purchaſed for 127209, 10s. 8:4. Intereſt being allowed at 5 . per Cent? 


Now n = 64.7 + 1 =  /1,0525, then it's Log. = 9,9055555" 26 
L. i = 0,0055555, then 7 +1 = 1,012907424 .# = 64 


3B = 0,3555537, and = 
r = ,01287424. It's Logarithm = — 2,1097216 (2, 2675333 
P -4,1045054 


1.3 =1 = — 1,8970406 
A = 2,4668 213, and a = 


| | (292,9687 
1 The Quarterly Payment is 292/. 198. 474. | 


11. What Annuity to continue 16 Years, (u) is now worth 12477/. 10s. 04d. 
(p) and at the Expiration thereof, will amount to 282937. 3s. 13d, (n)? 
Caje 10. 


M = 4,4516814 
P = — 5,9938723 


1 = 1630,3555537 (0,0222221 = Eande = 1,0525, and e—1 = ,0525 


L. — 1 = — 2,7201893 m = 28293,156 
M = 4,4516814 P = 12477,503 
P = 4,0961277 — 
J. 1 5 = — $5,8009129 mn — p = 15815,053 
A = 3506888 13, and @ = 1171,675 = 11710. 175. 6d, 


12. What Annuity being forborn 16 Years, (2) will amount to 282923/, 
39. 14d. (m) if Intereſt be allowed at 57. per Cent. (r)? Caſe 11. 


r + 1 = 1,0525. It's Logarithm 0,0222221.04 
1 = 16 


B = 043555537» and 5 = 2,2675333. 


þ — 1 = 1,2675333 it's Ar. Co, = 1,8970406 
| M = 4,4516814 
R = — 2,7201593 


A= 3,0688813 and a = 1171,87 5- 


Anſwer, 11711. 175. 6d. 
13. What 
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13. What Annuity payable Quarterly, being forborn 16 Years, will amount 
to 288441. 45. 10d, Intereſt being allowed at 52. per Cent? 


Now en = 64, and r +1 = , 525. It's Log. 0,0055555.26 
2 64 


B = , 3555537, and 3 = 
: 2,2075333- 
1.4 — 1 = — 1,8970406 
M = 4,4600591 
R = — 2,1097210 


A = 2,4668213, and a = 292,9687. 
Anſwer, The Quarterly Payment will be 292/. 195. 47d. 


14. What Annuity is now worth 124777. 10s. od. (p) and will amount to 
282931. 35. 1 fd. (n) if Intereſt be computed at 5 . per Cent? (r) Cale 12. 


m = 28293,156 M = 4,4516814 
p = 12477593 — 2,7201593 


K = 
P = 4,0961277 
m — Þ = 15815,653, and J. m = = 5,8009129 


A = 3,0688813, and a = 1171,875. 


15. In what Time will 12477. 10s. 034. (Y) being put to Intereſt at 5* 
per Cent. (r) amount to 28293/. 3s. 1d. (n)? Caſe 13. 


M = 4,45168 
P = — 5,90387 


r + 1 = 1,0525, It's Logarithm 0,02222) 0,35555 (16 = n 


22222 


13333 
13333 


O00 


16. If an Annuity of 11711. 17s. 6d. per Year, (a) be ſold for 12477/. 
10s, 034, (p) allowing Intereſt at 5“. per Cent. (r). How long is it to con- 
tinue? Caſe 14. 


Vol. V. 40 Ez 


562 MR. JONES's THEOREMS, OR RULES, WITH EXAMPLES, CONCERNING 


409622 
R = — 2, 72016 


C= 2.81629, and a = 1171,875 
6 = 055,073 


a — © = $516,802. J. T = =» 3,28667 
„ [2,00888 


r + 1= 1,0525. It's Logarithm 0,02222) '0;35555 (16 = . 
To perform Caſe 15, finder by Caſe 17; and then à by Caſe 13. 
17. How long muſt an Annuity of 1171“. 175. 6d. (a) be forborn, to amount 
to 28293/, 3s. 12d. (n) Intereſt being computed at 5 per Cent. (r)? Cale 16. 


M = 4, 45168 
R = 2, 72016 


| a = 1171,87 

D = 3,7184, and d = 1485,39 

4 + 1 78 L.a+d = 3, 42443 
A = — 493112 


— ———_—_—_—_— 


7 +1 = 1,0525. It's Logarithm 0302222) 0,35555 (16 = 1. 


18. At what Rate per Cent. will an Annuity of 11717. 174. 6d. (a) which is 
now worth 12477. 10s. 0:4. (2). amount to e 35. 15d, (m)? Caſe 17. 


m = 28293, 156 


2 = 12477,503 | 
m — p = 15815,653. It's Logarithm = 4,1990871 
D A 23, 0688813 


= — $,9038723 
R = — 2,7201593, and 1 = ,0525/. 


19. At what Rate of Intereſt, will 124777. 10s. 04d. (p) put to Intereſt for 
36 Years, (2) amount at the End thereof to 28293/. 3s. 14d. (n)? Cale 18. 


M = 4,45168 
P = = $,90387 


1 = 16) 0,35555 (0,02222 = L. Tg = 1 + . 
Then 1,0525 — 1 = * 100 5, 25, the Anſwer. 
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20. At what Rate of Intereſt, will an Annuity of 11711. 17s, 6d. (a) in 
16 Years, () amount to 28293. 33. 14d. (m)? Caſe 19. 


1 1 . 15, and 22 1 7,5, and a + 1 = 17. 
M = 4, 45168 
A ==— 4, 93112 
N = — 2,9588 

7,5) , 17868 (o, o2382 = 6, and g = 1, 05638 — 1 = „035638. 


17) 6,00000 (, 35294 = , and H = — 1, 54770 
2 XR 2 212 „11276 


0, 46570 2 Xg=1 5. 
L. 05,4657 = — 1, 66811 
H = — 1, 54770 


2) — 1,21581 (— 1, 60791 = 1, and i = „40542 
; bh = ,35294 
15 = „05248 r nearly. 


21. If an Annuity of 11711. 173. 6d. (a) to continue 16 Years, () be fold 
for 124770. 10s. 0:24. (p) What Rate of Intereſt was allowed? Caſe 20. 


1 — 1 = 15, and a + 1 = 17, and 4s + 1 = 8,5. 


8,5) 0,17687 (0,02081 = K, and & = 1,04908, and k = 1 = ,04908. 
15) 6,00000 (,40000 = 4, and © = — 1,60206 


530184 = 122 X | prey 
L. 0,30184 = — 1,47978 


= — 1,60206 


7 = ,40c0000 
2) — 1,08184 ( 1,54092 = 5, and 5s = ,347472 


g — 5 = ,052528 = r. 


40 2 


564 MR. JONES's THEOREMS, OR RULES, WITH EXAMPLES, CONCERNING 


Annuities in Reverſion, computed by Compound Intereſt. 


Put 4 = Annuity, 
# = Time of it's Duration, 


r = Rate ; 

= Amount, | 7 Allo, # X L. = B. 
5 = Preſent Worth, 

x. = Time before the Annuity commences. 


Caſe. Given. Required, SOLUTION. 
1 | 4, %, N, & | Pp | P = L. TT AT RTT N l. . 
2 Ps r, u, & . a  f=R+P +121 +5+8X Lon 


; ? * * = LA + 8” 
L.r +1 
| | Put PRT N L. JI = C. Then 
4 a, , x, * | n= a 
h | L. rrT : 
| | 
p 0 W and 2 2 © 
: 1 2 mn — 1 
5 | a, N, &, 5 r — Y, and = S—2XT<T. 


h 
Then —= * = E, and u — er. 


EXAMPLES. 


7, If an Annuity of 1171]. 175. 6d. (a) to continue 16 Years, () will 
commence at the end of 5 Years. (xk) What is it's preſent Worth, Indern at 
521. per Cent. (r)? Caſe 1. 


i = 1,0525. It's Logarithm = o, o22222 1.04 
* 16 


— — . 
— — 


B = 0,3555537, and þ = 2,2675333. 
5 — 1 1, 2675333. It's Logarithm = o, 1029594 
A: 3, 0688813. 
R = 1,2798407 
7 = = 1,977777896 * ( = 21 == 1.333356 


| 2283 9850172, and p = 
Anſwer, 9660/. 175..10d. | ; ($660,891 
2. What 
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2. What Annuity to commence at the End of 5 Years, (x) and continue 
16 Years, (2) can be purchaſed for 9660. 175. 10d. (p) Intereſt at 524, per 
Cent, (r)? Cale 2. | 
R = 2,7201 593 
| P = 3,9850172 
£.> ++. nn * (n+ x =) 21 0,4666642 
1 = 1 


= , 3555537, and 4 = 2,267 5333 
J. T1 = = 1, 8970406 


A = 3,0688813, and @= 1171,85. 


3. An Annuity of 11711. 1s. 6d. per Year, (a) to continue 16 Years, (i 
is now fold for g660/. 175. 10d. (p) Intereſt at 541, per Cent. () How long 
will it be before the Annuity commences ? Cale 3. 


L. Ty = 0z02222.25 
3 16 


* 0,35555.36, and þ = 2,26753. 


Ld = Gans 
A —= 43,06888 
WB = — 1, 64445 
P = — 4,01498 
R = 1,25984 


L. 17 = 0,02222) o, 11111 (5 = &. 


4. An Annuity of 1171/. 17s. 64. (a) to commence at the End of 5 Years;. 
(v) is now ſold for 9660. 17s. 10d. (p) at 5%/. per Cent. (r). How long is it 
to continue ? Caſle 4. 


L. ITT = 0,02222.21 Xx (x =) 5 = ollnr 
Z = ' 4z05508 
R = — 2,72016 
C= 2,81629, and © = 655,073. 


a = 1171,875. 
c = 655,073 


a — 0 = 516, 802 It's Arith. Comp. = — 3,28667 
42 3,00888 


. L. T Tir = 0,02222) o, 35555 (16 = u. 
V 5 9, 5» At! 


—_— — 
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5. At what rate per Cent. will an Annuity of 1171“. 175. 6d. per Year (a), 
to commence at the End of 5 Years (x), and to continue 16 Years (), be now 
ſold for 9660/. 175. 10d. (p)? Caſe 5. 


2 = 10 + 16 + 1 = 27, and = = 13,5 ; 13,5 X 12 = 162 
16 Xx 16 = 256 — 1 = 255) 162 (= ,635294 = u. 
A = 3,06888 
N = 1,20412 
P — — 4,0 1498 


h = 13,5) o, 28798 (O, oz 133 = V and v = 1,05034 v 1 = ,05034 
(x 2 „10068. 


| u = ,635294 
2 Xx v — x = , 10068 


2 , 534614, and Z = — 1,72804. 
U = — 1, 80297 


2) — 1,53101 


E = — 1,76550, and e = 0,582774 ; Then « = 
635294 — (e =) ,582774 = 205252 r. 


The Value of Eſtates in Fee-Simple computed by Compound 
| Intereſt. 


Put à = the Yearly Income, 
S the Rate of Intereſt, 
p = the preſent Value, 
n = the Number of Years' Purchaſe. 


Caſe, Given, Required. SOLUTION. 


W 
„ a | 4=P + R 
3 [an | r IRS ATN. 
4 | „N 
%. 


EA. 
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EXAMPLES. 


1. What is an Eſtate of 1171/. 175, 64. per Ann, (a) in Fee-Simple, worth 
at 51. per Cent. (r)? 


A 3, 0688813 
R = 1,2798407 


* 4,3487220, and p = 22321, 429 = 223211. 86. 7d. 


2. What Yearly Rent in Fee-Simple can be purchaſed for 2232 11. 8s. 7d. 
Cat 5 l. per Cem. (r)? 


P 4, 3487220 
R = — 2:7 -01593 


A = -. 3,0058813, and @ = 1171,875 = 11710. 175. 6d. 


3. If an Eſtate „f 11717. 17. 6d. per Ann. (a) in Fee-Simple, be fold for 
223211. 85 5d. p] ai what Rate per Cent. was the Interelt computed ? 


A = 3,0083813 
= —— 5.65 470 


R = — 2.7201 593, and r = ,0525 = 5% per Cent. 
4. If an Eſtate in Fee-Simple be fold at 5* per Cent. (r). How many years' 
Purchaſe was given ? 
R = IN = 1,27984, and u = 19,0476 = 19 Years, 17 Days. 
5. If an Eftate in Fce-Simple be fold for 19 Years, 17 Days, Purchaſe (n), 
at what Rate per Cen. 1+ he Intereſt allowed to the Purchaſer ? 


ASR 2,7201393, and r = ,0525 = 5+ per Cent, 


— — — 


568 »I. J0NB8S's THEOREMS, OR RULES, WITH EXAMPLES, CONCERNING 


The Value of Eflates in Reverſion computed by Compound 
Intereſt. 


Put @ = the Yearly Income, 
S the Rate of Intereſt, 
x = Time before the Payments commence, 


- S the preſent Worth, 


Caſe. Given, Required. SOLUTION. 
1 ] ar,x] pp | P=A+R+*X0L,F7. 
ES Tons] - | L=P+R+x:xL7T5. 


| _A+P+R 
Z u. * 1 N 1 


a EXAMPLES, 


1, What is the preſent Worth of an Eſtate of 117 11. 175. 6d. per Ann. (a) 
in Fee-Simple, to commence at the End of 5 Years (x), Intereſt being allowed 


at 54. per Cent. (r)? | 


L. 1 + r = 0,0222221,04 
& 5 


o, 1111105 ; it's Ar. Co. = 2 1,8888893 
| R = 1,2798407 
A = 3, 0688813 


P = 4, 2376115, and p = 17282,697 = 
8 Hog (172821. 136. 114, 


2. What Yearly Rent in Fee. Simple, to commence at the End of 5 Years 
855 7 * purchaſed for 17282. 135. 114d. (p) allowing Intereſt at 54. per 
nt, (r 


— 


L. 17 
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Ly +Sr = O%0223323k04 
= 5 
KS — 2,7201593 
S ii 


3.00888 13, and 4 = 1171,975 = 1171/3798. 6d. 


3. An Eſtate in |koverfion of 11717. 175. 64. per Aun. (a) Fee-Simple, was 
at 31. per Cent, (r), bought for 1728 21. 138. 11*d, (p) at the End of what 
Aimee doth it COMnICNICE ? 


A = 3.06888 
WD = — 5,70239 
= 127034 


L. Tr = O, oz2222) o, 11111 (5 x. 


"hat Sum is that (y) which put to Compound Interelt for 7 Years (u), will 
amount to 2996, 6“. (i), and in 9 Yeats (x), to 3356,98 12“. (3)? 


SO.L U 


B 


* — 171 


Example. M = 3,4766288 * 9 (= x) = 31, 2896592 
Z = 3,5272497 X 7 (= n) = 234, 69068 49 


* — 2 2) 6,5989743 


P = 3,2994971, and p = 1992, 907. 


If the Sum 1992,907/. () in 7 Years (u, amounts to 2999,6/, (%; What 
Sum (z) will it amount to in 9 Years (x), at Compuund Interett ? 


SQ LUSTS4D0:N 


7 W 


4 


Vor. V. 4 1 Example. 
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Example. M = 3,4766288 X 9 {= x) = 31,2896592 
P = 3, 2994870 x 2 (= * - = 6,5989740 


= 7) 24,6068 52 


Z = 23, 527240), and z = 3366, 98 12. 


If the Sum 1992, 90)! (p) amounts to 2996,61. (m) in 7 Years (n), in what 
Time (x) will it amount to 3366,9812/4. (z), at Compound [Intereſt ? 


SOLUTION. 


| EP 
1 


Example. M = 3, 4766288 and Z = 3,5272407 
P = 3,2994870 = 3,2994870 


„ 1771418) , 2277537 (1,285714, 
And 1,2857 14 X 7 = x = 9 nearly. 


X I. 


— — —— 


Equation of Payments. 


If the Sums 201. (5); 45. (c); 561. (d), Sc. are to be paid 2 (n), 3 (x), 
5 00, Cc. Years, or other Spaces of Time, hence; in what Time may the whole 
| Sum 1214, (þ = þ +«c + d, &c.) be paid, without any Detriment to the 
| Parties, at 5/. per Cent. (r) Compound Intereſt ? | 


SOLUTION. 
(Put g = 1 + » = amount of 1/. in 1 Time; alſo, let B — 22 K.; 
C—a2 = K”;, D - 539 = K”", &c. And = +# + K#", &c.) 


7 IRE 
2 


Example, r + 1 = 1,05, It's Logarithm = = o, oz 11893. 
B = 1,3010300 — 0,0423786(= N 2) = K' = 1,2586514 & # = 18,1406 
C = 1,6532125 — 0,0635679 (= 2 x 3) = K” = 1,5896446 & # = 38,8727 
DS 1,7481880 — 0,1059465 (= 2 x 5) = X = 1,6422415 & K = 43,8775 


s = 100,8908 


* 


Then * = the Time required, 
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P = 2,0827854 
S S 2,0038515 


9 = 0,0211893) o, 789339 (3.72518 Years, the Anſwer, 


If the Sum 1175,87 f. (a) is to be paid at each payment for 16 (u) ſeveral 
Payments; in what Time (x) ſhould the whole Sum (v3) be paid altogether, 


at 5/, + (r) per Cent, Compound Intereſt ? 
SOLUTION, 


(Put BN x IL. Fi. Then, 
SN: N+R+B+153=1 
L. 1 71 2 


Example. r + 1 = 1,0525, It's Log. 0,0222221.04 
#= 16 


0,3555537 and b = 2,2675333. 
1,2041200 
R= — 2,7201593 


þ = 1 = 1,2675333: it's Ar. Co. = 1, 8970406 
I. 7 +71 = 0,0222221) 0,1768736 (7,95935 = xv. 


Anſwer, 7,95935 Years. 


4D 2. 


595m — 


5. 
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SEVERAL QUESTIONS, 


_ WITH THEIR SOLUTIONS, 


RELATING TO 


COMPOUND INTEREST 
AND 


ANNUITIES: 


Extracted from the Firſt Volume of Dodſon's Mathematical Repoſitory, 
publiſhed in the year 1748, in pages 298, 
299, 300, &C - 312. 
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SEVERAL QUESTIONS, 


WITH THEIR SOLUTIONS, 


RELATING TO 


COMPOUND INTEREST AND ANNUITIES: 


Extracted from the Firſt Volume of Dodſon's Mathematical Repoſitory, 


publiſhed in the year 1748, in pages 298, 


299, 300, &C - 312. 


i 


OT nn ee PENIS 


IN computations relating to Compound Intereſt and Annuities, 


the principal or preſent worth, 
ſs the annuity, 
Let repreſent & the intereſt of 11. in 1 time, 
1 the number of times, 
the amount; 


QUESTION CXLI. 
Then, p, r, n, are given; to find m? 


N „ e e o X IFr = the 
3 PX 1H+r | will IF * TV/ | 3 

X i+#)* amount p * Ty CAP at 
W &c. to 7 "whe the end | &c. 
t01+7r, | SXTIR*” _ D * N of 


Therefore p X 1 = m; 
In Logarithms, P + = x L.T+r = M. 


When p, , and m, are given; to find n? 


Then » = X=<. 
L. 1 +r 


— 
| times. 


QUES. 
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QUESTION CXLIIL 
When p, a, m, are given; to find 7? 


Then . 17 7 = — 


QUESTION CXILIV. 
When r, u, and m, are given; to find p ? 
Then P = M- X I. Te. 


Concerning Annuities. 


QUESTION CXL,V. 


In annuitics compute 
puted by Compound Interclt, a, 7, and u, are given; to 


find 2? 
4 ? iſt ) 
a X 1 — 2c 
a X 1+r)* ; d 
Then 4 42 A —> > becomes due in the : 1 time. 
” r. 
ga "I of ath J 


Therefore their ſum 


= m by Queſt. 83. 
Ia Logarithms, let » x L. Ir =; then A + L. T — R 


2 NY 
BE 


| QUESTION CXLVI. 
When m, r, and u, are given; to find a? 


rm 


0 1 a ov 
Or ax Li+r= B) A = MTX — I. I-. 


QUESTION CXLVII. 
When a, fn and r, are given; to find n ? 
Then @ Xx 14 = mr +a; 
Therefore 1 T = ; 


= IO FO 44 
L. mr + a - A 


And n = 


L. IT 


= M. 


QuEs— 


RELATING TO COMPOUND INTEREST AND ANNUITIES, 697 


QUESTION cxLym. 


When a, u, and m, are given; to find r? 


Then = m, 
I+r—1 


Orax1+1"—a=m X IT- u; 


Therefore a X I +7)" U—•—.. 2; 2. Tru 4 o: 


If 1 + 7 could reaſonably be expected to be a whole number, or rational 
fraction, it might be found in the ſame manner as r in Quelt, 923; but as that 
will ſeldom or never happen, ule the following approximation *, 


— 6 


Alſo, F = * — —. Then will r = f — 6 


For example; if an annuity of ol. forborn 18 years amounts to 1342. 1 55, 
what rate of intereſt was allowed ? 


Here . $0 = & M = 3,12800, 
18 = 2, A = 1, 6989, 
1342,75 n, N = 1, 25327 
r 1 
- 2 3, 5) 17378 (0,02044 D, 
o, 1579 = Ee and 1,048 19 = d. 
Then 2 x 0,048 19 = o, 09638, E = 1,49940, 
e = o, 31579, L.2X Ji +e = 1,61508, 
Therefore 2 & i +e= 0,41217; 21 7,1448, 


1,55724, F. 
Therefore (F =) o, 36078 — o, 31579 = (0,04499 =) 0,045 = r. 


Anſwer, 411. per cent, 


QUESTION CXLIX. 


i 5 annuities computed by Compound Intereſt, a, r, and », are given; to 
nd p? 


FO — 


#* The moſt excellent mathematician William Jones, Ey. bath given leave for the publication «f 
this approximation in two books relating to Logarithms. See above, page 556, Cale 19, 


Vor. V. 4 E Then 


| 
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[ a — a | iſt — 
1+r 
_ "= 2d 
1 1 | 1s the preſent value 
Then 4 @ P of the ſum payable 3d f time; 8 
7% 71? | at the end of the 
&c. &c. 
. 3 
4 I + 7" J U ath J 
. 1+r" —1 „ 4 2 | | 
Therefore their ſum r p, by Queſt. 95. 


In Logarithms, let » Xx L. ITT = B; 
Then A ＋ JL. I -R —-3 =P. 


QUESTION CL. 


When p, r, and n, are given; to find a? 


, 
IT = 


Or L. Te: . 


QUESTION CLI. 


When a, p, ander, are given; to find x? 
Then I Tr Xa=77 XI TY. 


| Therefore 1 + 7)* = - pure 
And. ee eee 


L.1 +r 


QUESTION CLU. 


When a, u, and p, are given; to find r? 
2 * 1 ＋ 4 
1 1＋r =1 x 14) 

Therefore p * TT GEE" p X Ir“ T2 o. 


Then = p. 


And 
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And here, as in Queſt. 148. (ſince the value of 1 + r 1s not to be expected 
in a whole number or ration fraction,) the following approximation (quoted 
from the ſame gentleman) * may be uled : 


. 
Let G = N 2 
13 122 
ro , ok 


2 


For example; ſuppoſe a bookſeller purchaſes a work for 4o/. and pays for 
printing a thouſand copies thereof 157. ; for paper, 2o/.,; and for advertiſing and 
other incident charges, 101. Now, if he ſells tie edition at 3s. each copy, in 
10 years (i. e. 100 copies every year,) what does he gain per cent.? 


Here the bookſeller lays out 857. to purchaſe an annuity of 15/, per year, to 
continue 10 years, 


Therefore 15 = a, A = 1,17609, 
18 2 N = 1,00000, 
org. — 
p bai 2,17609, 
FE — = L P = 1,92942, 
5, = Xan+15 535) o, 24667 (= 0,04485 = 6G; : 
| Therefore 1,10879 = g. 
5 = 0,66667, H = 1,82391, 


2X 0,10879 = 0,21758, 


L.b-2Xg=1 = 7.65233, 
5—2 X 1 = o, 44909; 2) 1,47024, 
| X 2 1,73312; 
Then o, 66667 — (K =) , 54717 = , 11950 r. 
Anſwer, 111. 19s. per cent. 


QUESTION CLI. 


k - annuities computed by Compound Intereſt, a, P, and r, are given; to 
nd n? 


By Queſt. 151, TN 2 
By Queſt, 141, 1 TA == b 


Therefore . |. > P AC oy 


Pp 3 — 


* See above, page 556, Caſe 26. 
4E2 QUES- 


| 
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QUESTION CLIV. 
When a, r, and m, are given; to find p? 
Then - = = 


QUESTION CLV. 
When a, 4 P, and m, are given; to find r? 


Then ET — er. 


QUESTION CLVI. 
When p, r, and en, are given; to find 4 


333 
Then @ = gry 


QUESTION CLI. 


In computing annuities by Compound Intereſt, p, , and », are giren; to 
find a ? 


By Queſt, 141, 1 +7 = = |. 


Therefore r = =Þ — I, 


By Queſt. 146, 4 = 


1 
If M—P = B, and == = C; 
Then . 
5 — 1 


QUESTION CLVIII. 
When a, 7, and m, are given; to find u? 
By Queſt. 155, 1 = . 


mp 
Then, by Queſt. 142, » . 
en, by Quelt. 142, 1 3 


QUESTION CLX. 
When 7, u, and a, are given; to find m? 
Firſt find r by Queſt, 152; and then m by Queſt. 153. 
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QUESTION CLX. 
When m, u, and a, are given; to find p? 
Firſt finder by Queſt. 148 ; and then p by Queſt. 154. 


— D— 


In computing the values of annuities in reverſion by Compound Intereſt; 


a annuity, 
ſ P I preſent worth thereof, 
Let 4 2 > repreſent the & time of it's duration, 
* ſ time before it commences, 
r intereſt of 1/, in 1 time. 


QUESTION CLX. 


Then a, #, x, and r, are given; to find p? 


4 ＋ „ 
By Queſt. 149, years is e 1 


the preſent worth t 
=. to 
of a 0 continue ; | RN rx. 


r Xx 1+r} 
Then „ Drees, 
— — 25 
„ Tf * I+7\f 
rr FT 
Therefore —— 5 = P. 
1 * 1+7) 0 


In Logarithms, (if ? x L. IJ = 3, | 
Then 4 + IL. I- R=z>3+i x Litr =P. 


QUESTION CLXI. 


When p, t, x, and r, are given; to find a? 
Then A=P + R +3F7 x I. r — I. Ji. 


QUESTION CLXIII. 
When p, a, t, and 7, are given; to find x? 


Then 2.3 St ewBoP—3 _ 
L.1+r 


*. 


QUESs. 


| 
| 
| 
| 


_ —C—— — 


———— — — ͤ— —̃ é —⁰=ůãm·à̃̃̃̃ m ůͥůmd m ——— ee . — — — 


| 
| 
| 
| 
| 
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QUESTION CLXIV. 
When p, a, x, and r, are given; to find 7? 
If P+R+xXLTFr=C; 


o 
= L.1+r 


QUESTION CLXV. 


When p, a, x, and 1, are given; to find r? 


The following approximation (by the gentleman mentioned in Queſt, 148, 
may be uſed. 


; 9 
2 tt — 1 
AS+T—P 


And —_— =/;z=u—vy—i X 2 


* 


=E; and 4 —£2=7r, 


QUESTION cLXV. 


A gentleman who had 10 different annuities of 1co!/. each, the longeſt 22 
to continue 60 years, the ſecond 59, the third 58 years, &c. fold them all at 5/, 
per cent, compound intereſt ; how much money did he receive? 


If 2 = 100, and r = 0,05; then the preſent worth of 100/. a year, to 
continue 


60 III xa 0 13388 
: „ 1+ Ir r | v 
5g years will be J 1+) —1xa_ 1 & < by Queſt, 149. 
- IT] . 7 r 
58 1 +1159 —1 1 3 
r x 174 1+ * 
&c. &c. &c. 


Therefore the value of 10 ſuch annuities will be 


WES 11 1 1 a | 
* X — by Queſt. 83. 
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Now (1 + 0,05\'* =) 1, 00 = 1, 628896; 
Therefore - 1,05)" — 1 = , 628895; 
Alſo, - „ =18,679186; 
Therefore 0,628895 

| o, 5 * 18,679186 
And = 10-0, 73368 X 22 = 18653, 264. 


= , 673368: 


QUESTION CLXVIL 


If to enjoy the benefit of an eſtate for 23 years, after the expiration of 
8 years, be worth 4oo/. preſent money, what will the ſame eſtate be worth for 
21 years, after the expiration of 10 years; allowing compound intereſt at 


5 per cent. ? | 
Suppoſe the eſtate was 4 L per year, and x = the number required; 


123 —1 * a 
eee 2 60 | 

,05 x 1,o;\" 7 

And 7 and, NS x ; 
,05 x Log} 


. ? 400 Xx ,05 X 1,05}! 
That IS, _— a 1,0525 b 


2 


* X ,05 Xx 1,053 


Ad «i 


4 4,05 X 1,05)" __ 4COX,05X 1,051}3® 


Ther. 
1,05 P11 1,05123 — 1 


400 x log} — 2 


Therefore x = —== ; 
f 1,05 23 — 1 


. 78596 
That is, — 922 2 =] 344,$597- 


QUESTION CLXVIII. 


If 1507. be lent, on condition that 124. per annum be paid, until the prin- 
cipal and it's intereſt at 5 per cent. be fatisfied ; and that, at every payment, 
the intereſt then due ſhall be diſcharged, and the remainder, by which ſuch 


payment exceeds that intereſt, applied to reduce the principal: How many 
years mult the ſaid. payment. continue? ic 


— ——— — 
— :; ]uu TT — 
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584 


If p = 150; 4 = 12; 7 = ,05; and # = the time required. 


* 


| 8 + pr = - - = ſum due before 
22883 # P | - 2 A. — — = {um due after | iſt payment. 


> a X r + pr S intereſt due at 
And 2 + = x r + pr — ſam due after 2d payment. 
| Pa xf e K t pr = intereſt due at 
A 2 + Þ=3aX7 +Pp=aX1r*+pr* = ſum due after 3d payment, 


Aged þ=3aXr+3Þ=3axr*+3p—axr3+pr = intercſt due i} TIT 
San, CU nu = ſum due after 2 


ſ p + pr 1 . + — MY "LD 


2 Ln: 8 


Therefore 


| 1 1— 1 1 . 11. 22 , 1. 1221. 12. 23 
2 1. 2 . 3 Il, 2 . 3 u 4 


will be the ſum due after the =th payment; which, by the queſtion, is nothing. 


ar*,&c. 


1 . 1— 1 , EFT 1 11. 1 —2 , 
— 7¹ — 7 o 
I, 2 * &C GX Tx . 1 » &C 


Therefore pX1-+nr + 


_ - - * N TD, 
8 - - prox — = 1+)" 
FEE Ma 


a 

Or - — — x "hr ve” ag 
WE 2 
Therefore = 1+A*, 


—— — x. 


L. 1e 


Sebolium. By comparing this reſult with Queſt. 151, it appears, that, where 
a debt is diſcharged by many equal payments, and the inteteſt due at the time 


of each payment is cleared before any part of the principal, compound intereſt 
is allowed to the lender. 


But it is both legal and cuſtomary, when money is paid in part of a debt, to 
deduct the intereſt then due out of ſuch payment; and to apply, only, the 
remaining part to the diſcharge of the principal. 


9 Therefore, 
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Therefore, in computing the preſent values of annuities, &c. the rules founded 
on the principles of Compound Intereſt will give their legal value. 


QUESTION CLXIX. 


In a geometrical progreſſion infinitely decreaſing, are given the greateſt 
term 2, and the ratio”; to find the ſum s ? 


By Queſt, 85, z + 


Where a, in a finite progreſſion, ſignifies the leaft term; but, in an infinite 
progreſſion, the leaſt term is inconſiderable; 


Therefore z + 


% —- 4 


=" &; 


1 - I 


z rv 
= . Or wm = F. 
1 1 7 —- LI 


QUESTION CLXX. 


What is the preſent value p of an eſtate of @ per year, in fee-fimple, allow- 
ing compound intereſt at r per pound per annum? 


Now p = —= + == + = „ &c. ad infinitum. 


a 


Therefore p = (i = 
1 ＋ 7 — 


QUESTION CLXXI. 


What is the preſent value, p, of the reverſion of an eſtate of à per annum, 
in fee ſimple, to commence at the end of x years; allowing compound intereſt 
at r per pound per annum? 


„ 
=) , by Queſt. laſt. 
1 * 


By Queſt. 149, an annuity} — 2 * -e | 


or a, to continue x years, D „„An 
By Queſt. 170, a n 3 


a, per annum, 


*|a 


4X IpFF—s 
r X + 
Ora xt t+ —ax1+rf +a 
rXIT TY 
Therefore - 


Therefore — — 


a 
* Ire 
Or 4 R- „ I. y: = P. 
Corol. 1. 1 PT RITA x IL. Tr. 

427 — 


Corol. 2. N = — 00 
| L. IT 


[| 
= 


Vor, V. 4 F 
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EXTRACTS 


FROM 


MR. JOHN WARD'S 


YOUNG MATHEMATICIAN'S GUIDE, 


From Page 233 to Page 283, 


Being the Xth, XIth, and XIIth, Chapters of the Second Part of that 
uſctul Work. 


4F2 
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EXT RACES 


FROM 


MR. JOHN WARD'S 


YOUNG MATHEMATICIAN'S GUIDE, 


From Page 233 to Page 283, 


Being the Xth, XIth, and XIIch, Chapters of the Second Part of that 
uſeful Work. 


— . 


CHASE 
The Solution of Adfedted Equations in Numbers. 


amiſs to ſhew the Inveſtigation (or Invention) of thoſe Theorems or Rules 
r extracting the Roots of Simple Powers, made uſe of in Chapter XI, Part I. 
I ſhall here make choice of the ſame Letters to repreſent the Numbers both 
given and ſought, as in my Compendium of Algebra, 


G, always denote the given Reſolvend. 


ſ 5 Number taken as near the true Root as may be, 
Viz, Let 5 whether it be greater or leſs. 


| „= { the unknown Part of the Root ſought by which # is to 
oy” be either increaſed or decreaſed. 


Ble we proceed to the Solution of Adfected Equations, it may not be 
0 


Then, if v be any Number leſs than the true Root, it will be r + e = the 
Root ſought. But, if r be taken greater than the true Root, it will then be 
7 — e = the Root ſought. And put D for the Dividend that is produced from 
G, after it is leſſened and divided by r, Ec. (into the Co-efficients of Adfected 
Equations,) according as the Nature of the Root requires. Theſe Things 
being premiſed, we may proceed to raiſing the Theorems, 

SECT. 
4 
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aer. 


J. For the Square Root, viz. 44 = G. Quære 42. 


Let | I rere z 4, 
1@'] 2 | rr + 2re + ee = aa = G, 
2 —T] 3 | 2re ＋ ee g G rr. Call it D, viz. D G rr, 
| D _ This ſhews the 1ſt Method of extracting the 
Theo] 4 is „ Square Root, Sect. 5. Chap. 11. 3 
3215 re 4 ler DD = . 


Which gives this Theorem, 1 — = e. 


The Arithmetical Operations of both theſe Theorems, you have in the Ex- 
amples of Section 2, Page 126, to which I refer the Learner, ſuppoſing him 
by this Time to underſtand them without any more words than what is there 


expreſſed. 


II. To extract the Cube Root; viz, aaa = G. Quere a. 


Let | 1]|r+2e=a, ſuppoſing r leſs than the true Root. 
1@-*] 2 | rr + grre + gree + eee = aaa = GC, 
2 —-rrr| 3 | Zrre + gree + ce = G —rrr, 


" Jo 
353"; 4 | re + ee + — = — . 


Let 2 be rejected or caſt off, as being of ſmall Value; then it will be 


re + ee = D, which gives this following Theorem, — — . 

By this Theorem or Rule, the 1ſt and 2d Examples in Caſe 1, Page 132, 
are performed; the which being compared with this Theorem may be eaſily 
underſtood. | 

Again, Suppoſe aaa = G, as before, and let r be taken greater than the 
true Root. | 188 
Then 1 | 7 —e ga, we being rejected as be- 

= G, 


10 | 2 | mr — grre + gre = & = fore, 
2 + | 3 | grre—gre S rrr — G 
; rrr G 
3=3, 8 5 = D. 


Which gives this Theorem, — e. 


By this Theorem the third Example in Caſe 2, Page 133, is — 5 
5 » 49 
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III. To extract the Biguadrate Root; viz. af G. Quere a. 


Let | 1 | ry —e a, ſuppoſing r leſs than juſt. 
16 | 2 | + qrrre + 6rree = a* = G, i all the powers 
2 —- 7* | 3 | qrrre + 6rree = G — rf, of e above ee. 
3 > 277 | 4 2re + zee = >= =D. 


Which gives this Theorem, _— = 6. 


By this Theorem the Biquadrate Root of any Number may be extracted, 
But, as I have already faid, Page 134, thoſe Extractions may be very well 
performed by two Extractions of the Square Root. ide Example, Page 135. 


IV. To extract the Surſolid Root, viz. a* = G, Quare a. 


If » be taken leſs than juſt, then yr + e = a, as before, and = = D, 
which gives this Theorem, - LA = e. By this Theorem the Surſolid Root, 
Example 1, Page 136, is extracted. But if r be taken greater than juſt; then 


r5 6 
57 


laſt Theorem the Example in Page 137 is performed. 


r—e a, and = D, which gives this Theorem, : 2 = e. By this 


I preſume it needleſs to purſue the raiſing of thoſe Theorems for extracting 
the Roots of Simple Powers, any further ; becauſe the Method of doing it 1s 
general, how high ſoever they are; and therefore it may be eaſily underſtood 
by what 1s already done, 


82e 1. 


NoTw1THSTANDING I have already ſhewed the Solution of Quadratick 
Equations, two ſeveral Ways, viz. by caſting off the loweſt Term, and by 
compleating the Square, vide Section 2, Page 195, Sc.; yet it may not be 
amiſs to ſhew how thoſe Equations may be reſolved into Numbers by this 
Univerſal Method of continued Series; wherein, if the firſt r be taken equal 
to the firſt true Root, or ſingle Side of the Reſolvend; and every ſingle Value 
of e (as it becomes found) be till added to it, for a new r, then thoſe Roots 
_ be extracted without repeating a ſecond Operation, as before in the ſingle 

owers, 


Caſe 


| 
; 
1 
N 
6 


4 
| 
4 
i! 
4 
L 
4 
4 
#1 
\ * 
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Caſe 1. Let aa + 2ba = G. It is required to find the Value of a. 


Put | 1 ler a, 
I ©-* 2 eee 
I X 26 | 3 | 2br + 2be= ala, 
2 +3 | 4 | mr + 26r + 2re + 2be + ee = aa + 2ba = G, 
4 — tr, &c. | 5 | 2re + 2be + ee = G — rr — 2br, 
3 2 [6 re ＋ be Tee = — r —br=D, 


Which gives this Theorem, e. 


2 —— 
ITFTT 
Suppoſe “ = 364, and G = 38692865: If r = 6000, then rr = 36000000, 
and 2br = 4368000. But 36000000 + 4368009 = 40368000 > 38692865 
= G. Therefore the firſt 7 & 6000, Let r = good, then TE 


iſt 7 = 5000 19346432,5 = 26, 
= 364 — 1432000, = rr + br. 
iſtr + 5 = 5364 5026432,5 = D (800 Se. 
+ je = 400 46112 4 
1 Diviſor 5764) 41523 ( 60 Se. | 
2d r + 6 = 6164 37164 
230 
N 4359 THY Ava, 
2 Diviſor 6194) 43592,5 — 
3dr + b = 6224 867 Se 
* 3,5 (0) 
3 Diviſor 6227,5 | 
Firſt = | ; 
85 : © 5867 = 5867 = a, as was required. 


Caſe 2. If aa — 20a = G, then, proceeding as above, there will ariſe this 


SEE" by _ = e, &c. And in Caſe 3. viz, 26a — aa = , you will 


have this Theorem, —— De, &c. as above. 


Theorem, 


I think it needleſs to trouble the Reader with the Work of theſe two 
Theorems in Numbers; becauſe, if the laſt Example of Caſe 1. be underſtood, 


the other will be eaſy. Not but that the Method of compleating the Square is 


very ready and eaſy, as you may obſerve by the Work in ſeveral Queſtions of 
this Chapter. | 


SECT. 
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Ix the Solution of all Adfected Equations, that are above (or higher than) 
Quadraticks, it will be the beſt way to take 1 = the next neareſt Root of the 
Equation : and then it will be + + e a, if r be leſs than juſt; or r = e = a, 
if 7 be greater than juſt (as at the beginning of this Chapter). And all the 
Powers of the unknown Part of the Root, (viz. e) above it's Square (ec) are to 
be rejected or caſt off, as before in raifing the Theorems for the Simple Powers. 
And therefore it is, that, to ſupply the want of thoſe Powers (above ee in the 
Theorem), the Operation muſt be repeated; as in the Example of extracting 
the Cube Root, Page 133, viz. when the Figures in the Root conſiſt of more 
than three Places. (Jide Page 140, and 141.) 


Suppole aaa + ba = G. Quare 4. 


Let | 1\| r + e = a; viz. let r be ſuppoſed leſs than uſt, 
16. | 2 '| rrr + grre + gree = aaa, 
1x6 | 3 | &r + be = ba, 
2 +3 | 4 | rr + br + grre + be + gree = & + ba = G, 
4=3rl 5 ir +36 +70 L = >> 
b G 
5 — Kc. 6 * r T= i . 
Which gives this Theorem, 7 28 
1 14 — +e 
ar 
But if v be taken greater than juſt, then it will be re + = — & = Ir7 + 
13 — = = D, which produces this Theorem, ——P— = e. 
Fo — = Fe 
3r 


By either of theſe two Theorems the Value of @ may be eaſily found. Or 
rather otherwiſe, as in the following Example. 


Let aaa + 24a = 587914. Here þ = 24. Suppoſe the firſt go; 
then 7* = 72g0co > 587914, without the 24 Xx 90 being added to it: there- 
fore r < 90. Again, ſuppoſe 7 = 80; then = 512000, and 247 = 1920, 
But 512000 + 1920 = 513920 < 587914; hence 7 is > 80, but nearer to it 
than 90. Therefore | 
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I X 24 
2 in Numb. 
3 in Numb. 
475 
1 
72 240 


* 


n 


— — 


1412 2 


* 


it muſt be 

5 *. 
I * 24 

2 in Numb. 
3 in Numb. 


2 * = 
» — _ 3 
. ͤ—ů1w!1111191ñññÄ˖n — . — —„ 


6 + 


7 = 35131 


i N 
4 PET . ALES ABR ET. Ee ˙—r—; ee eee 


— — f — — j— % 


= . —— : I — - 
i — — ewnddg a-A.dc cole — IT _—— — W 


vp — 
n 


8 — 


„ 


| 


\S cow On e ÞD 


Me] CON Om > ww D —- 


Operation 80,1 
3. 


1 Diviſor 83,1) 
3,0 


2 Diviſor 86,7) 
567 


— Y 


87,37) 


rrr ＋ grre + 3ree = aaa, 


5 12000 + 19200e + 240 = aaa, 


19224 + 240 = 73994, 
80, 1e + ee = 308,31 = D, 


NY 
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r + e = a, leſs than juſt. 
24r + 24e = 244, 


1920 + 240 = 244, 
513920 + 19224 + 2400 = 587914, 


2 
22 8 80, + e 
(505 . 
308,31 ( 3,68 Kc. = 
249,3 | 
83,68 &c. YT + e. 
59,01 
0% | 
6,99 Ke. 


Or rather, new r = 83, / for a ſecond Operation, which, being involved ig 
tried (as above), will be found greater than juſt : therefore 


n 


ITT — zrre + 3ree = aaa, 

247 — 24% 244, 

586376, 253 = 2101), 7e + 251,10 = = aaa, 
2008,8 24e = 244, 

58838 5,053 — 21041,07e ＋ 251,14 = 

21041,07e — 251, lee = 471,053, 


83,7955e — & = 1,87595778 = D, 
. 
83,7955 = e* 


5387914, 


2d Ope- 
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2d Operation 83,7955 
. 
BY — 83, 0000000 = r 
iſt Diviſor 83,7755) 1,87595778 (ic IIA = 6, 
— Ce = 4,022 1,675510 _ 
| — — — 83, 67760669 2 = > = &, 
2d Diviſor 83,7535) 52004477 WY ; 
— e 40023 51675070 
2d Diviſor 83,7512) 503294078 
— e = 3 &c. „02512636 
83,751 „00781542 
TY 00753760 
Here the new Diviſors are 27782 
rejected, as inſignificant, 25125 
| 2657 
2512 
145 
83 


All the remaining Examples of extracting Roots (except Page 260) are leſt 
in the Author's own Method; which by this Time, it is preſumed, the Learner 
will eaſily know how to correct of himſelf, if he takes due Notice of what has 
been delivered Page 131, 132, Sc. 


But if more Exactneſs be required, you may make the new r = 83,6776067, 
and proceed with it to a third Operation ; which will afford twenty-ſeven Places 
of Figures for the Value of a; that is, every Operation will produce triple the 
Places of Figures to thoſe of the Precedent r. And this, tripling the Places of 
Figures in the Root at every Operation, holds good, and is to be obſerved in 
the Solution of all Adfected Equations (how high foever they are), according 
to this Method of reſolving them. See Page 141. 


= 8 Te 
Example 2. Suppoſe aaa - G. Quære à. If r+e a, then re — 2+. & 


TG * 4 * D 
= = + 736 — =D, which gives this Theorem, 7 — But 
; 1 + * 
a 


g 13S x | 5 : : 
if re a, then * — — + #6 — rt = D, which gives 


this Theorem, 15 — 2 . 
1 ＋ np +e 


46 2 Or 
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Or you may proceed otherwiſe, as in the laſt Example. Let aaa — 64384 
= 104785088 ; here þ = 6438, Suppoſe the firſt r = 500; rrr will be = 
125000000, and br = 3219000, then 125000000 — 3219000 = 121781000, 
But 121781coo > 10478 5688; therefore r < 500. Again, ſuppoſe r = 400, 
rr = 64000000, and br = 2575200; then will 64000000 — 2575200 = 
61424800. But 61424800 < 104785688 ; hence 7 > 400; conſequently vis 
betwixt 400 and 500. But 500 is the next neareſt ; therefore let T = 5009, 
being greater than juſt, 


Then 1 [Ie S a, 
18% | 2 | rrr — grre + 3ree = aaa, 
1X64 | 3 | br — be = ba, 
2 in Numb. | 4 | 125000000 — 7500008 + 15008 = aaa, 
3 in Numb. | 5 3219000 — 64382 = 64384, 
4—5 | 6 | 121781000 — 743562e + 15o00ee = 104785688, 
6 ＋ | 7 | 743562e — 1500ee = 16995312, 
7 = 1500 | 8 | 495e—ee = 11330 = D, 
8— [ole 2 . 
i 9 
Operation 495 
— e 20 
bs 500, r, 
1 Diviſor 475) 11330 \ 238 = e, 
. 950 
A pan 476,2 = 7 —=t = 0, 
472) 1830 | 


Let new 7 = 476 for a 2d Operation; then r* = 107850176, and br = 


3064488 : but 107850176 — 3064488 = 104785688, the ſame with the 


Reſolvend. Conſequently @ = 476 juſt, 


Example 3. Let ba = aaa = G. Quezrea, If r + e a, then E — 1 
— ee = 2 + Irr- 23 = D, which gives this Theorem, —— = e. But 


— I | * . * 

if r—e = 4, then re — 1 — ee = — + Irr- 4 = D, which gives this 
D Ss | 

Theorem, 7 = e. 


7 em oo — e 


Or 
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Or other iſe, as before in the two laſt Examples. Thus, let 1234564 — aa 
= 12272861, Here 6 = 123456. Suppole the firſt r = 200; then rrr will 
be = 8000000, and br = 24691200; then 24691200 — 8000000 = 16691 200 : 
but 16691200 > 12272861 ; therefore r is here leſs than juſt, becauſe the 
higheſt Power is —, or Negative. Again, ſuppoſe r 300; then r will be = 
270000009, and br = 37036800; then 37036800 — 27000000 = 10936800 
< 12272861. Conſequently & zoo, and r > 200, Let r = 2300, being 
the next neareſt, but more than juſt, 


Then | I | r —e=a, 
16 | 2 | rrr — grre + 3ree = aaa, 
1x6 | 3 | br — be = ba, 
2 in Numb. | 4 | 27000000 — 2700coe + gooee, 
3 in Numb. | 5 | 37036800 — 123456e, 
wa $0 10036800 + 146544e — gooee = 12272863, 
— } 7 146544e — gooee = 2236061, 
7 = goo | 8 | 162e—ee = 2484 = D, 
D 
12 &c. 9 — 2 . 
Operation 162 
-'F 2 10 
ESE ma 300,0 r, 
Iſt Diviſor 152) 2484. ( 16,6 = e, 
„ 152 
Ts F =7 — 6 = 0, 
2d Diviſor 146 964 93:4 
876 
88,0 
86,6 


Or newer = 283, which, being involved, &c. will appear to be the true 
Root, that is, @ = 283 juſt, 


Note, Theſe are uſually called the three Forms of Cubick Equations; and in 
the Solution of the third or laſt Form, viz. ba — aaa = G, you may meet with 
ſome ſeeming Difficulties ; eſpecially in making Choice of the firſt r, becauſe 
this Equation is an ambiguous Equation, and hath two Affirmative Roots, viz. 
a greater and leſſer Root, But having once found either of them, the other 
may be caſily obtained by Diviſion only; as in the Quadratick Equations. 
Vide Chap. 8. As for inſtance, in the laſt Example, a = 283, and 1234564 
— aaa = 12272861. Make theſe two Equations = o, to wit, let a — 282 
= ©, and — aaa ＋ 1234564 — 12272861 = o. 


Then, 
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Then a — 283) — aaa * + 1234564 — 12272861 (= aa 
L aaa + 283aa 


5 — 2834 + 1234562 EET”; (— 2833 
— 28344 + B8008ga | 


*. + 433674 — 12272861 (+ 43367 
+ 433674 — 12272861 


*F * 


Hence it appears that — az — 2834 + 43367 = o. Conſequently 
aa + 2834 = 43367. This Equation being ſolved, a = 110,2722, &c. which 
is the leſſer Root of the aforeſaid Equation 24 — aaa — G, &c. After this 
Manner all the poſſible and impoſſible Roots of any Equation may be eaſily 
diſcovered, any one of it's Roots being once found, I ſhall therefore omit 
inſerting more Examples of that kind. | 


Suppoſe aaa + bas + ca = G. Quere a, Let b = 74, c = 8729, and 


G = 560783. By Trial (as before) it will be found that the next neareſt 


7 = 40, being ſomething leſs than juſt, 


Therefore t | r +e=a, 
I Xc 2 er + ce = ca, 
180 *: * 3 | brr + 2bre + bee = baa, 
5 10. 4 | rrr + grre + gree = aaa, 
2 in Numb. 5 | 349160 + 87296, 
3 m Numb. 6 | 118400 + 5920 ＋ 74%, 
4 in Numb. | 7 64000 + 4800e + 1200e, 
5 +6+7]| 8 | 531560 + 19449 e + 194% = 560783, 
8 — 531560 9 | 19449e + 194% = 29223, 
9 = 194 | 10 | 100,2e + ee = 153,06 = D, 
10 — | Il | * Toon T 
Operation 100, 2 
＋e 2 1 
1 
1ſt Diviſor 101,2) 153.06 r. = %y 
+e = „5 101.2 — . 


2d Diviſor 101,7) 51, 86 A 
50, 85 


1501 


Or 
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Or new r = 41,5 for a ſecond Operation, which, being duly involved, &:, 
will be found more than juſt, 


Therefore 1— eg a, 


1 
2 cr — ce = ca, 
Then 3 | brr — 2bre + bee = baa, 
4 | rrr — grre + 3ree = aaa. 
Theſe being turned into Numbers, Sc. as above, they will he 20037, 75 
— 198,5ee = 390,375, which, being divided by 198,5, the Co-eftficient of ee, 
will become 100,946e — ee = 1,956624, &c. = D. 


Operation 100,946 
— e OI 


DG 41,5000000 = r, 
iſt Diviſor 100,936) 1,966624 ( ,0194847 e, 
— e 5oog 1,0093656 — 
41, 4803133 * — e a. 


2d Diviſor 100, 927) 957204 
908343 
* Here I proceed by * 489210 


plain Diviſion, without 403708 
forming new Diviſors. 


855020 
807416 


470040 
403708 


72332 KC. 


Let the laſt Equation in the Enigma, Chap. 9. be here propoſed for a 
Solution, Viz. aaaa + baaa — caa — da = G; b = 2, c = 288, d = 506, 
and G = 1513, Quære a, By Trials it will be found, that the next neareſt 
7 = 20, being ſomething more than juſt, 


Therefore 11722 2 3, 
E dr — de = da, 
1 Xc | 3 | rr — 2Cre + cee = caa, 
1@* x6 | 4 | &rrr - gbrre + 3bree = baaa, 
10% | 5 | 1* — qrrre + Grree = aaa, 


Theſe being turned into Numbers, and thoſe duly collected, according as the 
Signs of the Equation direct, they will become 50680 — 22374 + 2232ee 
= 1513, Which, being all divided by 2232, the Co-efficient of ee, will be 
10e — ce = 22 = D, 

Then . = 0, 
Io —-8 
Operation 
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Operation 10 


N 
4 — 20 r, 
Diviſor 7) TE: bn 
BE 
— 17 re a juſt. 
1 


See the End of Chap. 9. 


By what hath been already done about the Solution of theſe few Equations 
{being carefully obſerved), I preſume the Learner will eafily conceive how to 

roceed in the Solution of all Kinds of Equations, be they never fo high, or 
adfected; therefore I ſhall not here propoſe many various Examples, but only 
take them as they fall in Courſe, when I come to the next Part, wherein you 
will (perhaps) find ſuch Equarions, with their Solutions, as are not common. 


— —¼ - — — — — 
C HAP. IXI. 
Of Simple Iuteræſt, Annuities, or Penſions, &c. 


INTEREST, or the Uſe paid for the Loan of Money, 1s either Simple ; 
or Compound. 


SECT. I, Of Simple Intereſt. 


SIMPLE Intereſt, is that which is paid for the Loan of any Principal or Sum 
of Money, lent out for ſome Time, at any Rate per Cent. agreed on between 
the Borrower and the Lender ; which, according to the late Laws of England, 
ought to be fix Pounds for the Uſe of 100/. for one Year, and twelve Pounds 
for the Uſe of 100/. for two Years: and ſo on for a greater, or leſſer, Sum, 
proportionable to the Time propoſed. 


There are ſeveral Ways of computing (or anſwering Queſtions about) Simple 
Intereſt ; as, by the ſingle and double Rule of Three (See Page 96, &c.). 
Others make uſe of Tables compoſed at ſeveral Rates per Cent; as Sir Samuel 
Moreland, in his Doctrine of Intereſt, both fimple and compound, which is all per- 
formed by Tables; wherein he hath detected ſeveral material Errors committed by 
Sir Iſaac Newton, Mr. Kerſey upon Wingate, and Mr, Clavil, &c. in the Buſineſs 
of computing Intereſt, c. by their Tables, too tedious to be here repeated. 

| But 


4 
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But I (hall in this Tra& take other Methods, and ſhew that all Computations 
relating to Simple Intereſt are grounded upon Arithmetical Progreſſion ; and 
from ihence raiſe ſuch general Theorems, as will ſuit with all Cafes. In order 
to that, 


P = any Principal or Sum put to Intereſt, 

R = the Ratio of the Rate, per Cent. per Annum, 

S the Time of the Principal's Continuance at Intereſt, 
A = the Amount of the Principal, and it's Intereſt, 


Let 


Note, The Ratio of the Rate, is only the Simple Intereſt of 11. for one Year, 
at any given Rate; and is thus found. 


Ms, a0: 6 30 = the Ratio at 6 per Cent. per Aunum. 
Or 100: 7 2; 1 :0,07 = the Ratio at 7 per Cent, Kc. 
Again, 100: 7, 5:: 1 = the Ratio at 7 and ⁊ per Cent. 


And if the given Time be whole Years; then ? = the Number of whole 
Years : but if the Time given be either pure Parts of a Year, or Parts of a 
Year mixed with Years, thoſe Parts muſt be turned into Decimals; and then 
t = thoſe Decimals, or the Years together with thoſe Decimals. Now the 
common Parts of a Year may be eaſily turned, or converted, into Decimal 
Parts, if it be conſidered 


Day is the +; Part of a Year = 0,00274 fere. 
That one 15 is the Part of a Year = o, 833333, &c. 
Quarter is the + Part of a Year = 0,25, 


Theſe Things being premiſed, we may proceed to raiſing the Theorems. 


Let R = the Intereſt of 1/. for one Year, as before, 
Then 2R = the Intereſt of 14. for two Years. | 
And 3K = the Interelt of 1/. for three Years, 
4R = the Intereſt of 1/7. for four Years. And ſo on for any Numbe 
of Years propoſed. 


Hence it is plain, that the Simple Intereſt of one Pound is a ſeries of Terms 
in Arithmetical Progreſſion increaſing; whole firſt Term and common Differ- 
ence is &, and the Number of all the Terms is 7. Therefore the laſt Term 
will always be R = the Intereit of 1/. for any given Term ſignified by 7. 


Then, As one Pound : is to the Intereſt of 11. :: ſo ts any Principal or given 
Sum : to it's Intereſt. 


That is, 1/.:tR:: P: {RP = the Intereſt of P. Then the Principal 
being added to it's Intereſt, their Sum will be = 4, the Amount required; 
which gives this general Theorem, 

Vol. V. 4 Theorem 
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Theorem 1. RP + P = A. 


From whence the three following Theorems are eaſily deduced, 
A AP ; 4— 27 
Theorem 2. 0 P. Theorem 3. —_ - R. Theorem 4. . 


Theſe four Theorems reſolve all Queſtions about Simple Intereſt, 


ueſtion 1. What will 2561. 10s. amount to in 3 Years, one Quarter, 2 Months, 
and 18 Days, at 6 per Cent. per Annum ? 


Here is given P = 256,5; R = 0,06; and . = 3,46599. 
For 3 Years = 3, Quere A. per Theorem 1. 
one Quarter = 0,25, h 

2 Months = 0,16667 = 0,08333 x 2, 

18 Days = 0,04932 = 0,00274 X 18, 


Hence ft = 3.46599 : Xx 0,06 = 0,2079594 = R. 
Then 0,2079594 X 256,5 = 53,341586 = RP. 


And 53,341585 + 256,5 309, 841586 = RP +P = A. That is, 
3c9,841586 = 309. 16s. 10d, being the Anſwer required. | 


Queſtion 2. What Principal or Sum, being put to Intereſt, will raiſe a Stock of 
3091. 16s. 10d. in three Years, one Quarter, two Months, and 18 Days, at 


6 per Cent, per Annum! 
| Or the ſame Queſtion otherwiſe ſtated thus. 


What is 30gl. 16s. 10d. due 3 Years, one Quarter, 2 Months and 18 Days 
hence, worth in ready Money; abating or diſcounting 6 per Cent, &C. ? 


Here is given A = 309,841586; R = 0,06; t = 3,46599 (found as before); 
thence to find P. Per Tpeorem 2. Firſt, 3,46599 X 0,06 = , 2079594 = KR, 
Then R + 1 = 1,2079594) 309,841586 = A (256.5 = P; that is, 256,5 
= 256/. 10s. the Anſwer required. 


Queſtion 3. At what Rate of Intereſt, per Cent, &c. will 2561. 10s. amount 10 
zol. 16s. nod, in three Tears, ons Quarter, two Months, and 18 Days“ 


Here is given, P = 256, 5; 4 = 309,841 586; and # = 3, 46599; to find R. 
Per Theorem 3. Firſt, 309,841586 — 256,5 = 53,341586 = 4 — P. Next, 
3.46599 * 256,5 = 889,026435 P. And 1P = 889,026435) 53,341586 
(00,96 = the Ratio. Then 1/, ! 0,06 :; 100: 6 = the Rate required. 


Deſtin 4. In what Time will 2561. 10s. raiſe @ Slock of (or amount to.) 
2091. 16s. Iod. at 6 per Cent. &c.? 


Here is given, P = 256,5; A = 309,841 586, and R = 0,06, to find 7. 
Per Theorem 4. Firſt, 309,841 586 — 256,5. = 53,341586 = 4— P. And 
c 256, 
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256,5 X 0,06 = 15,39 = PR, Then 15,39) 53,341586 (3, 46390 = 7; 
that is, / 3 Years and ,46599 Decimal Parts of a Year ; which may be 
brought into common Parts of a Year, thus: 


0,46599 And 0,08333) o, 21599 (2 Months. 
0,25 = one Quarter, ,16666 
0,21599 0,00274) 404933 « (18 Days. 


Hence # = 3 Years, one Quarter, 2 Months, and 18 Days; the Antwer 
required. 

It muſt needs be eaſy to conceive, that what is here done at 6 per Cent. may 
be done at any other Rate of Intereſt, by forming the Ratio (viz. R) ac- 
cordingly. 


SCHOLIUM. 


Although it be according to the Laws and Cuftom of England, to compute 
Intereſt at the Proportion of 6 per Cert. (as above), yet he that takes up Money 
at Intereſt for any Time leſs than even or compleat Years, pays more Intereſt 
than ſeems reaſonably due, according to the Rules of Art. As, for inſtance ; 
if 1007, be forborn at Intereſt one whole Year, it amounts to 106/, But (I fay) 
if it be-paid at the half Year's End, it ſhould not amount to 103 ; as appears 
from this following Proportion, 


Let 4 = the Amounts due at the half Year's End; then it will be 100: 4 
22 4: 106, the Amount at the Year's End. Ergo aa = 10600, and @ = 
V 10600 = 102,9563 = 1021. 19s. 1:d. which is leſs than 103/. by 1014. 
And if it be paid in leſs than half a Year's Time, the Error muſt needs be the 


greater, 


SECT, II. Of Amuities, or Penſions, in Arrears, computed at Simple Intereſt. 


ANNUITIES, or Penſions, c. are ſaid to be in Arrears, when they are 
payable or due, either Yearly, or Half-yearly, &c. and are unpaid for any 
Number of Payments. Theretore the Buſineſs is, to compute what all thoſe 
Payments will amount unto, allowing any Rate of Simple latereſt for their 
Forbearance, from the Time each particular Payment became due: Now, in 
order to that, | * 


4H 2 Put 
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u = the Annuity, Penſion, or Yearly Rent, c. 

p S the Time of it's Continuance, or being unpaid, 

| ut R = the Ratio, or Intereſt of 1/7. for 1 Year, as before. 
| | A = the Amount of the Annuity and it's Intereſt, 


Then, if 2 = the firſt Year's Rent, due without Intereſt, 


= 5 o — } due at the End of the ſecond Year, 


2Ny = | | 

0 = 8 _ | due at the End of the third Year, 
"w > oo - pup 1 | due at the End of the fourth Year, 
= 1 due at the End of the fifth Year. 


And ſo on for any Number of Years. Hence it is evident, that Ry + 2Ru 
+ 3Ku + 4Ru4 + 54 = A, the Sum of all the Rents and their Intereſt, being 
forborn 5 Years. 


From whence it follows, that Ru'+ 2Ru + 3Ru + 4Ru = A — ta. ow 
t= 5. Divide by-v, then R + 2R + 3K + 4R = . 


Next, to find the Sum of this Progreſſion (See Page 185.) thus: Let R +2R 
+ 3R + 4R & c. = 2, then 1 +2 + 3 + 4 &c, = T Here the Sum of 
the firſt and laſt Terms are 4 + 1 = 5; = 2, and the Number of all the Terms 


is 4=t — 1. Therefore — X # the Sum of all the Terms; that is, 


11 — f 2 ttR — R {i{R — R A — tu 


=: hence = 2. Conſequently —— = =— 


from this Equation it will be eaſy to deduce the following Theorems. 


Theorem 1. A, or r R. + 1 A. 
24 24A — 2 _ 
Theorem 2. * Theorem 3. — K. 
2 24 Xxx 
Let ——1=x, then ? = E. n 4 0. 


—_ 


2A — 2tu 


1 is = R, we ſhall have 24 — 2 = ttu R tu, and 24 = ttuR 


* For, ſince 


; -R + a and N (= =t+ Q + —1) x0) = 
: f xx _. 2A xx 5 
t#t+xXt. W "th ew and 2 + . will be = 
241 XxX a 24 * * 
reer Qs E. D, 


Quęſtien 
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Queſtion 1. F 2 ol. yearly Rent (or Penſion, &c.) be forborn or unpaid ſeven 
Years ; what will it amount to in that Time, at 6 per Cent. for each Payment, as 
it becomes due ? 

Here is given # = 250, # = 7, and R = o,o; to find A. Per Th. 1. 
Firſt, 250 Xx 7 = 1750 = 74, 1750 Xx 7 = 12250 = 7/4, Again, 12250 
— 1750 = 10500 = itu — ta, and 32 X 0,06 = 315. Laltly, 315 + 
1750 = 2065 = A; Viz. 20651. is the Anſto. required. | 

But if the Annuity, Rent or Penſion, is to be paid by Quarterly or Half 


Yearly Payments, Sc. Then 5 = 0,03 = | for half yearly Payments: 


and _ = 0,015 = K for quarterly; or 0,045 = R for three quarterly Pay- 


ments, Example of half-yearly Payments. 


Suppoſe 2501. per Annum, to be paid by half-yearly Payments, tere in Arrears, 
or unpaid for ſeven Tears; what would it amount to, allowing 6 per Cent. per 
Annum for each Payment, as it becomes due ? 


In this Example there is given « = 125 = =; # = 14, the Number of 
payments; and R = 0,03 = 20 ; thence to find 4. 


Firſt, 125 X 14 = 1750 = i; 1750 X 14. = 24500 = flu. Again, 
24500 — 1750 = 22750 = tu — ; then == = 11375, and 11375 X 
0,03 = 341,25. Laſtly, 341,25 + 1750 = 2091,25; that is, 4 = 20910. 55, 
the Anſwer required. 

N. B. Hence it may be obſerved, that half-yearly Payments are more ad- 
vantageous than yearly. For 2091/. 5s. > 20651. by 264. 5s. ; conſequently, 
quarterly Payments are more advantageous than half-yearly Payments. 


Queſtion 2, What yearly Rent, Penſion, &c. being forborn or unpaid ſeven Years, 
will raiſe a Stock of 20651. allowing 6 per Cent. per Annum for each Payment, 
as tt becomes due? 

Here is given A = 2065, ft = 7, and R = 0,06; to find 2. Per Theorem 2. 
Firſt, 7 X 0,06 = 0,42 = R, and 0,42 X 7 = 2,94 = iR. Then R — 
R = 2,52, Laſtly, R — {KR + 27 = 16,52) 4130 = 2A (250 = 4; that 
Is, 250l. per Amum, &c. will raiſe 20654. the Stock required, 


Queſtion 3. In what Time will 2 pol. yearly Rent raiſe a Stock of 20651. allowing 
6 per Cent, &c. for the Forbearance of the Payments as they become due! 


Here is given 4 = 250, A = 2065, and R = 0,06; to find 2. Per The- 
oem 4. Firſt, I = = = 3323333 3 and 33,3333 — 1 = 32,3333 = # = 
2 

4130 — 


F-. Then 16,16666 &c. = 4x; 261,3605 &c. = Ax. Again, 42? = 
2757333 
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$275,333 = 2A = Ru, and 275,3333 + 261,3605 = 636,69 38 = 5 + 2x 
Then / 536,6938 = 23,1666, Laſtly, 23,16666 — 16,1666 = 7 = , tlie 
Time required, 


Dreftien 4. F 25ol. yearly Rent, being forbo1n ſeven Years, will amount 10 
20651. allowing Simple Intereſt fer every Payment as it becomes due; what muſt the 
Rate of the Intereſt be per Cent, &c. ? | 


Here is given 4 = 250, A = 2065, and f = 7; to find R. Per Theorem 3. 


ttu = 12250 4130 = 24. 
Hs 0 tu = 1750 3500 = 214, 


ty — tu = 10500) 630 = 24 — 2tu (0,06 = R. 


Then 1: 0,06, :: 100: 6, the Rate required. 


—— 


Sor. III. The Preſent Werth of Annuities, or Penſions, &c. computed at 
Simple Intereſt. 


Taz Buſineſs of purchaſing Annuities, or taking of Leaſes, Cc. for any 
aſſigned Time, depends upon the true equating of the Principal or Money laid 
out on the Purchaſe, with the Annuity or Yearly Rent, by allowing (or dil- 
compting) the ſame Rate of Intereſt to both Parties. Which may be eaſily 
performed by duly applying the reſpective Theorems of the two laſt Sections 
together; as will fully appear by the following Queſtion. 


Quęſtion 1. What is 75). yearly Rent, to continue nine Years, worth in ready 
Money, at 6 per Cent. per Annum Simple Intereſt ? 


1. Per Theorem 1. of the laſt Section, find what the propoſed yearly Rent 
would amount to, if it were forborn 9 Years, at 6 per Cent. 


Thus, # = 75, = g, and R = 0,06: Quære A. 
ttu = 6075 Then 2) 5400 (2700 
tu = 675 R = 0,06 * 
tu — tu = 5400 162, 1 Fa 
+ iu = 675, = 637 = 


2. Then, by Theorem 2, Section 1, find what Principal, being put to Intereſt 
for the ſame Time, and at the ſame Rate, will amount to 837. = 4. Thus, 
{R = 0,54 = 9 X 0,06; R + 1 = 1,54) 837 (543,5064 = P; that is, P = 
5431. 10s, 14d., which is the Worth of 75/, a Year, as was required. 


From 
4 
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From the Work of theſe two Operations (duly conſidered) it muſt needs be 
eaſy to conceive, how the two Theorems by which they were performed, may be 
combined in one. 


For, 1, =_ — Jn mm ; and, 2. PR + P = A. Conſequently 


Ru — tu + 2tu 
PIR + P = - 


following Theorems, 


Ru — ifs + p ttR - tR + 2t 
21K + 2 ey OM 


. And from this Equation. may be deduced the 


Theorem 1. 


By this Theorem all Queſtions of the ſame Kind with the laſt (viz, that above) 
may be eaſily and readily anſwered at one Operation. 


2PtR + 2P | iR +1 


MEHEY »© N —tR + 2 x * X 2.4" = us. 


Theorem 2. 


P — 27 
Theorem 3. —— _ = 7: R. 
Let _ I tl ill zz "ER... Which ves this 77 
e 1 = Xx, then wi * Fg * Ich giv IS 7e 
orem 4. br + 4 21. 


By the ſecond and fourth Theorems, two very uſeful Queſtions may be eaſily 
anſwered. 


** 
— 


tt Nx — tRu + 27 


* For, fince P/R + P is = — : , we ſhall have 2P:R + 22 = R -R. 
+ 2tu, and 2P = Ru — tRu + 2tu — 2PiR, and 22? — 2tu = Ru = {Ru - 2PtR = 
2P — 2tu 


tu — iu 25 x N, and conſequently. R = k. b. 


tun — tu — 2B. 


. — tRu + 20 
2 


"> For, ſince P/R + P is „ we ſhall have 2 PR + 2P = HR. = (Rs 


+ 214, and conſequently 2P = #tRu R. + 26 2 PR, and . - + = 
Ru R P 
* ＋ ＋— XP a — & = + -N TAN. Therefore 


N 
: a > 5 Xx 1 — 
ß ooo. AR += i and confe- 


2 
quently [4 wall ds. = — wed + > he —— Q. E. D. 


. Ms; 


| 
( 
| 


— , —＋rͤ——— DER. 


— de Sb hnkine indians the ax. Gr gag #44. — n 
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0 ⁰ ˙ ,, 


1. As, for Inflance: If it be required to find what Annuity, or yearly Rent, &c. 


may be purchaſed, for any propoſes Sum, to continue any aſſigned Time, alloting any 


Rate of. Inte eff ? 
This Queſtion may be anſwered by Theorem 2. 


2. Again: If it be required to find how long any yearly Rent, Penſion, or An. 
nutty, &c. may be purchajed (or enjoyed) for any propoſed Sum, at any given Rate 
of Intereſt ? 


All Queſtions of this Kind are eaſily anſwered by Theorem 4. 


In theſe Queſtions it is ſuppoſed, that the Purchaſe, or yearly Rent, is to 
commence or be immediately entered-upon. But if it be required to find the 
Value or Purchaſe of an Annuity or yearly Rent, &c. in Keverſion; that is, 
when it is not to be entered- upon until after ſome Time, or Number of Yeats 
are paſt ; then you muſt firſt find what the Sum propoſed to be laid out in the 
Purchaſe would amount to, if it were put out to Intereſt, during the Time the 
Annuity, Sc. is not to be put in 4 Poſſeſſion; and make that Amount 
the Sum for the Purchaſe, proceeding with it as in either of the two laſt 
Queſtions, Sc. 


Note, From the firſt Queſtion of this Section it will be eaſy to conceive how to 
perform the Equation of Payments, between Debtor or Creditor, at any Rate cf 
Intereſt, without doing any Damage lo either Party. 


That is, when ſeveral Sums of Money are to be paid, at ſeveral different 
Times, to find the Time when all the Payments may be truly diſcharged at 
once : as if one Sum were to be paid at the End of two Months, another at 
ſix Months, and perhaps a third Sum at eight Months' End, &c. And if it 
were required to find the Time when all thoſe Sums may be truly diſcharged at 
one Payment without Loſs, &c. | 


CHAP. XII. 


Of Compound Intereſt, and Annuities, &c. 


COMPOUND Intereſt is that which ariſes from any Principal and it's Intereſt 
put together, as the Intereſt ſo becomes due; fo that at every Payment, or at 
the Time when the Payments became due, there is created a new Principal ; 


and for that Reaſon it is called Intereſt upon Intereſt, or Compound — 
5 
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As, for Inſtance z Suppoſe 100. were lent out for two Years, at 6 per Cen-. 
per Aunum, Compound Intereſt : then, at the End of the firſt Year, it will only 
amount to 106/. as in Simple Intereſt, But for the ſecond Year this 1001. 
becomes Principal, which will make the whole Sum of Principal and Inter. it 
amount to fink 75. 22d. at the ſecond Year's End, whereas by Simple Intercit 
it would have amounted to but 112/, 


And, although it be not lawful to let out Money at Compound Intereſt, yet 
in purchaſing of Annuities or Penſions, &c. and taking Leaſes in Reverſion, it 
is very uſual to allow Compound Intereſt to the Purchaler for his ready Money; 
and therefore it is very requiſite to underſtand it. 


Ster. I. Of Compound Intereſt. 


P = the Principal put to Intereſt, 
ſ S the Time of it's Continuance, as before. 
Let 


A = the Amount of the Principal and Intereſt, 
Þ = the Amount of 11. and it's Intereſt for 1 Year, at any given 
55 Rate, which may be thus found. 


Viz. 100: 106:: 1: 1,06 = the Amount of 11. at 6 per Cent. 
Or 100: 105 :: 1: 1,05 = the Amount of 1/. at 5 per Cent. 
And ſo on for any other aſſigned Rate of Intereſt. 


Then, if R = the Amount of 11. for one Year, at any Rate, 
EX = the Amount of 1/, for two Years, 
R = the Amount of 1/. for three Years, 
R“ = the Amount of 11. for four Years, 
R' = the Amount of 1/. for five Years. Here 7 = ;. 


For 1: R:: X: M: RR RAR 2: RAR) AO 2 RO KO: ES 


As one Pound: is to the Amount of one Pound at one Year's 
That is, End :: fo is that Amount: to the Amount of one Pound at 


two Years' End, tc, 


Whence it is plain, that Compound Intereſt is grounded upon a Series of 
Terms, increaſing in Geometrical Proportion continued; wherein ? (viz. the 
Number of Years) does always aſſign the Index of the laſt and highelt Term: 


Viz. the Power of R, which is R. 
Again, As 1: R:: P: PR = A, the Amount of P for the Time, that 


R* = the Amount of 11. 
Vol. V. 4 1 That 
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: fo is any propoſed Principal (or Sum) to it's Amount for the 


| As one Pound : is to the Amount of one Pound for any given Time 
That is, | 
, fame Time . 


From the Premiſes (I preſume) the Reaſon of the following Theorems may 
be very eaſily underſtood. my 


Theorem 1. PR = A, as above. 


From hence the two following Theorems are eafily deduced. 


Theorem 2. = = P. Theorem 3. 2 R. 


By theſe three Theorems, all Queſtions about Compound Intereſt may be 
truly reſolved by the Pen only, viz. without Tables; though not ſo readily as 
by the Help of Tables, calculated on Purpoſe ; as will appear further on. 


Queſtion 1. What will 2561. 10s, amount 10 in ſeven Years, at 6 per Cent. per 
Annum Compound Intereſt ? | 


Here is given P = 256,5; 1 7; and R = 1,06; which, being involved 
until it's Index = z (viz. 7), will become R' = 1, 50363. Then 1,50363 X 
256,5 = 385,6811 = A = 3821. 135, 72d. which is the Anſwer required. 


Queſtion 2. Nhat Principal or Sum of Money muſt be put (or let) out to raiſe a 
Stock of 3851. 138. 74d. in ſeven Years, at 6 per Cent. per Annum Compound 


Intereſt * 
Here is given 4 = 385,6811; R = 1,06; and ; to find P, by 


Theorem 2. Thus, R = 1,50363) 385,6811 = Af (256,5 = P. That is, 
P = 2564. 10s. which is the Principal or Sum, as was requir 


Queſtion 3. In what Time will 2561. 108. raiſe a Stock of (or amount to ) 
3851. 138. 754, allowing 6 per Cent. per Annum Compound Intere/t ? 


Here is given P = 256,5; A = 385,6811; R = 1,06; to find 7 by the 
third Theorem, R = . = e = 1,50363, which being continually di- 
vided by R = 1,06, until nothing remain, the Number of thoſe Diviſions will 
be 7 = ?. Thus, 1,06) 1, 50363 (1,418;52. And 1,06) 1,418g2 (1,338225. 
Again, 1,06) 1, 338225 (1,262477. And ſo on until it become 1,06) 1,06 (1. 
which will be at the ſeventh Diviſion, Therefore it will be # = 7, the Number 
of Years required by the Queſtion. 


Queſtion 


YOUNG MATHEMATICIAN's Grp. 611 


Dueftion 4. If 2561. 10s. will amount to (or raiſe a Stock of) 3831. 13s. 71d. 
in ſeven Years' Time; what mi ft the Rate of Intereſt be, per Cent. per Annum ? 


Here is given P = 256,5 A = 385,6811; and 7 = 7. Quere R, By 
Theorem 3. . = R' = 1,50363 ; as before in the laſt Queſtion. And if R = 
R = 1,50363, then R = V1, 50363, which may be thus extracted. 


Put | 1 r +e = KX, then 
10“ | 2 | + % + 217% R' = 1,50363 = 6. 
a—!'| 3] 7% + 2% 6 - , 
| | G — 77 
3 - 75 | 4 | re + gee = 8 D, 
a las in de (= 222. 
4— 5 e= fe; let = 1, then P will be (= —— <— 


= — —, = 20,0719; 


and e (being = =) will be leſs than = or than 
and therefore nearly = 0.06, 


Operation 1 = 1,00 
+ 3e = 0,18 


0.0719 


, or than 0.0719, 


(2402 = 
Diviſor 1,18) o, 07 19 No, o = e, 
708 
1,06 — + F an R, 4 


11 to be rejected. 
Then 1: 0,06 :: 100: 6, the Rate per Cent. required. 


Ihe firſt three Queſtions may be much more eaſily performed by the follow- 
ing Table, which is only the Amounts of one Pound for thirty-nine Years, 


That is, of R. RR. RRR. N. RS. and fo on to Re. 


The Amounts of The Amounts of The Amounts of 
Years | II. at 6 per Cent. Years | 1/. at 6 per Cent. Years | 1/. at 6 per Cent, 
= ft. Kc. Compound | t. |&c. Compound | =. | &c. Compound 
Interelt. | Intereſt. Intereſt. 
1 [106 = KR. 14 2.260, 903,95 5, 27 | 4:3$22,345,940,7 
2 1.1236 = RR. | 15 2.396, 5 58, 193,1 28 111,586,097, 
3 [| 1.191,016= KJ. 29 | 5-418,387,899,0 
4 | 1.262,476,96 16 | 2.540,351,084,7| 30 | 5-743+491,17249 
5 |1-338,2323,577,6| 17 | 2-092,772,785,7 OTE. TI 
WW qua 18 |2.854,339,152,9| 31 |6 082,100,643,2 
6 |r.418,519,112,2| 19 |3.025,599,592,1| 32 |6.453,386,681,8 
7 1.503, O30, 259, 20 | 3.207,135,472,2} 33 | 6.840,559,88:,8 
8 1.593.848.0745 —2——— | 34 | 7-251,025,27 5,7 
9 | 1.689,478,959,0| 21 | 3.399,563,600,5| 35 | 7.636,086,792,3 
10 | 1.790,847,696,5| 22 | 3.003,537,410,0 |——c_ 
Mera, 23 | 3-819,749,661,6 36 |9.147,251,999,3| 
11 | 1.3898,298,558,3| 24 4.048, 934,64 1,3 37 | $.6,0,037,119,5 
12 |2.012,196,471,8; 25 | 4.291,670,719,7| 38 |9.154,252,347,0 
13 | 2.132,923,260,1 | 26 4.549,382, 952,9 39 9.703. 507, 487,8 | 


412 


The 


. 
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The Title of this Table ſhews it's Conſtruction, and it's Uſe will eaſily 
appear by an Example or two. | | 


EXAMPLE I. 


I bat will 3731. 10s. amount to in nine Years, at 6 per Cent. per Annum, &c, ? 


The tabular Number againſt 9 Years is 1,689479, which, being multiplied 
with the Principal 375,5, will produce 634,3993, &c. viz, 634/. 8s. fere, being 
the Amount or Anſwer required. 


EXAMPLE IL 


What Principal (or Sum) muſt be put to Intereſt to raiſe a Stock of 6341). 85. in 
nine Years Time, at 6 per Cent. per Annum, Sc.? 

If the propoſed Stock (viz. 634,4) be divided by the tabular Number that 
is againſt the given Number of Years (viz. 9), the Quotient will be the Prin- 
cipal (or Sum) required. Yiz, againſt 9 is 1,689479. Then 1,689479) 634.4. 
(375, = 3754. 105. the Principal (or Sum) required. 


EXAMPLE III. 


In what Time will 5751. 10s, raiſe @ Stock of (or amount to) 6341. 8s. a- 
6 per Cent. &c, ? 


Divide the propoſed Stock (viz. 634,4) by the given Principal (viz. 375,5), 

and the Quotient will ſhcw the tabular Number that ſtands over againſt the 
Time ſought. Thus, 375,5) 634,4 (1,689479, Cc. This Number, being ſought 
in the Table, will be found to ſtand againſt 9 Years, which therefore is the 
Time required. 
But, if the Quotient cannot be truly found in the Table of Amounts for 
Years, as above ; then take out of that Table the neareſt Number that is leſs, 
and make it a Diviſor, by which you muſt divide the firſt Quotient; and then 
ſeek the ſecond Quotient in the Table of Amounts for Days (which is inſerted 
a little further on), and it will aſſign the Number of Days: as in this 
Example. 


In what Time will 5631. amount to 8601, at 6 per Cent. per Annum Com- 


Pound Intereſt ? Anfwer. In 7 Years and 99 Days. 


Thus, 563) 860 (1,52793, which ſhews the Time to be more (or above) 
ſeven Years; for over againſt 7 Years is 1,50363, which being made the new 
Diviſor; viz. 1, 50363) 1,52753 (1,01589, Sc. this Number is the neareſt 
Amount to 99 Days. | 


Note, If the Stock, Principal, and Time, be given; the Rate of Intereſt will be 
beſt feund by extract ing ihe Root, &c. as before in the fourth Queſtion. 


4 The 
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The next Thing that I ſhall here propoſe, is to make this Table (which is 
only calculated for the Rate of 6 per Cent.) univerſally uſeful for all the Rates 
of Compound Intereſt, which, 1 may preſume to ſay, is a new Improvement of my 
own, being well ſatisfied it never was publiſhed before; and not only ſo, but l 
have heard ſeveral very good Artiſts affirm it was impoſſible to be done. 


The Method of performing it is briefly thus : Let x = the Difference be- 
tween 1,06 = R, the Amount. of 1/. for one Year (in the Table), and any 
other propoſed Amount of 1/. for one Lear; which admits of two Caſes. 


Caſe 1. If the propoſed Rate be greater than the 1,06 = R, then will 
R + x = the true Amount of 11. for one Year at that Rate. 


Caſe 2. But if the propoſed Rate be leſs than 1,06 = R, then it will be 
R — x = the Amount of 14. &c. 


123, 2 n c, 3 = 4, 4. &c. 
Make {5d Xp = my zam = , *fu = 5s, &c. 


Then will X + NN + R ＋ mR*x +nRIx* &c. = the Amount of 
14, at the given Rate, for any Time denoted by 7, in Caſe 1. And R — RA 
+ RN NN &c. will be = the Amount of 11. for the ſame 
Time in Caſe 2. 


Which is no more but this: Let R + x, or R- x (which ſoever it is), be 
involved (as directed in Se. 5. Chap. 2.) to the ſame Power or Height as the 
Index t, the given Time in the n denotes: rejecting all the Powers of 
z above xxx, or xxxx at moſt, as ufeleſs*, Then multiply that Power of R + x, 
or R — x, into the given Principal, and their Product will be the Amount 


required, 
An Example or two in each Caſe will render all eaſy, 


EXAMPLE l. 
Suppoſe it were required to find what 2561. would amount to in fi/teen Years, ai 
$1. per Cent, per Annum Compound Intereſt ? 
Here = 1 5. 


—— 


* For, by Newton's Binomial Theorem, R + . is = the Series R * x8 + t 


low 


t—-1 7 2 1—3 1 —1 622 


122 a 
X — x R ene Ai * 


7 — — 
* 1 „% „ un 4 E +txX—=x—» 


1 3 
R xl pixxx xat+&=8N +0 » a ＋ 2ER * + 


d 
* R + „ 4 00 A. E, D. Füs. 
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Full, 100: 108 :: 1: 1,08, the Amount of 1“. at 8 per Cent. Next, 
1,08 — 1,00 = 0,02 = x. And R +x = 1,08, as in Caſe 1. Then 
R. + 15R'*% + 105R*%x + 455R*xxx, &c. = the Amount of 1/. for 
15 Years, at 8 per Cent. | 2 1 


Here x = 0,02 . xx = 0,0004 . and xxx = ,000008 

By the Table, R“ = 2,396558 

15R'*% = 2,260904 X 15 X ,02 = 0,678271 

And ber = 2, 132928 X 105 X , 004 = o, o89583 
455R*xxx = 2, 012196 Xx 455 X ,000008 = 0,007324 


Sum = 3,171736 
Then 3, 171736 x 256 = 811,964416 = A. | 
That is, 811/. 195. 3*d. fer?e, Which is the Anſwer required. 


EXAMPLE Il. 
What will 3651. amount to in ſeven Years at four and a half per Cent, Se. 
Firſt, 100: 104, 5:: 1: 1,045, the Amount of 1/. at 44. per Cent. 


Next, 1,06 — 1,045 = 0,015 = x. Conſequently R — x = 1,045, as in 
Caſe 2. 

Then R' — 7R*s + 21R*xx — 35R*xxx, &c. = the Amount of 1/. for 
7 Years, at 4% per Cent. 


Here x = „015; xx = ,000225; and xxx = 00000337 5. 


*% 


By the Table, R' = + 1,503630 
— 7R'r = — 0,148944 

And + 21A XX = + 0,006323 
— 35R*xxx = — 0,000141 


R' — TR*s J. 21R*%xx — 35R**xx = 1,360868 
Then 1,360868 X 365 = 496,71682 = A. 
That is, 4961. 14s. 31d. is the Anſwer required. 


If the Reaſon of theſe two Operations be but well underſtood, it will be very 
eaſy to conceive how to find P, the Principal, by having A, 1, and x given 
(becauſe R and it's Powers are always given by the Table). 


For R + R's + gR'xx + mR*xxx x Þ = 4 (as above). 


Therefore - - _— = P. 
R + RA + 2R* xx + mR*axx 


Or, if 4, P, and 1, be given, x may be found. 


For 
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For R + T4 x + R xx + R rxrr = - This Equation being ſolved 


(as in Chap. 10.), the Value of x will be found; and then either R + x, or 
R — x, will ſhew the Rate of Intereſt, Cc. 


But I ſhall leave the numerical Operations to the Learner's Practice, ſup- 
poſing enough done to ſhew how all Queſtions of this Kind that are limited by 


whole Years may be computed, 


And if the Time given or ſought he not terminated by whole Years, but by 
Weeks, Months, Quarters, or Half-Years, Sc. for refolving ſuch Queſtions, the 
beſt Way will be to reduce thoſe Parts of a Year into Days ; that done, find an 
Anſwer, according to the demand of the Queſtion (and agreeing to 1/. as before), 
for that Number of Days; and in order to that, it will be requiſite to find the 
Amount of 14. for one Day (as in my Compendium of Algebra, Page 110), which 
I ſhall here inſert, | | 


Put @ = the Amount ſought, then it will be 
1:3 :: 4: aa ::; aa: aa ;; aaa: aaaa & to 4. 


the Amount of two Days :: and ſo is that of two Days: to that of 


As one Pound is to it's Amount for one Day :: jo is that Amount: to 
That 1s, 
three Days, And ſo on in & to 365 Days. 


Then the laſt of the Terms will be 2“ = 1,06. 


r Te 3. And let = 1, 


Put | 1 
16 | 2 [„ + 365 + 66430 ²⁹ § = = 1,06, 
2 in Numb. | 3 | 1 + 365e + 66430ee = 1,06, 
—T | 4 | 365e + 6643 Oe = 0,06, 
4 = 66430 5 | ,00549e + ee = 0,0000009032 = D, 
5 => 6 ce = 88549 . 


Operation ,00549 
+ e = ,0001 


11 n 
iſt Diviſor ,00559) 0,0000009032 do, ooo i598 = e, 


+ e 500015 559 
— 1, 00 1598 = r +e = a, true to the 
2d Diviſor ,00574 )3442 7th Figure, and only too much by 
+ e = ,000059 2870 2 in the 8th, at one Operation. 
3d Diviſor ,005799 )57200 
&c. &c. 


New 
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Now 7 = 1,00016 for a ſecond Operation. Then 


2 in Numb. 7 | 1,0601340t407 + 3836,887e + 70402, 120 = 1,06. 
, 5 Hence it appears that —— e 2. 
Therefore 8 1506013401407 — 386,887 + 70402,172e = 1,06, 

8 + 9 | 386,887e — 70402,172ee = 0,00013401407, | 

9 + | 10 | ,0054953e — ee = , oooooooo 19035 503, 
OF 

99054933 — 


10 > 


| Operation 50054953 


— e = 
5 +/+ +0 +, © +, » fI,o0016 r, 
iſt Diviſor ,0054950) 0,0000000019035503 . e, 
34 . 164850 =p 
1,000159653533 = 7 — . 
0549466 )2 550503 
— = 46 2197864 
2d Diviſor ,0054946 14 | 135263900 
— 2 64 32967684 
3d Diviſor „00549466 2296216 4 
2197840 
98376 
54946 
. ET xc. 


Which, being further purſued to a third Operation, will give a = 
r,000159653587453, &c. 8 


This Value of à is the Amount of 11. for one Day, from which, if 11. be 
ſubſtracted, the Remainder , ooo 1 59653587, &c. will be the Intereſt of 1 
for one Day. Conſequently, if any propoſed Principal be multiplied into 
either of theſe, the reſpective Product will be the Amount or Intereſt of that 


Principal for one Day, at 6 per Cent, &c. 


And that the Amount (or Intereſt) of any Principal or Sum may be eaſily 
computed for any Number of Days lefs than a Year ; I have here inſerted the 
following Table, which, with a great deal of Care (and I believe Exactneſs), 
is calculated from the laſt-found (1,000159653587453) Amount of 14. for one 

Day. To which alſo is annexed a Table of the Amounts of 14, for Months. 


Days. 
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| . n ants 4. 
Days. r of 11. pays 2 of 17 | | Days. Amo B of 17 
1 | 1,000, 150, 53, 41. 00), 370, 50, 2 gl 1.014, 633, 35,1 
2 1. 000, 310, 33% | 47 | I 00), 531, 338,8 92 1.0 4, 795,ë % 
31. oco, 470, 37,2 481.09), 692, 194,5 931.013,97, 56,5 | 
4 1.000, 638,67, 3 491.00, 85 3,0% || q4 1.015, 19, 398,1 
5 1. co, 798, 32, | 59 1.008, 012,982, 5 | _95_j_1-0l c,281,405,5 | 
6 1.000, 958, 303, | 5* 1.8, 174,916, || 46 | I.015,44,553,9 | 
„1.00, 18, 110,8 52 | 1.005,335,875,3 || 97 1.015, (05, 78,1 
38 | 1.-01,277,942,6 | 53 1.008, 395, 8 50,7 ö 98 115,767 823,2 | 
9 1.001, 43, 800, | 541.08, 557, 860,9 | 99 | 101,929,941 | 
| 10 | 1.001,597,082,4 | 55 1.008, 8 18,905, | 100 1. 010, 0%, WL f 
1 1.00, 757, 502, 561.008, 79,907, || 011.016 5251-41 3,5 | 
121. 021,917,520, 2 571.009, 141,054, 5 1021. 3 562, 4 
13 1.002,077,485,9 | 58 | 1.009,302, 07,5 103 | 1:0i0,578,937,0 
14 | 1.002,237,471,2 | 59 | 1.009,463,326,2 || 104 | 1:010,741,237z5 | 
15 | 1.002,397,482,0 | 609 1. o09, 624, 4, 105 1.810,90 2,503) | 
161.002, 57, 518,1 61 . oc, 785, 00,8 106 1.017 „068, 1,1 "= 
17 | 1.002,717,580,3 | 02 1.009, 046, 876,7 107 1,017,228, 294.4 
18 100,877 „67, 63 T.010z net 18,4 || 108 | 1.017, 300, 9,5 
| 19 1.00 2,37, 780, 8 64 1.010. 20 59738578 | 109 1.017, 551, 308,6 
20 I oog, 197, 919,3 5.80 1.C187430,/ 78,9 119 1.OI7,71 5,584,9 LE 
21 1.00 388,08, 861.010, 591 997,8 II 78,060, | | 
22 1.003, 518, 73,2 67 1.010, 83,342, || 121.0 8,0. O, 7454 
23 1. 003, 7, 188,3 . 8 1.010, 9 4, 12,8 113 1.018, 203, 108,3 
241.003, 338,729, 4 69 r. 011, 7, 109,0 || 114 1.018, 365,558, | 
25 | 1.002,998,995,8 | 70 | 1.011,237,535,9 | 115 | 1,018,52#4,257,8 | 
26 1.004,159,257,9 || 71 | 1-.0t+,398,978,5 | 116 1.018, 00, 805,5 
27 | 004, 19,6 3,5 | 72 | 1.011,500,452,1 | 117 | 1,0:0,553,,03,1 , 
28 f 294347 9,948,7 || 73 | 1-011,721,05',3 | 1181.00, 01, 66, 
29 1.004, 40, 417,5 74 | 1.081 883,476 + | 119 101%, 78,88% 
30 | * 2 75 1.012,04, 27, 2 120 1.01% 4 57 9 | 
31 * 1.004. „132,0 761.012, 20, 03,8 121 1.019,50, 313,4 +} 
| 32 1.00, 12 WS 77 1.012, 308, 206, 2 122 | I. 019,607, 08 9 
33 | 1.095,28 „48,8 78 1.012, 530, 824, 123 1.0%, 829,874, 5 
34 | £005,443 34557 | 79 | 1.012,991,488,5 || 124 1.070,92, , 
35 | [-©05,003,098,2 do. 1.012,85 2,168,3125 ee e. 
36 606, 76% , 180 | 1.013,014,7 2,9 170 O2, 31, 11, 
r 5 „1 821.012,70, 605, 127 102,81, 3 WY 
33] 2 oo 51776955 | 83 | 1.012,338,302,7 | 128 | 1.025, 44,23% 
39 | O „ea, 414, 5 84 101,828 1291.20, 07, 81,4 
| 40. 1.06, 09,065 22 | 85% | 1.017%, 901,35497 | 130 1.0%, 9 0,1 50,9 
411.006, 560,71, 6 89 013,897,775 13 1.01133, 58,5 | 
42 1.006, 27744336 | 87 | 1.0!13,955,050,1 || 132 1.021, 29, 180, 
41.0%, 85, 7,2 88 1.014, 147,336, 1330,59, 239,7 
1441.00, 48,924, 5 | 89 1.014, 309,448,8 1:4 1.021,22,319, 3 | 
45 | 077,200, 703,5 || 9: I 014,471, 380,9 | 135 1.021785, 420 
V. 4K 


1 
— 
* 


Das. 
- 
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Days. N of 11. | Days. ARR of 11. | Days. |. — of 11. ö 
130 1.021948, 5 56,7 | 181 | 1.020, 3 16,023, 1226 | 1.036,737,570,1 | 
137 1.022, 11,14, j| 182 | 1.020, 90, 837, 2 227 1.036, 03, 088, 9 
133 | 1.022, 274, 898, 2183 1.029,45, 197,5 | 228 1.037,08, 534,2 
139 | 1022, 438, 108,1 || 184 | 1.029, 8 9, 584,1 229 1 03), 234,205, 
140 1.022,01, 31% 851.020, 072,96, || 230 | I 039, 309, 04,1 
141 | 1.022, 704, 606, c 186.030, 138, 435, 2311 037, 56 „423, 
142 1.022, 927, 894, o | 187 1.030, 302,1, || 232 1.037,731,279,8 
143 | 1.023,090,208,t || 183 | 1.030,467,392,8 || 233 | 1-037,890,757,3 
144 1.023, 254, 548,3 189 1 030, 631,920, || 234 | 1.:38,062,401,2 | 
145 | 1.023,417,914,0 | 199 1.030, 706,455,7 235 1.0 38, 224,9, 
140 1.023, 58,300, 191 1.030,61, 25, || 236 1.038, 393,048, 4 | 
147 | 1.022,744,725,3 || 192 | 1.931,125,521,6 || 237 | 1-038,559,7 31,8 
148 | 1023,90 169, 193 | 1.931,290,244,5 || 238 | 1-038,725,541,5 
149 | 1.024,071,940,5 || 194 |, 1-231,454,593,7 || 239. | 1-038,891,377,8 
150 1.-24,235,137,2 | 195 1,231,019,509,2. _249 | 1-039,05 7, 40,5 
151 | 1.024,398,960,0 | 196 |. 1.031,784,270,9 \| 241 | 1.039,223,129,8 
[52 | 1.024,562,208,9 || 197 | 1.031,948,999,0. || 242 | 1.039,389,045,4 
153 1.024, 725,783, | 198 | 1.032,113,753,4 || 243 | 1:939,554987,6 
154 | 1.024, 58g, 385,1 | 199 |} 1.032,278,534,1 || 244 | 1.039,720,956,3 
155 | 1.025,053,212,4 || 220 | I'032,442,341,0 || 245 | 1-039,880,951,5 | 
156 1.025, 216,568, 3 201 | 1.032,608,174,2 2 240 | 1.040,052,97 3,2 
157 | 1-025, 380, 345,3 292 1.032, 772,33, || 247 | 1-040,219,021,4 
158 1.025, 544,05 „9 | 293 1.032,937,919,8 248 1.040, 385, 96, 1 
159 | I 02c,707,792,7 204 1.032,02, 832,1 249 | 1-040,551,197,3 
o 1.025, 871, 540, || 205 | I-03 2,267,770,0 250 | 1.040,717,325,0 
1611. 026,035, 324,7 200 | 1.033, 432373555 || 251 I1.040,883,479,3 
162 1.026, 190, 134, || 207 | 1-034,597,726,8 || 252 | 1.041,049,990, 1 
163 | 1.026,362,971,3 || 208 | 1.032,702,744,4 || 253 | 1-041,21 5,867, 
164 1.026, 526, 833,8 209 | 1.033,927,788,3 || 254 | 1-041,382,101,2 
165 1 026, 690, 722,5 210 1034792788, 255 | 1.041,48, 361, 
tbo | 1.026,854,937,p |} 211 | 1.2343257,95542 256 1.041, 714,648, 5 
; 167 1.027,018,578,4 || 212 | 1.034,423,978,2 || 257 1.04, 80, 902,0 
| 1638 | 1.027,182,545,5 || 213 | 1.034,588,227,5 || 258 | 1.042047, 302, l 
| 169 | 1 027,346, 538,9 214 1.034, 75 3, 403,3 259 | 1-042,213,068, 7 
1701.0 7,510, 58,5 215 | 1.034,918,60c,4 || 260 1.042, 38c,091,5 
| 171 1.027,074,004,0 216 | 1.035,033,83 3,8 ||-261 | 1-042,546,451,5 
172 | 1.927,838,676,4 || 217 | 1.035,249,088,7 || 262 | 1.042,712,927,5 
| 173 | 1.028,022,774,9 2181.05, 414, 369,9 263 | 1.042,879,4c0,7 
' 174 | 1.928,166,898,9 || 219 | 1 035,579,077,5 || 264 1.043,45, 0, 
175 | 1.028,33 1,740, 1 || 220 | 1 035,745,211,5 205 | 1.043,212,420,1 
175 1.525,95, 220% || 221 | 1.035,910,371,9 || 266 1.043, 378, 978,7 
177 | 1.028,059,429,l || 222 1.036,075,750,7 || 267 | 1:043,545»55759 
' 178 | 1.028,823,058,3 || 223 1.036,241,171,9 || 268 | 1.043,712,103,7 
179 1.028, 987,913, || 224 1 036, 406, 511, || 26g | 1.043, 878, 790, 
| 180 | 1.029, 152, 195,3 225 1 030, 571,077, 6 270 | 1.044,045,455,1 
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Pas 's *s mounts of II. „ Amounts of 14, © 
Days: MEE 0 17. bo. 8 id. [Days —_—__ 1/ 
271 | 1.044,212,140,7 7 308 | 1.050,308,252,1 | 345 | 1-056,021,911,2 
272 | 1.014,378,52,9 || 309 | 1.050,565,95 1,9 | 346 1. 050,789, 70453 
273 | 1.044,545,591,8 | 310 | 1. 0 50, 7 33, 678, |, 347 | 1.056,58, 424,8 
274 1.044, 12,35 7,2 311 | 1.050,991,432,0 348 1.057, 127, 172,0 
275 [.044,879,149,3 312 | 1.051,069,212,1 | 349 | 1-057,295,950,4 
276 1.045, 0 5, 968, o | 313 | 1.051,237,019,7 || 350 | 1:257»404,747,2 
71. 045, 2 2, 813,3 314 | 1.051,404,852,9 || 351 | 1-057,0 33,575,3 | 
278 | 1.94 5, 370, 88,3 315 1.051,52, 712,4 352 | 1 057,802,440, | 
279 | 1.045,544,050,4 | 316 | 1.051,740,6c9,8 || 353 157,971,312, 
280 1-045,712, 5092 || 317 105,908, 515, || 354 | 1-255, 140,221,1 
281 1. 045, 880, 40%, 1 318 | 1.052,976,455,9 . 12392309» 15752 | 
282 1.046, 047, 439,7 | 319 | 1.052,244,47 7,7 || 350 1.058, 478, 119,9 
283 1.046, 214, 444,9 320 1.052,412, 418,3 357 1.058,47, lo,) 
284 1.046,38, 476,8 321 1.052, 580,430, || 358 1.058,816,126,5 | 
285 | 1-046,548,435,3 | 322 1.052, 748, 483, 359 1.258,98 5,170, 3 
236 1.046, 715, 620, 323 1.05 2,916, 50, 13 Lee 
287 1.040, 882, 732, || 324 1.053,84, 65, 361 1.05%, 323, 338,9 
288 t. 047,049, 871,1 3251.05 3, 25 2,793, 7 362 1.059, 92, 462, 
289 1.047, 217,036, 3 326 | 1.05 548%, 363 1.050, 61,515, 
299 | 1:047, 384,228, 3 | 327 | 1.053,589,131,7 | 364 en 
291 | 1.047,551,446,9 || 328 1.053, 757, 4% 395 | 1:06 | 
292 | 1.047,718,892,3 | 329 | I.053,925,57791 | ____ 5 | 
293 | 1-047,885,964,3 || 330 | 1-054,093,840,1 | S | The Amourts of 
294 1. og8, 53, 203, 1 337 1.054, 202, 13% || 5 | 11. at G per Cent, 
295 | 1.048,220,588,5 || 329 1.054, 430, 446, For Months. 
296 | 1.248, 387, 940, | 333 1.054, 598,790, || 1 | 1.004,867,5 50,5 
2971048, 55 5,30% || 334 | 1.054, 767, 160,8 2 | 1.c09,758,794,2 
2398 | 1.048,722,725,2 | 335 | 1.054,935,558,2 || 3 | 1.014,673,846,2 
299 1.048,89, 157, 335 | 1.055,103,982,4 | 4 | 10:9,612,822,4, 
309 | 1.049,057,616,0 237 1.05 5, 272,433, 6 1.02, 575, 839,4 
301 1.040, 225, 102,5 3381.05 5, 440, 91, 1.020, 563,14, 
302 1.049, 392,615, o | 3 49 1.055,609, 416,5 7 1.034, 574, 164, 
303 1.049, 500, 154,3 34 | 1-055,777,945,4 || 8 1.039, 510, 30%, 6 
304 1.040, 727, 720, || 341 | 1.055,940, 307, 9 1.044,70, 663,4 
305 1.049,895, 'T 3,2 N 342 1.056,115,092,7 | 10 1.0 49,755, 650,7 
306 | 1.050, 02, 32,343 1.050, 283,705, 3 11 1.2 54,865, 309,4 
| 397 1. og, 230, 57, || 344 | 056, 452, 344, 8 |} 12 | 1.05 | 


The uſe of this Table is in all reſpects like that of whole Years, in finding 


_ Amount of any given Sum for any propoſed Number of Days leſs than 
a Year. 5 


K k 2 32 
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EXAMPLE I. 


Suppoſe it were required to find the Amount of 3751. for 210 Days, at 
| 6 per Cent. 


The Amonnt of 1/. for 210 Days is 1,0340928, Sc. per Table, Ther, 
1,0340928 x 375 = 387,7848, c. = 3871. 15s. 85d, which is the Amount 
required, And the reſt of the Variations may be performed juſt as in the 
Examples of whole Years, 


But if the Time given conſiſts of Years, and Parts of a Year; as Quarters, 
Months, &c. Then reduce the odd Time or Parts of the Year into Days ; 
and the Anſwer may then be found at two Operations; as in the following 


Example. 
EXAMPLE II. 


Suppiſe it were required 10 find what 2651. would amount to in five Years and 
135 Days at 6 per Cent, Sc. 


: | 5 Years is 1, 338225, &c, 
| Firſt, the Amount of 11. for 14 Days is 102178355 .. 
Then 1, 338225 X 1, 021785 X 265“. = 362, 355232ʃ., Cc. = 3624.75. 13 d., 
being the Amcunt or Anſwer required. 


Or, if the Amount and Time are given, to find the Principal ; then multip/y 
the Amount of 1/7. for the Years, and the Amount of 1. for the odd Days, 
together; and by their Product divide the given Amount, the Quotient will be 
the Principal required, | 


EXAMPLE III. 


What Principal will raiſe a Stock of 3621. 75. Id. or 362,355232/. in 5 Years 
and 135 Days, at 6 per Cent, &c. 


5 Years is 1,338225/., Oc. 


The — of 1. for 3 35 Days is 1, 02178 5¼., Cc. 


Then 1, 338225 Xx 1,0217856 = 1, 367378, &c. the Diviſor. Next, 
1,367378) 362, 355232 = 4 (265/. the Principal required. 


Again, if the Principal and it's Amount are given, to find the Time, at 6 per 
Cent. &c. you muſt divide the Amcunt by it's Principal, and then proceed as 1a 
the Third Example, Page 612, for the Anſwer required, 


But 
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But if the Aucunt and 1's Principal, with the Time of it's being at [nter-/t, 
are given, to find the Rae of Intereſt; then proceed as tt the Fourth Dueſt:on, 
Pa:ze 611, Te © 


New, in order to make this Table of Amounts for Days, uſeful for all Rates of 
Intereſt (as before in that for Tears), you mult fiſt find the Simple Inte et of 
1/, tor one Day, both at the given Hate, and alſo at 6 per Cent. Aud call 
their Difference æ. 


Thus, ſuppofe the given Ratio were 8 per Cent. per Anium. Firſt, 100: 8 
:: 1: 0,08, and 1cO:6 ::; 1: 0,06, the two Simple Intereſts for one Year. 


Then 365) 0,c8 (o, co 9, Sc. the Simple Interęſt of 1/. for one Day, at 
8 ger Cert, | 
Ad 265) 0,06 (0,00016438, Sc. the Simple Intereſt of 11. for one Day, at 
6 Per Cer, 1 


Their Difference 0,00095479 = x, which may do indifferently well for 
0! inary ſmall Qugſtions; but where Exactneſs is required, it will be convenient 
to make Uſe of this Proportion. | 


As the Simple Intereſt of 11. for one Day, at 6 per Cent.: is to the 
Viz, Tabular Intereſt of 1/. for one Day :: ſo is the Simple Intereſt of 
1, for one Day, at any given Rate: to a Fourth Number, 


That is, o, ooo 16438: 0,00015965 :: 0,00021917 ! 0,00021286, 
Then 0.,00021286 — 0,00015965 = 0,00005321 = x. 


This x being invelved with the reſpective Ameunts for Days, in the ſame 
Manner as was done with thoſe for Years (vide Page 613), the Reſult will be 
the Anſwer to the Queſtion, 


SECT. II. Annuities, or Penſions in Arrear, computed at Compound Intereſt. 


Wurn Arnuities, &c. are ſaid to be in Arrear, ſee Page 603. And I ſhall 
here make vfc 04 the fame Letters to repreſent the ſame Things as hefore in that 


Page, ſave oaly that & is here equal to the Amount of 1. as in Section I. of this 
Chapter, 


Suppoſe u = the Firſt Year's Rent of any Annuity without Interęſt. 


; — f the Amount of the Firſt Year's Rent, and it's Intereſt ; 
Then will Ru + 4 = 0 more the 2d Year's Rent. 


\  __ Ff the Amount of the iſt and 2d Year's Rents, with 
And RRu + Ru + u = 0 their Intereſts; more the 3d Year's Rent, &. 
Here 
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Here RRu * Ru L u = A, the Amount of any Yearly Rent or Annuity, 
being forborn Three Years, And from hence may be deduced theſe Pro- 


for tions. 
Viz. u: Ru :: Ru: RRu :: RRut RRRuU; and fo on in & for any Numier 


of Terms or Years denoted by t, wherein the laſt Term will always be uR'—*, 


Conſequently -4 — = will be = the Sum of all the Antecedents ; ard 
A — 1 will be = the Sum of all the Confequents in the Series. 


And therefore it would be 2: A:: A R : A- 2. Vide Page 188 
of the Young Mathematician's Guide in octavo. 


ö 
Ergo Au — uu = NA — un R, which, being divided all by «, will become 
A — 4x — RA — 1. 


From this laſt Equation it will be eaſy to raiſe the following Theorems. 


4 
X RA —- A 
Theorem 1. { 5 T 2 A. Theorem 2. { 7 — 0, 


RA+nu- A 


= R.. If this Equation be continually vide 


Theorem 3. | 


by R, until nothing remain, the Number of thoſe Divifions will be t. See 
Page 611. 


A -— * 


Theorem 4. ] R — 


Numbers, according to the Method propoſed in Sect. III. Chap. 10. the Root will 
| ſhow the Value of A. 


« If this Equation be reſolved into 


Queſtion 1. F zol. Yearly Rent or Annuity, &c, be forborn (i, e. remain 
unpaid) Nine Yeats; what will it amount to, at 6 per Cent. per Annum Com- 
pound Interejl * | 


Here is given 2 30, # = 9, and R = 1,06; to find A, per Theorem 1. 


R = 1,689479, by the Table of Amounts for Years, 
$='s | 


— A 
— — 


R = 50, 684370 
— 4 = 30, 


R — 1 = 0,06) 20,084370 ( 344+7395 = 3447. 14s. 91d. = A, the 
Amount requircd. 
Queſtion 


6 
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Queſtion 2. V Hal Yearly Rent or Annuity, &c. being forborn er unpaid Nine 
Years, will raiſe a S'ock of 3441. 145. 95d. = 344.7 393, at 6 per Cent, Wc, ? 


Here is given 4 = 344,7395, t = 9, and R = 1,06; to find u, per 
Theorem 2. | 
AR = 34437395 & 1,06 = 355,42387 
— 4A = 34457395 


R — 1 = 1, 689479 — 1 = 0,689479) 20,68437 (30 = u. 


Queſtion 3. In what Time will zol. Yearly Rent raiſe a Stock of, or amount to, 
344/. 145. 91d. allowing 6 per Cent. for the Forbearance of Poymeiits ? 


Here is given à = 30, A = 344,7395, and R = 1,06; to find t, per 
Theorem 3. 

Firſt, AR + # A = (34437395 & 1, 6 + 39 — 344,7395 = 365,42387 
+ 30 — 3447395 = 395242337 — 34427395) = 50, 68437. And 
u = 30) 50,68437 (1,689479 R. Then 


R = 1,06) 1,689479 (4.93848. And 1,06) 1, 93848 (1, 30363; and ſo 
on until it become 1,06) 1,06 (1, which will be at the Ninth Diviſion; there- 
fore 1 = 9. 


Or R = 1,689479, being ſought in the Tale of Amounts for Mars, will be 
found to ſtand overagainſt ꝙ Years, which is the Time required: 


Queſtion 4. F gol. per Annum, being unpaid Nine Years, will amount to 
3441. 145. 9*d. allowing Compound Intereſt for every Payment as it becomes due, 
What muſt the Rate of Intereſt be per Cent. Sc.“? 


Here is given « = 30, A = 344,7395, and 7 = 9; to find R by the laſt 


of the Four Equations, Viz, 1 <—R K* = — . 


Firſt, < = 8 = 11, 491317. And <= 4 2 — = — - { 


= 11,491317 — 1) = 10,491317. 
Hence there is this Zquation, 11,491317R — R* = 10,491317. 
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L i + e R, and ſuppoſe r = 1. 
Io | 2 | r* + gre + 36r'e Rs, 
1 x < in Numb 3 4 R, 
— u . 491317 + 11,491317e = 11,491917 
2 in Numb. | 4 | 1,000000 + , ooocooe + 3622 = A, 
3—4 | 5 | 10,491317 + 2,491317e — 30 = (11,4913 7K 
— i) = 10,491317, 
+ 36ee | 6 10, 491317 + 2,491317e = 10,491317 + 3bee, 
— 10,491317 | 7 | 2,491317e = 36ee, 
7 =e | 8 2,491317 = 36e, 
8-36 19 | £ = 0,06, &c. | 
Firſt, r = x 3 As may be eaſily tried by involving it, and 
805 ee da Ur ordering it, as the Equalion above dirells. 


SECT, III. To find the Preſent Worth of AR I Penſions, or Leaſes, &c. at 
Compound Intereſt. 


Lear P. the preſent Wortb of _ Annuity, or OG &c. and the reſt of 
the Letters, as before, 


Then, from what has been aid in Section III. Chap. 11. about e ing of 
Annuities, &c. at Simple Intereſt, it will be eaſy to form the like Theorems here 
at Compound Intereſt, viz, by combining Theerem 1, Page 622, and Theorem 1, 
Page 610, into one Theorem. 


. Ig The Amount of any Yea! ly Rent being unpaid any Number 
For I E = 1 


1 „, Years. Per Theorem 1. of the It Section, 
wth Page 622, 


"a „ \ The Amcunt of any Principal or Sum being put to Intereſt, for 
| EEE: | the ſame Number of Years. Per Theorem 1, Page 010, 


"LY 
Res 


Viz. PY — PK AR , being the very ſame Equation with that in 
my Compendium of Algebra, Page 112, which is there raiſed from the Confidera- 
tion of purchaſing -7nuities, or taking of Leaſes, &c. to be grounded upon a 


Rank or Series of Gexme'rical Proportionals continually decreaſing. Thus, ＋ is 


the Firſt and Greateſt Term; R the common Ratio of all the Terms; and P 1s 
the Sum of all the Series, 


Hence it follows, that PR. = 


ERIE . BB oe Fg ® o © = 
| That 18, 7 . KR 0 © FR . FAR * FRE . Fa ** Fa © N &c. in — until 
the laſt Term = I Then will Þ — — be the Sum of all the Anrecedents, 
R 
and P — , the Sum of all the Conſequents. ; Therefore 


R 
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Therefore it will be 
＋ 7 or (in the ſame Ratio) « : —- 
produces PRT - AR = R — ut, as above *, 


From this Equation may be deduced the following Toeorems. 


3 N P — , which 


L 
6 — — 5 
7 | . 
em Io R. 8 4 
The | K _ Theorem 2. Sooke Rc = 1. 
EY | 1 


8 Which, being continually divided by R, will 
Theorem 3 Ir R., { give . 8 


Theorem 4. {+ = R TR -R the reſolving of which Equation 
will diſcover the Value of R. 


Queſtion' 1. What is zol. Yearly Rent, to continue Seven Years, worth in ready 
Money, allowing 6 per Cent. Compound Intereft to the Purchaſer ? 


Here is given 4 = 3o, # = 7, and R = 1,06; to find P, per Theorem 1. 
33 30 Fe, 
Viz. 5 7 19,9517. 


Then R — 1 = o, o6) 10,0483 (167, 4716 = Þ = 167. gs. 5d., being the 


Anſwer required. 


Queſtion 2. What Annuity or Yearly Rent, to continue Seven Tears, may be 
purchaſed for 1671. 9s. 5d. N 6 per Cent. Compound Intereſt to the 
Purchaſer ? 


In this Queſtion there is given P = 167,4716, t = 7, and R = 1,06; to 
find a, by the Second Theorem, 


tt. 


* 


. 3 1 — PR—u, PR —u, PR—uR”" 
ama addr)” andy > we UG 7 — . _— 


1—1 


2 PR =#: NN nd conſequently «PR e vil be = ffn nỹ = K. 


and NR K will be N — ws, and PR . — uR vil be = PR —u. @ &. 5. 
Yor. V. 4 | Firſt, 
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Firſt, PR X R = 251,8153 X 1,06 = 266, 9242 
And — PR = 167,4716 * 1,50363) 251.8153 


Then R — 1 = o, 50363) 15,1089 (30 = u. 
That is, 4 = gol. the Anſwer required. 


Queſtion 3. How lon? may One have a Leaſe of gol. Yearly Rent, fer 167]. 
95. 5d. allowing 6 per Cent. Compound Intereſt to the Purchaſer ? 


Here is given P = 167,4716, « = 30, and R == 1,06; to find 2, by the 
Third Theorem, * ; Ho 


Firſt, Þ + = 167,4716 + 30 = 197,4716 
And — PR = 177,5 199 


Then 19,9517) 3o = (1, 50363 = R. 


If this 1, 50363 = R* be either continually divided by 1,06 = R, until 
nothing remain (as before in Page 610); or if it be ſought in the Table 
Amounts for Years, &c., it will diſcover 4 = 7, which is the true Ayſwer 
required, | 


Queſtion 4. Suppoſe One ſhould give 1671. gs. 5d. for the Purchaſe of a Penſion, 
or Annuity of zol. per Annum, to continue Seven Years; at what Rate of Inter at, 
per Cent. would that Purchaſe be made, allowing Compound Intereft to the 

Purchaſer ? © 


In this Queſtion there is given, P 167, 4716, # = 30, and 1 = 7; to 


find R. Per Theorem 4, in this Equation = = ＋R + RK -R „ which, 


being brought into Numbers, and it's Root extrafed, as in the fourth Queftion 
of the laſt SeZion; the Value of R will be found 1,06, and then it will be 
1: 0,06-:: 100: 6, the Rate per Cent. as was required. 


Theſe Four Quęſtions include all the Varieties that can be propoſed about 
purchaſing Amuities or Leaſes, &c. which are to be either immediately entered 
upon, or in Poſſeſſion at the Time when the Purchaſe is made. 


But ſuch Queſtions as relate to Annuities, or a taking of Leaſes, &c. in Fe- 
verſion, muſt be par/ed or divided into two diſtin? Queſtions, each to be ſeparately 
conſidered by itſelf (See Page 608). As in the following Examples. 


Example 1. Suppoſe it were required to compute the preſent Worth of 751. Yearly 
Rent, which is not to commence or be entered upon, until Ten Years hence ; and then 
to continue Seven Years after that Time; at 6 per Cent. &c. Compound Intereſt ? 

The Firſt Work in this Queſtion is, to find what 751. per Annum, to continue 

Seven Nears, is worth in ready Money; as if it were to be immediately entered 

9 | upon. 
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upon. And to perform that, there is given # = 75, R = 1,06, and &= 7; 
to find P, as in the Firſt Queſtion of this Section. 

Thus, = = i = 49,5793, and 75 = 49,8793 = 25,1207 = tf — 

Then, R — 1 = 0,06) 25,1207 = 418,6783 = 418/. 145. 6 d., the Ay/wer 
to the Firſt Part of the Queſb ion. 

Then the next Work will be, to find what Principal or Sum, being put out 
Ten Years, at 6 per Cent. &c. will amount to 418“. 145. 6:4, Here is given 
A = 418,6783, R = 1,05, t = 10; to find P, per Theorem 2, Page 610, 

Thus, R = 1,790847) 418,6783 = 4 (233,7884 = 233/. 155. gd., the 
preſert Wirth of 7 51. per Annum in Reverſion, &c. as was required. 


Example 2. What Annuily or Yearly Rent, to be entered upon Ten Tears hence, 
and then to continue Seen Years, may be purchaſed fer 2331. 158. 9d. Ready Maney, 
at 6 per Cent. Fc. Compound Intereſt ? 


In the iſt Work of this Quęſtion there is given, P = 233,7884, R = 1,06, 
and t = 10 (the Time which the Annuity is not to be entered upon); to find A, 
per Theorem 1, Page 610, 


Thus, PR = 233,7884 x 1,790847 = 418,6733 = 4, the Amount of 
233/. 15s. 9d. put to Intereſt Ten Years, at 6 per Cent. &c. Tien, for the 
Second Work of the Queſtion, there is given P = 418,6783, R = 1,06, and 
t = 7 (the Time that the Annuity is is be enjoyed) ; to find u, per Theorem 2. of 
this Seclien. 


Thus, PR x R = 418,6783 X 1,50363 * 1,06 = 657, 309 5 
— PR = 418,6783 x 1, 50363 = 629,5372 


R — 1 2 0,50363) 37.7723 (5 
That is, 2 = 75. the Yearly Rent required by the Queftion. 


Theſe Two Examples of finding P ande do fully ſhow the Meibo that miiſt 
be uled in re/ſo/ving the two General, and, indeed, the moſt uſeful 21 /tons 
about Annuities or Leaſes in Reverſiim. And if there be Occaſion, either the 
Rate, or the Time, viz. Ie or t, may be found by a due Application of their 
reſpective Theorems. 


Note, That which hath been dene in the two la Sections about Annuities or Yearly 
Rents, &c. at 6 per Cent. may alſo be done for any Note of Intereſt, by applying the 
Difference of the Ra'e (viz. x), as direfted in the Firſt Segien of this Cbapter. 


Now, becauſe that R-xtzs and Amuities, &c. are uſually paid either by 
Quarterly or Ha'!ſ-Yearly Payments, and the Method of compuing them by tie 
Pen may be thought a lit, le troubleſome ; I have inſerted the following Tables 


of the Amounts of 17. for each, at 6 er Cent. 
4 Halt 
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Half | Annuitics of 1/, at Half Annuities of 11. at | Half | Annuitics of 1]. at 
Years 6 per Cent. Com- Years | 6 per Cent. Com- | Years 6 per Cent. Com- 
L=% pound Intereſt, = 2. | pound Intereſt, = pound Intereſt. 
[S124 1.029,5603,014,1 It 1.37" ,787.559,2 21 1.843,792,55243 
2 | 1.06 12 | 1.4i8,5 g,112,2 22 | 1.898,298,5 58,3 
3 .061,336,794,9 13 1.460, 484,812,723 | 1-954,417,985,3 
4 |} 1.123 14 1.503, 630, 2 60, 0 24 2.012,96, 47,8 
5 1.156, 817, 002,6 15 | 1.548,cBz,101,7 25 | 2.071,08:,054,4 
FS 1.19016 16 1.593, 848,074. 8 26 2.132,92, 260, 
7 t.226,226,02 2,8 17 1.640, 967,027, 6 27 2.195,984,048,3 
1.262,476,96 18 1.089, 478, 958,9 28 2.260, 903, 955,7 
1 1.290, 799,5 84.2 19 1.739,42 5,049, 3 29 2.327, 43,091, | 
* 1.338, 225,5 77,6 20 1.790, 847, 696, 5 39 2.396, 58, 100,1 | 
Quarterly Amounts, 
| 2 Amounts of 11. O Amounts of 11. || O Amounts of 11. 
II — Z | at 6 per Cent. &c. l —" at 6 per Cent. &c. oo at 6 per Cent. &c. 
” 8 5 | Compound Intereſt, 2 3 3 Compound Intereſt. 8 3 Compound Intereſt, 
1 1.014,67 3,846, 1 21 1.357, 802, 493,8 41 1.817, 126, 319,9 
2 1.029, 563,014, 1 | 22 | 1.377,787,559,2 || 42 1.843,90, 52,3 
3 1.044, 670, 663,4 231.398, 005, 01,9 43 1.870, 846, o 50,9 
4 1.05 24 | 1.4i8,519,112,2 44 1.898, 298,558, 3 
5 1.075, 354,276, 25 1.439,334,243,5 45 1.926, 153, 898,9 
6 1.091, 336, 794,9 26 1.460, 454.812, || 46 | 1.954,417,985,3 
7 1. 107, 350, 903, 2 27 | 1.481,885,302,0 47 | 1.983,096,814,0 
8 || 1.1236 28 | 1.503,630,259,0 48 | 2.012,196,471,8 
9 || 1-149,087,533,5 || 29 | 1-525,694,297,8 || 49 204,723,133, 
10 1.156, 817, 002,6 39 1.548, 082, 101,7 50 2.071, 683, 064, 4 
11 || 1.173,791,957,4 || 31 1.570, 798, 420, 3 51 2.102, 082, 622,8 
12 1. 191,016 32 1.593, 848, 074,5 52 | 2.132,928, 260, 1 
13 1.208, 492,785, 6 33 | 1.617,235,955,7 53 | 2.164,226,521,1 
14 || 1-226,226,022,8 34 | 1.640,967,027,6 54 | 2.195,984,048,3 
1 15 1.244-219,4 74,8 35 1.665, 046, 325, 3 55 2.228, 207, 580,1 
16 1.262, 476, 96 36 1.689, 478,958, 9 56 2.260, 903, 955,7 
117 1.28 1, 0, 3 52,7 37 1.714, 270, 113, 3 57 2.294, o80, 112,3 
18 1.299,99, 5 84, 2 38 1. 739,425, 049,3 58 2.327, 743,091, 2 
19 1.318, 872,643, || 39 1.764, 949, 104,859 2.361, 900, 034,0 
20 1.338, 225, 577,6 40 1.790, 847, 696, 5 69 2.396, 558, 193,1 


—— 


Either 
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Either of theſe Tables may alſo be made uſeſul for any propoſed Rate of 
Intereſt ; by making the 2 or + of the Difference of the Rate = x, &c, 


As, for Inſtance, Suppoſe any of the aforefaid Quęſticus about Annuities or 
Rents, &c. were to be computed at 8 fer Cent. per Aunum. 


Then 1,08 — 1,06 = 0,02 = x, for Yearly Payments, as before. 
Conſequently 2) 6,02 ( 0,01 = x, for Half Year's Parm n's. 
Or 4) 0,02 ( 0,005 = x, for Quarterly Payments. 


Now theſe Values of x, although they are not really true, yet they may ſerve 
indifferently well for ſmall Rents; as I have already ſaid, Page 621. But if 
you would work exactly : 


Then 4 1,08 = 1,0392304345 &c. 
— 4 1,06 = 1,0295680141 Vide Table, Page 628. 


Difference = 0,0096624704 = a, for + Yearly Payments. 


And /: 4 1,08 = 1,0194263092 &c, 
— uy : 41,06 = 1,0146738461 See the Laſt Table. 


Their Difference  0,0047524631 = x, for Quarterly Payments, 


Theſe are the true Values of x, which, being involved with their reſpective 
Amounts (as before for Years, &c.) according as the Queſtion requires, the Reſult 
will be the Auſwer at 8 per Cent, &c. The like may be done tor any other Rate, 


either Greater or Leſs than 6. 


Now, although the Method uſed here (and in Page 612 and 613, &c.) be 
really true (by which the Tables calculated only for 6 per Cent. are made et- 
fectual for all Rates of Compound Intereſt), yet it was rather propoſed to ſhow 
what may poſſibly be performed by the Pen, without a great many Tables of 
ſeveral Rates, than intended for common Practice. 


For it muſt needs be confeſſed, that Tables, calculated on Purpoſe for any 
deſigned Rate of Intereſt, are much more ready and uſeful in common Practice. 
And therefore, fince the Legiſlative Power have thought fit to reduce the Rate 
of Intereſt, and hath ſettled it by an Act of Parliament, at 5 per Cent., I have 
therefore been at the Trouble (which was not à little) to calculate the following 
Tatles for that Rate ; but do not think it convenient to take the Tables at 6 per 
Cent. out of the Book, becauſe the Examples are all ſuited to them; and not 
only ſo, but they may be found uſeful in the taking of Leaſes for Houſes, c. 
For, in thoſe Caſes, the Purchaſer is allowed more Intere/t for his Purchale 
Money, than the common Rate paid upon the Loan of Money, 
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Here follow New Tables of the Amounts of One Pound at the Rate of 


5 per Cent. per Auum Com 
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' Months, and Days. 


2 


— — 


pound Intereſt, for Years,” Half Years, Quarters, 


—_— 


—}u 


I. The Table of the Yearly Amuunts of 11. &c. 
Years | The Amounts of || Years | The Amounts of | Years | The Amounts of 
= 1/. &c. _—_ | 11. &c, = ft, i, Kc. 
1 |1.05=R 14 | 1.979,931,60 | 27 | 3-73%,456,32 
2 | 1.'025 = RR 15 2.078, 928, 18 28 3920, 129,14 
3 | 1.157,625= R* P— - 29 | 4-116,135,99 
4 | 1.215,306,25 . 16 2.182,874,59 30 | 4.321,942,39 
s | 1.276,281,56 17 2.297,018, (2 |——— — — 
18 2 406, 619, 23 31 4.5 38,039, 19 
6 1.340, 95, 64 19 2.5 26,950, 19 32 4+704,14 1447 
7 1.407, 100, 42 20 2.053, 297,70 33 | 5.03, 188, 54 
8 1.477,455,44 2 —— 34 6.253, 347,97 
9 1.551, 328,22 21 | 2-785,962,59 | 35 6.516,15,36 
o 1.628,94, 63 22 2.925, 260, 72 
— 23 3071, 22,75 36 | 5.791, 816, 13 
11 1.710, 339, 36 24 3.225, 99, 94 37 6.08 „106,94 
121.795, 850, 33 25 | 3.386, 3 54,94 386.385,47, 29 
131.885,49, 14 26 [ 3-555,072,69 39 5.704, 75% 
c FER na mw 7 
II. The Table of the Half- Yearly Amounts of 11. &c. 
Halt rn. Halt ED Eo. 
The Amounts of The Amounts of The Amounts of 
| N 11. Kc. pep 11. Ke. you 11. &e. 
1 1.024, 95, 11 1.307, 799, 13 21 1.669, 20, 30 
2 1.05 12 1.340, 95,4 22 1.710, 230, 36 
3 1.075, 979, 83 13 | 1-373,t89,40 || 23 1.752, 87,32 
4 | 1-1025 14 | 1.407,102,42 24 | 1-79<,856, 33 
5 | 1.129,726,32 15 | 1.44!,848,87 25 1.840, 205,3 
6 [1.576,25 16 | 1.4759 155,44 26 1835, 640, 14 
7 1.186, 212,64 17 1.513,941,32 27 193,215, 39 
| t-215,509,25 18 1.551, 328,22 28 1.97%, 93,60 
{ 9 | 1-245,523,?7 19 1.580, 538,38 29 2028,88 ½%½6 
10 | 1.276,281,56 20 1.6:8,394,93 30 [2 078,928, 18 | 


IIL Tue 
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III. The Table of the Quarterly Amounts of 11. &c. 
— 
A Quarters The Amounts of Quarters | The Amounts of | Quarters | The Amounts of 
= t£. 11. &c. =# 1. &c, = . 1]. &c, 
1 1.012, 272,23 21 1.291,44, 39 41 I.648,884 80 
2 1.024, 605, 07 22 1.307, 799,43 42 1.669, 120, 31 
3 1.037, 27, 37 23 1. 323,849, 05 43 1.689, 604, 14 
4 | 1.95 24 | 1-340,095,04 44 | 1-7:0,339,36 
5 | 1.062,885,85 25 | 1.356,541,61 45 | 1-731,326,04 | 
6 | 1.975,929,83 26 1.373, 189, 40 46 1.752,570,32 * 
7 1.089, 133,89 27 1.390, 041,51 47 1.774, 084, 35 
8 1.1025 28 1.407, 100, 42 48 1.795, 850,33 
9 1.116,30, 14 29 1.424, 368, 59 49 817,895, 9 
10 1. 129,726, 32 30 1.441,848,87 50 | 1.840,205,13 
it | 1.143,590,59 | 31 | 1-459,543,58 51 | 1.862,788,56 
12 | 1.157,625 32 1.477,45 5,4 52 1.885,49, 14 
13 | 1.171,831,64 33 1-495,587,12 53 | 1-908,790,27 
14 | 1-186,212,64 34 | 1-513,941,32 54 1.932, 215,39 
15 | 1-200,770,12 | 35 1.533,52, 7 | 55 | 1.955,92",99 
16 | 1.215,506,25 36 1.55 328, 22 56 1.970, 931,60 
I 1-230,423923 || 37 1.570, 366,8 | 57 | 2.004,229,78 
I 1.245,52 3927 38 1.589,038, 38 5 2 028, 820, 16 
19 1. 260, 808, 62 39 1.609, 146, 80 59 2.05 3,724, 39 
5 1.276, 281,56 49 1.628, 894, 63 | 60 | 2.078,928,18 | 
IV. The Table of the Monthly Amounts of 11. &c. 
Months The Amounts of Months] The Amounts of Months] The Amounts of 
= #. 1, &c. = fk. 11. &c. = t. 11. &c. 
Ei | 1.004,074,12 5 1.020,5 37,28 9 1.037,270,37 
2 1.08, 64,85 6 | 1.024,695,07 10 1.041,496, 34 
3 1.012,272,23 7 1.028,869,81 | 11 1.04537 39453 | 
4 | 1.016,396,96 1.033,61, 55 12 | 1.05 


NOTE : The Amount of one Pound, for one Day, is 1,0001336807225, Cc. 
(found as that in Page 616); but, in the following Table, I take only Nine of 
thoſe Figures, as being ſufficient in Practice, for computing the Intereſt of any 
Sum not exceeding One Hundred Millions of Pounds, 


V. 


The 
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| v. The Tadle of the Daily Amounts of 11. &c. 5a 


"Days | The Amourts of | Days {| The Amounis of Days | The Amounts of 
—— FX 11. &c. = 1. 11. &c. a . 1/1. &c. 


. coc, 1 32,98 41 I.C05,495,58 81 | 1.010,886,23 
1.00 „267,38 42 | 1. oog, 630, oo 82 | 1.011,021,37 
1. oo, 407,09 43 1.05, 704, 43 83 1.07, 56,52 
1. oc o, 534, 83 44 1.005, 898, 88 84 | 1.011,291,59 
1.0c0,668,58 45 | 1.006,033, 35 8 1.011,426,88 


——— — — — 


1 

2 

3 

4 

5 

6 1.00, 802, 35 46 1.006, 167,84 86 1.011, 562,9 
7 

8 

9 

O 


1 0:0,936,'4 47 | 1.006,302,34 87 1.011,97, 32 
1. 001,0, 9 4 48 | 1.006,436,87 88 1.011,832, 56 
1.001, 03,77 49 | I 006, 571,1 89 | 1.011,967,8 3 


1 1.00 7, 237,91 50 1. 000, 705, 97 90 1.012, 103, 11 
11 1.001,47 1,47 51 1.006, 8.0, 5 5 91 1.012, 238,41 
12 1.401,05 ,35 52 1.006,75, 14 92 1.012,373,72 
131.001, 739,24 53 1.00%, tc, 7 93 1.012, 09,00 .. 
14 1.001,873,'5 54 1.097,244,3 94 1.012,044,41 


15 | 1002,027,08 || 55 | I.c07,379,03 || 95 | 1012,779,78 


16 | 1.002,141,03 56 1.00), 513,70 96 | 1.012,915,17 
I7 | 1.002,275,00 57 00), „48, 39 9700.3, o50, 58 
18 1.002, 408,99 58 1.007, 783, 9 98 1.013, 186, oo 


19 1.002, 542,99 59 1.005,17, 81 99 1013, 521,45 
20 1.002, 677, ol 60 | 1.008,052,55 || 100 101,456, 91 


— Ma 


21 | 1.002, 811,03 61 | 1.co8,187,31 || 101 | 1.013,592,39 
22 | 1.002,945,19 62 | 1.c08,322,08 102 1.013, 727, 88 
23 | 1.003,079,18 63 | 1 008,450,8 | 103 1.013, 803, 0 
24 1.003, 213,27 64 1.008, 591,6 104 | 1.013, 998,93 
25 1.003, 347,38 65 1.008, 7 26,51 105 1.014, 134, 48 


26 1.003, 481, 51 66 | 1.co8,861,36 || 106 | 1 014, 270, 05 
2 1. 03, 615,5 || 67 | 10-8,996,23 || 107 1.014, 405,04 
2 1.003, 79, 82 68 | 1,000,131,11 108 | 1.C14,541,25 
| 29 © | 1 053,884,00 69 1.000, 260, 01 109 | 1.014,76, 87 
30 | 1.004,018,20 70 1. oo, 40993 | 110 1014, 682,52 


— A —— 
— 


31 1.004, i 52,42 71 | 1009,535,87 111 1.014, 948,18 
32 1.00, 280,65 72 1.09, 670, 82 112 1.015, 083, 86 
n 7310099, 05, 79 113 1015,219,55 
34 [1.0 4, 55 5,18 74 1. oo, 940,9 114 1.015, 355,27 
35 I co4, 08, 47 75 1.010, 075,79 115 1.015,49, 00 
36 1.004, 823,76 1.010, 210,83 1.0 15,6206,75 
37 | 1 oda, 958,10 | 77 | 1-0:0,345,87 117 | I.015,762,52 
38 1. cor, 9,45 78 1.010, 480,93 || 118 | 1.015,898,31 
39 1 005, 226,81 79 1.010, 616, 02 1189 016,034, 12 
40 1. coz, 361,19 80 1.010, 751,12 120 1.016, 169,94 


— 


— | 
S 
— 
— 
O 
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Days The Amounts of || Days | The Amounts of || Days | The Amounts of 
| = 4 1]. Kc. = ft. 11. &c. = #. 11, &c. 
| 121 1.016, 305,78 161 | 1.021,754,39 201 | 1.027,232,21 
| 122 | 1,016,441,04 162 | 1.021,850,98 202 1.027, 300, 53 
123 1.016, 577,52 1631. 022,027, 58 2031. c 27, 506, 80 
124 { 1.017, 713, 49 164 1.022, 164,21 204 1.027, 644,22 
125 1.01, 340, 33 165 1.022, 300, 85 205 1.027, 781, 60 
126 | 1.916,985,27 166 | 1.022,43",51 206 | 1.027,918,99 
127 | 1.017,12',22 167 | 1.022,574,19 207 | 1.028,056,40 
128 | 1.c 17,257,019 168 | 1.02',710,89 208 | 1.028, 193,84 
12) | 1.917,392,17 169 1.022, 847,61 209 | 1.528,331,29 
| 130 1.917,529,18 | £70 | 1.022,984,34 210 | 1.028,468,75 
131 | 1.017,665,21 171 | 1.023,121,09 211 | 1.028,60t,24 
j 132 | 1.017,S01,25 172 | 1.c23,257,%7 212 | 1.028,742,75 
123 | 1.017,937,31 173 | 1-023, 394, 66 213 | 1028,881,27 
i 124 1.018, 73, 38 174 | 1.022, 531,47 214 | 1.029,918,81 
135 | 1.018,209,48 175 | 1.023,668,29 215 | 1.029,156,37 
1360 | 1.018, 345,59 | 176 | 1,022,805,14 216 | 1.029,293,95 
137 | 1.018,481,73 177 | 1.023,942,00 217 | 1.029,431,54 
138 | 1.018,617,88 178 | 1.024,078,88 21 1.029, 569, 16 
1391.01 8, 754, 05 179 1.024, 215,78 219 1.029,06, 79 
140 1.018, 890, 24 180 | 1.024, 352,70 220 1.029, 844, 45 
141 | 1.019,26, 44 131 | 1.024, 489,64 2211.02, 982, 12 
142 1.019, 162,7 182 | 1.024, 520, 59 222 | 1.030, 110, 80 
143 | 1.0 19,298, 9 1 | 183 | 1.024,70 2,56 223 | 1.030,257,51 
144 | 1.019,435,17 184 | 1.024,990,55 224 | 1.93c,39592?4 
I45 | 1.019,571,45 i185 | 1.025,037,56 || 225 | 1.03c,532,98 
146 1.019,707,75 186 | 1.025,174,59 226 | 1.030,670,74 
147 1.019, 844, 0 187 | 1.025, 311,64 227 1.030, 808, 52 
148 1.019, 980, 39 188 | 1.025, 448, 70 228 | 1.030, 946, 32 
149 | 1,020,116,75 I89 | 025,50 5978 229 | 1.03084, 14 
150 1.020, 253,12 190 | 1.025, 722, 88 230 1 031, 221,97 
151 1.020, 389, 0 191 1.025, 860, oo 231 | 1.031, 350,83 
152 1.020, 525,1 192 1.025, 997,14 232 1.031, 497,70 
153 1.020, 662,34 193 1.026, 134, 30 2331031, 635, 59 
154 | 1.020, 798,78 194 | 1.026, 271,47 234 | 1.031, 773,50 
ISS | 1.020,935,24 195 | 1.026,408,66 235 | 1-03!,911,43 
156 | 1.021,071,72 196 1.020, 545,88 236 [1 032,040, 38 
157 1.021, 208, 22 197 1.020, 683, 10 237 | 1.032, 187,34 
158 1021, 344, 73 198 | 1.026, 820, 15 238 | 1.032, 323,33 
159 1.021, 481,27 199 1.026, 957,62 2391032, 63,33 
160 1.021, 617, 82 200 | 1.027,9094,90 | 240 | 1.0372," ot e 
VoL, V, 4 M * 
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[ Days T 
2 he 
r 
2 wh = ft, e Am 
242 1.032,7 39-39 ds 7. of Days Th 
| 243 1.032,857, 9 28 l - = e Amounts | 
244 1.033,015159 2%2 1-038,27 0,09 321 on 11, &c. of | 
ee % f, 523 — 24 
ä 339291373 264 | 1.0 * 3231.0 3-982,03 
246 | 1.9 | 285 12 304 1.1 1 "hp <= 
247 L 233,429 86 3 „831,30 325 0 44,25 1 „ 
1.033, 56 : 28 1.044, 400, 7 
248 1.03 „568,01 6 | 1.028 326 | 1.0 400,77 
| 249 — 9 "ape 287 1 327 — yes 
1815 3944236 268 | 1.03 519526 | 330 r. 44,080,02 
33,981,5 289 | 1 39,248,17 329 -044,819,6 
[ 251 bl 7 290 039, 386 3 1.044, 9 "9 7 
1.034 1.029, 52 99 30 1.04 5959,34 
| 252 ee, 3 5525794 331 1 5,099, 03 
| 254 | 1.0 397,9 92 | 1.039, 4,91 3 155378 
2 3475 29 39, 80 33 | 1-0 47 
55 1 3 | 1.039 3,39 334 oh 45,518,22 
„673,87 94 | 1.0 942,89 — 1.045,57 
256 295 40,081 91 35 1.045 1 7,98 
257 1.034,81 1.040,220, 336 | 1 2/97977 
* 1.034; 2,18 as 595 337 045,937,5 
58 3 9 1.040 36 338 1.046, 775 7 
12 i 298 1.040, hey 33 1040247743 | 
. 1:035:365:63 — 3 240 1:046,257,09 
8a wats 5,03 99 1.040, 38,18 _ 340 | 94022952 3 
ECL Wa een | 3s | row 5 8 
262 | 1 355504, 04 ö „916,42 342 | 1-O 036,80 
26 035,642 301 34 46,770 
* 1.035,78 07 30 14 3 —— 
obs ogaoigead 2 | 1,041,194,74 4 | 1047,95636 
55 1.384558 303 5 94,74 e 67 
K — „657786 — 1 346 od 
or 1.036 $1 5 1 347 CONE 
| 7 1.0365 96,36 | 2,36 348 1.0 2470.04 
268 SINCE 306 | 1.041 349 — 
9 9 307 2 e. 350 1 rl 
70 | 1:036,750355 ae SLAC 8 
2 5750555 309 8 30755 352 048, 036, 80 
271 [1 030 10 —— . 1.048, 1e, 6 
3 * „889,14 Lee, 354 0 3478 
| 273 1 37,9277 311 1. ws 1.048, 47 
27 037, 166 1 542,44“ 2 93 
2-5 1.0374 305,0 313 ola, 350 e | 
2 042.7 2K g : 737 
J7,442,70 3 I4 N 7 2 „83 356 2 
Bs 1: 3.007 EN. * 1.049,917;97 
| 277 1-037»592,39 SO | 3 | 1.009. x4 
2278 37,7215 316 235 | 1 58,20 
e 1.037 85 »-9 1.043,1 ab 049,298 
279 5 — 454 14, 301 | 1.049 22 
280 | 2 318 ee = e 
— 5137,32 319 r 3 3 9 9—— 
329 | 3 304 3 
3722797 288 1 INES 
| —. || 1.05 4 99,99 
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I think it needleſs to ſay any Thing of the Uſe of theſe Tables, becauſe J 
take it for granted, that whoever underſtands the Work of the foregoing 
Examples, at 6 per Cent. cannot but know how to make uſe of theſe Tables at 
5 per Cent, as Occaſion requires. 


Thus far _—_— Annuities, or Leaſes, &c. that are limited by any aſſigned 
Time ; and it is only ſuch that can be computed by Theorems or certain Rules. 
However, it may not perhaps be unacceptable, to inſert a brief Account of ſome 
Eſtimates that have been reaſonably made, by wo very ingenious Perſons, about 
the Proportion or Difference of Men's Lives, according to their ſeveral Ages ; 
which may be of good Uſe in computing the Values of Annuities, or taking of 
Leaſes for Lives, &c. 


Of the Values of Annuities for Lives. 


Sir William Petty, in his Diſcourſe made before the Royal Society ( Anno 1674), 
concerning the Uſe of Duplicate Proportion, in the Life of Man and it's Dura- 
tion; ſaith, that it is found by Experience that there are more Perſons living of 
between 16 and 26 Years Old, than of any other Age or Decade of Years in the 
whole Life of Man (viz. 70 or 80 Years). His Reaſon fer that Aſſertion I Hall 
omit ; but, ſuppoſing it true, he thence infers, that the Suare-Raots of every 
Number of Men's Ages under 16 (whoſe Square-Root is 4), compared with the 
ſaid Number 4, doth ſhew the Proportion of the Likelihood of ſuch Men's 
reaching the Age of 70 Years. 


As, for Example, it is 4 Times more likely, that One of 16 Years Old ſhould. 
live to 70, than a New-Born Babe: It is 3 Times more likely, that One of 
9 Years Old ſhould attain the Age of 70, than the ſaid Infant, &c. 


On the other Hand, it is 5 to 4, that One of 25 Years Old will die before 
One of 16; and 6 to 5, that One of 36 will die before One of 25. And fo 
on according to the Square-Roots of any other declining Age, compared with 
(4,6) the Square-Reot of 21, which is the Year of Perfection according to the 
Senſe of our Law, and the Age for whoſe Life a Leaſe is molt valuable. 


2. The ingenious and great Mathematician, Doctor Edmund Hall:y, (in Phil. ſapbh. 
Tranſact. Numb. 196.) doth, with great Induſtry and Skill, draw an Eftimate of 
the Proportion of Men's Lives, from the Monthly Tables of the Births and' 
Funerals in Breſlaw, the Capital City of the Province of Sileſia 3 or, as the 
Germans call it, Schlefia. Whence he proves, that it is 80 to 1 a Perſon of 
25 tears Old will not die in a Year; that it is 5* to 1, that a Man of 40 will 
live 7 Years; that a Man of 30 Years Old may reaſonably expect to live 27 or 
28 Tears, &c. 

4 M 2 Now 
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Now from theſe and the like 'Preportions he juſtly infers that the Price of 
Inſurance upon Lives ought to be regulated, there being a great Difference 
between the Life of a Man of 20, and one of 50. For Example: It is 100 
to 1, that a Man of 20 dies not in a Near, and but 38 to 1, for a Man of 
5o Years of Age. And upon theſe allo depends the Valuation of Annuities for 
Lives; for it 1s plain, that the Purchaſer ought to pay only ſuch a Part of the 
Value of any Annuity, as he hath Chances that he is living. | 


And for that Purpoſe he hath taken the Pains (which was at a little) to 
compure the following Table (that ſhe ws the Value of Annuities) for every Fifth 
Year of Age to the 7oth. 


| Age. | Year's Purchaſe. Age. | Year's Purchaſe. || Age. | Year's Purchaſe. 
11 10,48 | 26 | 12,27 50 9,21 _ 
5 | 13,40 30 11,72 55 8,51 
10 13,44 35 | 11,12 60 7,60 
15 13,33 40 10,57 65 6,54 
20 2,76 45 9,91 70 5,32 


The ſame ingenious Gentleman proceeds on, and ſhews how to eſtimate or find 
the Value of Two Lives, and then of Three Lives, which, being too long a 
Diſcourſe to be recited here, I have, for Brevity's Sake, omitted it; and ſhall 


only add this ſerious Obſervation, 


_ Viz, How unjuſtly we repine at the Shortneſs of our Lives, and think 
ourſelves wronged if we attain not to Old Age ; whereas it appears, that the One 
Half of thoſe, that are Born, die in Seventeen Years' Time. For, by the 
aforeſaid Bills of Mortality at Preſaw, it was found, that 1238 were in that 
Time reduced to 616. So that, inſtead of murmuring at what we call a Hort 
Life, we ought to account it as a great Bleſſing that we have ſurvived, perhaps 
by many Years, that Period of Life whereat the One Half of the whole Race 


of Mankind does not arrive. 


Sect. IV. Of Purchaſing Freehold, or Real Eſtates, at Compound Intereſt. 


Ar Freehald or Real Eſtales, are ſuppoſed to be purchaſed or bought to 
continue for ever (viz. without any limited Time) ; therefore the Buſineſs of 
computing the true Value of ſuch E/ates is grounded upon a Rank or Series of 
Geometrical Propertionals continually decreaſing, ad Inſinitum. 


Thus, let P, u, R, denote the ſame Data as in the laſt Section. Then the 


Series will be, A Ti FF» Ar 7 and ſo on in = until the laſt Term 
| me. th 
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= ©. Then will P — o (iz. P) be the Sum of all the Antecedents, And 
P — — will be the Sum of all the Conſequents ; therefore it will be u: —-—P 


-. which produces PR — « P. * 


This Equation affords the following Theorems. 


Theorem 1. PR — P = a. Theorem 2. | —o 


Example. Suppoſe a Freebold Eſtate of 751. Yearly Rent were to be ſold; 
what is it worth, allowing the Buyer 6 per Cent. &c. Compound Intereſt for his 


Money ? 


In this Queſtion there is given # = 75, R = 1,06; to find P, per Theorem'2. 
Thus, R — 1 = 0,06) 75 = « (1250. = P, the Anſwer required. And ſo 
on for any of the reſt, as Occaſion requires. But if the Kent is to be paid, 
either by Quarterly, or Half-Yearly Payments ; 


Then R = 1,06 for Half-Yearly 
And RS V: VI, os for Quarterly 


R = 1,08 for Yearly 
Or {R = Vi, os for Half-Yearly > Payments at 8 per Cent. 
R = : , os for Quarterly 


The like is to be underſtood for any other propoſed Rate of Intereſt, either 
greater or leſs than 6 per Cent. 


Payments at 6 per Cent. 


The Application of theſe Theorems to Practice 1s ſo very eaſy, that it is 
needleſs to inſert more Examples. | 


—_— 


* For u X P — + will be = . x , that is, P — A will be = 5p; and conſe. 


quently (multiplying all the terms into R,) «PR = uz will be = P, and (dividing all the terms 
by u,) PR = z will be = P. Q. E. . | 


CLAVIS USURZ@#: 


OR, 


A EEY IO 


BOTH 


Simple and Compound: 


CONTAINING 


Practical Rules, plainly expreſſed in Words at length ; whereby all the 
various Caſes of Intereſt, and Annuities, or Leaſes, either in Poſ- 
ſeſſion, or Reverſion, and Purchaſing Freehold Eftates, &c. may very 
eaſily be Reſolved, both by the Pen and a ſmall Table of Legarithms, 
hereunto annexed, for all Rates of Iutereſt, and Times of Payment 
whatſoever ; illuſtrated by Variety of Examples. 


To which is Added, 


Rules to be Obſerved in Eſtimating the Value of Aunuities, or Leaſes, and 


Inſurances for Lives, &c, 


The Buſineſs of Rebate or Diſcompt, and the Equation of Payments (very uſeful. 
for Merchants and other Dealers) is here Re#ijied and truly Determined.. 


By JOHN WARD, 


AUTHOR OF THE YOUNG MATHEMATICIAN'S GUIDE, ETC, 


To the Honourable 
Sir JOHN WENTWORTH, 


OF 
NORTH-ELMS-HALL, 


IN THE 


Weſji-Riding of Yorkſhire, 
BARONET ; 
This TRACT, as an Acknowledgment of Great Favours and 


Obligations received, 


1s mot humbly Dedicated, 
and Preſented, 
By 


Joun WaRD. 
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THE 


PREFACE. 


— 


T may be here expected that I ſhould (according to the Cuſtom of Prefaces) give the 

Reader fome Account of the enſuing Pages, and of the Motives which induced me 
to Publiſh them; more eſpecially, becauſe there are already ſo many Books which Treat 
upon the ſame Subject. | 


Ii is true indeed, the Buſineſs of Intereſt and Annuities, &c. has been handled 
by ſeveral Authors; and I, amongſt the reſt, did adventure to Caſt in my Mite upon 
that Subject, in a Compendium of Algebra, Publiſbed Anno 1695, which appears 
to be ſo well Approved of, that Doctor John Harris hath Tran/cribed and Inſerted 
that whole Diſcourſe into bis Lexicon Technicum ; or, The Univerfal Engliſh 
Dictionary. Since then I wrote ſomewhat fuller upun the ſame Subjef, in the 
Algebraick Part of the Young Mathematician's Guide, Palliſbed Anno 1707. 


But even that, and all that I have hitherto ſeen uon this Subjef, ſeems to fall 
ſort of what might be defired: For moſt Authors, which treat of Intereſt and 
Annuities, &c. do perform their Computations by the Help of particular Tables, 
Calculated to ſeveral Rates of Intereſt and Diſcompt. 


And thoſe Authors which perform their Computations i= Compound Intereſt, &c. 
by Logarithms, ſeem (to me) to be too general and ſhort in their Theorems, by which 
theſe Calculations are performed, eſpecially in reſpec? of the different Times of 
Poyment, &c. | 


And what I have heretofore done has been by Algebra:ck Theorems, to be performed 
either ty the Pen, or with the help of a ſmall Tatle, Calculated on purpoſe ; which 
was indeed rather io ſhew what may poſſibly be performed by the Pen ( without a great 
many Tables of ſeveral Rates) than for common Practice: Nor can it , ſuppoſed, 
that every Reader, that may have Occaſion to peruſe the Buſineſs of lntereſt, is 
filly qualified to under/tand thoſe Theerems jo well, as to apply luem to Pratlice. 


And for that Reaſon I was requeſted by an Ingenious Gentleman (to whim I fand 
highly Otliged) to Explain thoſe Theorems, and Keduce them into Prattical Rules, 
exprejjed in Words at length, that ſo they might become of general Ce; the which I 
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have accordingly done along with the Theorems, ſo plainly, that (T preſume) any One, 
who is but a little verſed in the firſt Four Rules of Arithmetick, may be able to 
Reſolve all the various Caſes relating to Intereſt, both Simple and Compound, 
with thoſe of Annuities, or Leaſes, &c. for any propoſed Time, and at any given Rate 
of Intereſt, both by the Pen, and a ſmall Table of Logarithms hereunto amexed, 
Alſo, IT have added a New Method of finding the true Equated Time, for the D/, 
charging of ſeveral Sums at one entire Payment, without Loſs either to the Debtor, 
er Creditor ; a thing which bath hitherto been imperfect. 


And in order to render the whole Work as plain and eaſy to te underſtood as prſfil ly 
I can, I have given Two or Three Exomples in every Caſe, for differert Rat's of 
Intereſt, and Times of Payment, with their. Operations at large : lor, al ho:gh 
Rules are never ſo well expreſſed in Words (according to the Author's Senſe), yet 
there may (and perhaps will) ariſe ſome ſeeming Difficulties in them, which Exam, les 
will help to Explain and render Eaſy. 


To be brief; When this Traft was peruſed in Manuſcript by a Perſon that has very 
good Skill in the Buſineſs of Intereſt, &c. it gave ſuch ample Satisfaction, that I 
was prevailed with to Publiſh it ; and accordingly I have adventured to ſend it 
Abroad into the World, in hopes it will be found uſeful, which is the chief thing deſired, 


LonDon, By 
November 21f, 1709. 


J. Warp, 
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Of Decimal Arithmelick. 


DO here take it for granted, that the Reader is well acquainted with Yalga- 
1 Arithmetick, eſpecially the common Rules; vi. Addition, Subftrattim, 
Multiplication, and Diviſion of «whole Numbers: But, becauſe the Computations 
of Intereſt, and Values of Annuities, Ic. cannot well be performed by Logarithms, 
or indeed by any other Method whatſoever, without ſome Knowledge of thoſe 
Rules in Decimal Fractions or Parts, which perhaps he is not fo well acquainted 
with; I therefore thought it convenient to give a brief Account thereof. 


* th 


SECT, I. Notation of Decimals. 


Axx thing which is called One, (whether it be Comm, Weight, Meaſure, or 
Time, Sc.) as one Foot, one Yard, one Pound, one Shilling, one Year, or one 
Day, &c. we conceive it to be Divided into Ten equal Parts, and every one of 
thoſe Parts are ſuppoſed to be ſub-divided into other Ten equal Parts; and fo 
on by a Decimal Diviſion (viz. by Tens) ad infinilum. 


The Unit or 1, being thus divided by Imagination into 10, 100, ooo, or 
i 0000, Sc. equal Parts at pleaſure, any Number of thoſe Parts may be as ealily 
expreſſed and ſet down as whole Numbers, they being only diſtinguiſhed and 


known from whole Numbers, by a Cemma, or Point, as 1n the following 
Table. : 
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From this Table it does plainly appear, 


1. That, as whole Numbers do increaſe or become greater from the Unit's 
Place towards the Left Hand, by a ten- fold Proportion: to Decimal Parts do 
decreaſe or become leſs from the C Place towards the Right Hand, in the 
fame Proportion, viz. by Tens. 

2. That the Decimal Parts are only ſeparated and known from whole Numbers 
by a Point, or Comma; and take their Denomination from their Diſtance below 
the Unit's Place towards the Right Hand, 


0,5 is 5 parts of Ten. 
Thus, | 0,25 is 25 pats of a Hundred. 


0,657 is 657 parts of a Thouſand, &c. 

3. Cypvers being annexed to Decimal Parts, alter not their Values: That is, 
thoſe Cyphers do neither increaſe nor decreaſe the Value of the Parts they are 
annexed to. 

Thus, o, 5, o, 50, o, 500, 0,5000, tr. are each of them but five Tenth 
parts of a Unit, or 1. 


4. But Cyphers prefixed before Decimal Parts do decreaſe their Value, by 
removing them further from the Comma, or Unit's Place. 


0,5 is 5 parts of Ten. 
Thus, | 0,95 is 5 parts of a Hundred. 
0,005 is 5 parts of a Thouſand. 
Conſequently the true Value of all Decimal Parts is eafily known by their Diſtance 
from the Unit's Place (as above): Which being well underſtood, the following 
Rules will be found very eaſy. | 


SECT. 
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Ster. Hi, Addition an Sy:ftration of Decimals, 


Havinc ſet down all the propoſed Numbers in their reſpective Places; viz. 
every J igure, as well of the D-cimal Parts, as of the whole Numbers, directly 
underneath thoſe of the lawe Value (or Name); which may be very ealily done, 
if the Commas, or ſeparating Points, are caretully placed directly one under 


another ; 


Add, or Subſtract them as if they were all whole Numbers; and 
fron, their Sum, or Diſte. eace, Cut off, by the ſeparating Comma, 
ſo many Places of Decimal! Parts, as there are in any of the given 
Numbers, 


Then 


Examples in Addition, 


Let it be required to find the Sum of 43,25 and 2,45 and 29,9 and 7,954. 
Theſe Numbers, being rightly ſet down, will ſtand 


Thus, 43,25 Again, 378,0009 
2,45 59,025 
29,9 470,9 * 
7054 92,0741 

Sum 82,654 Sum looo, ooo 


Examtles in Sul ſtracticn. 


From 753,25 From 75,094 From 543, ooo 
Take 469,25 Take 68, 596 Take 267,546 
Rem. 284,00 0,498 275,454 


Note, Addition and Subſtraftion do mutually prove each other, as in whole 
Numbers; of which 1 ſuppoſe it needlets to inſert Examples. 


Ster. III. Multiplication of Decimals. 


Wux rug the Faclors (viz. the Numbers) propoſed to be Multiplied toge- 
ther, are either all Decimal Parts, or Decimals joined to whole Numbers, Multiply 
them together as if they were all whole Numbers, and for the true Value of their 
Produ#, obſerve this Rule. 


Cut off (viz.. ſeparate) with a Comma, ſo many Places of Decima! 
Rule, . 
Parts in the Product as there are in both the Facters counted together. 


9 Examples. 
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Examples, 
Suppoſe it were required to Multiply 21,3 with 4,56. 

T4 - 1, E by „56 
AIG given Factors | 22 Or { — 
1278 1368 

1065 456 

852 912 
Product 97, 128 5 | 97,128 


Again, Let it be required to Multiply 4573 into 7, 546, and 36,4078 1 
549,3. The Work may ſtand | 


Thus, 4573 | Multiply 4 36,4078 


7,546 549,3 
27438 1092234 
18292 3276702 
22865 1456312 
32011 1820390 


3450%,8 58 Products 19998, 80454 


Note, It ſometimes happens, that in Multiplying Parts with Parts only, there 
will not be ſo many Figures in their Product as there ought to be Places of 
Parts by the Rule: In that Caſe you muſt ſupply the Defect by prefixing 
Cyphers to their Product; as in theſe following 


Examples. 
0,2305 1 0,03472 
0,2435 j — ; 0,02304 
11825 N 
7095 20032 
9460 10416 
4730 6944 


0,0575877 5 Products o, ooo8 207 808 


1 


Sker. IV. Diviſion of Decimals. 


Divisiox of Decimals is performed in all reſpects like that of whole Numbers; 


and for diſcovering the true Value of the Quotient, obſerve this General 2 — 
6 ule, 
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Rul The Places of Decimal Parts in the Diviſor and Quotient being counted 
ue. together, muſt always br gual in Number with thoſe in the Dividend. 


This Genera] Rule admits of Four Cæſes. 


Caſe 1. When the Places of Decimal Parts in the Diviſor and Dividend are 
equal in Number, then the 249/i:at will be a whole Number; as in the Two 
following Examples, 

Dividend. 
Diviſer 7, 54) 7140, 38 (947 the Quotient. 
6786 


3543 
3016 


5278 
5278 
(0) 
Again, If it were required to Divide 2,6925 by 0,0075. 


Dividend, 
Diviſor 0,0075) 2,6925 (359 Quotient, 


Caſe 2. When the Number of Places of Decimal Parts in the Dividend, 
exceeds the number of thoſe in the Diviſor, Cut F the Hxceſs for Decimal 
Parts in the Quotient. 


Examples. 
7:54) 71,4038 (9,47. And 0,75) 2,6928 (3,59. 


Caſe 3. When there are not ſo many Places of Decimal Parts in the Dividend, 
as there are in the Diviſor, then annex Cyphers to the Dividend, to make them 
equal, and the Quotient will be a whole Number; as in Cafe 1. 


Exmples. 


Let us ſuppoſe it were required to Divide 1565,7 by 3,684, and 3615 by 
$3784, the Work mult ſtand thus: 


3,084) 1555,700 (425, And 5,784) 361 5,000 (628. 


Caſe 4. If, after the Diviſion is fintthed, there are not ſo many Figures in the 
Quotient, as there ought to be Places of Decimal Parts, by the General Rule, 
you muſt then ſupply their Defect, by prefixing Cyphers before the Quotient 


Figures, 
Examples, 
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Þ Examples, 
Let it be required to Divide 3,5532 by 756. 

756) 3,5532' (47 Here, when the Diviſion 1s finiſhed, there are but Ty 
3024 Figures in the Quotient, whereas there ought to be Four 
Places of Decimal Parts, by the General Rule; therefore 
5292 two Cyphers muſt be prefixed before the Quotient Fi. 

9292 gures, thus, o, 0047. | ; 

(0) 


That 1s, 756) 2,5532 (0,0047 is the true Quotient required, 


Suppole it were required to Divide o, ooo 475 by 0,575 3 viz. all Decimal 
Parts; then it will be 0,575) 0,0007475 (0,0013, the Quotient, &c, 


Note, Multiplication and Diviſion do mutually prove the Truth of &ach other: 
That is, If in Multiplication you Divide the Product by either of the Factors, 
the Quotient will be the other Factor, if the Work be true. 


So in Diviſien, If you Multiply the Quotient and the Diviſor together, 
their Prodũct (being Added to what remained after the Diviſion) will be the 
Dividend, if that Work be true. 


Sect. V. To Reduce (or rather Change) Vulgar Fractions into Decimal Parts, and 
the Contrary. | 


" Pint Arnex Cyphers to the Numerator of the given Fraction; then Divide 
Li by the Denominator, and the Quotient will be the Decimal Parts ſought. 


Examples. 


| . Suppoſe it were required to Reduce 3 into Decimal Parts: Then it will be, 
4) 3,00 (0,75, the Decimal Parts required. And + is 0,5 ; thus, 2) 1,0 (0,5, 
the Decimal, Or + is 0,25 ; thus, 4) 1,00 (o, 25, the Decimal. 


And thus may the Decima] Parts equivalent to any known Part, or Parts of 
Coin, Weight, Meaſures, or Time, &c. be eaſily found, if you firſt reduce the 
given Parts of the Coin, or Time, &c. into a Vulgar Fration, whoſe Denomi- 
' nator is the Number of thaſe known Parts contained in the Integer, and the 
given Parts it's Numerator, 

Examples in Coin. 


Suppoſe it were required to find the Decimal Parts of a Pound Sterling, 
equal to 175. 6d. 


Firſt, becauſe 20s. make one Pound, therefore 175. is 2g of a Pound; and 


becauſe there are 240 Pence in a Pound, therefore 6d. is 29 of a cen” : 
| en 
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Then 20) 17,09 (0,85 is the D-cimal of 175. 
And 240) 6, ooo ( 0,025 is the Decimal of 6d. 


Conſequently their Sum 0,875 will be the Decimal Parts of a Pound equivalent 
to 175. 6d, as was required, &c. | 


Example in Time, 
Let it be required to find the Decimal Parts of a Year equal to 126 Days, 
Firſt, becauſe 365 Days do make a common Year, therefore 126 Days is 
125. Parts of a Year, 


Then 365) 126,0000 (o, 3452 will be the Decimal! Parts of a Year equi- 
valent to 126 Days, Sc. 


The like is to be underſtood in Reducing, or Changing the known Parts of any 
propoſed Integer into Decimal Parts, equal to thoſe known Parts; or at leaſt ſo 
near the Truth, as it may be thought neceſſary to approach. 


Now the contrary Operations to theſe, viz. to find the Value of any given 
Decimal Parts of Coin, or Time, &c. is only the Converſe of the Work above, 
and may be performed by this following Rule. 


Multiply the given Decimal Parts with ſuch a Number of Units as 
Rule. 0 are contained in the Integer to which the given Decimai does belong, and 


the Product will be the Value of the ſaid Decimal. 
Examples. 


1. Let 25,7875 ſignify 25/. and the Necimal Parts of 14. How many 
Shillings and Pence do theſe Decimal Parts denote ? That is, How many 
Shillings and Pence are equal to o, 7875 Decimal Parts of a Pound Sterling? 


Firſt, 0,7875 
Multiplied with 20 the Shillings in 14, 


. 15 Shilling: d - 
pk 157500, „ 1 * 


Multiply the Decimals o, 750 with 12 the Pence in 15, 


150 
75 
Gives Pence 9, o00 Hence the Anſwer is, 


That 25“. 15s. gd. is the ſame with 25,7875 Decimals of a Pound. 


2. Suppoſe the ſame 25,7875 to ſignify 25 Years, and the Decimal Parts of 
one Year, How many Days, Hours, &c. would thoſe Decimal Parts denote ? 


Anſwer, 25 Years, 287 Days, 10 Heurs, and 30 Minutes. 
Vor, V. 4 © Thus, 
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Thus, 25,7875 
Multiplied with 365 the Days in one Year, 
39375 | 
47250 
23025 


Gives Days 287,4375 and Decimal Parts of 1 Day, 
Multiply with 24 the Houts in 1 Day, 


17500 
8750 


— —— 


Gives Hours 10, gooo and o, 5 parts of 1 Hour, 
Multiply with 60 the Minutes in 1 Hour, 


Minutes 30, ooo 


And thus may any propoſed Number of Decimal Parts be Reduced or Changed 
into the known Parts of what they repreſent, viz. whether they be Parts of 
Coin, Weight, Meaſures, or Time, &c. a due Regard being had to the Number 
of Units which are contained in the Denomination of the Thing to which the 
Decimal Parts belong. 


CHAP. II. 


The Defnition and Uſe of Logarithms in General. 


Seer. I. Definitions. 


LoGARITHMS are a Sort of Artificial Numbers, ſo adapted to correſpond with 
Natural Numbers, that the Addition and Subſtrattion of them do exactly anſwer 
to the Multiplication and Diviſion of thoſe Natural Numbers they are adapted to. 


That is, If any two given Numbers are either to be Multiplied, or Divided, 
the Logarithms of thoſe Numbers being accordingly Added, or Subſtracled, 
their Sum, or Difference, will be the Logarithm of that Natural Number, which 
is the Product, or Quotient, of ſuch Multiplication, or Diviſion. | 


And that the Value of any Product, or Quotient, ſo found by the Sum, or 
Difference, of two Logarithms may be truly known, every Logarithm of the 


Prime Numbers, viz. of 1, 10, 100, 1000, &c, in Whole Numbers ; and of 
0,1, 


0.1, o, or, 0,001, 0,0001, Sc. in Decimal Parts, is the Index or Coharafferiftich 
3 


to all the intermediate Logarithms which are between them: As in this 


TA BE Ke 

1 7 . C 
II bole Numbers. Loagari bris. | Decimal! Parts. | Logarithms. | 
5 — — 3 
I 0.000000 | I 0.000000 | 

10 I.000000 O,1 9.000000 
100 2. oo 00 o,o $.000000 | 

1000 3.000020 0,001 | 5.c00000 

10000 4.000000 0,0001 6.000000 

&c, | &c. | &c. &C. 


This Table ſhows ſome of the principal Logarithms, or Characteriſticks, both of 
Whole Numbers, and of Decimal Parts, with ſo many Cyphers annexed to 
each of them (/ite Decimal Parts) as the Number of Places are in the follow- 
ing Taile of Lozarithms : From whence it will be eaſy to perceive, That, 


If o be made the Logarithm of 1. And 1 be made the Logarithm of 10. 
Then all the intermediate Logarithms, which belong to the Natural Numbers, 
between 1 and 10, (viz. the Logarithms of 2, 3, 4, 5, 6, &c.) muſt needs be 
Decimals leſs than 1. And, for the ſame Reaſon, That, 


If 1 be the Logarithm of 10. And 2 be made the Logarithm of 100. 
Then all the intermediate Logarithms, which belong to the Natural Numbers, 
between 10 and 100, will be a 1, with Deeimal Parts annexed to it: And 
conſequently all the Logarithms of the Natural Numbers, between 100 and 


1000, will be a 2, with Degimal Parts annexed to it; and ſo on for higher 
Numbers, as 1n the Table. 


Now all theſe principal Logarithms, viz. o, 1, 2, 3, 4, Oc. of Whole 
Numbers, are called Affirmative Indices or Charatteriſlicks, 


And thoſe which belong to Decimal Parts or Fra#ims, viz. 9, J, 7, 5, Se. 
are called Negative Indices or Chara#eriſticks ; being diſtinguiſhed from the 
Affirmative Indices by the Negative Sign — let over their Heads. 


For, If o be the Logarithm of 1 (as above). Then it follows, that all the 
Logarithms of Fractions (viz. of Numbers leſs than 1,) mult needs be leſs 
than o. That is, they mult be Negative Numbers. | 


From what hath been here ſaid, it will be ealy to deduce the General Rule, 


by which the Diſtance of the Natural Numbers from the Unit's Place is always 
non. | | 


Viz That every Index or Characteriſtick is leſs by an Unit, or 1, than the 
* | Number of Places of Figures in the Natural Numbers to which it belongs. 


40 2 As, 
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As, for inſtance, in the following Numbers, wherein I ſuppoſe 5381 to be a 


Whole Number; whoſe Logarithm is 3.730863. Now, if this Natural Number 
5381 be otherwite taken or varied in it's Places, then the Logarithms will ſtand 


thus ; 
Natural Numbers, Logarithms. 


5381 3.730863 
538,1 2.730863 
53,91 — 1.730863 
57381 0.730803 


0,5331 — 9.730863 
o, 5 381 — 8.730863 
o, 05381 — 7.730863 Ec. 


In theſe Examples, you ſee that the Logarithms are all the ſame, fave only 
the Indices or CharaFeriſticks are altered according to the Diſtance of the firit 
Figure of the Natural Number from the Unit's Place ; which being once well 
underſtood, it will be eaſy to find the Logarithm of any given Number in the 
Table of Logarithms, and to prefix it's proper Index to it. 


Or, if any Logarithm, with it's Index, be given; to find it's correſpondent 
Number, ſo far as the Table of Logarithms extends; and, upon occaſion, to one 
or two Places further, with a very ſmall trouble. 


SECT, II. To find the Logarithm of any given Number. 


Tx firſt Page of the annexed Tables of Logarithms contains all the Natural 
Numbers, in their proper Order, from 1 to 100. And againſt every one 
of thoſe Numbers is placed it's Logarithm, with it's Index or Chara#eriſtick 
before it. | | 

Thus, againſt the Number 28 is it's Log. 1.447158. And againſt the 
Number 89 is it's Log. 1.949390. And fo on for the reſt. 


In the firſt Column of all the following Pages (under Num.) the Natural 
Numbers proceed, in their due Order, from 100 to 1000. And, in the next 
Column (under o), againſt every one of thoſe Numbers, is the Decimal Part of 
ts Logarithm, without any Index; to which you muſt prefix it's proper Index, 
according as the Natural Number you make uſe of requires. 


As, for inſtance ; againſt the Number 856 (under o) is 9g2474+ To which, 
if 2, the Index of 856, be prefixed, it will become 2.932474, the compleated 
Logarithm of 856. 


The other nine Columns of each Page, aker the firſt Page, contain the 


Logaritbms of all the Numbers from 1000 to 10000. Theſe Columns are 
diſtinguiſhed. 


4 
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diſtinguiſhed on their Tops with the Figures o, 1, 2, 3, 4, 5, 6, 7, 8, 9. 
©) that, to find the Logarthm of any Number between 1000 and 10000; 
as, ſuppoſe of 5468, you muſt look for the Three firſt Figures, viz, 546, in 
the firſt Column under Num., and for the fourth, or la't, Figure, viz, 8, you 
mult look at the Top of the Page: Then, in the Column under the laſt 
Figure 8, and right over-againſt the T hree firſt Figures 546, there is 737829. 
To which, if 3, the Index of 5468, be prefixed, you will then have 3.737829, 
the compleated Logarithm of 5468, as was required, And fo for any other 
Logarithm of any propoſed Number not exceeding 10000. 


But if the propoſed Number be above 10000 (which is the Limit of the 
annexed Table.) Then the Logarithm of that Number mult be found by help 
of the Common Difference of the Logarithms, which is in the laſt Column of 


every Page under Diff. 


Find the Logarithm of the frſt Four Figures of the given Number, 
without it's Index (as above), and Mulliply the Common Difference 
which ſtands abainſt that Logarithm (under Diff.) with the other Figures 
of the given Number, Caſting off ſo many Figures of that Produft as 
there are in the Mulliplicator. 

Then Add the Remaining Figures of that Preduf?, to the Logarithm of 
the firſt Four Figures, and to their Sum preſix the preper Index, and 
you will have the compleated Logarithm required. 


Thus, 


Example. 


Suppoſe it were required to find the Logarithm of 698476. Firſt, the Lo- 
garithm of 6984 is found in the Table (as above) ro be 844104, and againſt 
it, under Diff. is 62. This 62, being multiplied with 76 (ibe other too Figures 
of the given Number), produces 4712. Cut off the 12 (viz. the Two laſt Figures), 
and then Add the 47 to the Logarithm laſt found, and the Sun will be 844151 ; 
to which prefixing 5, the proper Index of the given Number 698476, it will 
be 5.844151, the Logarithm of 698476, as was required. 


Sect. III. To find the Number to any given Logarithm. 


Ouir the Index or Characteriſtick of the given Logarithm, and then ſeek 
it in the Table of Logarithms ; and if it can be exactly found there, then the 
Number in the firſt Column (under Num.), with that on the Top over the 
Logarithm, will be the Number required. But if the given Logarithm (without 
u's Index) cannot be exactly found in the Table, then the proper Number 
agreeing to that Logarithm, may be found by the help of the Common Differ- 
ence of the Logarithms. 


Lhus, 
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From the given Logarithm Sulſtraf the next Leſs, and Io the Re. 

| \ mainder Annex Cyphers ; and then Divide it by the Common Difference 
Thus found againſt the next leſs Legarithm, under Diff., and the Duotient will 
1e a Number that muſt be Annexed to the Number already found azainſi 
2 next leſs Logarithm, accerding as the Index of the given Logarit hin 


# denotes. 
Example. 


Suppoſe 5.660279 were a given Logarithm, and it were required to find the 
natural Number anſwering to it. 


Here the Number ſought muſt conſiſt of Six Places of Figures in Whole 
Numbers, as appears by it's Index 5. Which being omitted, I ſeek in the 
Table of Logarnhms for 660279 ; but not finding it exactly there, I take the 
next Leſs to it, viz. 660201, which ſtands under 3, and againſt 457. There- 
tore I conclude, that the firſt Four Figures of the Number ſought muſt be 
4573 ; and the Common Difference found againſt 660201, under D.., is 95. 


Then, from the given Logarithm 660279 
I Subſtrat the next Leſs, viz. 660201 


And there remains 78 


To which Annexing Two Cyphers, (becauſe there is yet waniing two Places of 
Figures, it will become 7800. The which being Divided by the Common 
Difference 95, the Quotient will be 82. Thus, 95) 7800 (82, which mult be 
annexed to 4573 (found before), and the Sum will be 457382, the Number 
that anſwers to.the given Logarithm 5.660279, as was required. 


Thus one may, without much Trouble, find the Logarithm of any given 
Number (very near), although it exceed the Limits of the Table by 1, 2, or 
3 Places of Figures ; and alſo the Number agreeing to any given Logarithm, 
without the help of ſuch a Table of Proportional Parts as is uſually inſerted 


along with the Table of Logarithms for that Purpoſe. 


Sker. IV. To perform Multiplication by Logarithms, 


Tax Multiplication of any Two given Numbers together, may be performed 
by Logarithms, | 


Add the reſpective Logarithms of the given Numbers together, and 

Thus their Sum will be the Logarithm of the Product required ; due regard 

- ee had to the true ordering of their Indices ; which admits of Three 
Caſes, 


Caſe 1. 
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Cas 1, If the InCices are both Aſſirmative, their Sum, with what ariſes from 
the Addition of their Logarithms, will be aa Affirmative Index. 


Examples. 

Numbers, Lovarithms, 
Mulliplicand 7564 3.878752 
Muliiplier 75 1.875061 Add 
Produ 567 300 5.753813 

| Again, 
Multiplicand 75,64 ——— 1.873752 } 
Multiplier 7,3 — 0.875061 Add 


2.753813 


Produt 567, 300 


Caſe 2. If one of the Indices be Affirmative, and the other be Negative; 
and if their Sum be above 10. Then Caſt off o, and the Remainder will be 
an Affirmative Index: But if their Sum be Lels than 10, it will be a Negative 


Examples. 


Numbers. Logarithms. 


Multiplicand 75,64 1.878752 | Add 
Multiplier 0,75 9:375061 


Produt 56, 7300 


1.753813 
Again, 


Multiplicand 75,64 


1.878752 
Mulliplier 0,0075 * 


7.875061 


Product 0,5673 —— 9.753813 


Caſe 3. If both the Indices are Negative, and their Sum be above 10, Then 
Caſt off 10, and the Remainder will be a Negative Index. If their Sum be 
juſt 1o, Add 1 to it, If it be under 10, Add 10 to it, and that Sum will be 
4 Negative Index. 


The Two Laſt Parts of this Caſe ſeldom come into Practice. I ſhall there- 
tore only give an Example of the Firſt, 


Example. 


—— 
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 Exanfle. 
Numbers. Logarithms, 


Mulliplicand 0,0347 —— 8.540329 Add 
Multiplier o, 236 — 8.372912 


6.913241 


* Product 0,0008 1892 


Secr. V. Diviſſon performed by Logarithms. 


To divide one Number by another, is only the Converſe of the Laſt Work, 
and is pertofmed by Logarithms. 


Sulhſiract the Logarithm of the Diviſor from the Logarithm of ile 
Thus, Dividend, and the Remainder will be the Logarithm of the Quotient; 
with this Conſideration, That 


When a Leſſer Number Divides a Greater, the Index of the Quotient- 
Logarithm will be Affirmative : But if a Greater Number divides a Leſſer, 
then the Index of the Quoticnt- Logarithm will be Negative, and there mult 
be 10 Added to the Index of the Logarithm of the Dividend, when Sub- 


ftraction cannot be made without it. 


Examples, 
| Numbers. Logarithms, 
Dividend 567300 ——— $.753813 \ 
Diviſor 7564 3-878752 Subſtrat 
Quotient 75 1.875061 
Again, 
Dividend 68,6 —— 1.836324 
Diviſor 78,4 — 2.894316 Subſtract 
Quotient o, o8 72 8.942008 
Again, 
Numbers. Logarithms. 


Dividend 56,73 —— 1.753813 77 
Diviſor 0,75 9-875061 { Subſtract 


Quotient 79,64 ——— 1.878752 
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Sect. VI. To Extract the Square and Cube-Roots, c. by Logarithms. 


Ir the Logarithm of any given Number be Divided by 2, the Quotient will 
be the Logarithm of the Square-Root of that Number. And if the Logarithm 
of any Number be Divided by 3, the Quotient will be the Logarithm of the 
Cube. Root of that Number. And ſo on tor higher Powers. ; 


Examples. 


Suppoſe it were required to Extract the Suare-Noat of 6968, whoſe Loga- 
rithm is 3.843108. 


Then 2) 3.843108 (1.921554. This Quotient is the Logarithm of 
83,4745, &c., which is the Sguare-RNoot of 6968, as was required. 


Again; Let it he required to Extract the Cube-Root of 6968, whoſe Loga- 
rithm is 3.843108, as before. 


Then 3) 3.843108 (1.28 1036. This Quotient is the Logarithm of 19,1, 
Sc. which is the Cube- Root of 6968, as was required. 


And, in the ſame Manner, the Biguadrate Root, or that of the Fourth 
Power, may be found, if the Logarithm of the given Number be Divided 
by 4. And if the Logarithm of any given Number be Divided by 5, the 

aotient will be the Logarithm of the Surelid Root, or that of the 5th Power, 
and ſo on for the 6th, 7th, 8th, or any propoſed Root of a ſingle Power, how 
high ſoever it be, provided the Index of the Logarithm of the given Number 
be Affirmative, But, 


The Dividing of Logarithms, whoſe Indices are Negative, (by 2, 3, 4, 
5, Cc.) and to determine the true Quotient-Index hath been thought ſo 


difficult a Work, that the Learned and Ingenicus Mr. Oughtred contrived a - 


Table on Purpoſe to perform it. Vide Key of the Mathematicks, Page 168. 
Now, according to the Negative Indices I have here made Uſe of, that Work 
may be very eaſily performed. 


If you are to Divide a Logarithm that hath a Negative Index by 2, 
Thus, 175 10 to the given Index: If by 3, then Add 20 to the given Index : 
If by 4, then Add 38 to the given Index, &c. 


That is, Still increaſing the Index of the given Logarithm by To, as the 
Diviſor doth increaſe by an Unit or 1. 


Examples. 


Suppoſe it were required to Extract the Square-Root of 0,0547 56, whoſe 
Logarithm is 8.739432, 


. 4 P | Then 
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| Then 2) 78.738432 (5 369216, This Quotient is the Logarithm of 0,234, 
which is the Sguare- Root of 0,054756, as was required. 

Again, Let it be required to Extract the Cube-Raot of 0,0547 56, whoſe 
Logarithm is F. 738432, as before. 

Then 3) 28.738432 (9.379477. This is the Logarithm of o, 3797, Ec. 
which is the Cube-Rcot of 0,0547 56, as was required. 

Once more; Suppoſe it were required to Extract the Second Surſelid Root or 
that of the Seventh Power, out of o, 54736, whoſe Logarithm is F. 738432, 
as above. 

Then 7) 68.7 38432 (9.819776. This is the Logarithm of o, 6603 5, Se. 
which is the Root required, Sc. * 

Thus far may ſuffice concerning the Nature and Uſe of the Table of Loga- 
rithms in general; which being a little conſidered of, it will be eaſy to Apply 
them to the following Calculations. 

CHAP. 


* 


* The Author ought to have given a demonſtration of this rule for dividing Logarithms of which 
the indexes, or characteriſticks are negative, and the decimal parts are affirmative, in order to find 
the ſquare-root, or the cube-root, or the ſeventh root, cr any other root, of a fraction. But theſe 
roots may be found without ſuppoſing any Logarithms to have negative numbers for their indexes, 


or characteriſticks, by proceeding in the manner following. 


If it be required to find the ſquare-root of the decimal fraction 0.05 4,7 56, let this fraction be 
multiplied by 100, or the ſquare of 10. And the product will be the number 5.4756; which is 
greater than 1, and therefore has a logarithm that is altogether affirmative, and is not compoſed of 
a negative whole number in it's index, and an affirmative decimal fraction. This logarithm will be 
0.738,432. 'herefore the logarithm of the ſquare-root of 5.4756 will be = . = 
0.369,216, which is the logarithm of the number 2.34. Therefore the ſquare-root of 5.4756 is 
2.34. But the ſquare-root of 5.4756, or of 100 * 0.054,756, is equal to 10 times the ſquare-root 
of the fraction 0.054,756. Therefore 2.34 will be equal to 10 times the ſaid ſquare-root ; and 


conſequently the ſaid ſquare-root will be = 205 = . 234. Q. E. Is | 


Secondly, if it be required to extract the cube- root of the ſame fraction 0,054,756, let the ſaid 
fraction be multiplied by 1000, or the cube of 10. And the product will be the number 54.756, 
which is greater than 1, and therefore has an affirmative logarithm. This logarithm will be 


1. 738,432. Therefore the logarithm of the cube-root of 54.755 will be = 1:738-433 = 


3 
. 579,477, which is the logarithm of the number 3.797. Therefore the cube-root of 54-756 is = 
3.797. But, ſince 54.756 is = 1000 x 0.054,756, it's cube-root will be = 10 times the cube- 
root of o. o 54, 756. Therefore 3.797 is = 10 times 4/30.054,756; and conſequently ,/0.054,750 


= $5997 5 
is — IS. = 0.3797. Q. E. I. 


Thirdly, if it be required to extract the 4th root of the ſame fraction o. 054, 56, let the ſaid 
fraction be multiplied by 10,000,000, or the 7th power of 10, And the product will be 547,560, 


which is a whole number, and therefore has an affirmative logarithm. This logarithm _ be 
$47 39,432- 
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CHAP. III. 


The Calculation of Queſtions in Simple Intereſt and Annuities ; performed both by 
| the Pen, and by Logarithms. 


BEFORE we proceed to the following Computations, it may be convenient 
to premiſe a few uſeful Things that will help to Explain and Shorten the 
Work. And, firſt, Of a few common Characters; Viz. 

+ + Signifies More, or the Affirmative Sign of Addition. 

— Signifies Les, or the Negative Sign of SubftraFicn. 

x Signifies Into or With, and is the Sign of Multiplication, 

= Signifies Equal to, or the Sign of Equality, 

Log. Denotes the Compleated Logarithm of any Number. 

And when the Ratio of the Rate of Intereſt is mentioned, it ſignifies only the 


Simple Intereſt of 11. for one Year, at any propoſed Rate of Intereſt per Cent. 
which may be thus found by the Rule of Three. | 


As 100: Is to 6:: So is 1: To 0,06, the Ratio of the Rate of 6 per Cent. 
per Annum. 


Or, As 100 : Is to 7 :: So is 1: To 0,07, the Ratio of the Rate of 7 per 
Cent. per Annum, c. 


The which may alſo be found by Logarithms. 


— — 


5. 738,432. Therefore the logarithm of the 7th root of the number 547,560 will be = 2 


7 
= 0.819,76, which is the logarithm of the number 6.6035 &c, Therefore the 7th root of 


$47,560 is = 6.6035 &c. But, ſince 547,560 is = 10,000,000 * 0.054,756 = Ic x 
0.054,756, it's ſeventh root will be = 10 times the 5th root of the fraction 0.054,756, Therefore 
©:6035 _ will be = 10 X „o. of 4,756, and conſequently /o. 054, 750 will be = 
.6035 &c 


10 
And, in like manner, if it be required to find the mth root of the ſame fraction 0,054,756, 
(n being any whole number whatſoever,) let the ſaid fraction be multiplied by 10”, and let the 
logarithm of the product 10 x 0.054,755 be found. Then divide this logarithm by : and the 
quotient will be the logarithm of the mth root of 10” x o. 054,756 and the number correſponding 
to this logarithm will be the ſaid mth root of 100 x 0.054.756. This number will be = 10 x 


= 0.66035 &c. Q. E. 1. 


Hub. of 4,7 56; and conſequently the 1cth part of it will be = a "0.054,7 56. 4 
And thus we may avoid all the myſteries of negative logarithms and arithmetical complements. 
F, M. 
4P2 Thus, 
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From the Legarithm of the given Rate of Intereſt, S«btraft the 
Thus, J Logariihm of 100 (viz. 2.000000), and the Remaindzr will be the 
Logarithm of the Ratio of that Rate, 


Example. 


Suppoſe the given Rate of Intereſt to be that of 6 per Cent. per Annun : 


'Then 


The Logarithm of 6 is 0.778151 
The Logarithm of 100 is 2.000000 


} Subſtract 


The Remainder is the Log. 5.778 151 of 0,06. 
That is, 0,06 is the Ratio of 6 per Cent. Cc. 


And thus may the Ratio of any other propoſed Rate of Intereft per Cent. be 
eaſily obtained. | 


But, becauſe it is the Logarithms of thoſe Ratios, that are of Uſe in the 
following Calculations relating to Simple Intereſt, I have here annexed a ſmall 
Table of ſeveral Rates of Intereſt, with their Ratios, and the Logarithms of 
thoſe Ratios. 


Rates of | Ratios | Logarithms* || Rates of | Ratios | Logaritbms 
Intereſt | of thoſe of thoſe Intereſt | of thoſe of thoſe 
per Cent. Rates. Ratios. per Cent. tes. Ratios. 

3 | 0,03 | 8.477121 | 7 | 0,07 | 8.545098 

4 | 0,04 | 8.602060 71 | 0,075 | 8.875061 

4% | 0,045| 8.653212 8 0,08 | 8.903090 

| 5 0,05 8.698970 8+ | 0,085 J. 929419 

31 | 0,055| 8.740363 9 | 0,09 | 8.954242 

6 0,06 | 8.778151 9+ | ©0,095| 8.977724 

6X | 0,065| 8.812913 || 10 [o, | 5,000000 


Theſe Things being premiſed, we may proceed to the following Work; and, 
firſt, of Money forborn-at any Rate of Simple Intereſt, &c.. 


Sxer. I. Of Simple Intereſt. 


In the Young Mathematician's Guide, Page 245, (from whence the following 


Rules are deduced,) I have made Uſe of Letters to denote the ſeveral Parts of 
the Queſtion, 


Viz, 
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P Signifies any Principal or Sum put to [ntereſt, 
vi T The Time of it's continuing at Intereſt. 
. % The Ratio of the Rate of Intercit per Cent. 
A 1he Amount of the Principal and it's Intereſt. 


Any three of theſe Parts being given, the other may be found by Help of 


this General 
Theorem, TRP + P = A. 
This Theorem admits of four Caſes, or Variety of Queſtions, 


Caſe 1. If P, 7, and R, are given, thence to find 4. That is, If any 
Principal, with the Time of it's being at Intereſt, and the Rate of Intereſt 
per Cent. per Aunum are given, To find the Intereſt, and the Amount. 


This Queſtion I take to be of the moſt general Uſe of any that Occurs in 
the whole Buſineſs of Simple Intereſt ; and may be perfcrmed thus: 


Fuſt, by Common Arithmetick. 


Multiply the Principal, the Time, and the Ratio of the Rate, all 
Rule. J three together ;, and their Product will be the Intereſt : To which Add 
the Principal, and the Sum will be the Amount required. 


Example. 
What Sum will $671. 10s. Amount. to in Nine Years, at the Rate of 6 per Cent. 
per Annum ? 


Here is given P 567,5, T = 9, and R = 0,06; to find 4; which, by 
the Rule, 1s done thus : | 


PN 8 FOR } Multi. % } Multiply 


Product 5107, 5 306, 45 = 306l. gs. 
That is, 306“. gs. is the Intereſt of 5671. 10s. for Nine Years : Then 
306l. gs. +- 567. 10s..= 8730. 19s. = A, the Amount required, 
The ſame performed by Logarithms.. 


To the Log. of the Principal, Add the Log. of the Time, and the 
Thus, 4 Leg. of the Ratio; their Sum will be the Log. of the Intereſt ; to which 
Add the Principal, &c. as above. 


That is, in the fame Example. 
Thus, P = 567, 5 it's Log. is 2.753966 
$0725 5 Aga 


ans T=0 it's Log. is 0.954242 
R = 0,06 it's Log. is 8.778151 


The Sum is the Logarithm 2. 2.486369 of 306,45. 
That 
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That is, 306“. 9s. is the Intereſt, as before, to which 
the Princip. $677. 108. being Added, 


the Sum is 873/. 197. = A, the Amount required, as above. 


Caſe 2. When A, T, and R, are given; to find P. That is, To find what 
Principal or Sum, being put to Intereſt any aſſigned Time, will amount to a 
propoled Sum in that Time, at any given Rate of Intereſt per Cent, per 
Annum, c. a, | 

| Firſt, by the Per only, 

| | Multiply the Time with the Ratio of the Rate, and to their Product 
Rule, 


Add 1. Then Divide the propoſed Amount by that Sum, and the Yuttient 
will ſhew the Principal required. 


Example, 
dat Principal er Sum of Money, being put to Intereſt for Nine Years, will 
Amount to (or Raiſe a Stock of) 8731. 198. at 6 per Cent, &c, ? 


Or thus; Suppoſe a Debt of 8731. 195. were not to be paid until Nine Years 
bence ; What would it be worth in Ready Money; the Creditor allowing the Rate of 
6 per Cent. Diſcompt to the Debtor ? 


In this Queſtion there is given, 4 = 873,95, T = 9, and R = 0,06; to 
find P. 


"nas. 7:= 9 f Then o, 54 + 1 = 1,54 
R = 0,06 } A And 1, 54) 873,95 (367,5 = P. 


Product 0,54 | 
That is, 567,5 = $5677. 10s. is the Principal (or Ready Money) required. 
The ſame may be performed by Logarithms. 


Add the Log of the Time to the Leg. of the Ratio of the Rate, and 

Th to the Number found by their Sum Add 1. Then if the Log. of that 

us, J Sum be Subſtracted from the Log. of the propoſed Amount, there will 
Remain the Log. of the Principal required, 


That is, in the ſame Example, 


Thus, T = 9 it's Log, is 0.954242 } Add 
And R= 0,06 it's Log. is 8.778151 


The Sum is this Logarithm, 9.732393 of 0,45. To which Adding 1, it 
will become 1,45. 


Then 
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Then A = 873,95; it's Log. is 2.941487 
And 1,54; it's Log. is 0.187521 Subſiract 


Remains the Logarithm 2.7 53966 of 567,5 = P. 
That is, 567/. 10s, is the Principal required by the Queſtion, as above. 


Caſe 3. Suppoſe P, 7, and A, were given; to find R, viz. Having any 
Principal, with the Time of it's being at Intereſt, and the Sum it is propoſed to 
Raiſe, or Amount to, in that Time, given; thence to find the Rate of Intereſt 


per Cent. per Annum, 
Firſt, by the Pen only. 


If the Difference between the propoſed Amount and the Principal, be 
Rule. 4 Divided by the Product of the Principal Multiplied into the Time, the 
Quotient will ſhew the Ratio of the Rate of Intereſt required, 


Example, 

At what Rate of Intereſt per Cent. will 5671, 10s. Raiſe a Stock, or Amount to 
8731. 198. in Nine Years Time? 

Here is given P = 567,5, T = , and A = 873,95; to find R; which, 
by the Rule, 1s 

Thus, 873,95 — 567,5 = 306,45, the Dividend. 
And 567,5 X 9 = $5107,5, the Diviſer. 
Then 5107,5) 306,45 (0,06 = R, the Ratio of the Rate of Intereſt. 


And As 1 : Is to o, o6 :: So is 100: To 6, the Rate of Intereſt per Cent. 


Sc. as was required, 
Or, by Logarithms, 


From the propoſed Amount Subſtract the Principal Cas above) ; then 
Thus. 4/799" the Leg. of the Remainder Subftraft the Sum of the Logarithms of 
? |} #he Principal and the Time: and there will Remain the Log. of the Ratio 

of the Rate, &c, 


That 1s, in the ſame Example, 
873,5 — 567,5 = 306,45 ; it's Log. 2.486359 
And P = 56, 5; it's Logarithm is 2.753966 Add 
1 it's Logarithm is 0.954242 


From the firſt Logarithm Subſtract this Log. 3. 708 208 


And there remains the Logarithm 5.778 151 of 0,06. 


Mig ſhews the Rate of Intereſt to be 6 per Cent. per Annum, as before by 
the Pen, 


4 Caſe 4. 
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Caſe 4. Having P, R, and d, given; to find T. That is, To find the 
Time in which any given Principal will amount to, or Raiſe, any propoſed Sum 
the Rate of Intereſt per Cent. being alſo given. ; 


Firſt, by the Pen only. 


If the Difference between the propoſed Amount and the Principal, le 
Rule. 4 Divided by the Product of the Principal Multiplied into the Ratio of the 
Rate; the Quctient will ſhew the Time required, | 


Example. - 


In what Time will 5671. 10s. Amount to (or raiſe a Stock of) 8731. 198. at 
6 per Cent. per Annum ? 


In this Queſtion, there is given 
to find T; which is done thus: 


Firſt, 873,95 — 567,5 = 306, 45, the Dividend. 
And 567, 5 x 0,06 = 34,05, for the Diviſor. 


Then 34,05) 306, 45 (9 = 7, the Time; Viz. Nine Years will be the 
Time required. ANNE | 


P ="$67,5, & = 0,06, and A = 873,95, 


The ſame performed by Logarithms. 


From the propeſed Amount Subſtract the Principal (as before); Then 
Thus from the Logarithm of the Remainder Subſtratt the Sum of the Loga- 
J] rithms of the Principal and Ratio of the Rate; and there will remain 

the Logarithm of the Time, * 


That is, in the Laſt Example; 
Thus, 873,95 — 567,5 = 306,45 ; it's Log. 2.4863 59 


P = 567, 5; it's Logarithm is 2.753966 Add 
R = 0,06; it's Logarithm is $.778151 


From the firſt Logarithm Subſtract this Log. 1.5321 17 


There remains the Logarithm of 9 = T, 0.954242 
Which ſhews, that the Time ſought is juſt Nine Years, 


If the Work of theſe Four Examples, and the Rules by which they are 
performed, be well underſtood, they will be ſufficient C nolꝛuilhhſtanding there is 
really but One Queſtion, only it is varied according to the ſeveral Caſes, ) to ſhew 
how any Queſtion of the like Kind may be truly Reſolved, ar any propoſed 
Rate of Simple Intereſt, .and for any aſſigned Time; eſpecially if the Time 
given (or ſought) does conſiſt of Compleat or Whole Years, 


9 


But 
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But if the Time given (or ſought) does not conſiſt of Whole Years, (as moſt 
generally it does not, it being either Leſs than a Year, or Years, and ſome 
Parts of a Year, as Weeks, Months, or Quarters, &c,) Then the odd Time, 
leſs than a Compleat Year, muſt be Reduced (or Converted) into Decimal 
Parts of a Year (per Sect. V. p. 652.) And, unleſs ſuch Parts of a Year chance 
to be juſt 2, 4, or + of a Year, then the beſt Way will be to reduce the Odd 
Time into Davs, and then work with the Decimal Parts of a Year that are 
equivalent to that Number of Days, 


And for the eaſy and ready finding out of the true Number of Days that are 
contained between any Two aſſigned Times leſs than a Year, and the Decimal 
Parts of a Year that are equal to thoſe Days, I have here inferted Two ſmall 
Tables, 


The Uſe of the following Table of Months and Days, is no more but thus: 
Find the firſt propoſed Month at the Top, or Head, of it's reſpective Part of 
the Table; and in the ſame Column under it, look for the other Month; and 
by it ſtands the Number of Days required, according to the Title of the 
Table, 


As, for Example; From the 1ſt, 5th, 1oth, 17th, or any other Day in 
April, To the 1ſt, 5th, 10th, 17th (viz. to the ſame) Day in December, is juſt 
244 Days. 


Or, from the 4th, 7th, or 12th, c. of October, To the 4th, 7th, or 12th, 
Sc. of Auguſt, is jult 304 Days. And ſo the true Number of Days that are 
between any Two of the ſame Days in the propoſed Months, may be found by 
Inſpection only. 


But if the Two given Days of the Month are different, then their Difference 
| muſt be Added to the Number found in the Table: As, ſuppoſe, between the 
4th of Ocber, and the 25th of Auguſt. Here, becauſe the 25th of the one 
Month, 1s 21 Days more than the 4th Day of the other Month ; therefore the 
Number of Days required will be 304 + 21; viz. 325 Days, and ſo for any 
other Two Months and Number of Days in any propoſed Time throughout the 
Year; as in this Table. 


Vor. V. 4Q ; 1 Table 
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25 | A Table that ſhews, by Inſpection only, the true Number of Days, 
4 rem every Day in any Month, to the ſame Day in any other 
| Month, throughout the whole Year. 
January | February | March April May June 
Feb. 31 Mar. 28 Apr. 31 May 30 | June 31 | July 30 
Mar. 59 Apr. 59 ay 61 June 91 July 61 | Aug. 61 
Apr. 9o May 89 | June 92 | July 91] Aug. 92 | Sep. 92 
May 120 | June 120 | July 122 | Aug.122 | Sep. 123 | OR. 122 
June 151 | July 150 Aug. 153 | Sep. 1 $3 Oct. 1 $3 Nov. 1 $3 
July 181 | Aug. 181 | Sep. 184 | Oct. 183 | Nov.184 | Dec. 183 
Aug.212 | Sep. 212 | Ott. 214 Nov.214 | Dec.214 | Jan. 214 
Sep. 243 | Oct. 242 | Nov.245 | Dec. 244 | Jan. 245 | Feb. 245 
Oct. 273 | Nov.273 | Dec, 275 | Jan. 275 | Feb. 276 | Mar. 273 
Nov. 304 | Dec. 303 | Jan. 306 Feb. 306 Mar. 304 Apr. 304 
Dec. 334 | Jan. 334 | Feb. 337 | Mar. 334 MPF: 335 May 334 
Jan. 365 | Feb. 365 | Mar. 365 | Apr.365 ay 365 | June 365 
July Auguſt September| October |November| December 
Aug. 31 | Sep. 3: | Oct. 3o | Nov. 3: | Dec. 3o | Jan. 31 
Sep. 62 | Oct. 61 Nov. 6z | Dec. 6i Jan. 61 | Feb. 62 
Oct. 92] Nov. 92 | Dec. 91] Jan. 92 | Feb. 92 Mar. go 
Nov. 123 | Dec. 122 Jan, 122 | Feb. 123 | Mar.120 | Apr. 121 
Dec. 153 | Jan, 153 | Feb. 153 Mar. 151 Apr. 151 May 151 
Jan. 184 | Feb. 184 | Mar.181 | Apr. 182 May 181 | June 182 
Feb. 215 Mar. 212 Apr. 2122 May 212 | June212 | July 212 
Mar. 243 Apr. 243 | May 242 | June243 | July 242 | Aug. 243 
Apr. 274 | May 273 | June27g | July 273 | Aug. 273 oy 274 
May 304 | June 304 | July 303 | Aug. 304 22 2 304 | Oct. 304 
June 335 | July 334 | Aug. 334 Sep. 335 | Oct. 334 Nov. 335 
July 365 | Aug. 365 | Sep. 365 | Oct. 36g | Nov. 365 | Dec. 365 


Equal to any Number of Days, &c. 


A Table for the ready finding the Decimal Parts of a Year, 


Days. Dec. Parts. | Days. Dec. Parts. | Days. Dee. Parts. 
1 = 0,002740 | 10 = 0,027397 | 100 = 0,273973 

| 2 = 0,005479 | 20 = 0,054794 | 200 = 0,547945 
3 = 0,008219 | 30 = 0,082192 | 300 = o, 821918 
4 = 0,010959 | 40 = o, 109589 | 365 = 1,000000 
5 = o, oi 3699 | 50-= , 136986 — — 
6 = 0,016438 | 60 = o, 164383 [Ma Near = 0,25 
7 = 0,019178 | 70 = o, 191781 [+ @ Year = o, 5 
8 = 0,021918 | 80 = 0,219178 |+of a Year = 0,75 
9 = 0,024657 | go = 0,246575 


BOTH SIMPLE AND COMPOUND, 671 


The Uſe of this Table is thus : 


If the propoſed Number of Days can be exactly found in the Table (under 
Days), their Decimal Parts are alſo found againſt them by Inſpection only. 


But if the true Number of Days cannot be exactly found there, then both 
they, and their Decimal Parts, muſt be collected out of the Table at twice, 
or thrice, according as their Number requires, 


As, for Example: Suppoſe it were required to find the Decimal Parts of a 
Year equal to 135 Days? 
Days. Dec. Parts. 


100 = 0,273973 
Then | 30 = 0,092192 Add all theſe together. 
5 = 0,013699 


Hence 13 5 = 0,3698654 the Decimal Parts required. 


And thus may the Decimal Parts of a Year, equivalent to any given Number 
of Days, be very eaſily found to Six Places of Figures; but, for Common 
Buſineſs, it may ſuffice to work with only Four of thoſe Places; and in ſmall 
Sums, 2, or 3 Places (according to Diſcretion) may be near enough to the 


Truth, 


Or the Decimal Parts, equivalent to any given Number of Days, may be 
found by the Logarithms. 


From the Log. of the given Number of Days Subſtract the Log. of 
Thus, J 365 Days (viz. 2,562293), and there will remain the Log. of the 
Decimal Parts equal to that Number of Days. 


Example. 


Let it be required to find the Decimal Parts of a Year equal to 135 Days; 
as before. 


Here is given 135; it's Logarithm is 2.130334 
Days in a Year 365; it's Logarithm is 2.562293 5 — 
And there remains the Logarithm 9. 56804 1 of o, 369863, the Decimal 
Parts equal to 135 Days, Cc. as above. 5 
Theſe Things being underſtood, it will be as eaſy to Calculate any Queſtion 


relating to any of the foregoing Caſes, when the Time given, or ſought, is 
either Leſs than a Year, or Years and Parts of a Year; as it 1s for thoſe in 


Whole Years only. 


4Q2 R As, 
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As, for Inſtance, in Caſe 1. Suppoſe it were required to find What Sum 
780l. 153, would Amount to in 3 Years and 179 Days, at Five and a Half 


per Cent. ? 


In this Queſtion there is Sr P = 780,75, R = 0,055, and T = 3,4904, 
found by the Table. 


Thus, Three Years = 4.000000 


100 = 0,273973 
Days | 70 = 0,191781 * 
9 = o, 24657 


Hence 3 Years and 179 Days is = 3, 490411 = T. 


Then P = 780,75; it's Log. 2.892512 | 
T = 3, 4904; it's Log. 0.542875 þ Add 
R = 0,055 3; it's Log. 8.740363 


The Sum is the Logarithm 2.17 5750 of 149, 88. 


That is, 149,88 = 149. 17s. 74. is the Intereſt. 
To which Add the Principal 780. I 55. od. 


And the Sum is 930l. 125. d. the Amount required. 


Again, That I may make all as plain as I can, take an n in Caſe 4, 
viz. To find the Time. 


Let it be required to find, In what Time 780l. 15s. would Amount to the Sum 
of 930l. 125. 7d. at the Rate of 5% per Cent. per Annum ? 


In this Example there is given 4 = 930,63, R = 0,055, and Pg 780,75; 
to find 7: Which is done thus: 


930,03 — 780, 75 = 149,88; it's Log. 2.175750 


And P = 780,75 ; it's Log. —— 42 
R = 0,055 3 it's Log. 8.740363 


From the firſt Logarithm Subſtract this Log. 1.632875 
And there remains the Log. 0.542875 of 3. 4904. 


That is, 3 Years, and 0,4904 Decimal Parts of a Year. But 0,4904 are = 
179 Days, per Rule in Page 653, Conſequently 3 Years and 179 Days is the 
Time required by the Queſtion, 


Or the Decimal Parts of a Year may be otherwiſe Reduced into Days, by 
the Help of the laſt Table ; As 
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As in this Example ; From 0,4904 the given Parts of a Year, 
Take the next leſs Tabular Number 0,2740 = 100 Days, 


There remains o, 2164 
Again, From the Remainder take o, 1918 = jo Days. 


And there remains this o, 240 = 9g Days. 
So that o, 4904 Parts of a Year are = 199 Days, by the Table, Sc. as before. 


Or the Decimal Parts of a Year may be Reduced into Days by the Lo- 


garithms; 


To the Logarithm of the propoſed Parts Add the Logarithm of 365, 
Thus, 4 the Days in a Common Year, and the Sum will be the Logarithm of 


the Days required. 


For Inſtance, In the Laſt Example, wherein 


The given Decimal Parts are o, 4904; it's Log. 9.690550 Add 
The Days in a Lear are 365; it's Log. 2.562293 


The Sum is this Logarithm 2.252843 of 179, &c.. 


Sker. II. Of Annuities, or Penſions, &c. in Arrears, Computed at Simple 
Intereſt. | 


I sHALL here make Uſe of the ſame Letters to denote the ſeveral Parts of 
the Queſtion, as in the aforelaid Young Mathematician's Guide, Page 248, 
Viz, 
U Denotes the Annuity or c Penſion, Sc. viz, either Yearly, Half-Yearly, or 


Quarterly Rents, 
T The Time of it's being unpaid ; viz, the Number of all the Payments 


that are in Arrear. 

A The Amount of the Annuity and i it's Intereſt, viz. the Sum of all the 
Arrears due. 

R The Ratio of the Rate, viz. the Intereſt of 1/7. as before. 


— TR A . 
Then will { = 


c +a this Equation are deduced. the following Rules, which admit of Four 
ales, 


Note. 
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Note. I do bere take it for granted, that the Reader doth by this Time very wel! 
know how to perform Multiplication and Diviſion of any given Numbers by 
Logarithms (as directed in Chap. Il. and prafiiſed in all the Examples of the 
Laſt Section). And therefore I ſhall, for Brevity's Sake, omit ſetting-down in 
Words at Length (as in the La#i Section) how the following Caſes are to be 
Reſolved by Logarithms ; that Work being ſo eaſily underſtood, by having a due 
Regard to their reſpefive Rules, that it ſeems to me to be wholly needl:ſs to 
repeat in Words how it is to be dove ; but it will be ſufficient only to jet down the 
Work, at large, of all the Examples, according to the Import of their reſpefive 
Rules, by which they are Computed with the Pen only, 


Caſe 1. Having U, T, and R, given; to find . That is, If any Annuity, 
or Rent, with the Time off it's being Unpaid, and the Rate of Intereſt per 
Cent. be given; thence to find what Sum all thoſe Arrears will Amount to in 
that Time; allowing any aſſigned Rate of Simple Intereſt, for every particular 
Payment as it becomes due. 


Multiply the Time, the Time leſs 1, and Half the Ratio of the Rate, all 
Rule. lar together, and Io their Product Add the Time; Then Multiply that 
Sum with the Annuity: and the Product will ſhew the Amount required. 


Example, 


Suppoſe 3561. Annuity, or Yearly Rent, be forborn, or unpaid, for Nine 
Years; What Sum will all thoſe Arrears amount to in that Time, allawing 6 per 
Cent. per Annum Jntereft for each Payment, as it becomes due? 


In this Example there is given U = 356, T = 9g, and R = 0,06; to find A. 
Firſt, by the Pen only. | 
Let the Work be prepared thus, g — 1 = 8, and R = 0,03. 


Then 9 & 8 = 72; and 72 x 0,03 = 2,16; to which Adding the Time, 
it will be 2,16 + 9 = 11,16. And 11,16, Multiplied with 356, is 3972,96 
= A. 


That is, 39721. 19s. 22d. will be the Amount, as was required. 


The ſame performed by Logarithms. 


Firſt, 7 = g; it's Logarithm is 0.954242 
And T—1=8; it's Logarithm is 0.903090 þ Add 
Again, ZR = o, og; it's Logar. is 8.477121 


Their Sum is the Logarithm 0:334453 of 2.16. 


Then 2,16 + 9 = 11,16; it's Logarithm is 1.047664. 
— 1 2 a Add 


356; it's Logarithm is 2.551450 


The Sum is the Logarithm 3.599114 of 3972,96. _ 
at 
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That is, 3972/. 195. 21d. is = 4, the Amount, or Sum, of all the Arrears, 
as before by the Pen, 


Caſe 2. When A, T, and R, are given; to find U. That is, To fiad what 
Annuity, or Yearly Rent, being forborn, or unpaid, for any afltigned Time, 
will Amount to a propoſed Sum, allowing any given Rate of Intereſt per Cent. 
for every Payment as it becomes due. 

Multiply the Time, the Time leſs 1, and Half the Ratio of the Rate, 

Rule all three together ; and to their Produft Add the Time (as before). Then 

I Divide the propoſed Amount by that Sum: and the Quotient will ſhew the 
Annuity, or Yearly Rent, required. 


Example. 

Suppoſe it were required to find, That Annuity, or Yearly Rent, will Amount to 
(or raiſe a Stock of) 39721. 198. 22d. allowing 6 per Cent. for every Payment, as it 
becomes due? 

In this Queſtion there is given A = 3972,96, T = 9, and R = 0,06; to 
find U; which may be thus done, 

Firſt, by the Per only ; Thus, 

The Work prepared is 9g — 1 = 8, and 3R = 0,03. Then 9 x8 = 72, 
and 72 Xx ©,03 = 2,16; which, being added to the Time, is 9 + 2,16 =- 
11,16 for a Diviſor. 

Then 11,16) 3972,96 (356 = U. 
Viz. 3561. will be the Yearly Rent required. 


The ſame performed by Logarithms, 


Thus, T = 9; it's Logarithm is 0.954242 
T—1=8; it's Logarithm is 0.903090 þ Add 
And R = o, og; it's Logarithm is 8.477121 


The Sum is the Logarithm 0.334453 of 2, 16. 
Again, A = 3972, 96; it's Logarithm is 3.599113 
And 9g+2,16=11,16; it's Logarithm is 1.047664 Subſtract. 


There remains the Logarithm 2.551449 of 356 = U.- 
That is, 3564, is the Annuity, or Yearly Rent, as before. 


Caſe 3, When U, A, and R, are given; to find T. That is, To find the 
Time in which any Annuity, or Yearly Rent, being forborn or unpaid, will 
Amount to any propoſed Sum; allowing any given Rate of Intereſt per Cent, 
c. for each Payment, as it becomes due. 


5 Rule. 
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Subſtraft the Ratio of the Rate from a; then Divide the Remainder 3 


| 7wwice the Ratio, and call the Quotient x. 
Next, Square that Quotient (viz. Multiply it with itſelf), and call Hat 


| Square xx. 
Rule, : Then Divide Twice the propoſed Amount by the Product of the Annuity 
I Multiplied with the Ratio, and to the Quotient Add the Square Number 
called xx Then Extract the Square Root of that Sum, and from tha! Root 
Subſeract the Number called x, and the Remainder will ſhew the Time 


ought. 
Example. 


That Time will 3561. Nearly Rent require lo raiſe the Sum f yu 198. 22d. 
at 6 per Cent. &c. for each Payment as it becomes due! 


In this Queſtion there is kay U ='356, R = 0,06, and 4 = 3972,96 ; 
to find T. 
And, firſt bs the Pen only, 
iſt, 2 — 0,06 = 41,94, and 2K = 0,12) 1,94 (16,166 = x, 
Next, 16,166 X 16,166 = 261,361, the Number called xx. 
Then 24 = 7945,92, and 356 Xx 0,06 = 21,36. 
And 21,36) 7945,92 (372, oog. 


Then 372,003 + 261,361 = 633 364, whole Square Root is 25,166, 
Laſtly, 25,166 — 16,166 leaves 9 = T; Viz, 9 Years, is the Time required 
by the Queſtion, 


The ſame found by Logarithms., 


Firſt, 2 = 0,06 = 1, 94; it's Log. o. 287 802 
And 2R = o, I2; it's Logarithm is 9.079181 Subſtract 


There Remains the Logarithm 1.208621, of 16, 166, called 1 
Multiplied with 2 


The Product is the Logarithm 2.417242 of 261,361, called xx. 
Again; 24 = 7945, 92; it's Logarithm . 


And U= 356; it's Logarithm is 2.551449 } 
R = 0,06; it's Logarithm is 8.778151 Add 


From the 1ſt Logarithm Subſtract this Log. 1.329600 
And there Remains the Logarithm 2.570545 of 372,003. 


Then 372,003 + 261,361 = 633, 264; it's Log. 2.801585 
The Half of that Logarithm is 1.400792 


Laſlly, 
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Laſtly, the Number which belongs to the Half Logarithm is 


25,166 From which Subſtract the Number called 
x = 16,166 | | 


Remains 9,000 = T; the Number of Years ſought, &c. 


Caſe 4. If U, T. and A, are given; To find R. That is, Having any 
| Annuity, or Yearly Rent, with the Time of it's being Unpaid, and the Sum 
it is propoſed to Amount to in that Time given; Thence to find, what Rate of 
Intereſt per Cent. muſt be allowed for every Payment, as it becomes due. 


| Multiply the Annuity with the Time, and Multiply that Produtt with 
the Time again; And make Half the Difference of thoſe Two Produtts a 
Rul Diviſor. 
Next, Subſtraft the firſt Produ# from the propoſed Amount; then 
Divide the Remainder by the aforeſaid Diviſor. And the Quotient will be 
the Ratio of the Rate of Intereſt required. 
Example, 


Suppoſe 3561. Yearly Rent, being forborn, or unpaid, Nine Years, be propoſed to 
Raiſe the Sum of 39721. 198. 22d. What Rate of Intereſt per Cent. muſt be 
allowed for every Payment, as it becomes due ? 


In this Queſtion there is given U = 356, T = 9, and 4 = 2,96 ; to 

find N. Which may be this ond, A 8 i 
Firſt, by the Pen only. 

Thus, 356 x 9 = 3204; and 3204 x 9 = 28836. 

Next, 28836 — 3204 = 25632 ; it's Half is 12816 for the Diviſor. 

Ard 3972,96 — 3204 = 768,96, for the Dividend. 

Then 12816) 768,96 (0,06 = R, the Ratio. 

And it will be, As 1: is to 0,06 :: So is 100: To 6, the Rate of Intereſt 
per Cent, Fe, as was required, 


The ſame may be done by Logarithms. 


Thus, US 356 - It's Log. 2.551450 : 
And T=9; it's Log. 0.954242 } Add theſe two Logarithms together. 


Their Sum will be 3. 505692; it's Number is 3204 
To this Sum Add the Logar. 0.954242 


Their Sum is 4.459934; it's Number is 28836 


The Difference of theſe Two Numbers is 25632 
And the + of 25632 is 12816 for the Diviſor, 
Vol. V. 4 R From 
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From A = 3972, 96 take the 1ſt Number 3204, — 


and there remains 768,96 ; it's Logarithm 2.885904 J Gn 
and 12816, the Diviſor ; it's Logarithm 4.107752 


There Remains the Logarithm 5.778 152 of 0,06 = R. 
Then 1: 0,06 :: 100: 6, the Rate of Intereſt per Cent, &c. 


Thus you have all the Four Caſes relating to Annuities, or Rents, Fc. in 
Arrears, with their Examples in Yearly Payments. But if the Annuities, or 
Rents, are to be paid by Half-Yearly, or Quarterly Payments, as molt gene- 


rally they are, 
Then, 


1. Inſtead of the Ratio of the given Rate of Intereſt, you muſt take the 
+ of that Ratio for Half- Vearly Payments, and the + of it for Quarterly Pay- 
ments, Cc. | 


2. And you muſt take the T of the Yearly Rent for Half-Yearly Payments, 
and the = of it for Quarterly Payments, &:. ; 


3. But, inſtead of the propoſed Number of Years, you muſt take Twice 
that Number for Half-Yearly Payments, and Four Times that Number for 
Quarterly Payments, Cc. As in the following Examples. 


Examples in Half- Yearly Payments. 


Suppoſe 3561. per Annum Annuity, payable every. Half-Year, were forborn, or 
anpaid, Nine Years ; What wcu'd all thoſe Arrears Amount to, at the Rate of 6 per 
Cent. per Annum, &c. ? | 


In this Queſtion there is given U = 178, viz. the + of 356“.; R = o, oz, 
the T of the Ratio of 6 per Cent.; and T = 18, wiz. 9 X 2, the Number of 
Half-Years in Nine Years : Thence to find' A (per Rule at Caſe 1.) 


Firſt, to Prepare the Work, 18 — 1 = 17; and *R = 0,015. 


Then 18 x 17 = 306; and 306 x 0,015 = 4.59. To which Add the 
Time, viz. 4,59 + 18 = 22,59. And then 22,95 x 178 gives 4021,02 = 4, 
the Amount or Sum of all the Arrears, as was required, 


The ſame Example in Quarterly Payments. 


That is, 3561. a Year, to be paid every Quarter, being forborn Nine Years, 
What Sum will it Amount to, allowing 6 per Cent, &c. for every Payment, as it 
becomes due ? | 


Now here it will be U = 89, viz. the + of 356/.; N = 0,015, viz. the 
of 0,06, the Ratio of the given Rate per Cent, Wc. ; and T = 36, viz. 9 & 4, 
the Number of Quarters in Nine Years : Thence to find A, as before. - 

0 
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To Prepare the Work, 36 — 1 = 35; and R = 0,0075. 
Then 36 X 35 = 1260; and 1260 X 0,0075 = 9, 45; to which Add the 


Time, viz. 9,45 + 36 = 4545, and then 45,45 X 89 gives 4045,05 = A, 
the Amount or Sum of all the Arrears at Quarterly Payments. 


By comparing the Work of theſe Two Examples with that in Page 674, it 
may be obſerved, That Halt- Yearly Payments are more advantageous than 
Yearly Payments; and Quarterly are yet more advantageous than Halt. Yearly: 


For Yearly Payments Amount but to 3972/. 195. 24. 
But Half-Yearly Payments Amount to 4021/. oog. 374. 
And Quarterly Payments Amount to 404 5/. 015. ood. 


It the Two laſt Examples be well conſidered and underſtood, it will be eaſy 
to conceive how to Compute any Queſtion 1n the other Three Cafes, when the 
Payments are either Half-Yearly, or Quarterly; and therefore I ſhall omit 
inſerting Examples, and proceed to the next Section, 


— — 


Szer. III. The Preſent Worth of Annuities and Penſions, &c. Computed at 
| Simple Inter. 


In this Section I ſhall make Uſe of theſe Letters to denote the ſeveral Parts 
of the Queſtion : 
U Denotes the Annuity or Rent, 
Viz. 


T The Time of it's Continuance, As before, 
R The Ratio of the Rate of Intere/t, 


And P Denotes the Preſent Worth of the Annuity. 


Then TTRU — TRU + 2TU = 2P + 2TRP. 
(Vide the aforeſaid Young Mathematician's Guide, Page 251.) 


And from this Equation are deduced the following Rules, which alſo admits 
of Four Caſes, as in the laſt Section. 


Caſe 1. Having U, T, and R, given; To find P. 


That is, Having any Annuity, or Yearly Rent, and the Time of it's Con- 
tinuance, given; To find the Preſent Worth of that Annuity, or Leaſe, Se. 
allowing any given Rate of Simple Intereſt per Cent, to the Purchaler for his 
Ready Money. 

Multiply the Time, the Time leſs 1, and Half the Ratio of the Rate, all 
(ure together, and to their Produ#t Add the Time; Then Multiply that 
Rule. & Sum with the Annuity, (So far the Work is juſt the ſame as in the laſt 
| Sitio ) Then Divide that Product by the Product of the Ratio into the 

Time, Added to 1, and the Quotient will ſhew the Preſent Worth required, 


4R2 Example. 


680 MR, JOHN WARD'S KEY TO INTEREST, 


| Example. 

Suppoſe a Leaſe of 250). per Annum, the Rents to be paid Half-Yearly, were 10 
be Leit for 21 Years ; What may the Preſent Worth of that Leaſe be, at the Rate 
ef 5 per Cent, &c. > | | 

In this Queſtion there is given U = 125, viz, the + of 250; N = 0,025, 
the = of 0,05, the Ratio of 5 per Cent.; and T = 42 (viz. 21 x 2), the 
Number of Half-Years in 21 Years; To find . 

' Firſt, the Work Prepared ſtands thus, 42 — 1 = 41; and IR = 0,0125. 

Then 42 x 41 = 1722; and 1722 X Q,0125 = 21,525. Next, 21,525 
+ 42 = 63,525 ; which, Multiphed with 125, the Halt-Yearly Payment, is 
7940, 525 for the Dividend. 

Again, 42 X 0,025 = 1,05, and 1,05 + 1 = 2,05, for the Diviſor. 

Then 2,05) 7940, 625 (3873,4750 = P. 

Viz. 38731. gs. 6d. will be the Preſent Worth of ſuch a Leaſe, as was 

required, 


The ſame performed by Logarithms.. 
Firſt, T = 42; it's Logarithm is 1.623249 
And T —-1=41; it's Logarithm is 1.612784 þ Add 
R = 0,0125; it's Logarithm is F 096910 
The Sum 1s the Logarithm 1.332943: of 21,525. 


And 21,525 + 42 = 63,525 ; it's Logarithm is 1.80294 5 Add 
U=125; it's Logarithm is 2.096910 


The Sum is 3.899855, the Logarithm 
of the Dividend. 


Again, T = 42; it's Logarithm is 1.623249 py 4 
And R = 0,025; it's Logarithm is F. 397940 | 
The Sum is the Logarithm 0.021189 of 1,05. 

And 1,05 + 1 = 2,05, for the Diviſor. 


Then the Logarithm of the Dividend is 3.899855 
And the Logarithm of 2,05, the Diviſor, is 0.311754 } Subſtract 


— — 


There Remains the Logarithm 3.588101 of 3873,47. 


That is, 38731. gs. 43d. is here found to be the preſent Worth of that An- 
nuity ; as before, Fer, 


Caſe 2. When P, T, and R, are given; to find C. Yiz. To find hat An- 
nuity, or Leaſe, &c. may be Purchaſed for any propoſed Sum, to continue any 
aſſigned Time, and at any given Rate of Intereſt. 


5 


Rule. 
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Multiply the Time, the Ratio of the Rate, and the Preſint Mortb, 
| (viz. the Purchaſe Money,) all three together ; and lo their Product 
Add the Preſent Worth ; make that Sum a Dividend. 

Rule, 1 Then Multiply the Time, the Time leſs 1, and Half the Ratio 
together ; and to their Produ Add the Time ; make that Sum a Di- 
viſor ; the Quotient ariſing from thence will ſhew the Annuity, or Rent, 
required, | 

| Example. 


What Aunuity, or Rent, to be paid Half-Yearly, and to continue 21 Years, may be 
purchaſed for the Sum of 38731. 9s. 6d. at the Rate of 5 per Cent.? 


In this Example there is given P = 3873, 475 T = 42, viz. 21 x 2, the 
Half-Years in 21 Years; and R = 0,025, the + of the Ratio 0,05. of 5 per 
Cent.; To find U, the Half-Yearly Rent. 


The Work prepared is 42 — 1 41; and 2K = 0,0125. 

Then 3873,478 X 40 = 162685, 95, and 162685, 95 X 0,025 gives 
4067, 14875; and 406), 14875 + 3873, 475 = 7940, 62375, for the Di- 
vidend. | 

Again, 42 & 41 = 1722, and 1722 X 0,0125 = 21,525, and 21,525 + 
42 = 63,525,. for the Diviſor. 

Then 63,525) 7940, 62375 (125 = U, the Half-Yearly Rent; conſe- 
quently 125 Xx 2 = 350. will be the Annuity or Rent per Aunum, as was 
required. 

g The ſame done by Logarithms. 

Firſt, P = 3873, 475; it's Logarithm is 3.588101 
And F = 42; it's Logarithm is 1.623249 Add 
R = 0,0125; it's Logarithm is $.397940 
The Sum is the Logarithm 3.609290 of 4067,15. 
And 4067,15 + 3873,475 7940, 625, the Dividend. 
Again, 7 = 42; it's Logarithm is 1.623249 
7 — 1 2 41; it's Logarithm is 1.612784 | Add 
And zA = 0,0125; it's Logarithm is F.o96910 


The Sum 1s the Logarithm 1.332943 of 21,525. 
And 21,525 + 42 = 63,525 for the Divifor, 


Then the Dividend 7940, 625; it's Logarithm is 3.8998 54 
The Diviſor 63,525; it's Logarithm is 1.802945 | Subtract 


— 


There remains the Logarithm 2.096909 of 125. 


Viz. 1251, is the Half. Vearly Rent, Fc. as before. / 
| Caſe 3. 
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Caſe 3. When U, P, and R, are given; To find 7. That is, when any 
Annuity, with it's propoſed Value or Purchaſe, and the Rate of Intereſt per 
Cent, are given; Thence to find how Long the Purchaſer ought to enjoy it. 


To the Preſent Worth Add Half the Annuity ; then Multiply that Sun 
with the Ratio, and Subſiratt the Preduft from the Annuity ; They 
Divide the Remainder by the Product of the Annuity Multiplied with the 
Ratio, and call the Quotient x. 

Next, Square that Quotient (viz, Multiply it with itſelf), and call that 
Square xx. 

: Then Divide the Preſent Worth by the ſame Diviſor, viz, by the 
Product of the Annuity into the Ratio; and to Twice that Quotient Add 
| the Square Number called xz; Then Extra the Square Root of their 
Sum, and from that Root Subſtra? the Number called x; The Remainder 
| coil ſhe do the Time ſought. 


Exam ple. 


Suppoſe one would Lay out 38731. 9s. 6d. Ready Money for an Annuity of 2 fol. 
per Annum, to be paid by Half-Yearly Payments; How long may he enjoy that 
Annuity, to be allowed but 5 per Cent, per Annum, Simple Intereſt, for his Money? 


AS 


Rule, 


Or thus, which is the ſame Thing: 


In what Time will 2501. per Annum Pay off a Debt of 38731. gs. 6d. by 
Half. Yearly Payments, allowing the Creditor 5 per Cent, Intereſt for his Money, 


until the Debt be Diſcharged ? 


In this Queſtion there is given P = 3873,475; U 12 5, Viz, the Halt- 
Yearly Payments; and R = 0,025, viz. the + of the Ratio of 5 per Cent. 
Thence to find 7, the Number of Half. Years. 


Firſt, 2U = 62,5, and 62,5 + 3873,475 = 393,975. 


Then 3935,975 X 0,025 = 98,4 fere, and 125 — 98, 4, Leaves 26,6 for 
the firſt Dividend. 


And 125 Xx 0,025 = 3,125, for the Common Diviſor. 

Then 3,125) 26,600 (8,512, the Number called x. 

And 8,512 Xx 8,512 = 72,454, the Number called xx, 
Again, the Common Diviſor 1s 3,125. 
And 3,125) 3873, 475 (1239,512- 


And twice 1239,512 is 2479,024 } Add 
The Number called xx is 72, 454 


And the Square Root of 25 51,478 is 50, 5 12. 


Laſtly, 
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Laſtly, 50,512 — 8,512 (the Number called x) leaves 42 = T, the Number 
of Half-Years ; conſequently the Half of 42, vis. 21, will be the Time, or 
Number of Years, required by the Queſtion, 

This Caſe may alſo be Reſolved by Logarithms; but it 1s attended with ſome 
ſeeming Difficulties, which requires a due Conſideration of the Rule. 

As, for Inſtance, in the Laſt Example, wherein P = 3873,475; U= 125; 
and R = 0,025; To find 7. 


62,5 + 3873-475 = 393,975; it's Logarichm 3.595053 
ito R = 0,025.; it's Logarithm. is F. 397940 Add 


The Sum is 1.992993, which is the 
Logarithm of 98.4. 
Further, 125 — 98.4 is = 25,6, the Dividend. And the Logarithm of this 
Dividend 26,6 is 1.424,882, 


Again, Unis = 125; it's Logarithm is 2.096,910 } 
3 R is = 0,025 ; it's Logaruhm is 8. 397,940 to be Added together. 


Their Sum is o. 494, 850, which is the Logarithm 
of the Number 3, 125, the Diviſor. 


This Logarithm o. 494,8 50 is now to be Subſtracted from the Loga- 
rithm of the Dividend, to wit, 1.424, 882 | 


And the Remainder will be 0.9g0,032, which is the Logarithm of 8,512, 
Therefore 8,512 will be the Quotient of the faid Diviſion, or will be the 


Number called x. f IRS 
And the Double of the laſt Logarithm is 1,850064, which is the Logarithm 


of 72,454, the Number called xx. 


Again, P = 3873, 475; it's Logarithm is 3.588100 
” And the Logarithm of the Diviſor is 0.494850 Subſtract 


— — 


There remains the Logarithm 3.093250 of 1239, 5 12. 


Twice 1239,12 is 2479, 024 5 Add 
The Number called x 72,454 | 


The Sum is 2551,478 ; it's Logarithm is 3.406792 
The Halt of the laſt Logarithm is 1.703396 ; 


It's Number is 50,512-; from which Subſtract the Number called 
= "0,518 


Remains 42,000 = 7, the Number of Half-Years, Sc. as before. 


Caſe 4. When U, P, and 7, are given; To find R. 
That is, when any Annuity, wich the Time of it's Continuance, and it's 
propoſed Preſent Worth for that Time, are given; Thence to find what Rate 


of Intereſt per Cent, is allowed the Purchaſer, 
Rule, 
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| Multiply the Annuity with the Time, and from the Produ#t Subſtrad? 
the Preſent Worth ; then make Twice that Remainger a Dividend. 
1 Next, Add the Annuity to Twice the Preſent Worth, and from their 
Rule. 3 Sum Subſtraft the firſt Produft ; then Mul'iply the Remainder with the 
| Time, and make the Product a Diviſer ; by which Divide the aforeſaid 
| Dividend: and the Quotient will ſpeto the Ratio of the Rate of Intereſt 
required, | 
Example, 
Suppoſe 38731. gs. 6d, were given for an Annuity of 250l. per Annum ; 10 be 
Faid Half-Yearly, and to continue 21 Tears; What Rate of Intereft per Cent, &c, 


is allowed the Purchaſer ? | 
Here is given P 3873,475; U = 123, the Half-Vearly Payments; and 
T = 42, the Number of Half-Years in 21 Tears, 

Then 125 Xx 42 = 5250, the firſt Product; | 

And 5250 — 3873,475 = 1376,525; it's Double is 2753,05, for the 
Dividend. 

Next, 22 = 7746,98, and 7746,95 + 125 = 7871, 95, and 7871,95 
— 5250 (the firſt Product) leaves 2621, 95. | 

Again, 2621,95 X 42 = 110121,9 for a Diviſor. 

Then 110121,9) 2753,05 (0,025 = RK, the Ratio of the Rate per Cent. for 
Half-Yearly Payments.; conſequently 0,025 x 2 = 0,05 is the Ratio of the 
Rate per Cent. per Annum, And then it will be, 

As 1: To 0,05:;; So is 100: Tos, the Rate of Intereſt, as was required. 


The ſame may be done by Logarithms. 


Thus, U = 125; it's Logarithm is 2.096910 ] , 5 
And 7 = 42; it's Logarithm is 1.623249 


The Sum is the Logarithm 3.720159 of 5250. 
And 5250 — 3873,475 = 1376,525, the Double whereof is 2753,05 ; it's 
Logarithm is 3.439814, 10 be Reſerved. 


Next, 2P = 7746,95, and 7746,95 + 125 = 7871,95, and 7871,95 
— 5250, the firſt Product or Number above, | 5 
There remains 2621, 98; it's Logarithm is 3.418624 Add 
The Time 42 = T; it's Legarithm is 1.623249 


Subſtract this Logarithm 5.041873 Sum 
From the Reſerved Logarithm, viz. 3.439814 


And there remains the Logarithm 5.397941 of 0;025: 
Viz, 0,025 = R, the Ratio of the Rate per Cent. for Half-Yearly Payments, 
c. as above. f * 
Theſe 
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Theſe Four Examples may be ſufficient to ſhew how any other of the like 
Kind may be Reſolved, either for whole Years, or thoſe of Quarterly Rents, 
Sc.; provided the Purchaſed Rent, Leaſe, or Annuity, is to commence 


immediately, 


Of the Preſent Values of Annuities in Reverſion. 


But if it be required to find the preſent Value, or Worth of any Rent, or 
Annuity, Sc. in Reverſion; That is, when it is not to be Entered upon until 
after ſome Time, or Number of Years, are paſt. 


| You muſt firſt find what the Propoſed Annuity, or Rent, &c. would 
Then 


be worth for the given Time of it's Continuance, as if it were to be 
immediately Entered upon : 

And then you muſt find what Principal, or Sum, being forborn at 
Intereſt during the Time of that Reverſion, would Amount to, or Raiſe, 
the aforeſaid Value ; That Principal will be the Sum which ſhould be 
paid for the propoſed Annuity in Reverſion. 

Example. ; 

There is the Reverſion of a Leaſe of 1751. per Annum, to be Lett for Eleven 
Years, which are to commence after Nine Years are expired ; It is required to find 
the preſent Worth of that Leaſe, allowing the Purchaſer 6 per Cent. fer his Ready 
Money? 

The firſt Work in this Queſtion muſt be to find what 1957. per Annum, to 
continue 11 Years, is worth in Ready Money, ſuppoſing it were to be immedi. 
ately Entered upon: As in Caſe 1, Page 680, 

That is, here is given U = 175; T = 11; and R = 0,06; To find P, 
the Preſent Worth. 

The Work Prepared will ſtand thus, 11 — 1 = 10, and R = 0,03. 


Then 11 Xx 10 Xx 0,03 = 3,33 and 3,3 + 11 = 14,3. 

Next, 14,3 & 175 = 2502,5, for a Dividend. 

Again, 11 X 0,06 = ©,66, and 0,56 + 1 = 1,66, the Diviſor. 

Then 1,66) 2502,5 (1507,53 = P, the Preſent Worth, if the Leaſe were 
to commence immediately ; but, becauſe it is not ſo, Therefore 

The next Work muſt be to find what Principal or Sum, being put out to 
Intereſt for Nine Years, at 6 per Cent, Sc. will Amount to 150;,53/. ; the 


which will be found (per Caſe 2, Page 666.) to be 978,9162 = 978/. 186. 32d. 
which is the true preſent Worth of that Leaſe in Reverſion, as was required, 


2. Or, if it be required to find what Annuity, c. in Reverſion, may be 
| Purchaſed for any propoſed Sum, and at any given Rate of Intereſt per Cent, 
when the Time during which the Annuity is not to be Entered upon, and the 
Time of it's Continuance, are both given. 

Vol. V. 48 Then 
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The firſt Work muſt Le to find what the Sum, prepoſed to be laid out 
in the Reverfion, wwon'd Amv1.nt to in that Time wherein the Annii'y is 
not te be in Nahen, as if it wer? forborn at Intereſt during that Time, 

Tuen at any given Rate per Cent. (by Rule 1, Page 665.) 

And the ſecend Work will b2 to find what Auruiv, &c, that Amount 

will purchaſe (as in Caſe 2, Page 689.) ; end that will be the Anſwer 


to the Qucſtien. 
Theſe Two are the moſt general and ufefal Queſtions that relate to Purchaſing 
Annuities, or Leaſes in Reverſion: Not bur that. if ryere be Oo t eher the 
Time, or the Rate of Irteceſt, may be found, by a duc a gion of their 


reſpective Rules. | 


I know that Sir Samuel Moreland, and ſeveral other Authors, that Treat upon 
the Subject of Intereſt and Annuities, do aſſert, That neither the Arrears, nor 
the preſent Worths of Annuities, can be truly Computed at Simple Intereſt, 
but only at Compound Intereſt ; and therefore, ſay they, all Computations of 
- Annuities, or Leaſes, c. at Simple Intereſt are to be laid aſide as uſeleſs. 


It is true, indeed, that, in Purchaſing of Annuities, or Taking of Leaſes, 
either to be in preſent Poſſeſſion, or in Reverſion; it is uſual to allow the 
Purchaſer Compound Intereſt for his Ready Money, notwithſtanding it be not 
lawful to Lett out Money at Intereſt upon Intereſt, viz. at Compound Intereſt, 


However, that we may the better judge whether fuch Computations as are 
made of Annuities in Arrears at Simple Intereſt, be uſed or no: Let us here ſee 
and compare how near they will agree with the Ninety-Nine Years' Annuities, 
ſettled by the late Acts of Parliament. | 


A Remark on the late Annuities for | 99, 7 2ars granted by Act of Parliament. 


Thoſe Annuities were Sold at Sixteen Years? Value, or Purchaſe ; That 1s, 
1600. Ready Money Bought 100/. per Annum, to continue 99 Years, and fo 
in Proportion for a Greater, or. Leſſer, Sum. 


Now it may be reaſonable to ſuppoſe, that the Parliament deſigned, at the 
Settling of thoſe Annuities at that Value, to allow the Purchaſer after the Rate 
of Six per Cent. per Annum, Simple Intereſt, for his Ready Money, according 
ro the former Laws relating to Intereſt : If fo, the Intereſt of x600/. would be 
961. per Aunum for ever (as by Caſe 1, Page 665.) ; conſequently there will 
will remain but 4/7. per Annum for 99 Years in Lieu of the Principal or Purchaſe- 
Money: That is, there will be but 99 x 4/. = 3961. repaid inſtead of the 
1600ʃ., if it be only received without any further conſideration. 

But, if we Compute what that 4/. per Annum would Amount to, if it were 
forborn in Arrears for 99 Years, allowing 6 per Cent. for every Payment, as it 
becomes due, &c. (per Caſe 1, Page 674.) Then will that Amount undoubt- 
edly ſnew what Sum will be truly repaid for the 1600. firſt paid for that 


Annuity. 
And, 
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And, in order to that, there is given U = 4, 7 = gg, and R = o,o, the 
Ratio of the Rate of 6 per Cent.; to find 4, the Amount. 


Which, Prepared for the Work, is 99 — 1 = g8; and {R = 0,03, 


. 


Then 99 x 98 = 9702, and 9702 Xx 0,03 = 291,06 ; to find A, the 
Amount, 


Next, 291,06 + 99 = 390,06, and 390,06 X 4 = 1560424, equal 4, 
viz. 1560/, 4s. 91d. is the Sum that will in effect be received for the 1600l. 
over and above the 9g6/. per Annum, Intereſt. 


Now, in this Calculation, I take for granted what I have elſewhere proved; 

Vide Young Mathematician's Guide, Page 248.) viz, That if any Yearly Rent be 
orborn, or Let run in Arrears, and any Rate of Simple Intereſt he allowed for 
every Payment, as it becomes due; the Amount, or Sum, of all thoſe Pay- 
ments will be the very ſame, as if every Year's Rent were actually received, 
and immediately put out to Intereſt at the ſame Rate. 


Whence it follows, That although 396/. be all the Money that is actually 
received in the Space of 99 Years, over, or above, the g6/. per Annum, Intereſt; 
yet, according to the Nature of Intereſt, there is effeCtually 1 560/, 4s. 944. 
received ; ſuppoſing the Annuity to be paid but Yearly, which is indeed paid 
Quarterly, and therefore the Sum will be ſtill nearer to 1600/. ; which plainly 
ſhews that the Computations of Annuities, or Rents run in Arrears at Simple 
Intereſt, are not to be wholly rejected as uſeleſs. 


But I cannot pretend to ſay much in the Behalf of ſuch Computations as are 
made about the preſent Worth of Annuities, or Leaſes, &c. at Simple Intereſt, 
nor are they to be relied on in Practice: However, becauſe this Tract ſhould 
not be wanting in that Part, I thought it convenient to ſhew ( although but 
_ briefly) how thoſe Computations may be performed. 


And TI ſhall, in the next Chapter, handle the Buſineſs of Purchafing Annuities, 
Sc. more fully; eſpecially that Part of it which relates to Annuities, or Leaſes 
in Reverſion, 


| 


CHAP. IV. 


The Calculation of Queſtions in Compound Intereſt, and Annuities ; performed 
by the Help of Logarithms. 


COMPOUND INTEREST is that which is produced from any Principal 
and it's Intereſt put together, as the Intereſt of that Principal becomes due : 
482 | That 
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That is, at every Payment, Or rather at the Times when the Payments become 
due, there is ſtill created a New Principal, by the Increaſe of the growing 
Intereſt ; and therefore it is called Intereſt upon Intere/?, or Compound Intereſt ; 
which is grounded upon a Series of Geometrical Proportionals continued, as [ 
have plainly demonſtrated in the Young Mathematician's Guide, Page 253, c. 


In all Computations of this Kind, whether they are about Money forborn at 
Intereſt, or thoſe relating to Annuities, Sc. we generally make Uſe of the 
Amount, or Produce, of One Pound and it's Intereft for One Year, inſtead of 
the Ratio of the given Rate of Intereſt ; as before in Simple Intereſt, 


And that Amount of 1/. is no more but the Ratio of the given Rate Added 
to a Unit, or 1. 


For the Ratio is the Intereſt of 1/. (Vide Page 663.) Conſequently, if 
1]. be Added to it, the Sum will be the Amount of 1/, (per Rule at Cafe 1, 
Page 665.) Or, | 
The Amount of 11. for One Year, at any given Rate of Intereſt per Cent, 
may be found by this Proportion ; 
of Viz. 

As 100: 106 :: 1: 1,06, the Amount of 11. at 6 per Cent. 
Or 100: 107 :: 1: 1,07, the Amount of 11. at 7 per Cent. 
And ſo on for any other given Rate of Intereſt. | 


Or the aforeſaid Amounts of 1], may be otherwiſe found by Logarithms ; 


Add the propeſed Rate of Intereſt to 100, and from the Logarithm 

Thus, of that Sum Subſtratt the Logarithm of 100 (viz. 2.000000), the 

Ihus, J Remainder will be the Logarithm of the Amount of 11, at that Rate of 
Intereſt per Cent. 


| pet © Example. 
Suppoſe the given Rate of Intereſt to be that of 6 per Cent. per Annum. 


Then 100 + 6 = 106; it's Logarithm is 2.02 5306 KG 
And the Logarithm of 100 is 2.000000 } Subſtract 5 


There Remains the Logarithm 0.025306 of 1,06. 


Viz. 1,06 is the Amount of 1/. at 6 per Cent, &c. And fo for any other 
Rate of Intereſt. 


And, becauſe the Logarithms of thoſe Amounts of 17. are of the greateſt 
Uſe in the following Calculations, I have here annexed a ſmall Table of ſeveral 
Rates of Intereſt, with the Amounts of 11. per Annum at thoſe Rates, and the 
Logarithms of thoſe Amounts, | | 


Rates © 
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Rates of | The Logarithms || Rates of | The Logarithms 

Intereſt | Amounts | of thoſe Intereft | Amounts of thoſe 

per Cent. of il. Amounts, || per Cent.) of II. Amounts, | 
. Viz. R. | Viz. of R. J. Viz. R. Viz. of R. 


3 1,03 | 0,012,837 || 7 1,07 | 0,029,384 
4 1,04 | 0.017,033 | 7+ | 1,075 | 0.031,408 
41 1,045 | o. 019, 116 8 1,08 | 0,033,424 


5 1,05 | 0,021,189 | 8: | 1,085| 0.035,430 
5+ | 1,055} 0,023,252 || 9 1,09 o. 037, 426 
6 1,06 [o. o2 5, 306 g% 1,095 o. 039, 414 
6 | 1,065| o. 027, 350 10 1,1 o. 041, 393 


Theſe Things being underſtood, you may proceed to the Reſolving of 
Queſtions about Money forborn at Compound Intereſt. 


FR. 


Szer. I, Of Compound Intereſt, Or Money Lett out at Interef upon Intereſt. 


I SHALL here make Uſe of the ſame Letters to denote the ſeveral Parts of 
the Queſtion, as before in Page 665, except R only, and that I ſhall uſe the 
ſmall Letter 2, inſtead of the great Letter 7, to denote the Time. 


The Time of it's Continuance at Intereſt. 
A The Amount, or the Principal and it's Intereſt. 


And R Denotes the Amount of 10. for One Year, 
That is, the Ratio of the given Rate more 1. 


Then it will be, PR = A. 


This Equation admits of the ſame Four Caſes, or Variety of Queſtions, as 
that of Simple Intereſt in Page 665. And here it may not be amiſs to make 
Uſe of the ſame Examples, that we may the more readily fee the Difference 
that is between Simple Intereſt and Compound Intereſt. 


Þ Denotes any Principal put to Intereſt, 
Viz. 


Caſe 1. If P, t, and R, are given; To find 4, the Amount. 


Firſt Multiply the Logarithm of R, the Amount of 11. at the given 
Rate per Cent, with the Time; Then to that Product Add the Loga- 
rithm of the propoſed Principal : and their Sum will be the Logarithm of 
the Amount required, 


Rule. 


Example. 
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Example. 


What Sum will 5671. 10s. Amount to in Nine Years, at the Rate of 6 per Cent. 
per Annum ? | 


'= 1,06; it's Logarithm is 0.025,306 = 


Their Product is o. 227,754 Add 
Alſo, P 567, f; it's Logarithm is 2.753, 966 | 


The Sum is the Logarithm 2.981,720 of 958,78 = A. 


That is, 9581. 155. 2d. will be the Amount required. Conſequently 
9580. 155. 7d. — 5671. 10s. = 391. 5s. 74. will be the Intereſt only, which 
is more than 3061. gs.,, or the Simple Intereſt of that Principal for the ſame 
Time, by 84. 16s. 7d. See Page 666. | | 


Caſe 2. When A, t, and R, are given; o find P. 


Multiply the Logarithm of R, the Amount of 11. at the given Rate 

Rul per Cent, with the Time (as before) ; Then Subſtraft that Product from 

& \ tbe Logarithm- of the. propoſed Amount 5 and there will Remain the Loga- 
rithm of the. Principal required. | 


Example. | 
What Principal, or Sum of Money, being put out to Thtereft for Nine Years, will 
Amount to Cor raiſe the Sum of) 9581. 158. 7d. at the Rate of 6 per Cent, 
per Annum ? . f * | 
Or thus ; There is a Debt of 9581. 158. 7d. which is not due until Nine Years 
bence ; but it is agreed to be paid in preſent” Money. What Sum muſt the Creditor 


Recetve, allowing the Rebate, or Diſcompt, of 6 per Cent, per Annum Yo the 
Debtor for his Ready Money. | 


Here 4 = 958,78; it's Logarithm 2.981,720 


And R'= 1,06; it's Logarithm is o. oa 


5,306 ; 
Allo, t : 9 } Matriply. 


Subſtract this Logarithm o. 227,74 from the firſt. 
There Remains the Logarithm 2.7 53,966 of 567, 5 2 P. 


That is, 5671. 10. is the Principal (or Ready Money), which was required. 


6 Caſe 3. 
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Caſe 3. Suppoſe P, t, and A, are given; To find R. 


Trem the Logavithm of be pripoſ Amount Subſtra? the Logarithm 
of the propoſed Principal; Then Divide he Remainder by the Time, and 
Rule. J [be Puotient wwill be the Logarithm of R, th? Amount of 11. &c. as in 
this Example, 
Example. 


At what Rate of Iutereſt per Cent, &c. will 5671. 10s. Raiſe à Stock, or 
Amount to, 9581. 155. 7d. im Nine Years Time? | 


Here is given 4 = 958,78 ; it's Logarithm is 2,981,720 
And P = 567,5; it's Logarithm is 2 753,966 Subliras 


Alſo, * = 9. Then 9) 0.227,754 (0,025,306, the 

Logarithm of 1,06 R; then 1,06 — 1 = 0,06, the Ratio. And it will. 

be, As 1: 0,06 :: do is 100: To 6, the Rate of Intereſt per Cent, &c. 
(See Page 667.) 


Caſe 4. Having P, R, and A, given; To find 7. 


From the Logarithm of the propoſed Amount Subſtract the Logarithm 

Rul of the propoſed Principal (as before), and Divide their Difference by the 

— Logarithm of R, the Amount of 11. at the given Rate : and the Quotient 
will ſhew the Time required. 


Example. 


In what Time will 5671, 10s. Amount to (or Raiſe a Stock of ) 9581. 155. 7d. 
at the Rate of 6 per Cent. per Annum ? 


Here is given 4 = 958,78; it's Logarithm is 2.981,720 
And P = 367, 5; it's Logarithm is 2.7:53,966 Subſtract 


Alſo, R = 1,06 ; it's Logarithm is 0,025,306) 0.227,754 (9 t. 
Viz, Nine Years will be the Time required by the Queſtion, 


Theſe Four Examples are ſufficient to ſhew how all Queſtions of the like 
Kind may be truly Reſolved; if the Time given (or ſought) be whole Years ; 
but if it be nor, then the Odd Time, whether it be under, or above, a 
Compleat Year, muſt be Reduced into Decimal Parts of a Year, (See Page 669.) 
by Help of the Two Tables in Page 670; and then it will be as eaſy to 
Reſolve any of the foregoing Caſes, when the Time given (or ſought) is in 
Parts of a Year, as it is for thoſe in whole Years. 


Example 1. I ben the Time is Leſs than a Year. Let it be required to find the 
Amount of 3751. for 210 Days, at 6 per Cent, &c. 
In 
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In this Queſtion, there is given Pg 375, R = 1,06, and f = 210 Days 
= 0,5753 Decimal Parts of a Year, per Table, Page 6703 Thence to find * 
as in Caſe 1. of this Section. 


Firſt, R= 1,06; it's 8 is 0.025306 f 
: 13 5753 Multiply 


Their Product is o. 014558 Add 
Again, P = 375 ; it's Logarithm is 2.574031 


The Sum is the Logarithm 2.588589 of 387,78 = A. 
That is, 387“. 1 56. 7d. will be the Amount required. 


Example 2. Suppoſe it were required 10 find what 26 5l. would _ to in 
Five Years and 135 Days; at the Rate of 6 per Cent, &c. 


In this Queſtion is given P 265, R = 1,06, and # = 5,3698 ; To find 4, 
the Amount; as before. Ls 


Thus, R = 1,06 ; it's Logarithm is 0.025306 
7 : And t = 5.3698 } Multiply 


Their Product is o. 135888 Add 8 
Again, P = 265; it's Logarithm is 2.423246 


The Sum is the Logarithm 2.559134 of 362,355 = A 
Viz. 3621. 75. 1d. will be the Amount, or Sum, required. 


Example 3. Let it be required to find what Principal, or Sum, per to Intereſt at 
6 per Cent, will Amaunt to (or Raiſe a Stock of) 3621. 7s. id. in Five Years and 


135 Days. 
Here is given 4 = 362,355, R = 1,06, and 7 = 5,3698; To find P, as 
in Caſe 2. | 
Thus, A = 362, 355; it's Logarithm 2.5 50, 124 of the Dividend. 


And eee 303 Lage 306 
o6 ; it's Logari 7 = 55 } Multiply 


Then Subſtract this Logarithm o. 13 5,888 from the 1ſt Logarithm. 


And there Remains the Logarithm 2.423,246 of 265 = P 
Viz. 2651. will be the Principal, or Sum, required. | 
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If the Work of theſe Three Examples be well underſtood, it muſt needs be 
eaſy to find proper Anſwers to all Queſtions that can be propoſed in the other 
Caſes, viz, for any propoſed Time, and Rate of Intereſt, according as the 


Date requires, | 


Sect. II. Of Annuities, or Rents, Sc. that are in Arrear, Computed at 
| Compound Intereſt. 


I SHALL here make Uſe of the ſame Letters to repreſent the ſame Things as 
in Page 673. Save only that & doth here denote the Amount of 1/., and that #, 
inſtead of T, denotes the Time, as in the laſt Section. 


U = the Annuity, or Rent. 
Viz, 5 S the Time of it's being Unpaid. 
A = the Amount, or Sum of all the Arrears. 
And R = the Amount of 1/, Cc. as in Page 689. 


Then will 4 = U = AR — UR. 


From this Equation are deduced the Four following Caſes, and the Rules by 
which they are Reſolved. 


N. B. The following Caſes admit of ſome Variety, in ReſpeF le the tru? Intervals of 
the Times, which are betwixt the ſeveral Payments ; viz. it muſt be well conſidered 
whether the Payments are to be made Yearly, or at the End of ſome Part of a 
Year ; as the +, 4, ts, Pre +45, That is, Half-Yearly, Quarterly, Monibly, 
Weekly, or Daily: the which muſt be very carefully minded when the Queſtion 
is propoſed, in any of the following Caſes, or the Anſwers will not be true. 


Caſe 1. Having U, t, and R, given; To find 4. 


That is, If any Annuity, or Rent, &c. with the Time of it's being unpaid, 
and the Rate of Intereſt per Cent, are given; Thence to find what Sum all 
thoſe Arrears will Amount to in that Time, allowing Compound Intereſt tor 
every particular Payment, as it becomes due. 


Multiply the Logarithm of R (the Amount of il.) with the Time ; 
and to that Product Add the Logarithm of the Annuity ; Then find the 
Number which telougs to that Sum, and Subſirett the Anavity from that 

Rule, 1 Number; (So far the Work is general to all Times of Yayment.) 
|: ben, if the Remainder (*)] be Divided by  — 1 (viz. by the Ratio of 


the Rate of Inter:jt per Cent.), the Quctient will jhew the Sum, or 


Amount, of all the Arrears for Near) Payments, 
Vol. V. 41 Example 
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Example I. 


Suppoſe 3561. Annuity, or Yearly Rent, were forborn, or unpaid, Nine Years; 
What would the Sum of all thoſe Arrears Amount t0 at 6 per Cent, &c, 


Here is given U 356, ft = 9, and R = 1,06; To find A. 


FF = 


Thus, R = 1,06; it's Logarithm is 0,025,306 } Multiply 
9 


The Produ is 0.227,754 2 | 
Again, V = 356; it's Logarithm is 2.551,450 : Add 


The Sum is the Logarithm 2.779, 204 of 601, 4545. 


And 601, 4545 — 356 245, 4545 R — 1 = o, o6. 


Then 0,06) 243, 4545 (4090, 91 = 4 = 4090. 18s. 25d. being the Sum of 
all the Arrears for Yearly Payments. 


Note. Here we may obſerve the Difference that is betwixt the Arrears Computed at 
Simple Intereſt, and at Compound Intereſt, See the ſame Example in Page 674. 


Or, the Amount may be alſo found by Logarithms without the laſt Diviſion; 
for, having once formed the Dividend and Diviſor (as before), then the Dif- 
ference of their Logarithms will ſhew the Amount. 


Thus, 245, 4545; it's Logarithm is 2.389,972 J 
And R — 1 = 0,06 ; it's Logarithm is 9.77851 51 Subſtract 


There Remains the Logarithm 3.611,82 1 of 4090, 91 = 4. And 
ſo on, as before. 


But if the Payments are to be made at any Time Lefs than a Compleat 
, So. | | 


Dou muſt take the like Part of the aforeſaid Remainder (*), and make 

it a neto Dividend: And you muſt alſo take the ſame Part of the Loga- 

Then Jun , R; and the Number anſwering io that Part, being made leſs by 

an Unit, or 1, will be a new Diviſor (inſtead of R — 1), by which if 

the new Dividend be Divided, the Quotient will ſhew the Sum of all the 
Arrears required, 


Example II. In Half-Yearly Payments. 


Suppoſe the aforeſaid 3 561. per Annum were to be paid by Half-Yearly Pay- 
ments, viz. 1781. every Half-Year, and it were unpaid Nine Years (as before); 
What Sum would all theſe Arrears Amount to then, at 6 per Cent, &c. ? 


Here 
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2 R = 1,06; it's L ithm is o. 306 a 
Here (as before) 1,00; It's 52 on "S wy ö Multiply 


Their Product is 0.227,7 54 | Add 
Alſo, U = 356; it's Logarithm 1s 2.55 1,450 


The Sum is the Logarithm 2.779,204 of 601,4545, and 
$601,4545 — 356 = 245,4545. So far the Work is jult the ſame as before for 
Whole Years. 


But here the + of 245,4545 = 122,72725 is the New Dividend. 


Next, R = 1,06; the r of it's Logarithm is 0.012,653, whoſe Number is 
1,029563, and 1,029563 — 1 = 0,029563 for the New Diviſor. 


Then 0,029563) 122,72725 (4151,38 = A. 


That is, 415 11. 75s. 7d. is now the Amount, or Sum, of all the Arrears ; 
which is 6ol. gs. 4*d, more than the Amount in the laſt Example for Whole 
Yearly Payments, 


Here, alſo, the Amount may be obtained by Logarithms, without the laſt 
N having once formed the New Dividend, and it's proper Diviſor, 
as before. 


Thus, 122, 727; it's Logarithm is 2.088, 938 
And 0,029 563; it's Logarithm 1s 8.470 48 Subſtract 


There Remains the Logarithm 3.618, 190 of 4151,38 = 4. 
Viz, 41511. 75. 7d. = 4, the Amount, Sc. as before. 


Example III. In Quarterly Payments. 


Let it be required to find the Amount, or Sum, of all the Arrears that would be 
due from 2451, per Annum, 70 be paid by Quarterly Payments (viz. 611. 58. per 
Quarter), /uppoſeng it to be forborn, or unpaid, Ten Years and a Had, at 5* per 


Cent, &c. 


Here is given R = 1,055; it's LOW is 0.023,252 } Multiply 


nd 5 = 10,5 
The Product is 0.244,146 Add 
Again, U = 245; it's Logarithm is 2.389, 166 
Their Sum is the Logarithm 2.633, 312 of 429, 846. 


And 429,846 — 245 = 184,846. So far the Work is ſtill the ſame as in 
Whole Years, e . 


But now it muſt be the + of 184, 846 = 46,2115 for the New Dividend. 
412 Next, 
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Next, R = 1,055; the + of it's Logarithm is 0.005,813, whoſe Number is 
1,01348; and 1,01348 — 1 = 0,01348 for the New Diviſor. 
Then o, o1348) 46,2115 (3428,15 = 4. 
That is, 3428“. 3s. will be the Amount, or Sum, of all thoſe Arrears, as 
was required. 
Or the laſt Diviſion may be avoided, and the Amount may be found by the 
Logarithms; Thus, 


Dividend 46,2115 ; it's Logarithm is 1.664,750 } 
Diviſor is 0,01 348; it's Logarichm is F. 129, 690 Subſtra 


There Remains the Logarithm 3.535,060 of 3428,15 = J. 
Viz. 34281. 36. is the Amount required, as above. 


The ſame may be done for Monthly, Weekly, or Daily Payments, Care being 
taken in forming the New Dividend and Diviſor, according to their reſpective 


Times. 
Caſe 2. When A, t, and R, are given; To find C. 


That is, to find what Annuity, or Yearly Rent, being forborn, or unpaid, 
any aſſigned Time, will Amount to a propoſed Sum, allowing any given Rate 
of Intereſt per Cent. for every Payment, as it becomes due, 


Note. This Caſe, as weil as the Laſt, admits of ſome Variety in Reſpect to the 
Times of Payment ; viz. Whether they are Yearly, Halt-Yearly, or Quarterly, 
&c. ; the which muſt be carefully obſerved, as the following Rule direFs. 


Multiply the Logarithm of R (the Amount of 17.) with the given 

Time; aud the Number anſwering to their Product, being made leſs by 1, 

will be the Diviſor (for all Times of Payment at that Rate of Intereſt), 

Rule. Next, Multiply the propoſed Amount, or Sum, with R — 1, viz. with 

the Ratio of the given Rate; Then Divide their Product by the aforeſaid 

Diviſor, and the Quotient will ſhew the Annuity, or Rent, for Yeariy 
Payments. | 


Example I. 


What Annuity, or Tearly Rent, being forborn, or unpaid, Nine Years, wil! Amount 
to (or Raiſe a Stock of) 40gol. 188. 22d. at the Rate of 6 per Cent. for every 
Payment, as it becomes due? 

Here is given A = 4090,91, g 9, and R = 1,96; To find U. 


Firſt, R = 1306; it's Logarithm is 0.02 5,306 a 
i yy | And 8. = 05 9 Multiply 


The Product is the Logarithm 0.227,754 of 1,58948. 
And 1,58948 — 1 = 0,68948 for the Diviſor. 
Again, 
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Again, A = 4090,91 . 
And R—1 = o0,c6 } uy 
The Product is 245,4546 for the Dividend. 
Then 0,68948) 245,4546 (356 = U. 
That is, 256/. will be the Annuity, or Yearly Rent, as was required to be 
paid by Yearly Payments. 


Or, when the Diviſor has been found (as above), the Reſt of the Work 
may be performed by Logarithms only; 


Thus, 4 = 4090, 91; it's Logarithm is 3.611,821 Add 
And R — 1= 0,06; it's Logarithm is 8.778, 15 . 


Sum 1s 2.389,972 
The Diviſor is o, 68948; it's Logarithm is 9.838, 522 | Subſtract 


There Remains the Logarithm 2.55, 450 of 356 U. 
Viz. 3561. will be the Yearly Annuity, or Rent, c. 


The Rule, when the Payments are Half-Yearly, er Quarterly, &c. 


But, if the Payments are required to be paid either Half. Vearly, or Quarterly, 
&, as in the laſt Caſe; 


Inſtead of R = 1, you muſt take the reſpetive Part of the Logarithm 

0 R (viz. of the Amount of 1/.), and with the Number anſwering to 

Then, Z that Part, being made leſs by 1, Multiply the propoſed Amount ; Then 
1 that Product by the aforeſaid Diviſor: and the Quotient will ſbe tv 

what Annuity, or Rent, muſt be paid at the propoſed Time of each Payment, 


Example II. In Half-Yearly Payments. 


hat Annuity, or Rent, to be paid by Half-Yearly Payments, being forborn, or 
unpaid, during Nine Years, will Amount to the Sum of 41511. 75. 7d. allowing 
6 per Cent. for every Payment, as it becomes due ? 


Here is given 4 = 4151,38, : = 9, and R = 1,06; To find U. 


Firſt, R = 1,06 ; it's Logarithm is 0.02 5,306 ; 
1, gin - } Multiply 


The Product is the Logarithm o 227,754 of 1,68948. 


And 1,68948 — 1 = 0,68948 for the Diviſor, as before, in the laſt 
Example, 

But, inſtead of the Multiplicator R = 1, we muſt find a different Multiplicator, 
as follows. N is = 1,06 ; the 3 of it's Logarithm is 0,012653 ; of which the 
Number is 1,029563 ; and 1,029563 — 1 = 0,029563, is the Multiplicator. 

And 
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And it muſt be 4 = 4151,38 
Multiplied with 0,029563 
The Product is 122,72724, the New Dividend. 


Then 0,68948) 122,72724 (178 = U, viz. 178“. will be one of the Half. 
Yearly Payments of the Annuity, or the Rent required, 


Or, when we have found the Diviſor, and the New Multiplicator that is to 
be uſed inftead of R — 1; Then the Work may be done by the Logarithms, 


Thus, 4 = 4151,38 ; it's Logarithm is 3.618,190 } Add 
M.ultiplicator is o, 29563; it's Logarithm is 8.470, 749 


Sum 2.088, 939 
The Diviſor is o, 68948; it's Logarithm is 9.838, 5 20 { Subſtract 


There Remains the Logarithm 2.250,419 of 178 = U. 
Viz. 178. is one of the Half-Yearly Payments, Cc. as before. 


Example III. In Quarterly Payments. 


Let it be required to find what Annuity, or Rent, to be paid by Quarterly Pay- 
ments, being forborn, or unpaid, Ten Years and a Half, would Amount to the Sum of 
34281. 3s. at Frve and a Half per Cent. per Annum, for every Payment, as it 
becomes due ? 


Here is given A = 3428,15, # = 10,5, and R = 1,055; To find U, the 
Quarterly Payment. | 


Fir, E = 1,5 3 it's Logarihm is 0.023,252 } Nang 
A 


nd r = I0,5 


The Product is the Logarithm 0.244,146 of 1 75447. 
Then 1,5447 — 1 = 0, 75447, the Diviſor. 


Again, R = 1, 06 5; the of it's Logarithm is 0.005,813 ; it's Number is 
1,01348, and 1,01348 — 1 = 0,01348, the Multiplicator. 


Next, A = 3428, 15 
Multiplied with 0,01 348 


Produces -46,21146, the Dividend. 
Then 0,75447) 46,21146 (61,25 = U. 


That is, 61/. 5s. will be one of the Quarterly Rents, or Payments; conſe- 
quently 61,25 x 4 = 245, per Amum will be the Annuity required, 
„ 


6 


BOTH SIMPLE AND COMPOUND, | 699 


Or, by Logarithms, Thus ; 


A = 3428,15; it's Logarithm is 3.535,060 Add 
And 0,01348 ; it's Logarithm is F. 129,690 


Sum is 1.664, 750 
Again, o, 75447; it's Logarithm is 9:8 77, 642 Subſiratt 


There Remains the Logarithm 1.787,108 of 61,25 = U 
Viz. 611. 5s. will be the Rent, to be paid every Quarter, &c. 


The like may be done in finding the Monthly, Weekly, or Daily Annuities, 
Care being taken in Forming the New Multiplicators and Diviſors proper tor 
the Times given. 

Caſe 3. Having U, A, and R, given; To find 7. 


That is, To find the Time in which any propoſed Annuity, or Rent, will 
Amount to any aſſigned Sum, at any given Rate of Intereſt per Cent, Sc. 


Multiply the propoſed Amount with R — 1, viz. with the Ratio of 
the given Rate; and Divide that Product by the Annuity, and to the 
Rule, \ Quotient Add 1, Then, if the Logarithm of that Sum be Divided by 
U. Logarithm of R (viz. the Amount of 14.), the Quotient will ſhew 
the Time for Yearly Payments. 


Example I. 


In what Time will 3561. Yearly Rent, or Annuity, Amount to the Sum of 
4099l. 188. 22d. at the Rate of 6 per Cent, &c. 


Here is given U = 356, A = 4090, 91, and R = 1,06; To find 7, 


Thus, A = , 
ok Il 1 1 — «| Multiply 


U = 356) 245,4546 (0,68948. 
And 0,68948 + 1 = 1,68948 ; it's Logarithm is 0,227,7 54+ 


Then R = 1,06; it's Logarithm is 0,025,306) 0,227,754 (9 = & 
Viz, g Years will be the Time required in the Queſtion, 
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Or otherwiſe, by Logarithms, 


Thus, 4 = 4090,91 ; it's Logarithm is 3.611,821 Add 
And K — 1 = 0,06; it's Logarithm is 8.778, 181 


i ; Sum 2.389,972 
Again, U = 356; it's Logarithin is 2.551,450 | Subſtract 


There Remains the Logarithm 9.838, 522 of o, 68948. 
| And 0,68948 + 1 = 1,63948 ; it's Logarithm is o, 227754. 
Then (as before) 1,06; it's Logarithm is 0,025306) 0,227754 (9 = . 


Viz. 9 Years will be the Time required, if the Payments are to be paid but 
once a Year, 


But if they are to be paid either Half-Yearly, or Quarterly, Sc. as before in 
the two laſt Caſes ; 


Inſtead of making R — 1, the Multiplicator as above, you muſt take 
ſuch a Part of the Logarithm of R, (the Amount of 11.,) as the given 
Then Time requires; and with it's Number, made Leſs by 1, Multifly the 
? propoſed Amount ; Then Divide that Product by the Sum which ought to 
paid at it's reſpettive Time; and to that Quotient Add 1; and ſo proceed 
as the Rule directs. 


Example II. In Half-Yearly Payments. 


In what Time will 3561, per Annum Amount to the Sum of 41511. 75. 7d. Hit 
is to be paid by Half-Yearly Payments, viz. 178l. every Half-Year ; and to be 
allowed 6 per Cent, &c. for every Payment, as it becomes due ? 


Here is given U = 178, viz. the + of 356, 4 = 4151,38, and R = 1,06; 
To find :, the Number of Years, 
Firſt, R = 1,06; the + of it's Logarithm is 0.012653, and it's Number is 
1,029563; then 1,029563 — 1 = 0,029563, the Multiplicator, inſtead of 
— 1. i 
And it will be A = 4151,38 
Multiplied with o, 29563 


The Product is 122,72724 for the Dividend. 
| Then U = 178) 122,72724 (0, 68948; to which add 1, and it will be 
:1,68948 ; it's Logarithm is o. 227754. | 
And R = 1,06; it's Logarithm is 0.025306) 0,227754 (9 . 


Viz. 9 Years will be the Time ſought. 0 
| : 
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Or. baviag « once formed the Multiplicator, then the Work may be done by 
Logarithms, 


Thus, 4 = 4151,38 ; it's Logarithm is 3-618,190 Add 
* is o, 029563; it's Logarichm i is 8.470,749 


* 


Sum 2.088, 939 : 
Again, U = 178; it's Logarithm is 2.2 50418 Subſtract 


There Remains the Logarithm 9.838,521 of 0,68948. 


And o, 68948 + 1 = 1, 68948; it's Logarithm is o. 227,754; R = 1,06, 
it's Logarithm is o. o25, 306) o. 227,754 (9 , the Number of Years 
ſought. As before. 


Example III. In Quarterly Payments. 


In what Time will 245l. per Annum, to be paid Quarterly (viz. 611. 5s. per 
Quarter), Amount to the Sum of 3428|. 38., allowing 51 me Cent. for the Vor- 
bearance of the Payments, as they become due ? 


Here is given U = 61,25 (viz. the £ of 245ʃ.); R = 1,055, and A = 
3428,15; to find 1, the Time, 


Firſt, R = 1,055 ; the x of it's Logarithm is 0.005,813 ; it's Number is 
1,01348, and 1,01348 — 1 = 0,01348, the Multiplicator ; 


And A = 3428,15 the Multiplicand, 
Multiplied with 0.01348 


Their Product is 46,21146 the Dividend. 


Then U = 178) 46,21146 (9.75447 3 ; to which Add 1, and it is 1,75447 ; 
I's Logarithm | is O. 244, 146. 


Then R = 1,055; it's Logarithm i is 0,023,252) o. 244,146 (10,5 = &. 
Viz. Ten Years and a Half will be the Time required by the Queſtion. 
The ſame may be found by Logarithms, as in the laſt Example. 


Caſe 4. Having U, t, and A, given; To find R. 


That 1 is, If any Annuity, with the Time of it's being Unpaid, and the Sum 
it is propoſed to Amount to in that Time, are given; hence to find the Rate 


3 Intereſt per Cent. that muſt be allowed for every Payment, as it becomes 
ve. 


ot. V. 4 U 


The 
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The Solution of this Queſtion is more difficult than any hitherto has been; 
and the Equation by which the Value of & mult be found is this, 


- 3 75 R — R, which is called an Adfected Equation“, and requires 
an Analytical Solution to find the Value of R, (as in the Young Mathematician's 
Guide, Page 268,) which cannot otherwiſe be found by any General Rule, thac 


can be preſcribed here, as in the precedent Caſes, but only by Approaching to 
it with Trials. And, in order to perform that Approximation with the leaſt 
Trouble, I ſhall here propoſe the following Method, as the eaſieſt that I can 


at prelent-think of. | 
Which 1s thus: 


Firſt, Divide the propoſed Amount Ly the Annuity, and Reſerve the Quotient, 
Next, Subſtraft 1 from that Quotient, and call the Remainder x. © 


Then you muſt make choice (by gueſs) of ſuch a Number for the Value of R, 


as you think will be the Amount of 11, at the Rate of the Intereft ſought ; and 
| | | Multrply 


——_— ——— 


5 


* By add, or (as the word is now more frequently written, ) afefed, equations in Algebra we 
are to underftand all ſuch equations as contain more than one power of the unknown quantity æ, in 
contra · diſtinction to ſuch equations as involve only one power of the ſaid quantity, which are called 
pure equations, The reaſon and origin of theſe expreſſions may be explained as follows. They were 
introduced into Algebra by the celebrated French Algebraiit Monſieur Viete, or (as he is more 
frequently called,) Yieta, who flouriſhed about the year 1580, and was the great improver of modern 
Algebra. This great writer has many expreſſions peculiar to himſelf, and which have not been 
adopted by ſubſequent Algebraitts, or, at leaſt, by ſuch of them as have written fince the publication 
of Harriot's Algebra in the year 1631, and of Des Cartes's Geometry in the year 1637. Amongſt 
theſe are the following expreſſions. —He calls a ſet of quantities that are in continued geometrical 
proportion, (ſuch as the quantities 1, x, x*, x3, x*, x5, e, x?, &c,) a ſet of ſcalar quantities, or 
magnitudines ſcal.res ; and, when there are ſeveral of theſe ſcalar quantities connected with each 
other by the ſigns + and —, or by Addition and Subtraction, (as in the compound quantity 
x5 + ax* = ,) he calls the higheſt quantity, or that which is fartheſt in the ſcale of quantities 
1, *, a*, a, x%, x5, x5, a7, &, (to wit, the quantity x5 in the ſaid compound quantity x5 + 4a“ 
— *,) the porver of the fundamental quantity x, or of the ſecond term in the faid ſcale; and 
he calls the lower ſcalar quantities, which are involved in the ſecond and third terms of the faid 
compound quantity & + a+ — 6235, to wit, the quantities &“ and x3, (or, in our prefent lan- 
guage, the inferiour powers of x,) ſcalar quantities of a parodie 2 to s, or the po ver of the 

tundamental quantity x. This word parodie I take to be derived (though Vieta does not tell us ſo,) 
from the Greek words wagd and (995, which fignify near and a tvay, or road, becauſe tlieſe inferiour 
ſcalar quantities, æ and x, lie in the wway as you paſs along in the ſcale of the aforeſaid quantities 
I, x, 42, a3, 4%, x5, x*, x7, &c, from 1 to x5, which he calls the power of x in the ſaid compound 
quantity x5 + ax* — as. Theſe inferiour fcalar quantities x3 and ++ are therefore parodic, or 
feruatrd in the cuay to, or are leading io, the ſaid power, or higher ſcalar quantity, x5, He then 
proceeds to define à pure power and an affected power, and tells us, that @ pure power is a ſcalar 
quantity that is not affected with, or mixed with, any parodie, or inferiour ſcalar quantity, aud that 
an affefted peer is a ſcalar quantity that is mixed, or connected by Addition, or Subtraction, with 
one, or more, infertour, or parodic, ſcalar quantities, combined with co-efficients that raiſe them to 
the ſame dimenfiou as the power itfelf, or make them homogeneous to it, and conſequently capable of 
being added to it, br ſubtracted from it. Thus +5 alone is @ pure porver of x, namely, it's fifth 
power; and x5 + aa“ — 6*x3 is an affected porrer of x, namely, it's fifth power aeded by, or 
tonnected with, the two parodic, or inſeriour, ſcalar quantities, a3 and &, which are multiplied into 
| bb and a, in order to make them homogeneous to, or of the ſame dimenſion with, #* itſelf, and conſe- 


quently capable of being added to it, or ſubtracted from it, And he ſeems to have uſed the nos 
0 affect. 
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Multiply that Nu nber into the reſerved Quotient. Alf", you muſt © Mu'ltinly the 

Legarithm of that ſupbiſed Number with the Time; aud find the Nunber 29hich 

belongs to their Product: Then, if the Difference between that Number aid the 

aforeſaid Product of R into the Reſerved Quotient, be Equal to (viz. be the ſame 

with) the Number called r, you have bit upon the true Value of NR. But if th, are 

wot equol, then another Trial muſt be made, &c. As in the follywi g Examples. 
Example I. In Yearly Payments, 

There is an Annuity, or Rent, of 3561. per Annum, and it has been fordorn, 
or unpaid, Nine Years ; And there is 40gol. 18s. 21d. given for th! Amt, or 
Sum, of all the Arrears ; it is required to fn what Rate of Inte e per Cent. i; 
allowed for each Payment, as it became Due? 

Here is given U = 356, = 9, and 4 4090, 91; To find R, ihe 
Amount of 14. | 

Thus, 356) 4090,91 (11,49132, the Quctient to be Reſerved ; from which 
Subſtract 1, and it will be 10, 49132, which is the Number called x: And 65 
far the Work will always be certain, it being only that of the firſt Side of the 


Equation. 


— 


affected in ſpeaking of ſuch a compound quantity as x5 + ar* — 4.3, hecauſe the magnitude of 
the higheſt power of , to wit, x*, was c anged, or altered, or made greater, or leſs, than it would 
otherwiſe be, by the addition of the parodie quantity ax4, and the ſubtraction of the parodie 
quantity bas; which increaſe, or diminution, or change, in the principal quantity x$ he ſeemed 
to think might be well expreſſed by ſaying it was affected by it's connection with the ſaid parodie 
quantities. There are ſome expreſſions in his book that ſatisfy me that this was the idea he annexed 
to the word afectel. See Schooten's edition of Vieta's Works, publiſhed at Leyden in Holland, 
in the year 1646, pages 3 and 4. 

This, then, being the meaning of the expreſſions a pure fower and an aße fower, the meaning 
of the correſponding expreſſions of a pure equation and an afetet equation follows from it of courſe : 
a pure equation ſignifying an equation in which a pure power of an unknown quantity is declared to 
be equal to ſome known quantity ; fuch as the equation x* = 79; and an af/e&ed equation lignifying 
an equation in which a power of an unknown quantity affected by, or connected, either by Addition 
or Subtraction, with, ſome inferiour powers of the ſame unknown quantity, (multiplied into proper 
co-efficients in order to make them homogeneous to the ſaid higheſt power of the ſaid unknown 
quantity,) is declared to be equal to ſome known quantity; ſuch as the equation x5 + ax* — 2x3 
= 79. This 1 take to be the original meaning of the expreſſion an af22ed equotion. But, as the 
language of Vieta has not been adopted by ſubſequent writers of Algebra, I ſhould thirk it would 
be more convenient to call them by ſome other name. And, perhaps, thoſe of binomial, fr nos ial, 
quadrinomial, quinquinomia), and, in general, that of mu/tinomial £quatio0ns, would be as convenient 
as any. Thus, xx + ax = rr, and a3 + art = 13, and a3 + d = 73, and a + ax = 74, 
and * + ax3 = 14, might all be called binomial equations, becauſe they woul1 be equations in which 
a binomial quantity, or quantity confiſting of two terms that involved the unknown quantity x, is 
declared to be equal to a known quantity ; and, for a like reaſon, the equations 43 + 4 + /2x 
= , and xa* 4 + zus = 15, and * — a + 3x = 5+, and x5 + 4 + 33 = „F and 
* + a — [x3 = r5, and a5 + b*x3 + cx = 15, might be called trinomicl equations, And 
the like names might be given to equations of a greater number of terms, Ds, Hutton, I obſerve 
in his excellent new Mathematical and Philoſophical Dictionary, (publiſhed in the vear 1795.) 
calls them compound equations; which is likewite a very proper name for them, and lefs obſcure than 
that of affefed equations. And Mr, Kerſey, in his excellent Treatiſe of Algebra, publiſhed in the 
year 167 2, likewiſe calls them compound equations. But I ſhould think the former apneliarior cf 
binomial, irinomial, quadrinomial, guinquinonial, and, in gencral, muliinymicl cquatious would he 
rather more deſcriptive of their nature. F. M. 


40 2 Next, 


— —— — 
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Next, I will ſuppoſe the Value of R to be 1,05; and then, the Reſerved 
Quorient 11,49132 being mukiplied into 1.05, (rhe conjectural value of R,) 
the Product will be 12,065886. 


Again, If R it's L h . 021,18 5 
ain, een 


— — — 


The Product is the Logarithm o. 190,01 of 1,5132. 


Then 12, 65886 — 1, 55132 is = 10, 51456; which is More than 10, 49132, 
the Number called x. Therefore this ſuppoled Value of R, to wit, 1.05, is taken 
too Little. 


Again, For a ſecond Trial, I will ſuppoſe R = - 1,07 ; ; and then, if the Re. 
ferved Quotient 11,49132 be multiplied i into 1,07, the Product will be 12,29571, 


And, if R = t hm will be 0.029,38 
I 1,07, it's Logarit cn pn — o. 029, 384 3 Multiply 


The Product is the Logarithm, o. 264, 456, of 1, 83847. 


Then 12,2957 1 — 1, 8384 will be = 10, 45724, which is Leſs than 10, 49132, 
the Number called x. And therefore I conclude that the Laſt R, to wit, 1,07, was 
taken too Big, and that the Value of R is ſome Number between 1,05 and 1,07 


Let vs therefore take R = 1,06 (viz. in the Middle bet ween 1,05 and l, op). 
And then, if the Reſerved Quotient 11, 49132. be multiplied into 1,06, the 
Product will be 12,180799. 


d, it — F 6, L o h ill b 3 6 5 
And, if R = 1,06, it's Logarit r ee 0.02 5,30 2 Multiply 


The Product is the Logarithm 0.227,7 54 of 1, 689479. 


Then 12,180,799 — 1,659,473 will be = 10,49132, which is juſt the ſame 
with the Number called x 


Whence I conclude that the true Value of R is = 1,05, and tar 1,05 = 1, 
or 0,05, is the Ratio of the Rate of Intereſt ſought. 


Then i will be, As 1: is to 0,06 :: So is 100: to 6, the Rate of Intereſt 
per Cent. As was required for Yearly Payments. 


But if the Payments are to be made either Half. Vearly, or Quarterly, Cc. 


Inflead of Mullipiying the Reſer v2d Quotient with the ſuppoſed Value 
of K (as above), you muſt take ſuch a Par of the Logarithm of that 
Then, K (viz. of the aſſumed Amount of 1/.), as the given Time requires, 
on with it's Number Multiply the aforeſaid Reſerved Quotient, and 
and thei proceed on as before, 


Example 
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Example II. In Halt-Yearly Payments. 


Suppoſe the ſame Annuity of 3561. per Annum were to be paid Half-Yearlv, 
(viz. 1781. every Half-Vear.) it be forborn Nine Years, and then Amount 10 
the Sum of 41511. 78. 7d. What Rate if Intereſt per Cent. is allowed, &Cc, ? 


Here is given U = 178 (viz. the + of 356l.); ; = 9, and A = 4151,38; 
To find R, the Amount of 1/., Ce. 


Firft, 178) 4151,38 (23,32236 the Reſerved Quotient, and 23,32236 — 1 
= 22, 32236, the Number called x. So far is the ſame as before in whole Tears. 


Now here I will aſſume the firſt Value of R = 1,06. Then, ſince R is = 
1,06, the + of it's Logarithm will be 0.012,653, and the Number to that Halt- 
Logarichm is 1,0295363, which mult be taken for the Multiplicator, inſtead of 
R = 1,06, as before: And then, if the Reſerved Quotient 23,32236 be 
multiplied into 1,029563, the Product will be 24,011,839. 


Again, ſince R is = 1,06, it's Logarithm will be 0.025, 306 
l : 5 9 Multiply 


Their Product is the Logarithm 0.227,754 of 1,689,479. 


Then 24,011839 — 1,689479 = 22,32236, which 1s juſt the ſame with 
22,32236, or the Number called x. And therefore the true Value of R is = 
1,06. And fo on for the Rate per Cent, as in the laſt Example. 


Example III. In Quarterly Payments. 

An Aunuiiy of 2451. per Annum, to be paid Quarterly (viz. 611. 5s. every 
Quarter), is forbern Ten Years and a Half, and then it 1s ſa'd to Amount 10 the 
Sun of 34281. 3s. It is required to find what Rate of Iutereft per Cent. is at- 
lowed, Wc, 

Now here is given U = 61,25 (viz. the + of 2451.); # = 10,5, and A = 
3428,15; To find R, the Amount of 1/. Cc. 

Firſt, 61,25) 3428,15 (55,96979, the Reſerved Quotient, and 55,96979 
— 1 = 54,96979, the Number called x. 

Then let us here ſuppoſe R = 1,05 ; and then the + of is Logarithm will 
be o 005,297, whoſe Number is 1,01227, the Multiplicator. 

And, if the Reſerved Quotient 53, 96979 be multiplied into 1,01227, the 
Product will be 56,6575 4. a 

Again, If R = 1,0; ; it's Logarithm is o.02 1,189 

And t = 10,5 \ Multply 


The Product is the Logarithm 0.222,484 of 1,66911. 


Then will 56,05754 Sk 1,66911 be — 54,98843 3 which is a little More 
than 54,95979, or the Number called x. Therefore the aforeſaid Value of R, 
o Wit, 1,05, is taken ſomething too Little. 

And 
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And making a ſecond Trial, by ſuppoſing R = 1,06, and then proceeding 
on as before, I find the Reſult to be about as much Leſs than 54»96979, or 
the Number called x, as the laſt-found Number 54,98843, was greater than the 
ſaid Number, | | 


I ſhall therefore aſſume R = 1,95 5, viz. in the Middle between 1,05 

and 1,06, | : 8 8 
And then, ſince R is = 1,055, the = of it's Logarithm will be o. oog, 813; 

the Number correſponding to ſuch latter, or lefler, Logarithm is 1,01 348 

which we muſt take for the Multiplicator. 
Then, if the Reſerved Quotient 55,96979 be multiplied into 1,0 1348, the 

Product will be 56,72426. | | 
Again, 2 R 1, o55; it's WR s 0,023,252 \ Multiply 


x 10, 5 


The Product is the Logarithm o. 244, 146 of 1, 5447. 


Then 56,2426 — 1,3447 = 54296979, which is exactly the ſame with 
the Number called x. | l 


And therefore I conclude that the true Value of R is = 1,055, and that 
1,055 — I, or 0,055, is the Ratio of the Rate. And 


Then it will be, As 1: is to 0,055 :: So is 100: to 5. 5; Viz. Five and a 
Half is the Rate of Intereſt per Cent. per Annum, that was required. 


What hath been here done by Multiplication and Diviſion, may, if you 
pleaſe, be performed by Logarithms, as in the precedent Caſes. 


As, for Inſtance, in the laſt Example ; 


Wherein A = 3428,15 ; it's Logarithm is 3.5 38, 60 
And U = 61,25; "It's Logarithm is 1.787, 108 Subſtract 


The Remainder is the Logarithm 1.747, 952 of 55,9698, which 1s 
here the Reſerved Quotient. | 


And 55,9698 — 1 = 54,9698, the Number called x. 


Then, if R = 1,055, the g of it's Logarithm is 0.005,81 3 Add 
The Logarithm of the Reſerved Quotient is 1.747,952 | N 


The Sum 1s the Logarithm 1.753,765 of 56,7243. 


Again, If R = 1,055 ; it's Logarithm is o. 023,2 52 b 
Andi = "10,5 j unn 


The Product is the Logarithm o. 244, 146 of 175447. 


Then 36,7243 — 1,75447 is = 54, 96983; which is juſt the ſame with the 
Number called x. And therefore, Sc. as above. : 
SECT. 


6 
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Ster. III. To find the Preſent Worth of Annuities, Penſions, Leaſes, &c. 
at Compound Intereſt. 


I HALL here make Uſe of the ſame Letters to repreſent the ſeveral Parts of 
the Queſtion, as in Se#. III. Page 679. And it may not be amiſs to make Ule 
alſo of the ſame Examples as are in that Section; ſave only that I ſhall here 
Compute them for Whole Years, Half-Years, and Quarterly Payments, as in 
the laſt Sef770n, . 


U Denote the Annuity, or Rent, 
Let 4 The Time af it's Con!inuance, > As before; 
R The Amount of il. 


And P The Preſent Worth of the Annuity, Wc. 


Then will PR = ho 5 
— 1 


(Vide the Jung Mathematician's Guide, Page 269.) 


From this Equation are deduced the following Rules, which alſo admit of 
Four Caſes, | | 


Caſe 1. Having U, 7, and R, given; To find P. 


That is, If any propoſed Annuity, or Yearly Rent, and the Time of it's 
Continuance, are given; To find the Preſent Worth of that Annuity, allowing 
any Rate of Compound Intereſt per Cent. to the Purchaſer, &c. 


Multiply the Logarithm of R (the Amount of 14.) with the given 
Time; and from the Number which belongs to that Produtt Susſtratt 1: 
Then Multiply the Remainder. with the Annuity, and the Produtt will be 
Rule.“ Dividend. 

5 Then Multiply the Number which belonged to the firſt Product with 
R — 1 (viz, with the Ratio of the Rate), and make their Produf? a 
Divifor ; The Quotient ariſing from thence will ſhow the Preſent Worth 

or Yearly Payments. 


Example I. In Yearly Rents. 


Suppoſe a Leaſe of 2501. per Annum, were to be Lett for 21 Years ; What may 
the preſent Worth of that Leaſe be, at the Rate of 5 per Cent, &c. ? 


In this Queſtion there is given U = 250, fr 21, and R = 1, f; To find 
J, the preſent Worth for Yearly Rents. 5 2 5055 10 


Firſt, 
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Firſt, R is = 1,0; ; it's Logarithm is 0.021,18 : 
79 N * t 2 8 Multiply 


The Product is the Logarithm 0. 444, 969 of 2,7859. 

Then 2,7859 — 1 = 1,7859; and 1,7859 X 250 = 446,475 for the 
Dividend. 

Again, R — 1 = o, os; and 2,7859 Xx 0,05 = 0,139,295 for the Diviſor. 

Then 0,139,295) 446,475 (3205, 478 = P. 

That is, 3 205. 55. will be the preſent Worth of ſuch a Leiſe as was 
required. | 
Or the ſame may be otherwiſe performed by Logarithms : Thus, 


nr, Multiply as before. 


The Product is o 444.069 Add 
Again, Uis = 250; it's Logarichm is 2.397, 940 


The Sum is the Logarithm 2.842, 909 of 696,48; from which 
Subſtract the Annuity 250, and there will Remain 
446,48 ; the Logarithm of which is 2.649,802 


The Logarithm of R, Multiplied with , is 0.444,969 Add 
And R — 1 = 0,05; it's Logarithm is 8.698, 970 


* 


There Remains the Logarithm 3.505, 863 of 320 5, 25. 


That is, 3205/. 5s. will be the preſent Worth required by the Queſtion, as 
before; ſuppoſing the Rents to be paid but once a Year. 


But, if the Payments of the Annuity, or Rents, Sc. are to be made at any 
Times Leſs than a Compleat Year, As +, +, ++, Oc, That is, Half Yearly, 
or Quarterly, or Monthly, &c ; Then the Diviſor muſt be otherwiſe formed than 


by R- 1. 


From the upper Logarithm take this Logar. 5.143,9 39 


| You muſt take ſuch a Part of the Logarithm of R, the Amount of 11., 
Thus. J © the given Time requires, and make Uſe of the Number anſwering 10 
Anus, q that Part, made L2/s by 1, inſiead of R — 1, the Ratio, &c. As is 


the foll-wing Examples. 


Example II. For Half-Yearly Rents, 


Suppoſe the aforeſaid 2501. per Annum, were to be paid Half Yearly (viz. 125, 
every Half-Year), and a Leaſe of it were to be Lett fir 21 Years; What would 


the preſent Worth of that Leaſe be, at the Kale of Five per Cent, &c. ? 1 
. : ere 
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Here is given U = 125, f 21, and R = 1, og; To find P. 


Furſt, R = 1,05 ; it's Logarithm is o. 021, 189 . 
And = 21 Multiply 


The Product is the Logarithm, 0.444,969, of 2,78 59. 
Then 2,7859 — 1 is = 1,78 59, and 1,7859 X125 =223,2375 is to be taken 
for a Dividend: Which is only the Half of the Dividend in the laſt Example. 
Next, Ris= 1,05; the + of it's Logarithm is 0.010,594, whoſe Number is 
1,0247 ; and 1,0247 — I = 0,0247 is to be taken for the Multiplicator, in- 
ſtead of 0,05 = R — 1, 
That is, 2,7859 X 0,0247 = 0,06881 will be the Diviſor. 


Then 0,06881) 223,2375 (3244-25 = P. 
Viz. 32441. 5s. will be now the preſent Worth of that Leaſe, which is more 
by 39/. than that in the laſt Example for Yearly Payments. 


And by the Way, we may bere obſerve the great Difference that is betwixt the 
preſent Worth of any Annuity, or Leaſz, &c. Computed at Simple Intereſt, and the 
ſame computed at Compound Intereſt, See the Example in Page 680, where the 
preſent Worth of the ſame Leaſe at Simple Interefs is ſhewn to be 38731. gs. Gd. 


The ſame may alſo be performed by Logarithms, as in the laſt Example, 
having found the Multiplicator inſtead of R — 1, as above. 


Then R is = 1,05; ; it's Logarithm is 0.021,18 i 
7 2 And # = — Multiply 


RAYS | hm h 23918 ] 444 
Again, U is = 125; it's Logarithm is 2.090, 910 


The Sum is the Logarithm 2. 541,879 of 348, 24. 


From this 348, 24 Subſtract the Rent 125, and there 
Remains 223, 24; it's Logarithm is 2.348, 772 
The Logarithm of R, Multiplied with 7, is o 444,969 Add 
The New Multiplicator is o, oz 47; it's Log. is F. 392.697 


From the upper Logar. Subſtract this Log. 5.8 37,666 


There Remains the Logarithm, 3.511,106, of 3244,2. 


Viz. 32444. 4s. is here found to be the preſent Worth; which is leſs than 
that found by the Pen, by only xs., which Difference is very inconſiderable. 


| Example III. In Quarterly Rents. 

What is Sol. per Annum, 10 continue 31 Years and a Half, Worth in preſent 
Money, at the Rate of 7 per Cent, per Annum ; I the Rents te paid Quarterly, 
(via. 20l. every Quarter of a Year ?) | 

Vol. V. 4 X In 
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In this Queſtion, we have U = 20, 1 = 31,5, and R = 1,07 ; To find P, 
as before, | 


Furſt, R is = 1,07 ; it's Logarithm is 0.029, 384 
207 | } Multiply 


The Product is the Logarithm, 0.925, 596, of 8,4255. 


And 8,4255 —1 is = 7,4255, and 7,4255 X 20 is = 148,51 for the 
Dividend. 


Again, Ris = 1,07 ; the + of it's Logarithm is 0.007,346, whoſe Number 
is 1,01706; and 1,017506 — 1 is = 0,01 706, 


Next, 8,4255 X 0,01706 is = 0,143,739, the Diviſor. 


Then 0,143,739) 148,510000 (1033,185 P. 
That is, 10331. 3s. 8:4. will be the preſent Worth, as was required, 


Or, having found the Multiplicator 0,01706, as above; Then the Reſt of 
the Work may be performed by Logarithms. 


Thus, R is = 1,07 ; it's Logarithm is 0.029,384 ] ar 1-1. 
2 2 pe 31, Multiply 


0. 925, 596 
Again, U is = 20; it's Logarithm is 1.301, o30 } Add 


The Sum is the Logarithm, 2.226,626, of 168,51. 


From this 168,51 Subſtract the Quarterly Rent 20, 
Remains 148,51; it's Logarithm is 2.171,756 


The Logarithm of R, Multiplied with 7, is 0.925,596 } Add 
The Multiplicator is o, 1706; it's Logarithm is 8.231, 979 


From the iſt Logarithm Subſtract this Logarithm 9. 157, 575 
There Remains the Logarithm, 3.014, 181, of 1033, 18. 
Viz. 10330. 35. 7d. is the preſent Worth found by the Logarithms, 


Caſe 2. When P, 7, and R, are given; To find U. 


That is, To find what Annuity, or Leaſe, &c. may be Purchaſed for any 
propoſed Sum; to continue any aſſigned Time, at any given Rate of Intereſt, 


Rule, 
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f Firft Multiply the Legarithm of R with the Tim”, and fd the Number 
\ which belongs to the Product, and call that Number », (as in the laſt 
Section. 

yrs, Multiply the ſame Logarithm of R with the Time more 1, and 
\ find the Number which belongs to that Product. Then Multiply be Dif- 
ference of thoſe Two Numbers with the propoſed preſent Worth, and their 
Produtt will be a Dividend. | 

And the firſt Number called x, being made Leſs by 1, will be the Diviſer, 
by which if the aforeſaid Dividend be Divided, the Quotient will ſhew 
| the Annuity required for Yearly Payments. 


Rule. $ 


Example I. For Yearly Rents. 


IWhat Annuity, or Yearly Rent, to continue Twenty-one Years, may be purchaſed 
for 32051. 58. at the Rate of Live per Cent. per Annum ? 


Here is given P = 3205,25, f = 21, and R = 1,05; To find C. 


Firſt, R = ; it's Logarithm is 0.021,18 . 
irlt, 1,05; ts o * 0.0 uy 1 Multiply 


The Product is the Logarithm, o. 444,969, of 2,78 59, or of the 
Number called x. 


Again, R = 1,05; it's Logarithm is 0.021,189 . 
gain, 3 19 } Multiply 


Their Product is the Logarithm, 0.466,158, of 2,9252, 
Then 2,9252 — 2,7859 = 0,1393, the Multiplicator, 
Next, P = 3205,25 X 0,1393 gives 446,4913 for the Dividend. 
And the Number called x, 2,7859 — 1 = 1,7859, is the Diviſor. 


Then 1,7859) 446,4913 (2501. = U, the Annuity required for Yearly 
Payments, 


Or, having once found the Two firſt Numbers, and by them formed the 
Multiplicator and Diviſor, as above, the Multiplication and Diviſion may be 
performed by Logarithms. 


Thus, P = 32035, 25; it's Logarithm is 3.505,861 
Multiplicator is o, 1393; it's Logarithm is 9.143.951 


Sum 2.0649, 812 
The Diviſor 1,7859; it's Logarithm is o. 251,857 Subſtract 


| Add 


Remains the Logarithm, 2.397,955, of 250 = U. 


Viz, 2501, will be the Yearly Annuity, as before. But this Caſe is more 
Univerſally Reſolved by the following Rule, 


4 X 2 Rule 2. 
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Firſt Multiply the Logarithm of R, the Amount of 1l., with the 
Time, and find the Number which belongs to that Prada, which call x, 
(As before.) 
| | Next, Multiply the propoſed preſent Worth with R — 1, viz. with 
Rule 2. 4 the Ratio of the given Rate, and Mulliply their Produtt with the firſt 
: | Number, called x. | 

Then Divide the laſt Product by the Number called x made Leſs by 1, 
and the Quotient will ſhew the Annuity, or Rent for Yearly Payments, 
(As before.) 


As, for Inſtance, in the laſt Example, wherein P = 3205,2 5 = 21, and 
R = 1,05; To find U. | 


Then R = 1,05 ; it's Logarithm is 0,021, = } Mukipty | 


And f = 


The Product is the Logarithm, o. o. 444, 969, of 2,78 59, called x. 
Next, R — 1 = 0,05; And P = 3203, 25 X 0,05 = 160, 2625. 
Again, 160, 2625 x 2,7859 = 446, 4753, the Dividend. 

And 2,78 59 — 2 = 1,89 is the Diviſor. 


Then 1,78 59) 446, 4753 (259 = U = 25015 the Annuity, or Rent for 
Yearly Payments. 


The ſame may be . by Logarithms. 


Thus, If R = 1,05, and 1 = 21 3 Then 2,78 59, the Number called x, 
w1ll be found as before. 


And, If P = 3205,25 3 ; It's ; Logarichmn i is 3.505,861 } | 
Add 


d TY 


R — 1 = 0,05; it's Logarithm is F. 698, 970 
Number called x, 2,7859; it's Logarithm is o. 444,969 


Sum 2. 649,800 | 
Number x — 1 = 1,7859; it's Logarithm is 0.2 51,857 } Subſtract 


There Remains the Logarithm, 2.397, 943, of 250. 
That is, 2 501. will be the Rent for Yearly Payments, (As before.) 


But, if the Annuity, or Rent, Sc. is to be paid either Ha!f-Yearly, or Quar- 
terly, c. 
' Inflead of Multiplying the propoſed preſent Worth of the Annuity with 
K — 1, (viz. with the Ratio of the Rate, as in Rule 2,) youu muſt take 
Then, \ ſuch a Part of the Logarithm of R, as the Time requires (viz. the 2, 
[hes L, or rr, Sc.) and'it's Number made leſs by 1, muſt be the Multi- 
plicalor; and then proceed by Rule 2; as in the following Examples. 


Example 
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Example II. In Half-Yearly Payments. 


What Annv»itv, or Rent, to be paid every Half-Year, and to cen'inue 21 Years, 
may be purchaſed for the Sum of 32441. 55, at the Rate of 5 per Cent. per 
Annum ? 

In this Queſtion there is given P = 3244,25, 1 = 21, and R = 1,05 ; To 
find U, the Half-Yearly Rent. 


hus, R is = ; it's Logarithm is o. ; 
Thus, R is = 1,05 ; it's 5 * m en- Multiply 


The Product is the Logarithm, 0.444, 969, of 2,78 59, called x. 


Then 2,7859 — 1 = 1,78 59, is the Diviſor. So far the Work is the ſame 
as for Yearly Payments, 


Next, R = 1,05 ; the + of it's Logarithm is 0,010,594, whoſe Number is 
1,0247, and 1,0247 — 1 = 0,0247, is the Multiplicator, inſtead of 0,05 = 


Then P = 3244, 25 is to be multiplied into 0,0247 ; the Product is 80, 133. 
And 80,133 is to be multiplied into 2,7859, the Number called x; the Product 
is 223,2432, which is to be taken for the Dividend. 


Then x — 1 = 1,7859) 223,2432 (125 = U. 
That is, 125/. will be the Half-Yearly Annuity, or Rent; as was required by 
the Queſtion, 


Or, having once found the Number called x, and taken 1 from it for the 
Diviſor ; and having alſo found the Multiplicator which is to be uſed inftead 
of R — 1, as before: Then the Multiplication and Diviſion may be performed 
by Logarithms ; Thus, | 


R = 1,05 ; it's Logarithm, Multiplied with f. is 0.444,969 
And P is = 3244, 25 it's Logarithm is 3.511,114 f Add 
The Multiplicator is 0,0247 ; it's Logarithm is 8.392.697 


Sum 2.348, 7 80 
The Diviſor is 1,78 59; it's Logarithm is o. 251,857 Subſtract 


There Remains the Logarithm, 2.090, 923, of 125 = U, Se. 
Example III. In Quarterly Payments. 


I hat Annuity, or Rent, to be paid every Quarter of a Year, and to centiuue | 


31 Nears and a Half, may be purchaſed for 10331. 38. 8d. at the Rate of 7 per 
Cent. per Annum ? | 


Here is given P 1033,185, = 31,5, and R = 1,07; To find U, the 
Quarterly Payment. | 
Firſt, 


* — q n 
— ID — — — — FT 
— — —— — — - — p—— — — —— — = 


— — — 


714 MR, JOHN WARD'S KEY TO INTEREST, 


Firſt, R = 1,07 ; it's Logarithm is 0.029,38 3 
, * v e . Multiply 


— — 


The product is the Logarithm 0.925.596 of 8, 425 5, called x, 
And 8,4255 — 1 7, 4255 will be the Diviſor. | 


Again, R = 1,07 ; the = of it's Logarithm is 0.007, 346, whoſe Number is 
1,017c6; and we ſhall have 1,01706 = 1 = 0,01706 for the Multiplicator, 
inſtead of 0,05 = R — 1. 

Then P = 1033,185 is to be multiplied into 0,01706 ; the Product is 
17,6261, And 47,6261 is to be multiplied into 8,4255, the Number called x; 
the Product will be 148,5087, the Dividend. 


Then 7,4255) 148,5087 (20 = U; That is, 20/, will be the Quarterly 
Annuity, or Rent; as was required. | 


The ſame may be found by Logarithms, as in the laſt Example of Half- 
Yearly Rents ; which I ſuppoſe is needleſs to be ſet down. 


Caſe 3. When U, P, and R, are given; To find 7. 


That is, When any Annuity, with it's propoſed Value or Purchaſe, and the 
Rate of Intereſt per Cent, &c. are given ; Thence to find how long the Pur- 
chaſer ought to enjoy it. 


Firſt, Multiply the propeſed Value, or preſent Worth of the Annuity, 
with R 1 (Via. with the Ratio of the given Rate of Intereſt) ; and 
Subſtraft the Product from the Annuity, and reſerve the Remainder for a Diviſor. 

Next, Divide the Annuity by that Diviſor, and find the Logarithm of 
the Quotient; Then, if that Logarithm be Divided by the Logarithm 
of R, the Amount of 11., the Quotient will ſhew the Time for Yearly 


Payments. 


Rule, 


% 


Example I. For Yearly Rents. 


Suppoſe 32051. 5s. were Lent upon an Annuity of 2501. per Annum ; In what 
Time would it pay-off that Debt, allowing the Creditor 5 per Cent, per Annum ? 

In this Queſtion, there is given P = 3205,25, U = 250, and R = 1,0;; 
To find z. | 


Firſt, P is 3203, 25 . 
AndR i is = 0,05 } Makipiy 


And U = 250 = 160, 2625 leaves 89, 7375, the Diviſor. 
Next, 89,7375) 250, oooo (2, 78 59, whoſe Logarithm is o. 444, 969. 
Then R = 1, oz; it's Logarithm is o. o21, 189) o. 444,969 (21 . 


That is, 21 Years is the Time required in the Queſtion, The 
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The ſame may be performed by Logarithms ; Thus, 


If P = 3203, 25; it's Logarithm is 3.505,863 
And R — 1 = o, os; it's Logarithm is '$.698.970 5 Add 


The Sum is che Logarithm, 2.204, 833, of 160, 2625. 


Next, If U 230; it's Logarithm is 2.397, 940 
250 — 160, 2625 = 89,7375; it's Logarithm is 1.952, 972 | Subſtract 


R = 1,05 ; it's Logarithm is o. oa 1, 189) 0.444,968 (21 = f. 
Viz, 21 Years is the Time, if the Payments are Yearly, 


But if the Annuity, or Rent, is to be paid, either by Half-Yearly, or Quar- 
terly Payments, Wc, | 


Inſtead of Multiplying the propeſed preſent Worth of the Annuity 
with R — 1 (as before), you muſt take ſuch a Part of the Logarithm 
Then, F R, the Amount of 11., as the Time requires ; and the Number anſwering 
U that Pert, being made Leſs by 1, will be the Mulliplicator : and then 
ou may proceed-on as before, according to-the Rule. 


Example II. For Half-Vearly Rents, 


Admit that a Man ſhould give 32441. 5s. for an Annuity, or clear Rent of 250l. 
per Annum ; #0 be paid Half-Yearly (viz. 1251. every Half-Year) ; How long 
muſt he Enjry that Annuity, to be ailowed Five per Cent, &c.? 

Here 1s given U = 125, P = 3244,25, and R = 1,05; To find t, the 
Time, or Number of Years. 


Firſt, R = 1,05 ; the T of it's Logarithm is 0.010,594, whoſe Number is 
1,0247 ; and 1,0247 — is = o, o247, which is to be the Multiplicator, inſtead 


of 0,05 = R— 1, 
Then P = 3244,25 Xx 0,0247 = 80, 1329. 
And U = 125 — 30, 1329 leaves 44,8671, the Diviſor, 
Next, 44,8671) 125,0000 (2,786, whole Logarithm is 0,444,981, and is 
to be taken tor the Dividend. 
Then R = 1,05 ; it's Logarithm is 0,021,189) 0.444,981 (21 = 7. 
That is, 21 Years is the Time that is required in the Queſtion, 


The ſame performed by Logaritbms. 


Suppoſe R = 1,05 ; then the + of it's Logarithm is 0.010,594, whoſe 
Number is 1,0247; and 1,0247 — 1 = 0,0247, will be the Multiplicator, 
inſtead of R - 1 ; as before. | 

Then 
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Then P is = 3244,25; it's Logarithm is 4.511,114 
The Multiplicator is 0,0247 ; it's Logarithm is $.392,697 j 22 


Their Sum is the Logarihm, 1.903,84, of 80,133. 


Next, Uis = 125; it's Logarithm is 2 096,910 
And 125 — 80,133 is = 44,867; it's Log. is 1.051,27 } Subſtract 


Then R = 1,05 ; it's Logar. is o 021,189) 0.444, 98. (21 t. 
Viz. 21 Tears, Sc. as before. 


Example III. In Quarterly Payments. 


Suppoſe one ſhould give 10331. 38. 8d. for an Annuity of 8ol. per Annum, to 
be paid Quarterly (viz. to have 20l. every Quarter of a Year); How long may 
he Zijq it, to be allowed &. ven per Cent. per Annum ? 


In this Queſtion, there are given U = 20, P = 1033,185, and R = 1,07 ; 
To findet, the Time, or Number of Years. 


Thus, R = 1,07 ; the + of it's Logarithm is 0.007, 346, whoſe Number is 
1,01706 ; and 1,01706 — 1 = 0,01706 will be the Multiplicator, to be uſed 
inſtead of o, o = R — 1. 


Then P = 1033,185 x 0,01706 = 17,6261; which, being taken from 
U= 20, leaves 2,3739, for the Diviſor. | | 

Then 2.3739 (20,0000 (8, 425; it's Logarithm is 0.925, 570. 

Laſtly, R = 1,07; it's Logarithm is 0.029,384) 0.925,570 (31,5 = 7. 

Viz. the Time required will be 31 Years and a Half. 


Which may alſo be found by Logari/ms. 


Thus, If R = 1,07; the © of it's Logarithm is o 007,346, whoſe Number 
is 1,01706.; and 1,01706 — 1 leaves 0,01706 for the Multiplicator, which 
is to be uſed inſtead of R — 1. | 
q Then P = 103g, 18 5; it's Logarithm is 3.014, 181 } Add | 
The Multiplicator is 0,01706 ; it's Logarithm is $.231,979 


Their Sum is the Logarithm 1.240, 160 of 17,6263. 
And, if U = 20, then 20 — 19,6262 2, 3738, the Diviſor. 
Again, U ao; it's Logarithm is 1.301,030 j Subſtract 
Diviſor 2, 3738; it's Logarithm is 0.37 5,444 


R = 1,07 ; "it's Logarithm is o. 029,384) o. 925,586 (31,5 = f, Sc; 
That is, the Time required will be 31 Years and a Half, as before. 


c 
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Caſe 4. By having U, f, and P, given; To find R. 


That is, When any Annuity, or Rent per Amum, with the Time of it's 
Continuance, and it's propoſed preſent Worth for that Time, are given; 
Thence to find what Rate of Intereſt per Cent, Qc. is allowed the Purchaſer. 


This Caſe is ſo difficult, that the Ingenious Michael Dary, in his Treatiſe of 
Intereſt Epitomized, Page 7, ſets it down as very troubleſome to be Reſolved, 
in regard (ſays he) that R (the Thing ſought) cannot be brought to one Side of 
the Equation ſolely, and the other Side clear, Bur I rather think that the true 
Cauſe which rendered a perfect Solution of this Caſe fo troubleſome to him (or 
indeed impoſſible at that Time,) was becauſe the Reſolving of ſuch high Equations 
as this Caſe requires, was not in his Time ſo well known as now it is. 


For the Equation, by which the true Value of R may be found, is this: 


i U 
Viz. LA RTR -R 
Which I reduce to the following Equation, as being much better for our 


preſent Purpo/e, | 
| Fin Uk UR —PR x K—3. 


Either of theſe Equations is more Adfected than that in Page oz, and 
requires an Algebraical Solution to diſcover the true Value of R; and the faid 
true Value can be no otherwiſe found here than by the ſame manner of Ap- 

roachment which was uſed before in the 4th Caſe of the laſt Section: However, 
in order to render that Approximation as eaſy and ſhort as poſſibly I can, 
I will ſet down the following Directions, 


Viz. 


Firſt, Aſſume ſuch a Number for the Value of R, as you pueſs may be the 
the Amount of 11. at the Rate of the Intereſt required, (as before in Page 702, &c.) 
Then Multiply the Logarithm of that ſuppoſed R with the Time, and find the 
Number which belongs to that Product, and Multiply it with the Ainuity ; Call the 
Product 2. 


Next, Multiply the ſame Number with the propoſed preſent Worth, and Multiply 
their Product with R — 1, (viz. with the Ratio of the ſuppoſed Rate.) 


Then Subſtract the laſt Product from the Produft called z. If the Remainder be 
Equal to (viz. be the ſame with) the Annuity, you have hit right upon the true 
Value of R: But if it be Leſs than the Annuity, then is the Value of R taken too 
Big: And en the contrary, if it be more than the Annuity, we may conclude that 
the Value of R is too Little ; and another Trial muſt be made accordingly. 


Vol. V. 47 Example 
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Example I. In Yearly Rents, 
Suppoſe there were paid 32031. 58. for an Annuity, or a Leaſe, of 250l, per 
Annum, to continue 21 Years ; What Rate of Intereſt per Cent, &c. is alloved 
to the Purchaſer ? 
In this Queſtion, there is given U = 250, 7 = 21, and P = 3205, 25 1 
find R, the Amount of V. in one Year. : 
Firſt, I will ſuppoſe R to be 1,06 ; That is, the Amount of 17. in one Year. 
at the Rate of 6 per Cent. 


Then, if R = 1,06; it's Logarithm 1s 0,025,306 ; 
f , 23 5 5 ge \ Multiply 


The Product is the Logarithm, 0.53 1,426, of 3,3996. 
Then U = 259 is to be multiplicd. into 3,3996; the Product is 849, 
which is the Number called. 2. 5 
Next, P = 3203, 25 is to be Multiplied into 3,996; the Product is 
108 96,5679; And 10896, 5679 is to be Multiplied into 0,06 (viz. into R — 1); 
the Product will be 683,794 1. Then, if this Number be Subſtracted trom 
849, 9, the Number called 2, there will Remain 196,1059, which i- Leſs than 
250, the Annuity. And therefore I conclude that the ſuppoled R, to wit, 
1,06, is too Big. 
Again, for a Second Trial, I will ſuppoſe R = 1,05. 


Then, if R = 1,05 ; it's Logarithm is 0.021,18 f 
: Th And ; = * { Mulciply 


The Product will be the Logarithm, o. 444.969 of 2.7859. 
And 250 Xx 2,78 59 = 696,475, the Number called 2. 
Next, 3205,25 X 2,7859 = 8929, 5, which, being Multiplied with 0,05 = 
R — 1, the Product is 446,475. 


Then 2, 696,475 — 446,475 = 250,000, which is the very fame with the 
Annuity. Whence I conclude that the true Value of R is 1,05; And R —1 
= 0,05 will be the Ratio of the Rate of Intereſt ſought. 


Then it will be, As 1: is to 0,05 :: So is 100 © to 5, the Rate of Intereſt 
per Cent, as was required for Yearly Payments. 


The ſame Trials performed by Logarithms. 


Now theſe Trials, for finding the true Value of R, may be performed by 
Legarithms with a very little Trouble. As, for Inſtance, in this laſt Example, 


Wherein U = 250, Pg 3205,25, and 7 = 21; To find &. 
Suppoſe 
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Suppoſe R = 1,06; it's Logarithm is 0.025,306 } | 
* And 7 = 62.5 e 


Sum 0.531,420 | Add 
Next, U is = 250; it's Logarithm is 2.397, 940 


The Sum is the Logarithm, 2.929, 366, of 849,9, the Number 
called 2. 


And P = 3203, 25; it's Logarithm is 3. 505, 863 


Again, R = 1,06 ; it's Logarithm, Multiplied with z, is o. 53 LY 
Add 
R — 1 = 0,06; it's Logarithm is 8.778, 181 


The Sum is the Logarithm, 2.8 16, 440, of 653,79. 
Then z - 653,7, or 849,9 — 653,79, will be = 196,11, which is Leis 
than 250, the Annuity, Whence it appears that R = 1,06 is too Big. 


Secondly, Let R = 1,05; it's Logarithm is 0.021,18 : 
We as one 


: Sum 0.444, 969 Add 
Next, U is = 250; it's Logarithm is 2.397, 940 


The Sum is the Logarithm, 2.842, 909, of 696, 48, called z. 


Again, P is 3203, 25; it's Logarithm is 3. 50, 863 
R = 1,05; it's Logarithm, Multiplied with 7, is o. 444, 969 þ Add 
And R — 1 = 0,05; it's Logarithm is 8.698, 970 


Their Sum 1s the Logarithm, 2.649,802, of 446,48. 


Then 2 — 446,48 will be = 696,48 — 446,48 = 250, which is juſt ti e 
ſame with the Annuity ; Therefore the true Value of R is 1,05, Sc. As 
before. 


But if the Annuity, or Rent, is to be paid, either Half-Yearly, or Quar- 
terly, Tc. 


Inſtead of Mulliiplying with R — 1, viz. with the Ratio of the 

ſuppeſed Rate of Intereſt (as above), yeu muſt take ſuch a Part ef the 

Then, J Logarithm of R (the aſſumed Amount of 1/.), as the Time requires, 

| make it's Number the Multiplicator, &c. As in the following 
Examples. 


Example II. In Half-Yearly Payments. 


Admit 32441. 5s. were given for an Annuity, or Leaſe, of 2501. per Annum, 
to be paid Half-Yearly, (viz. 1251. every Halt-Year,) and to continue 21 Years ; 
What Rate of Intereſt per Cent. is allczved the Purchaſer ? 


4 Y 2 In 
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In this Example, there is given U= 125, = 21, and P 3244, 25; 
To find R, the Amount of 1/. ect 
Fuſt, I ſuppoſe R = 1,06; it's Logatithm is 0.025,306 ; 
rt. ane, 


Their Product is the Logarithm, o. 33 1.426, of 3:3996. 

Then U = 12; is to be Multiplied into 3, 3996; the Product is 424, 95, 
called 2. : 

Next, P = 3244, 25 is to be Multiplied into 3, 3996; the Product is 
11029, 1523. 

Again, If R = 1,06 ; the + of it's Logarithm is o. o 12, 653, whoſe Number 
is 1,02956; and 1,02956 — 1 = 0,02956, the Multplicator, inſtead of 
0,00 = KR - 1. | 

Then 11029,1523 & 0,02956 = 326,0217, which, being Subſtracted from 
424,95, called z, there will Remain 98,9283; which is Leſs than 125, the 
Half-Yearly Annuity. Whence I conclude that the fuppoled R = 1,06 is 
taken too Big. 


And therefore, for a Second Trial, I will ſuppoſe R = 1,05, and proceed 
by Legariihms only. 


Then, if R = 1,05 3 it's Logarithm is 0.021,18 
Then, if R = 1,05; it's my wy 0.021 139 } Multipty 


; Sum 0. 444,909 Add 
Next, U = 125; it's Logarithm is 2.096, 910 | 


Their Sum is the Logarithm, 2.541, 879 of 348,24, called 2. 


| Again, if R = 1,05; the Z of it's Logarithm is 0.010, 594, whoſe Number 
is 1,0247; from which if we Subſtract 1, the Remainder 0.0247 will be the 
Multiplicator, 


And R = 1,05; it's Logarithm, Multiplied with f. 1s 0.444,969 


Then P = 3244,25; it's Logarithm is 3:511,114 
Add 
- Multiplicator 0,0247 ; it's Logarithm is $.392,697 


Their Sum is the Logarithm, 2.348,780, of 223,24. 


Then 2 — 223,24 will be = 348,24 — 223,24 = 125, which is the very 
fame with x25, the Half-Yearly Annuity. And therefore I conclude that 
R = 1,05, and R — 1 = 0,05, is the Ratio of the Rate of Intereſt ſought. 


Conſequently, As 1: is to 0,05 :: So is 100: to 3j, the true Rate of Intereſt 
per Cent, Sc. 


I ſhall cloſe up this Caſe with an Example of finding the Rate of Intereſt, 
that is allowed to the Purchaſers of the Parliamentary Annuities ; and Reſolve 
it by Logarithms only. | | 

Example 
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Example III. Of Quarterly Payments, 


There is 1600l. paid for an Annuity of 109]. per Annum, #0 continue 99 Years, 
and to be paid Quarterly, viz, 251. every Quarter of a Year during that Time 
It is required to find what Rate of Intereſt per Cent. is allowed the Purchajer, 

In this Queſtion, there is given U = 25, 7 = 99, and P = 1600; To 
find R, &c. 

Firſt, I will here ſuppoſe the Rate of Intereſt ſought to be 6 per Cent, for 
the Reaſons mentioned in Page 686. 


h if R = 1,06; it's Logarithm is 0.02 ,, 206 : 
Then, 1 1,003 * : 1 = f Multiply 


The Product is 2.505,294 Add 
Next, U is = 25; it's Logarithm is 1.397, 940 
The Sum is the Logarithm, 3 903, 234, of 8002, 6, called z. 


Again, if R = 1,06 ; the + of it's Logarithm is o. o06, 326, whoſe Number 
is 1,01467 ; from which if we take 1, the Remainder 0.01467 will be the 


Muluplicator, | 
Then P = 1600; it's Logarithm is 3.204,120 
Add 


The Logarithm of R, Multiplied with z, is 2.505,294 
The Multiplicator is 0.01467 ; it's Logarithm is 8. 166, 430 
Their Sum is the Logarithm, 3.875, 844, of 7513, 5; 


Which, being taken from 8002.6 = &, leaves 489,1, which is More than 
25 = U. And therefore the Value of Þ is taken too Little. 


And, for a Second Trial, I do aſſume R = 1,064. 


Then, if R = 1,064 ; it's Logarithm is 0.026,942 : 
, oy V 7 me | Multiply 


The Product is 2.667,258 Add 
Next, U is = 25; it's Logarithm is 1.397, 940 
The Sum is the Logarithm, 4.005, 198 of 11619,8 = 2, 


Again, the g of the Logarithm of R is 0.006,735 ; it's Number is 1,01563. 
And 1,01563 — 1 1s = 0.01563, the Multiplicator. 


Then P is = 1600; it's Logarithm is 3.204, 120 J 
Add 


The Logarithm of R, Multiplied with 7, is 2.667,258 
The Multiplicator is 0.01563 ; it's Logar. is F. 193, 989 


Their Sum is the Logarithm, 4.065,337, of 11623,5, which is. 
more than 11619,8 = z; and therefore the Value of this R = 1,064 is ſome 
9 ſmall 
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ſmall matter too Big. Conſequently R is ſome Number between 1,06 and 
1,064, and is but a very little Leſs than 1,064, | 


Let us therefore ſuppoſe R to be 1, 0638; 


And then it's Logarithm will be o. 026, 860 
Ad 7; 99 | Multiply 


Product 2.659, 140 
Next, U = 25; it's Logarithm is 1.397, 940 Add 


The Sum is the Logarithm, 4.057,080, of 11414, 6 = 2. 


Again, ſince R is ſuppoſed to be = 1,638; the = of it's Logarithm is 
0.006,715, whoſe Number is 1,01558; from which if we Subſtract 1, the 
Remainder 0.01558 will be the Multiplicator. | 3 


Then P is = 1600; it's Logarithm is 3. 204, 120 
The Logarithm of R, Multiplied with 7, is 2.659, 140 > Add 
The Multiplicator is o, o1 558; it's Log. is F. 192, 567 


The Sum is the Logarithm, 4.055, 827, of 11377. 


Then, if we Subſtract this Number 11377 from the Number called 2, to wit, 
11414, 6, the Remainder, or 11414,6 — 11377, will be = 37,6; which is 
now a ſmall matter More than 25 = U. 


Conſequently this laſt Value of R, to wit, 1,0638, is a very ſmall matter too 
Little, or Leſs than it's true Value, which I judge muſt be betwixt 1,0638 and 
1,0639; and accordingly I make one other Trial by aſſuming the Value of 
R = 1,0638 55, and find it pretty near to the Truth. 


Conſequently R — 1 = 0,063855, the Ratio of the Rate. And then it 
will be, As 1: 0,063855 :: 100: 6,3855. That is, 6/, 75, 8:4, will be very 
near the true Rate of Intereſt per Cent; as was required, 

And, for a Confirmation of the Truth thereof, let us take it for granted that 
R = 1,063855, as above ; and let there be given the Quarterly Annuity, or 
U = 25l., the Time, or 1 = 99 Years; To find P, the preſent Worth (per 
Caſe 1.) which we already know muſt be 16co/., if the Value of R be truly 
found. Then, 


If R = 1,063855 ; it's Logarithm is 0,026,882 i 
„063855 2 e * Multiply 


Their Product is 2.661, 318 


Next, U 1s = 25; it's Logarithm is 1.397, 940 Add 


The Sum is the Logarithm, 4.059, 2 58, of 11461,94. 


From this 11461,94 Subſtract the Quarterly Rent 25, there Remains 
11436, 94, the Dividend, 


Again, 
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Again, R = 1, e638 55; the + of it's Logarithm is 0.026,720, whoſe 
Number is 1,015592, and 1,015592 — I = 0,015,592, will be the Mul- 
tiplicator, inſtead of 0,003555 = R — 1, 


The Dividend 11436,94 ; it's Logarithm is 4.058,312 


Logarithm of R, Multiplied with z, is 2.661,318 


The Multiplicator is 0,015592 ; it's Logarithm is S. 192, 902 Add 


From the upper Logarithm Subſtract this Logarithm o.8 54, 220 Sum 


There Remains the Logarithm, 3. 204, og, of 1599, 9 P. 


That is, the preſent Worth thus found is 1599“. 18s., which wants but 2s. 
of 1600/,, the rue preſent Worth: Whence we may be aſſured, that the Value 
of R, and conſequently the Rate of Intereſt per Cent, found as above, is very 
near the Truth, for „ Payments. But, ſuppoſing thoſe Annuities were 
to be paid but once a Year, then the Rate of Intereſt will be only 64. 56. per 
Cent, or very near it, as may be eaſily tried, either by finding the preſent 
Worth, as in Exampie I, Page 707; or by finding the Annuity, as in Example I, 
Poge 711, Se. N 


Thus you have a full Solution at large to the Eight Caſes, which include all 
the Varieties that can be propoſed, either relating to the Arrears, or about the 
Purchafing of Annuities, and the Taking of ſuch Leaſes as are either in preſent 
Poiletion when the Contract is made, or are to be immediately Entered upon. 
But tor tuch Queſtions, as relate to Annuities, and Taking ſuch Leaſes, &c. 
as are in Reverſion, they require a further Conſideration, 


SECT, LV. To find the Preſent Worth of Annuities, or Leaſes, Sc. in 
Reverſion, at Compound Intereſt. 


I Have already touched upon this Part of the Work, Page 685, c. as it 
may be performed t Simple Intereſt; but ſhall here handle it more fully in all 
it's uſeful Cales. For, although they only depend upon the due Application of 
the Rules already laid down; yet it will be convenient to ſhew how thole Rules 
are to be truly Applied, according as the particular Caſes require, 


Caſe 1, When the Annuity, or Yearly Rent, with the Time of it's Conti- 
nuance in Poſſeſſion, and the Time of the Reverſion, (viz. ihe Time it is not to 
be in Poſſ ſſion,)) are given; To find it's Preſent Worth, at any aſſigned Rate of 
Interelt per Cent. 


The 
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The Solution of this Caſe requires Two diſtin& Operations, which muſt be 


thus performed. 
Find the Value, or preſent Worth, of the propoſed Annuity, or Rent, 
rd, | forthe given Time of #'s Cue as if it de immedatch ts 4 
Entered-upon, 

Find what Principal, or Sum, being forborn at Interef, during the 
1 Time of the Reverſion, would Amount to, or Raiſe, the aforeſaid Value ; 
Then f and that Principal will be the Preſent Worth of the propoſed Annuity, 

&c. in Reverſion. f | 


Example in Yearly Rents, 


There is the Reverſion of a Leaſe of 1751. per Annum, to be Lett for Eleven 
Years, which are not to commence until after Nine Years are expired : It is required 


zo find the Preſent Worth of that Leaſe, allowing the Rate of Six per Cent. Interef 


to the Purchaſer. | 
Or thus: 


There is One has Nine Years to come in a Leaſe of 1151. per Annum, and he is 
deſirous to enlarge his Time Eleven Years more (viz. to Enjoy his Leaſe Twenty 
Years yet to come); What Sum muſt be give in Ready Money for that Purchaſe, 
to be allowed the Rate of 6 per Cent, &c.? 


In the firſt Work of this Example, there is given U = 175, ? = 11, and 
R = 1,06; To find P, the Preſent Worth, as in Ca/e 1, Page 707. 


hus, R = 1,06; it's Logarithm is 0,025,306 
Thus, , ; 2 5958 Multiply 


The Product is 0.278, 366 
Again, U is = 175; it's Logarithm is 2. 243, 038 j Add 
The Sum is the Logarithm 2.521 ,404 of 332,203. 
Then from 332,203 Subſtract the Rent 175, and there 
Remains 157, 203; it's Logarithm is 2.196,459 


T be iſt Logarithm, Multiplied with 7 = 11, is 0.278, 366 
— l } 64d 


From the upper Logarithm Subſtract this Log. To 56,5 17 


There Remains the Logarithm, 3. 139, 942, of 1380, 2 = P, the 
Preſent Worth, ſuppoſing the Rent were to be immediately Entered upon; 
but becauſe it is not ſo, therefore, for the Second Part of the Work there is 
given 4 1380, 2, 1 = 9, and R = 1,06; To find P, the Principal, as in 


2, Page 690. 
Caſe 2, Tage 09 Thus, 


BOTH SIMPLE AND COMPOUND, 725 


Thus, A is 1380, 2; it's Logarithm is 3.139,943 
And R is.= 1,06 it's Logarithm is 0.025,306 ; — a 
which being Multiplied into 9, or 7, is 275754 


And there Remains the Logarithm, 2.912, 189, of 816,937 = P. 


Viz. $161. 185. 9d. will be the true Preſent Worth of that Leaſe in Reverſion, 
as was required, viz. for Yearly Rents. 


But, if the Rents are to be paid, either Half-Yearly, or Quarterly, &c ; Then 
the firſt Part of the Work muſt be found, as in their reſpective Examples, viz. 
For Halt-Yearly Payments it muſt be found as in the Example, Page 708. 
And for Quarterly Payments, as in the Example, Page 709. And then pro- 
ceed- on, as above. 


Subſtract 


Caſe 2. To find what Annuity, or Yearly Rent, in Reverſion, may be pur- 
chaſed for any propoſed Sum, at any aſſigned Rate of Intereſt per Cent ; when 
the Time during which the Annuity is not to be Entered-upon, and the Time 


of it's Continuance, are both given. 


The Solution of this Caſe is but the Reverſe of the Laſt, and doth alſo 
require Two diſtinct Operations. 
Find what the Sum propoſed to be laid-out in the Reverſion, would 
Firſt, 4 Amount to, ſuppoſing it were forborn at the given Rate of Intereſt, during 
the Time that the Annuity is not to be in Poſſeſſion, 


Th Find what Annuity, or Yearly Rent, that Amount will Purchaſe: and 
en Z that will be the Anſwer required. | 


Example in Yearly Rents, 

What Annuity, er Yearly Rent, to commence Nine Years hence, and then to 
continue Eleven Years after, may be Purchaſed for $161. 18s. gd. Ready Money; 
at the Rate of 6 per Cent, &c. | 

In the firſt Work of this Queſtion, there are given P = 816,937, R = 1,06, 
and ? = 9 (the Time during which the Annuily is not to be Entered-upon); To 
find A; as in Caſe 1, Page 689. 


Thus, R = 1,06 ; it's Logarithm is 0,025,306 : 
g - * gp 5 wy a” } Multiply 


5 The Product is 0.2277 54 | 
Next, P is = 816,937; it's Logarithm is 2.912,189 } Add 


The Sum is the Logarithm, 3.139,943, of 1380,2 = 4, the 

Amount of 816/. 185. 9d., which we muſt now call P, for the Second Part of 

the Work; wherein there is given P = 1380,2, R = 1,06, and : = 11 (the 

Ti = —_— which the Annuity is to be 25 ); To find U; as in Caſe 2, Page 710. 
OL. V. 4 


hus, 
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Thus, K is = 1,06 ; it's Logarithm is 0.02 5,306 SO? 
ee | xs Mukiph 
The Product is the Logarithm, 0.278,366, of 1,8983. 
And 1,8983 — 1 = 0,8983 is the Diviſor. 


Again, R is = 1,06; it's Logarithm is 0.02 5,306 
; And t T x = c 12 } Multiply 


Their Product is the Logarithm, 0.303,672, of 2,0122. 
And 2,0122 — 1,8983 = 0.1139, the Multiplicator. 


Then P is = 1380, 2; it's Logarithm is 3. 139,943 
The Multiplicator is o, 1139; it's Logarithm is 9.056, 524 Add 


Sum 2.196, 467 
The Diviſor o, 8983; it's Logarithm is 9.953, 421 Subſtract 


There Remains the Logarithm, 2.243,46, of 175 = U. 


That is, 1754. per Aunum is the Rent, or Annuity, required by the 
Queſtion, 


But if the Rents are to be paid every Half-Year, or every Quarter, c. 
Then the Second Part of the Work muſt be performed as in their reſpective 
Examples; Viz. For Half-Yearly Payments, U muſt be found, as in the 
Example, Page 713. And for Quarterly Payments, as in the Example, 
Page 713, &c. | 


Caſe 3. Any Annuity, or Yearly Rent, and the Sum that is propoſed to be 
paid for a Leaſe of it, ro commence after a certain Term, or Number of Years, 
ſhall have been paſt, being given ; Thence to find how Long that Leaſe ought 
to continue in the Poſſeſſion of the Purchaſer, allowing him any aſſigned Rate 
of Intereſt per Cent. | 


This Caſe does alſo require Two ſeparate Operations. 
Vi r Firſt, To find what Sum the propoſed Money to be laid-out in the Re- 
81 Lo, would Amount to, &c. As in the firſt Pert of the Laſt Caſe. 


Th | Having the Annuity, with it's preſent Worth, or Value, and the Rate 
eb of Intereft, given; To find the Time, bæc. As in Cale 3, Page 714. © 


Example in Yearly Rents. . 


Suppoſe a Debi of $161, 18s. gd. were propoſed to be paid-off, by making over 
4 Leaſe of® 175). per Annum in Rever/ton, that is not to be Entered=upon, by the 
Creditor, until Nine Years are paſt; The Queſtion is, How many Years the m— 
| | hh 
6 
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muſt Enjoy that Leaſe, in order to have his Deb! Cleared; and to be allowed the 
Rate of 6 per Cent. per Annum ? 


For the Firſt Work in this Queſtion, there are given P = 816,937, R = 1,06, 
and # = 9 (the Time before the Leaſe is to commence); To find A, which will be 
found = 1380,2, as in the firſt Part of the Laſt Cate ; which we mult here alſo 
call P, for the Second Part of the Work. 


Then there will be given new P = 1380, 2, U = 175, and R = 1,06; To 
find the ? = to the Time during which the Leaſe is to be Enjoyed ; as in Ex- 
ample I, Page 714. 


Thus, P is = 1380, 2; it's Logarithm is 3.1 39,942 Add 
R — 1 = 0,06; it's Logarithm is 8.778, 151 


The Sum is the Logarithm, 1.918, 093, of 82, 8 12. 


Next, U is = 175; it's Logarithm is 2.243, 038 
175 — $2,812 is = 92, 188; it's Logarithm is 1.964, 674 Subſtract 


R is = 1,06; it's Logarithm is o. 025, 306) o. 278, 364 (11 = 7. 


Viz, 11 Years will be the Time required by the Queſtion ; ſuppoſing the 
Rents to be paid but once a Year. 


But if the Rents are to be paid every Half-Year, Then t, the Time the 
Leaſe is to be Enjoyed, may be found as in Example, Page 715. And if Quar- 
terly, then as in Example, Page 716, &c. 


Now theſe Three Caſes include all the uſual (and uſeful) Queſtions that relate 
to Purchaſing Annuities, or Taking of Leafes in Reverſion; and, although I 
have thought it beſt to ſhew how to Reſolve each of them by Two ſeparate 
and diſtinct Operations, (being, as I preſume, the eaſieſt Way to make them 
underſtood,) yet they may be Reſolved at One Operation by a due Reduction 
of the following Equation. -For, 


S the Time the Leaſe, &c. is to be Enjoyed ; 
Puttiog 1 = the Time of it's Reverſion ; 


We may thence derive the Equation L — U = PRI x R XK — 1. 


And from hence the Value of R, viz, the Rate of Intereſt, may alſo be 
found. But this I take to be rather a Work of Curioſity, than of any great Uſe: 


For the Rate of Intereſt is always ſuppoſed to be known, it being one of the 


main or chief Conſiderations in all Bargains about Taking, or Letting, of 
Leaſes, &c. And therefore the finding, of R, in the Cafe of Reverſions, (or, 
indeed, in the Two 4th Caſes of the Two laſt Sections,) is rather for a Proof 
of the Work, and to Compleat the Rounds, than for any Thing elſe. How- 


42 2 ever, 


| 
ll 
| 

1 
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ever, if any one will (out of his Curioſity) give himſelf the Trouble of doing 
it, he may proceed by ſuch Approximation as in the aforeſaid Sections, having 
a due Regard to the different Values of 7, and 2. But, for Brevity's Sake, 1 
ſhall omit giving Examples thereof. 


CHAP. V. 


Of Purchaſing Freehold, or Real Eftates, and how to Eſtimate the Value of 
Annuilies, and Leaſes, for Lives, Cc. 


ALL Freebold or Real Eſtates are ſuppoſed to be Purchaſed (or Bought) to 
continue for Ever; Viz. without the Conſideration of any limited Time, 
Therefore the Buſineſs of Computing the true Value, or Worth, of ſuch Eſtates 
(according to Art) is grounded upon a Rank, or Series, of Geometrical Propor- 
tionals, continually Decreaſing ad Infinitum; ( As may be ſean in the aforeſaid 
Young Mathematician's Guide, Page 276.) from whence the following Rules are 
deduced. | 


Sect. I. Of Purchaſing Freehold Eſtates. 


T SHALL here make Uſe of the ſame Letters to denote the ſeveral Parts of 
the Queſtion, as in the laſt Chapter, ſave only that z, the Time to limit the 
Number of Payments, is not concerned. 


U = The propoſed Rent of an F/ate. | 
Viz. 4 g The Purchaſe, or Worth of that Eftate. 
R = The Amount of 11. for one Year, at any Rate of Intereſt. 


Then it will be PR — Pg U. 
This Equation admits of Three different Caſes. 


. Caſe 1. The Annual Rent of any Freehold Eſtate being known ; To find 
what is it's Worth in Ready Money, allowing the Purchaſer any aſſigned Rate of 
Intereſt per Cent. | | 


Divide the propoſed Rent by the Ratio of the given Rate of Intereft 
Rule. < (viz. by R — 1), and the Quotient will ſhew what the Eſtate is 
Worth at that Rate of Intereſt, | 


Example 
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Example I. 


Suppoſe a Freehold Eſtate of 201. Yearly Rent, were 1e be Sold ; What is it 
Worth, allowing the Buyer the Rate of 6 per Cent. Compound Intereſt for his 
Money ? 


Here is given U = 250, KR = 1,06 ; To find P. 
Thus, R — 1 = 0,06) 250,00 (4166,6667 = P. 


That is, 4166“. 13s. 4d. is the Preſent Worth of that Eſtate ; which is 
16 Years and 8 Months Value, ſuppoſing the Rents to be paid but once a 
Year, 


The ſame may be found by Logarithms, 


Thus, U = 230; it's Logarithm is 2.397,940 } 
And KR —1 = 0,06 ; it's Logarithm is 8.778, 151 Subſt 


There Remains the Logarithm, 3.619,789, of 4166,66 = P. 
Viz. 4166“. 137. 4d. Sc. As above. 


Note, Here it is ſuppoſed that the Purchaſer is to Enter immediately into Poſſeſſion 
of the Eftate : But, if it be an Eflate in R-verſion, that is, not to be Entered-upon 
until after ſume Term of Years ſhall be paſt ; Then you muſt Compute it's preſent 
Worth, as in Caſe 1, Page 723- And ſo on in the following Caſes, compared 
wh their reſpective Caſes in Sect. IV. of the laſt Chapter. 


If the Rents are to be paid either Half-Yearly, or Quarterly, as moſt 
generally they are ; 


Inſtead of Dividing the propoſed Rent by R = 1, as above, you muſt 
Then take ſuch a Part of the Legarithm of R, (the Amount of 11. for a Tear, 
? | as the Times of Payment require; and the Number anſwering to that Part, 

being made Leſs by 1, muſt be made the Diviſor, inſtead of R — 1. 


Example in Half-Yearly Rents. 


Suppoſe the aforeſaid 2 fol. per Annum, were fo be paid by Half-Yearly Rents 
(viz. 1251, every Half-Year); What would that Eſtate be then Worth, at the 
fame Rate of Intereſt, viz. 6 per Cent, &c. 


1 this Example, there are given U = 125, and R = 1.06; To find P. 
us, 


Firſt, - n= 2604 the 2 of it's Logarithm is 0.012,653, whoſe Number 
1s 1029563; and 1, 29563 — 1 = ©,029563 is to be taken for the N 
Diviſor, inſtead of 3 , * * 


Then 
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Then U is = 125; it's Logarithm is 2.096,910 } Subſtract 
The Diviſor is o, o29 563; it's Logarithm is 8.470, 748. 


There Remains the Logarithm, 3.626, 162, of 4228,26 = P. 


So that 422817. 5s. is here the preſent Worth, or Value, of the ſame Eſtate, 
which is 61/. 115. 4d. More than it's Worth when the Rents are to be paid Yearly, 


Example III. For Quarterly Rents. 


Let it be required to find what the ſame Eftate (viz. 250l. per Aunum) is Worth, 
when the Rents are to be paid Quarterly (viz, 621. 105, every Quarter of a Year), 
at 6 per Cent, Intereſt, &c. As before, ; 


Here are given U = 62,5, and R = 1,06; To find P. 


Thus, R = 1,06; the = of it's Logarithm is 0,006326, whoſe Number is 
1,014674; and 1,014674 — 1 = 0,014674, is to be the Diviſor, inſtead of 


— 1. 


Then U is = 62,5; it's Logarithm is 1.795, 80 
The Diviſor is o, 14674; it's Logarithm is F. 166,548 Subſtract 


There Remains the Logarithm, 3.629, 332, of 42 59, 24 = P. 


Vix. 42591. 4s. 91d. is now the Value, or preſent Worth, of the ſame Eſtate; 
which is ſomething above 17 Years' Value. 


Now from hence it plainly appears, that, although there is no ſuch Thing 
as a limited Time conſidered in the Purchaſing of Freehold Eſtates; yet there 
is, and ought to be, a due Reſpect had to the Times of their Rents being 
paid ; for, according to that, their Values are more, or leſs, Worth, 


Caſe 2. When any Sum of Money is propoſed to be laid-out in a Freehold 
Eſtate; To find what Annual Rent that Sum will Purchaſe, at any given Rate 
of Intereſt per Cent, &c. 


Multiply the propoſed Sum to be laid. out in the Eftate, with R 1 ; 
Rule, 155 with the Ratio of the given Rate of Intereſt per Cent; and the 
Preduct will ſhew the Yearly Rent required. 


Example in Yearly Rents. 


Suppoſe 3560l. were propoſed to be laid-out in the Purchaſe of a Freehold Eſtate; 
What Annual Rent would ut Buy, allowing the Purchaſer but Four per Cent, er 
Annum Intereſt? 7 


In this Example, there is given P = 3 560, R = 104; To find U, the 
Yearly Rent. 
Thus, 
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Thus, P is = 3560 : 
And R — 1 is = 0,04 \ Multiply. 


The Product is 142,4 = 142/. $5, = U, the Yearly Rent required, 
Or the ſame may be found by Logarithms. 


Thus, P is = 3560; it's Logarithm is 3.551,450 Add 
And K — 1 is = 0,04; it's Logarithm is 8.002, o60 


The Sum is the Logarithm, 2.153, 510, of 142,4 = U, 


Viz. 1420. 8s. will be the Rent required, if it be paid but once a Year ; 
which is jult 25 Years Value. 


But, if the Rent muſt be paid Half-Yearly, or Quarterly, Sc. 


Inſtead of Multiplying the Sum propoſed to be Laid-out in the Purchaſe, 

into R — 1 (as above), you muſt take ſuch a Part of the Logarithm 

Then, \ of R (viz. of the Amount of 11.), as the Times of Payment require ; 
* the Number anſwering to that Part, being made Leſs by 1, muſt be - 


he Multiplicator, inſtead of R — 1. 
Take the ſame Example in Half-Yearly Rents, 
That is, Let there be given P = 3560, and R = 1,04; To find U, the 


Halt-Yearly Rent. 
.. Firſt, R = 1,04; the + of it's Logarithm is 0.008,516, whoſe Number is 
150198; which, being made Leſs by 1, is 0.0198, the Multiplicator. 


Then 3560 X 0,0198 = 70,488, viz. 70l. gs. gd. = U, the Half-Yearly. \ 
Rent, 


Or the ſame may be found by Logarithms, as follows ; 
Having found the New Multiplicator, 0.0198, as above; 


Then P = 3560; it's Logarithm is 3-551459 J 44 
The W is o, 198; ic's Logarithm is 8. 296, 665 


The Sum is the Logarithm, 1. 848,115, of 70,438 = U, 
Vis. ol. 97. 9d. is the Half. Vearly Rent, as before. 
Example III. For Quarterly Rents. 


Sappi ſẽ the Ke Sum of 35601. were propoſed to be Laid-out in the Purchaſe of 
a breehrcld Eſtate ; and it were required to find what Quarterly — it would Buy, 


at the Rate of Four per Cent, &c. 
Here are alſo given P = 3560, and R = 1,04; To find U, the Quarterly 
Rent, Thus, 
Firſt, 
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Firſt, R is = 1,04; the 3 of it's Logarithm is 0.004,258, whoſe Number 
is 1,00986 ; and 1,00986 — 1 = 0,00986, is the New Multiplicator. 


Then 3560 Xx 0,00986 gives 35,1, viz. 3 fl. 26. = U, the Rent to be paid 
every Quarter; which is Leſs than the + of the Annual Rent, or 1421, 8s,, 
© by 10s. per Quarter. | | 


Whence it plainly appears, that the Leſs the Intervals of the Times are, 
betwixt the Payments of the Rents, the More valuable the Purchaſe is; 
vice versd. —.— 


Caſe 3. The Annual Rent of any Freehold Eſtate, and the Sum that is paid 
— 1 known; To find what Rate of Intereſt per Cent. is allowed to the 
urchaſer. 


Rule { Divide the Annual Rent by the Sum that is paid for the Purchaſe, 
Land the Quotient will ſhew the Ratio of the Rate of Intereſt per Cent. 


Suppoſe a Freebold Eſtate of 250l. per Annum, Coſt 41661. 1 35. 4d. What 
Rate of Intereſt per Cent. is allowed the Purchaſer ?. S A 


In this Example, there are given U = 250, and P =:4166,667 ; To find R, 
or rather, R — 1, the Ratio of the Rate. ; 


Thus, 4166,667) 250,000 (0.06 = R — 1. 


Then it will be, As 1: is to 0,06 :: So is 100: to 6, the Rate of Interelk 
per Cent. As was required, | 


Or, by Logarithms ; Thus, 


Firſt, U is = 250; it's Logarithm is 2.397, 940 
And P "FE 41 66,007 ; it's Logarithm is 3.619,789 Subſtract 


The Difference is the Logarithm, F. 778,1 51, of 0,06=R=— 1. 
Or to the laſt Logarithm Add this, 2.000, 000, of 100. 


The Sum will be the Logarithm, 0.778, 151, of 6, che Rate of In- 
tereſt per Cent; As before. | 4 94.1 


Thus far concerning ſuch Queſtions relating to Intereſt, Annuities, or Leaſes, 
Sc. as are limited by any aſſigned Time, and Real Eſtates that are Purchaſed 
to Continue for Ever; And it is only ſuch Queſtions that can be Reſolved by 
any Certain Rules. However, it may not (L preſume) be unacceptable to the 
Reader if I proceed a little further, and inſert a brief Account of ſuch Helps 
to Eſtimate the Values of Annuities, or Leaſes, for Lives, as have been pro- 
poſed by Two very Ingenious Perſons. . 


SECT: 


BOTH SIMPLE AND COMPOUND, 733 


Sect. II. How to Eſtimate the Values of Annuities, or Leaſes, for Lives. 


Tax Way generally uſed in Buying of Annuities, or Letting of Leaſes, for 
Lives, is only by an imaginary Valuation, grounded upon Cuſtom, and not 
upon any Conſideration that is had to the Age of the Perſons whoſe Lives are 
to be inſerted in the Leaſe, &c. It is true, indeed, that there can be no 
certain Rules preſcribed for their true Valuation, becauſe the Lives of all 
Mankind are uncertain ; and it is poſſible, and daily ſeen, that a Young Man 
may Die before one of a greater Age. But yet there is a greater Probability of 
a Young Man's Living long than of an Old one : and not only fo, but there is 
a Proportional Likelihood of the Length of Men's Lives, according to their 
different Degrees of Age; The which being duly conſidered, muſt needs be 
found of good Uſe in Eſtimating the Values of Annuities, or Leaſes, for Lives, 
much better than by a mere Gueſſing only, as uſual. And that ſuch a Pro- 
portional Likelihood is worth the Conſideration, will appear from what follows. 


1. Sir William Petty, in a Diſcourſe of his, made before the Royal Society 
(Anno 1674), concerning the Uſe of Duplicate Proportion, doth, amongſt other 
Things, apply it to the Life of Man, and it's Duration ; Thus, 


&« It is found by Experience (/aith be), that there are more Perſons Living of 
between 16 and 26 Years old, than of any other Age, or Decad of Years, in 
the whole Life of Man (which David and Experience ſay to be between 70 and 
80 Years). The Reaſons whereof are not abſtruſe; viz. becauſe thoſe of 16 
Years of Age have paſſed the Danger of Teeth, Convulſions, Worms, Rickets, 
Meazles, and Small-Pox, for the moſt Part ; and thoſe of 26 are ſcarce come to 
the Gout, Stone, Dropſy, Palſies, Lethargies, Apoplexies, and other Infirmities of 
Old Age. Now, whether theſe be ſufficient Reaſons, is not the preſent Enquiry ; 
but, taking the afore-mentioned Aſſertions to be true, I ſay, that the Root of 
every Number of Men's Ages under 16 (whoſe Root is 4), compared with the 
ſaid Number 4, doth ſhew the Proportion of the Likelihood of ſuch Men's 


reaching to 70 (or 80) Years of Age. 


As, for Example ; It is Four Times more likely, that One of 16 Years old 
ſhould live to 70, than a new-horn Babe. It is Three Times more likely, that 
One of 9 Years old ſhould attain the ſaid Age of 7o, than the ſaid Infant. 
Moreover, it is Twice as likely, that One of 16 ſhould reach that Age, as that 
One of 4 Years old ſhould do it; and One Third more likely, than for 


One of 9g. 


On the other Hand, It is Five to Four, that One of 25 Years old will Die 
before One of 16 ; and Six to Five, that One of 36 will Die before One of 25; 
and Six to Four, or Three to Two, that the ſame Perſon of 36 ſhall Die before 
him of 16: And ſo forward, according to the Root of any other Year of the 
declining Age, compared with a Number between 4 and 5 (viz, with 4,58), 

Vol. V. 5 A which 
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which is the Root of 21, the moſt hopeful Year for Longevity, as the Mean 
between 16 and 26 ; and is the Year of Perfection, according to the Senſe of 
Our Law, and the Age for whoſe Life a Leaſe is moſt valuable. 


To prove all which, I can produce the Accompts of every Man, Woman, 
and Child, within a certain Pariſh of 330 Souls; All which particular Ages 
being Added together, and the Sum Divided by the whole Number of Souls, 
made the Quotient between 15 and 16; which I call the Age of that Pariſh, or 
Numerous Index of Longevity there.“ 


Thus you have a Learned Gentleman's Opinion concerning the Likelihood 
of the Length of Men's Lives, according to the Rules of Duplicate Proportion; 
which was a very ingenious Thought of His. But I muſt beg Pardon, that I 
cannot agree with Him in that Part of it, which afferts, That 21 Years is the 
Age for whoſe Life a Leaſe is the moſt valuable: For, although it is true, that, 
according to our Law, a Man is faid to be then at his Perfect, or Full, Age, as 

to the Enjoyment of an Eſtate, or Managing his Affairs without a Guardian, 
Se. Yet I ſhould rather adhere to the Cloſe of His Diſcourſe, wherein He 
ſays, That He found, that the Sum of all the Ages of the 330 Souls (in a 
certain Pariſh), being Divided by their Number, made the Quotient between 
15 and 16, Whence I take 16 to be the Age, for whole Lite a Leaſe is the 
moſt valuable; and, upon that Suppoſition, I have Calculated the following 
Table, according to the aforeſaid Rules of Duplicate Proportion. 


Ages. | Year's Purchaſe. | Ages.| Year's Purchaſe. || Ages.| Year's Purchaſe. 
I 2,50 26 7,20 51 5.04 
6 5,51 | 31 6,46 56 4,81 
11 7,46 36 6, oo 61 4,60 
16 9,00 41 5,62 66 4,43 
21 7585 46 551 71 4,27 


This Table ſhews, by Inſpection, the Value of every Five Years of any 

ſingle Life, from the Birth to 71 Years old. Suppoſing that any Annuity, or 

" Leaſe, c. is really Worth Nine Year's Purchaſe for One Life; which 1s 

according to the Rate that the Annuities, ſettled by a late Act of Parliament, 
for Lives, were valued at, and from thence the reſt are computed, 


As, for Inſtance; An Annuity, or Leaſe, of 1ool. per Annum, is, by this 
Table, Worth goo/. (viz. 9 x 100) for the Life of One that is about 16 Years 
old; and it is Worth but 600. for the Life of One that is 36 Years old, and 
but 250!/. for the Life of a Child of a Year old: And ſo on for any other pro- 
poſed Annuity, or Leaſe, and Age of the Perſon for whoſe Life it is to be 
Purchaſed : Which is ſo eaſy to apprebend, that I need ſay no more of it's 
* Uſes. And therefore I ſhall proceed to mention what has been advanced on this 
Subject by the other eminent Perſon who has treated of it. Th 
2. The 


4 


* 
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2. This Perſon is that Ingenious and Great Mathematician, Mr. Edmund 
Halley, Savilian Profeſſor of Geometry in the Univerſity of Oxford; who (in the 
Philoſophical Tranſactions, Num. 196.) hath given us a moſt Excellent Eſay to 
Eſtimate the Degrees of the Mortality of Mankind, which he deduced, with a great 
deal of Art and Labour, from curious Tables of the Births and Funerals that were 
in Breſlaw, the Capital City of the Province of Sui in Germany, for Five Years 
ſucceſſively, viz, from the 1687, to 1691 incluſive, drawn up Monthly by one 
Doctor Newman of that City, and communicated to the Royal Society here; 
from whence Mr. Halley hath formed the following Tab/e ; which is, without 
doubt, very carefully and exactly done, and does give a more perfect Account 
of the State and Condition of Mankind in Reſpect of their Chances of Mortality 
at all Ages, and conſequently teaches us how to Eſtimate the Values of Annuities, 
or Leaſes, for Lives, better than could be done by any other Method ever 
propoſed before it. The Table does ſhew the Number of Perſons that were 
Living in their reſpective Ages Current annexed thereto, as follows. | 


Age | Perſons || Age Perſons || Age | Perſons || Age | Perſons 
Curr.| Living. Curr. Living, || Curr. Living. || Curr. | Living. 
1 | 1000 | 22 | 586 || 43 | 417 || 64 | 202 
2 | 855 || 23 | 579 || 44 | 497 || 65 | 192 
3 | 798 || 24 | 573 || 45 | 397 || 66 | 182 
'4 | 760 || 25 | 567 || 46 | 387 || 67 | 172 
s | 732 || 26 | 560 || 47 | 377. || 68 | 162 
6 | 710 | 27 | 553 || 48 | 367 | 69 | 152 
7 | 692 28 | 546 || 49 | 357 | 70 | 142 
8 | 680 || 29 | 539 || 50 | 346 || 72 | 131 
9 | 670 || 30 | 531 | $5 33S: $' 72 1 790 
10 | 661 || 31| 523 || 52 | 324 | 73 | 109 
it | 653 32 | 515 || 53 | 313 | 74 | 98 
12 | 646 || 33 | 507 || 54 302 | 75 | 88 
i3 | 640 || 34 | 499 || 55 | 292 | 76 | 78 
I4 |} - 634 || 35 | 490 560 | 282 77 | 68 
15 | 628 || 36 | 481 57 | 272 78 | 58 
16 | 0287} 37 | 472 58 | 202 79 | 49 
17 | 616 || 38 | 463 569 | 252 80 | 41 
18 | 610 | 39 | 454 || 60 | 242 || 81 | 34 
19 | 604 || 40 | 445 61 | 232 82 28 
20 | 598 || 41 | 436 62 | 222 83 | 23 
21 | 592 | 42 427 || 63 | 212 84 20 


5 A2 


This Table may be Applied to very many Uſes; but I ſhall only inſert what 
may ſuffice for the preſent Purpoſe, 


1. The 
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r. The Firſt Uſe is to ſhew the Different Degrees of Mortality, or rather 
Vitality, in all Ages; For, if the Number of Perſons of any Age, Remaining 
after One Year, be Divided by the D'fference between that and the Number of 
the Age propoſed, the Quotient will ſhew the Odds that there are, that a Perſon 
of that Age will not Dze in One Year, : 

As, for Inſtance, a Perſon of 25 Years of Age has the Odds of 560 to 7 
(viz. 80 to 1), that he does not Die in a Year : Becauſe that, of 564 Perſons 
Living of 25 Years of Age, there do Die no more than 7 in a Year, Leaving 
560 of 26 Years Old : Or, 


2. If it be required to find the Odds, that any Perſon does not Die before 
he attain to any propoſed Age. Then, 

Take the Number of the Remaining Perſons of the Age propoſed, and Divide 
it by the Difference between it and the Number of thoſe of the Age of the Party 
propoſed ; and that ſhews the Odds there are between the Chances of the Parties 
Living, or Dying. | 

As, for Tnſtances ; What are the Odds that a Man of 40 may Live 7 Years ? 
Take the Number of Perſons of 47 Years, which in the Table is 377, and 
 SubſrraF it from the Number of Perſons of 40 Years, which is 445, and the 
Difference is 68, viz. 445 — 377 = 68; which ſhews that the Perſons Dying 
in the 7 Years are 68, and conſequently that it is 377 to 68, or 5 to 1, that 
a Man of 40 will Live 7 Years: And the like for any other Number of Years, 


. And, if it be required to find at what Number of Years, it is an even Lay 
that a Perſon of any propoſed Age ſhall Die, this Table readily performs it, 
For, if the Number of Perſons Living of the Age propoſed be halved, it will be 
found by the Table at what Year the ſaid Number is Reduced to Half by Mor- 
tality ; and that is the Age, to which it is an even Wager, that a Perſon of the 
Age propoſed ſhall arrive before he Die. 


As, for Inſtance, a Perſon of 30 Years of Age is propoſed ; the Number of 
that Age is 531, the Half of it is 265; which Number I find to be between 
57 and 58 Years: So that a Man of zo may reaſonably expect to Live between 


27 and 28 Years. 


4. By what has been faid, the Price of Inſurance upon Lives ought to be 
Regulated, and the Difference is diſcovered between the Price of Inſuring the Life 
of a Man of a Young Age and that of inſuring the Life of a much older Man. 


For Example; It is 592 to 598 — 592, or to 6, or nearly 100 to 1, that a 


Man of 20 Years of Age Dies not in a Year; and it is but 335 to 346 — 335» 
or to 11, or = to rt, or) 30.540 1, for a Man of 50 Years of Age, that he 


1 


will not Die in a Year. 

5. And upon theſe Proportions depends the Valuation of Annuities for Lives: 
For it is plain, that the Purchaſer ought to pay only for ſuch a Part of the Annuity, 
as he hath Chances that he may Live co Enjoy ; and this ought to be Computed 
Yearly, and the Sum of all thoſe Yearly Values being Added together, will be 

the 
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the Value of the /uity for the Life of the Perſon propoſed. Now the preſent 
Value of Money. payable after any Term of Years, may be eaſily Computed by 
Caſe 2, Page 690, at any given Rate of Intereſt, 


As the Number of Perſons Living after that Term of Years, to the 
Number Dead; So are the Oads that any one Perſon is Alive or Dead. 
And by Conſequence, As the oun of voth, or the Number of Perſons 
L.ivirg of the Age firſt propoſed # to the Number Remaining after ſo 
Th 4 many Years (both being given by the Table) :: So 15s the preſent Value 
Xs of the Yearly Sum payable after the Term prepoſed * to the Sum which 
ought to be paid for the Chance the P rſen has to Enjoy ſuch an Annuity 
fo many Yeurs. And thi. being rep-ated for every Year of toe Her ſon's 
| Life, the Sum of all the preſent Values of thoſe Chances is the true 
Value of the Annuity. 


Now, becauſe the Work of theſe Proportions is ſomewhat troubleſome to 
perform ; the Ingenious Author hath been ſo kind as to take the Pains Cwhich 
was not a little) to Calculate the following Table; which ſhews the Value of 
Annuities, or Leaſes, &c, (at the Rate of 6 per Cent.) for every Fifth Year of 
Age to the Seventieth. 


Ages. | Year's Purchaſe. || Ages | Year's Purchaſe. | Ages. || Year's Purchaſe, 
I 10,28 5 12,25 50 9,21 
5 13,40 30 11,72 55 8,551 
| 10 13,44 35 11,12 60 7,60 
15 13,33 40 10,57 65 6,54 
20 12,78 45 9,91 79 || $,32 * 


This Table being of the ſame Nature with that in Page 734, there needs no 
other Explanation, or Example, to ſhew it's Uſe, than what has been already 
ſaid about that Table: Only here I muſt again beg leave to give my Opinion 
about the Difference of the Proportions in the Two Tables ; which 1s, that, as the 
Table in Page 734 may not be thought a ſufficient Guide to be depended-upon 
in Eſtimating the Length of Men's Lives, &c., becauſe it is only deduced from 
the bare Rules of Art, viz. that of Duplicate Proportion; ſo, on the other Hand, 
I doubt the Eſtimates of the Value of any Annuity, taken from this Table, will 
be found too great in this Country (viz. in England), which I mich tear hath 
not ſo Good or Salubrious an Air, as that at the City of Breflaw, from wheuce 
theſe Calculations are drawn, But if, in Imitation hereot; the Curious in other 
Cities and Large Towns would attempt ſomething of the ſame Nature; then, 
without all Doubt, this Method of Eſtimating the Probability ot the Length of 


— ——_— — 


* By this Table it appears that the age of 10 years (and 10 that of 16, or of 2 34 
hat at which a Life- annuity is of the — . ( , „ year,) is 
Men's 
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Men's Lives would prove the Beſt, and become more univerſally Uſeful than 
can be expected from this one ſingle Inſtance, more eſpecially if ſuch Obſerya- 
tions were continued for any conſiderable Time, as 20, or 30 Years ſucceſſively, 
Arid then it would be well worth the Time and Pains to calculate proper 
Tables, of the Values of Annuities, or Leaſes, Ec. both for Two, and for Three, 
Lives, according to the following Rules ; which are deduced from the former 


Table. | 
And, Firſt, Two Lives being propoſed, their Values may be thus found. 


If the Number of Chances of each ſingle Life, found in the Table, be Multi. 
plied together, the Predu# is the Chances of thoſe Two Lives; And, after any 
certain Term of Years, the Product of the Two Remaining Sums will be the 
Chances that both the Perſons are Living: And the Produ# of the Differences, 
being the Numbers of the Dead of both Ages, will be the Chances that both the 


Perſons are Dead. , 


As the Produtt of the Two Numbers in the Table for the Two Ages 
berge : is to the Difference between that Product and the Product of 
the Two Numbers of the Perſons Deceaſed in any given Space of Time 
*: So is the Value of a Sum of Money to be paid after that Time : to 
the Value thereof under the Contingency of Mortality. 


And, if Three Lives are propoſed, to find the Value of an Annuity during 
the Continuance of thoſe Lives ; 


As the Product of the continual Multiplication of the Three Numbers 


Then, 


in the Table, anſwering to the Ages propoſed : is to the Difference of 

that Product, and the Product of the Three Numbers of the Deceaſ:4 

Then, J thoſe Ages in any given Term of Years :: So is the preſent Value of 
a Sum of Money, to be paid certainly after ſo many Tears: to the preſent 
Value of the ſame Sum to be paid, provided One of thoſe Three Perſons 


te Living at the Expiration of that Term of Years. 


Theſe Proportions being Yearly repeated, the Sum of all thoſe preſent Values 
will be the Value of the Annuity granted for thoſe Lives. | 


Theſe Rules are Explained at Large by their Author, both Algebraically by 
Letters, and by Geometrical Figures: And he alſo proceeds-on (by the ſam? 
Method) to Compute the dare Value of the Reverſion of any Annuily, or 
Leaſe, either of One Life after another; or after Two Lives, Fc. The which 
being, not only too long a Diſcourſe to be inſerted in this ſmall Treatiſs, but 
alſo too Difficult a Piece a Work for any Ordinary Arithmetician to under- 
take, I have therefore omitted it, and refer thoſe that are Curious, and deſire 
further Satisfaction therein, to the afore- mentioned Phils/ phical Tranſa#ions, 
Number 196, and ſhall only Add this ſerious Obſervation, Yiz. How unjuſtly 
we generally Repine at the Shortneſs of our Lives, and think ourſelves Wronged 
if we attain not to Old Age ; Whereas it appears, that the One Half of thoſe 

that 
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that are Born, do Die in Seventeen Years' Time, For, by the aforeſaid Bills of 
Mortality at Breflaw, it was found, that 1238 were in that Time Reduced to 
616, So that, inſtead of Murmuring at what we call a Short Life, we ought 

with Patience and Unconcern to-ſubmit to that Diſſolution which is the nece({- 
ſary Condition of our periſhable Materials, and of our nice and frail Structure 
and Compoſition ; And to account it as a great Bleſſing that we have ſurvived 
(perhaps by many Years,) that Period of Life, whereat the One Half of the 
whole Race of Mankind does not Arrive, 1 


Having now gone through all the General Caſes of Intereſt, and Annuities, 
Sc. I defigned to have concluded here; but, becauſe the Buſineſs of Rebate, 
or Diſcompt of Money paid before the Time 1t becomes Due, comes often into 
Practice upon ſeveral Occaſions, and being but juſt ro::ched-upon in Page 667 
and 690, although even what is there done, being duly conſidered, might be 
ſufficient ; yet, left I ſhould be thought too ſhort or remils in fo uſeful a Part 
of Intereſt as that is, it may be convenient to proceed a little further, and lay 
down particular Rules for that Purpoſe, 


— —_——_—_—_—————_———_——_—_—_——————————————————m—m—m———————_—_—_———————————————_—_———————_—_—_ 


CHAN: 


To find the Rebate, or Diſcompt, of any Propoſed Sum, c. and the true 
Equated Time of ſeveral Payments; either, at Simple, or Compound Intereſt. 


Sect. I. To find the true Diſcompt of any Sum, at any Rate of Simple Intereſt. 


SF = the Sum propoſed to be Diſcompted for; 
Suppoſe | T = the Interval of Time before it beco:ncs Due; 
R = the Ratio of the Rate of - Intereſt per Cent. 
And D = the Diſcomp!, or Rebate, ſought. 


Then it will be [T = D; 


Which, in Words, gives this following Rule, 


Firſt, Multip'y. the given Time with the Ratio of the Rate of Intereſt, 
2 to their Produtt Add 1, that Sum will be the Diviſor. 
Rule. Next, 3 the firſt Pro:utt, and the Sum that is to le Dis 
2 for, and that Predutt will be the Dividend; The Qu ient 
ariſing from thence will ſhew the Diſcompt required, 
Exauwple, 
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Example. 


Tet it be required to find what Diſcompt ought to be allowed for 7 560l., if it 
be paid 273 Days before it becomes Due, at the Rate of Six per Cent. per Annum, 
Simple Intereſt ? 


Here is given S = 3560, T = , 74794 (found by the Table in Page 670) ; 
and R = 0,06 ; To find D. I 118 2 


Firſt, o, 74794 x 0,06 = 0,044876. 

And 0,044876 + 1 is 1,044876 for the Diviſor. 

Next, 0,044876 x 3560 = 159,75856, the Dividend, 
Then 1,044876) 159,75856 (152,897 = D. 

That is, 1527. 18s. fer?, will be the Diſcompt required. 


The ſame performed by Logarithms. | 


Firſt, T = 0,7494 3 it's Logarithm is 5 873,86 
And R = 0,06 ; it's Logarithm is 8.778, 1 44 } Add 


The Sum is the Logarithm, $.652,01 8, of 0,044876. 
Next, & = 3560; it's Logarithm is 3.551,450 Add to the laſt, 


Sum 2.203, 468 
o, 44876 + 1 = 1,044876 ; it's Logarithm is o. o 19, o66 Subſtract 


There Remains the Logarithm, 2. 184, 402, of 152, 897. 


That is, 1527. 185s., as above; which being Subſtracted from 3 560/., the 

ropoſed Sum, there will Remain 34077. 2s., the Sum to be paid in Ready 
Money ; as may be eaſily proved by making it a Principal, and then finding 
what it would Amount to in 273 Days, at 6 per Cent; which, by Caſe 1, 
Page 665, will be juſt 35607, Conſequently the Diſcompt is truly found. 


Secondly, To find the true Rebate, or Diſcompt, of any Sum, at any given 
Rate of Compound Intereſt, | 


Let us ſuppoſe S, t, and D, to repreſent the ſame Parts of the Queſtion, as 
before; and R, to denote the Amount of 1/. for One Year, Sc. as in Page 689. 


SR 5 D. 
R. 


And from this Equation is deduced the following Rule. 


Then will 
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\ 


F Multiply the Logarithm of Je, (the Amount of 11. for a Year,) at the 
given Rate of Intereſt, with the Time; and the Number which belongs 
| to their Product co be the Diviſer. 

Rule. From that Number Subſtraft 1; then Mutip'y the Remainder with 
the propoſed Sum that is to be Diſcompted for ; and that Product will 
be the Dividend: the Quotient ariſing from thence will ſhzw the D 
(compt required. 


Example, 


Suppoſe it cere required to find what Diſcompt, or Rebate, muſt be allowed for 
the Payment of 9561. 10s. Nine Months (viz. + of a Year) before it becomes Due, 
at the Rate of Five and a Half per Cent. Compound Intereſt, 


Ina this Queſtion, there is given $ = 956,5, f= 0,75, and R = 1,055; 
To find D. | 
Firſt, R is = 1,055 ; it's Logarithm is 0.023,252 ; 
f And f is = 0,75 Multiply 


The Product is the Logarithm, 0.017,439, of 1,04097, the Divilor, 


And 1,04097 — 1 = 0,04097 will be the Multiplicator; and 956,5 x 
0,04097 = 39,1878, the Dividend, Then 1,04097) 39,1878 (37,645 = D; 
viz, 371. 125. 103d. is the Diſcompt required. 


Or, having firſt found the Diviſor, and by it the Multiplicator, as above; 
Then the reſt of the Work is very eaſily performed by Logarithms, 


Thus, & is = 936, 5; it's Logarithm is 2.980,685 } Add 
The Multiplicator is o, 4097; it's Logar. is 8.612, 466 


B Sum 1.593,151 
Diviſor is 1,04097 ; it's Logarithm is 0.017,439 | Subſtract 


There Remains the Logarithm, 1.575, 7 12, of 37,645. 


Viz. 37l. 125. 103d, is the Difcompt required, as above; which, being 
taken from the 955¼. 108., leaves 9180. 17s. 1:d., the Sum which is to be paid 
in Ready Money; as may be tried, by making it a Principal, and then finding 
what it would Amount to in Jof a Year, at the Rate of Five and a Half per 


Cent ; the which, by Cafe 1, Page 689, will be found to be juſt 9564, 10%. 
Therefore, Ge. 


It theſe Two Rules, and their Examples, be a little conſidered, I preſume 
it will be very ealy to conceive how to find the true Diſcompt, or Rebate," of 
any One propoſed Sum of Money, Due at the End of any given Interval of 
Time, and any given Rate, either of Simple, or Compound Intereſt, accord- 
ing as the Queſtion is propoſed, | 


Vol, V. 5 B And, 
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And, if it be required to find the whole Diſcompt of ſeveral Sums, Die at 
the End of ſeveral different Intervals of Time, it is but Computing them at ſo 
many ſeveral Operations, and then the Sum of all thoſe particular Diſcompts, 
being taken from the Total Sum of all the Debts, will leave the true Diſcompt 


required, 
As, for Inſtance ; 


Suppoſe A were indebted to B 5 pol., to be pid at Three ſeveral Payments, in 
this manner; Viz. 230l. at the End of One Year and a Half, lool. !o be paid at 
the End of Two Years, and 4o0l. at the End of Four Years ; Th: Qu ſtion is, To 
find how much of the 750. B ought to Rebate, or Diſc:mp!, at Six per Cent, 
per Annum, Simple Intereſt, to have his Whole Debt diſcharged by A in preſen: 
Money ? © | 

According to the Data in this Queſtion, the particular Diſcompts (found by 
the Firſt Rule in this Section,) will be theſe following: 


. 2501. for 1,5 Year is 20, 6423 
The Diſcompt of 4 100. for 2 Years is 10,7142 Add 
400/, for 4 Years is 77,4193 


Conſequently the whole Diſcompt is 108,77 58. 


Then, if from 750). the whole Debt, there be Subſtracted 
108,7758, the whole Diſcompt, there will Remain 


641,2242 = 6410. 4s. 51. which is the true Sum that A 
muſt give to B, in preſent Money, to be Diſcharged of his Debt. 


Again, Suppoſe the ſame Things given as above, and let it be required to 
find the particular Diſcompts, &c. at Compound Intereſt, 


Then, by the Second Rule in this Section, the Work will ſtand thus: 


250d. for 1,5 Year is 20, 9238 | 
The Diſcompts of J 100/. for 2 Years is 11,0003 | Add 
400/, for 4 Years is 83,1633 J 


Sum is 11 5,0874 
Then 115,0874, taken from 7 50l., leaves 634,9126. 


Viz. 6341. 18s. 34. is now the Sum which A is to give B, in preſent Money, 
to be clear of his Debt. | 


This is fo plain to be underſtood, that I preſume it is needleſs to ſay any 
more in Proof of it, than what has been already ſaid in Page 741. 


And from hence Naturally flows the following Method of finding the true 
Equated Time, wherein ſeveral Sums, Due at ſeveral Intervals of Time, 2 
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be paid at one entire Payment, without any Loſs, either to the Creditor or 
Debtor. 


Sger. II. The Equated Time of Payments truly Determined. 


Taz uſual Rule laid down in divers Treatiſes of Arithmetick and Intereſt, 
Sc. for finding of an Equated Time, for the Payment of ſeveral Sums of 
Money Due at the End of unequal Intervals of Time, is to this Effect. 


Multiply every ſingle Sum of Money with the Time it becomes Due; 
Rul and Divide the Sum of thiſe Products by the Total Debt ; and the 
e Quotient will be the true Time (ſay they) at which all the Money ought 

to be paid, | 


I ſhall paſs over all the Arguments that are made Uſe of pro and con, by 
Mr. Fohn Kerſey, in his Book of Arithmetick, and by Sir Samuel Morland, in 
his Doctrine of Intereſt, and other Authors, about the Erroneouſneſs of this 
Rule; As alſo, the Rules they lay down inſtead of it; and ſhall only proceed 
to ſhew how the true Equated Time may be found, from what hath been 


already done and proved, 


When any Number of Payments are propoſed to be paid-off at one entire 
Sum; Then, in order to determine the Equated Time for the Payment of that 
Sum, you muſt firſt find the particular Diſcompts of all the propoſed Pay- 
ments, whoſe Times are to be Equated, according to the given Intervals of 
thoſe Payments, at any Rate, either of Simple, or Compound Intereſt, as ſhall 
be agreed on by the Parties concerned ; and by thoſe Diſcompts find the 
preſent Sum that would Clear the Debt, if it were immediately paid ; (As 


above.) 


If the Sum of all thoſe particular Diſcompts be Divided by the Produf? 
Then of the preſent Sum Multiplied with the Ratio of the ſame Rate of Intereſt 
Y which thoſe Diſtompts were computed, the Quotient will ſhew the 

true Equated Time required at Simple Intereſt. 


For an Example of this Rule ; 


Let it be required to find the true Equated Time, wherein the aforeſaid three Sums, 
* from A 4 B (as in the laſt Inſtance), may be ſafely paid without Loſs to 
either, &c. WE 0 


There the Sum of all the particular Diſcompts at Six per Cent, Simple In- 
tereſt, is found to be 108,7758; and 750 — 108,7758 = 641,2242, the 
preſent Sum, if it were to be immediately paid. 
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Then, by the Rule above, 641,2242 X 0,06 => 38,47345 will be the Di. 
viſor; and 108,7758, the Dividend. 


Then 33,47345) 108,77 58 (2,8273 is the Quotient. 


That is, 2 Years and 302 Days will be the Time when 4 may pay unto B 
his whole Debt of 7504, without any Loſs to either of them. 


The ſame found by Logarithms. 
The Sum of Diſeompts i is 108,77 38; it's Logarithm i is 2.036, 544 


The Preſent Worth is 641, 2242; it's Logarithm is 2. $07,010 


"The Ratio- 'of the Rate is 0,06 ; it's Logarithm is F. 778,151 | Add 


Prom the 3ſt Logarithm Subſtract this Logarithm, 1 1.58 5,168 Sum; 


There Remains the Logarithm, 0.4 51,383, 3, of 2. 3253 


Viz, 2 , ok and 302 Days will be the true Equated Time required by the 
Queſtion; as beſore. 


For, if the Diſcompts be truly found, then i it cannot be denied, but that the 
Preſent Worth of the whole Debt may by them be truly found: And, I ſay, 
if that preſent Worth be made a Principal, and the Equated Time (as bere 
found) be made the Time of that Principal's s being forborn at the ſame Rate of 
Intereſt, it will be found (per Caſe 1, Page 665.) to Amount to 1 the whole 
Debt. Therefore the Equated Time is here truly found. 


And, if it be required: to find the Equated Time at any propoſed Rate of 
compound Intereſt, you muſt proceed, in the ſame Manner, to find all the 
particular Diſcompts of the given Sums, and by them the preſent Sum that 
would Clear the Debt, if it were immediately paid; as in Page 741. 


74 the Log arithm of the preſent Sum be taken from the Logarithn 
I of tbe Total — of all the Debts, and the Remainder be Divided by 
Then, 4 /he Logarithm of R, (the Amount of 11. for a Tear, ) at the ſame Rate 
of Interejt by which thoſe Diſcompts were Computed ; The Quotient will 

ew the Equated Time required. 


As, for Example. 


Suppoſe it were ed to fud the Equated Time at Compound Intereſ, rwherem 
the 7 5ol. Due from A to B, in the ſame Manner as before, may be paid at one 
entire Payment, without Loſs, &c, 


Then the Sum of all the particular ee, found at 6 per Cent, Com- 
pound Intereſt, is * | 3 
8 n 
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And 750 — 116, 0874 = 634, 9126 is the preſent Sum that would Diſ- 
charge the Debt, if it were immediately paid, as in Page 742. 


Then, by the Rule above, it will be 


750; It's Logarithm 1 is 2.875,061 } 
The Preſent Sum is 634, 9126; it's Logar. is 2. $02,714 Subſtract 


R is = 1,06; it's Logarithm is 0.025,306) 0.072,347 (2,8388. 


That is, 2 Years, and 313 Days, is here found to be the Equated Time that 
A muſt Pay the 750/l. unto B, at one entire Payment; which is but 11 Days 
more than the Time found at Simple Intereſt, 


And the Truth of the Equated Time, thus found at Compound Intereft, 
may be eaſily proved by the Help of Caſe 1, Page 690, Sc. in the fame 
Manner as that of Simple Intereſt was in the laſt Page. 
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For Numbers Increaſing in their proper Order, from 


With their Differences. 


1 to 10,000. 


Num. Logarithms. (Num. Lozarithms. Nam. Lozarithms. 
1 | 0.000,c00 || 34 | 1-531,479 || 67 | 1.826,075 
2 | 0-301,030 || 35 1.544, 8 68 | 1.832, 309 
3 | 0.477,121 || 36 | 1-556,302 || 691.838,49 
4 | 0.602,0to || 37 | 1.568,202 || 70 | 1.845,098 
5 | 0.698,970 || 38 | 1.579,784 || 71 | 1.851,258 
6 | 0.778,151 || 39 | 1.591,065 || 72 | 1-857,332 
7 | 0.845,098 || 4o 1.60, 0 || 73 | 1.863,323 | 
8 | 0.903,090 || 41 | 1-612,784 || 74 | 1.869,232 
9 0.354, 242 42 | 1-623,249 || 75 | 1-875,001 
101. ooo, co 43 1.033, 408 || 76 | 1.880,814 

| 11 | 1-041393 || 44 | 1643-453 || 77 1.886, 191 
12 | 1.07G,I81 || 45 | 1.652,212 |} 78 | 1.892,095 
13 | 1.113,943 || 46 | 1.662,758 || 79 | 1.3897,627 
14 | 1,140,128 || 47 | 1.672,098 || 80 | 1903,090 
151.170,91 || 48 | 1.681,241 || 81 | 1908, ,8; 
1G | 1.20*,120 || 49 | 1.690,196 || 82 | 1.913,814 
I7 | 1-230,449 || 50 | 1.698,970 || 83 1.919,78 
1 1.255,272 |} 51 | 1.707,570 || 84 | 1.924,279 

{ 19 | 1.278,754 || 52 | 1.716,003 || 85 | 1.929,419 | 

20 | 1.3c1,030 || 53 | 1.724,276 861934, 498 
21 | 1-422,219 || 54 | 1.732,394 871.939, 519 

22 | 1-342,42Z3 || 55 | 1.740,363 || 88 | 1.944,483 
23 | 1-361,728 || 56 | 1.748,188 89 | 1.949,350 
24 | 1.380,211 || 57 | 1.755,875 || go | 1.954,242 
25 | 1-397,940 || 58 | 1.763,428 || g1 1.959, 041 
26 | 1.414,973 || 59 1.770, 852 92 | 1.963,788 
27 | 1.431, 304 || 60 | 1.778,151 || 93 | 1.968,483 
28 | 1.447,158 || 61 | 1.785,330 941.973,28 
29 | 1.402,398 || 62 | 1.792,392 | 95 | 19779724 
30 | 1.477,121 || 63 | 1.799,341 || 96 | 1-982,271 
31 | 1.491, 302 || 64 | 1.805,150 | y7 | 1986,772 
321.505, 150 || 65 | 1.8:2,913 || g8 | 1.991,226 
33 | 1-518,514 || 60 | 1.819,544 || 99 | 1995,635 
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ooo, coo 


024,32! 
008,600 
012,837 
817,033 
021,189 


025,309 


+029, 384 
0337424 
037, 426 
0415393 
045,323 


049, 218 
05 2,078 


056, 905 
050 „98 


071,882 


052,785 
086, 260 
089, go 


9357422 


107, 210 
1 10,5901. 


113,943 
417,271 


2 120,574 


427,105 
— 


094,458 
058, 186 


075954” 
.079,181 


. 


0 ce 


10,371. 


103, 804 


123,8 52 


' 


000,434 
D 4575 
co), 926. 
0137259 
017,451 
021, 603 


25715 
029,789 
033,826 
037,825 
041,787 
9455714 


049, 605 
05 3,463 


05772 
051,075 
0645832 
68, 557 


072, 250 
075,912 
079,513 


083, 44 
086, 16 


oo, 258 


0935 72 
097, 257 
100,715 


104,145 
1075549 


110,926 


114,277 


.117,003 
.120,903 
124, 178 
127,429. 


5 


133839 
1 317% 


430,85 


1451 
140, 128 


149,219. 
. | 


133,858. 


13,079 
017, 868. 
022,016 


026,124 
0 30, 195 
034,227 
938, 223. 
042,182 
046, 105 


8497993 
053,846 
8 0 57,666 


072,017 
076, 70 
079, 904 
083, 503 
087,071 
090, 611 


097,504 
121,950 
104,487 
107,888 
111,262 


114,611 
1177934 
1215231 
121,504 


3 


ooo, $68 .00 
005,001 
909,451, 


0615452 
065, 206 
068,028 


3 


O0 5390 


oc, 876 
0145100 
018,284 
072,428 


024, 5 35 
O30, 50 
034,628 
028,027 
842,575 
46,405 


050, 380 
8545230 
058,046 
061, 829 
065, 589 

069, 298 


072,985 
0706, 640 
080, 25% 


083,801 


087,420 


09, 963 


094,122 


1275752 
130,977 


. 00 6 0g 


4 


015,734 
006,038 
0 10, 300 
014,520 
018,00 
022,84 


026,942 
03 1,004 
035, 29 
039,017 
042,96 
046,88; 


050, 766 
054,013 
.058,426 
002,206 


655,053 
. 069, 56x 


07 2,352 
-077,cO4 
.080,626 
.08 4,219 
087,78 
001,215 


094, 471. 94, 820 


9775951 
101,403 
104,828 
108,227 
117,98 


114,944 
118,265. 


121 889. 
1 24,830. 


129 5070 
131,298. 


— 


134,77 


134 0. 


098.297 
1015747 
105, 169 
109,565 
111,934 


115,278 


121,888. 
125,156), 
128,399. 
13.5618. 


18 


137,037 137,334, 137,67 137 987 


9140, 104. 
143,327 
146,438 


40,527 1405835 


140, 508. 


143,039. 
146,748. 


14,822. 141,130. 14,450, 
143,951. 144,203 144,574 
147397 
PISS AY 150,449. 


147,058 


073,18 
077,368 


088, 16 


og, 544 


108,903 
11,2700. 1 


5 


.002, 166 
.o06, 406 
010,724 
01 4,940 
019, 116 
023,252 


27,35 
031, 408 
0357430 
939,414 


043, 302 
W 


"MW 


.002,598 
006, 894 
011,147 
015,360 


19,532 
023,64 


8275757 
031,812 
035,830 
039, 8 10 


4357551 
047, 654 


051, 152.05 1,538 


05 4, 996 
058, 805 
062, 5 82 
066, 326 
070,038 


080,987 
084, 576 


.Og1 6005 


005, 169 


102, 91 
105, 10 


118,595/½ 18, 926 


415,610 


22, 216. 
12 548 11 
128,722. 
131,939 


135713 
138,303 


147,076 
150,750 


132,260 


138,618 


144, 85 
147,985. 
15 3<63.151,37C 


05 5,378 


059, 185 
062,958 
066, 698 
.07O, 407 


.074,085 
077,731 
081,347 
084,934 
88, 49. 
092,018 


05, 518. 
og, 090 
025444 
105 5 

090% 41 


2, 60 5 


01,943 


(19,256 


/ 


.003,029 
007, 32 
011, 570 
015,779 


019,947 
024,075 


028, 164 
032,16 
030, 229 
040, 207 
044, 148 
oB, oʒ 3 


051,924 
055,760 
059,563 
053, 333 
067,071 
270,770 


074,451 
078,094 
08 „707 
85,29 
088,845 
092, 


0 5,866 
99, 335 


25777 


115,76. 
119,580. 


e 
125, 905, 


129,045 


F 7 


41,763. 


122,871 
126,131 
129, 205 

132,590 


135,768“ 
138,934 
142,070 

145,190 
14,294 


| 


GO 


9, 78| 


151,70. 


8 


093, 460 
007,748 
O1 6, 1 97 


020, 30 
024, 486 


023,571 
032,519 
030, 629 
.040,002 
8445540 
048,442 


052,509 
056, 142 
059,942 
003, 708 
097,443 
071,145 


078,457 
02,067 
085, 47 
89,19 

62, 21 


096,215. 


099, 1 


106, 51. 
o 910. 
4327 5jo 


116,608 


135,080. 
13972. 


147 500 


011,993 


074, 8 6. 


147,30 þ1.2,70 


9 
003, 891 
«008,174 
O! 2,415 
016 615 
020, 775 


028,978 
033,72 
037,028 
040,998 
44,93 
048, 83 


024, 895 


Di. 
422 
428 
| 424 
425 
416 
411 
405 
404 
401 
397 
393 
390 


052,094 
056,52. 
060, 320 
064, 83 
057,814 


07755 4 


— 


386 
83 


0 2,426 
+ 80,004 
89, * - 
3952271 


75% 82 
078,819 


1205 ), 
2552 
25781 

1305012 

i. 5219 


116,0 3 
21 55915 
125 98. 
12% 4560. 
129, 90. 


532 


355 
28 


224 
. 

»Y 

_— 
— 


136, 
5 


* FY 


I 
316 
Ji. 
* 
3'9 


— 


— 


BOTH SIMPLE AND COMPOUND, 


163 
164 
165 


166 
167 
168 
169 
170 
17¹ 
172 
173 
174 
175 
176 
177 


— 


164,353 
167,317 


170, 262 
173,186. 
176,091 
178,977. 
181,844 
184,691 


187,521 
190,232 
193,125 
195,900]. 
198,657). 
201,397 


204, 120 
206, 826 


209,515 


222,710 


227,887 
23,449 
232, 990 


235,528 
238, 040 


240, 549 


245,513 
247,973 


178 


179 
180 


182 


250, 420 


181257,679 


183 202,45 


* 


O 


152,288 


1557335 
352.1 58,664 


161,667 


158, 362 
161,368 


212,188 


214, 844. 


217,484 


. 220,108 


+22 5,329 


243,038 


252,85 3 
2557272 


260,071 


170, 555 
176,3 


182, 129 
184,975 


201,670 


204, 391 


235,781 
238,297 
240,799 


3 


1 


152,594 
155,640 


164, 650 


173,478 
30 
179,264 


187, Sog. 
190, 612 
193,403} 
196,453 
199, 206 
201,943 


196,176 
198,932 


207, 96 
209,783 
212,454 
215,109 
217,747 


220, 370 
222, 976 
225,568 
228,144 
230, 704 
233,250 


243, 286 


235,759 
248,219 


8 


250, 664 
253,096 
255514 


202,688 


25718, 


262,92 5263, 162 


2 


152, 900. 153, 205 
155,943, 
158,965 
161,967 
164,947 
167, 613ʃ. 


167,908 


.170,848 
-173,709 
176,670 
179,552 
182,415 


185, 259 


188,084 


190, 892 


193,681 


204,663 
20), 305 
210,051 
212,720 
215,373 


218,010 


220, 631 
223,236 
225,826 
228,400 
230, 960 
2335504 


236,033 
238, 548 
241,048 
243,534 243,782 
246, 00 
248,464 


250, 908 
253,338 
25575525 5,996.2 56, 230. 
258, 158.258, 398/.253,037]- 
261,025 
263,399. 


471,141 


188, 366 


193,959 
196,729 
199,48! 
202,216 


204,934 


248,09 


3 


156,246 
159,266 
162, 266 


165,244 
168,203 


.17 4,060 


176,959 
179,8 39 
182, 700 


185,542 


191,171 


207, 634 
210,319 
212,986 
215,638 
218,273 


220, 892 
223,496 
220,084 
228,657 
231,215 
2335757 


236, 28 5 
238,799 
241,297 


246,25 2 


251,151 
253,580 


4 


153,510 
156,549 
«159,507 
162, 564 
165,541 
168,497 


171,434 
174,351 
177,248 
180, 126 
182,985 
185,825 


188,647 
191,451 
194,237 
197, ooß 


199,755 
202,488 


205, 204 
207, 904 
210, 580 
213,253 
215,902 
218, 536 


221,153 
223,755 
220,342 
228,913 
2315470 
2347011 


236,537 
239,049 
241,540 
244,030 
246,499 
248,954 


251,395 
2537822 


5 


153,815 
156,85 2 
159,868 
162, 863 
165,838 
168,792 


171,726 
174, 041 
1775530 
180,413 
183,270 
186, 108 


188,928 
197,730 
194,514 
197,281 
200, o29 


202,761 


205,475 
208, 173 
210, 853 
213,518 
216,166 
218,798 


221,414 
224, 015 
226, 000 
229, 170 
231,74 
234,264 


236,789 
239,299 
241,795 
244,277 
240,745 
249,198 


88 


| 


251,638 
25 4,004 


186, 391 


189, 210. 


194,792 
197,556 
200, 303 


203, 033 


205,746 
208, 441 


211,120 
213,783 


2497443 


254,30 
256,718 


6 


154,119 
57,154 
160, 168 
163,161 
166,134 
169, 086 


172,019 
1745932 
177,925 
.180,699 


183, 555 


192,010 


216, 430 
219, 000 


221,675 
2245274 
226,858 
229,426 
231,979 
234,517 


237,04 
239.550 
242,044 
2447324 
246,99 


251,881 


259,116 
261,501 


| 
(Moy; 

«154,424 
1577457 
1460, 469 


163,459 
166,430 


. 169,380 


172,311 
475,222 
178, 113 
180, 986 


183,839 
186,674 


189, 490 
192,289 
195, 069 
197,832 
200, 577 
203,305 


206, 016 
208, 710 
211,388 
214, 049 
216,694 


219,323 


221,930 
2247533 
227,115 
229,682 
2325,233 
234,770 


237,292 
239, 800 
242,293 
244,772 
247230 
249,087 


252,125 
254,548 
256,958 
2595355 
261,738 


263,73 


264,109 


= 


154,728 


160, 769 
163,75 
166,726 


169,764 


172, 603 
175,512 
178,401 
181,272 
184, 123 
186,956 


189,771 
192,567 
195, 346 
198, 107 
200, 8 50 


203,577 


206, 287 
208,978 


211,654 


2147314 


216,957 
219,585 


222, 196 
2245792 
227,372 
220%, 938 
232,488 
235,023 


2375544 
$242,541 


155,032 
157,759, 
161,068 
164, 055 
. 167,022 
.169,908 


172,895 
175,802 
178, 689 
181,5 58 
184, 40) 


187, 239 


190, o51 
192,846 
195,623 
198, 382 
201,124 
203,848 


200, 5 56 
209,247 
211,921 
214,579 
217,221 
219, 846 


222,456 
225,051 
227,630 
230, 193 
232,742 
235770 


237,795 
240, 300 


240,050 — 
* , 


24501 
247482, 
249,932 


252,307 
2547790 
257,198 
«259, 594 
261,976 


2045,45 


2457266 


25 2,610 
2557031 
2577439 
259,833 
262,214 
264, 5 82 


9 


158,061 


247,728 
250,176 


| I 
* 
15 

1 
I! 

: $3 

j 4 
ji 


. 


T — === ͤ—-t— — ̃¶³ ˙QÄ2 — 


MR, .JOHN WARD'S KEY TO INTEREST, 


— 


4 
mm 
\ 


264,818 
267,172 
259,13 
271,842 
274, 158 
276,462 


278,754 
281,033 
283, 301 
28557557 
287,802 


292,2 56 
294, 4006 
296, 665 
298,853 
301, o30 


303, 196 


305,351 
307%, 490 
309, 630 
311,754 
313, 867 
315,970 


. 318,063 
$320,146 
322, 219 
324, 282 
320, 336 
328, 380 


330,414 
3325, 438 
334,454 
336,400 


O 


: 


— CC—_—_—y 


339,456 
340,444 


342,423 
344,392 
346,353 


| 


265,054 


. 
- 


267, 400 
269, 740 
272,074 
274, 389 
276,691 


278,982 
281,261 
283,5 27 
285,782 
288,025 
290, 257 


292,478 
294,687 
290,884 
299,071 
301,247 
303, 412 


. 305,566 
307,710 
309, 843 
311,966 
314,078 


.316,180 


318,272 
320,354 
322,426 
324, 488 
320, 541 
328,5 83 


330, 617 
332, 640 
334,655 
3306, 660 
338, 656 


340,642 


342, 620 
344, 589 


346, 549 


348, 305]. 348, 500 


350, 248 


350,442 


| 


N 


2 


265,290 


267,641 


269,980 
272, 306 
274,520 
276,921 


279, 210 
281,488 
283,753 
286,07 
288,249 
290, 180 


292, 699 
294,907 
2977104 
299, 289 
301,464 
303, 628 


305, 781 
307,924 
310, 056 
3125177 
314,289 
316, 390 


318,481 
320, 562 
322, 633 
925 
320,745 
328,787 


330, 8 19 
332,842 
334,856 
3306, 860 
338,855 
340, 841 


$342,817 
344,785 
346,744 


350, 636 
35 2, 5 68 


3525 783,352,375 


348, 94 


3 
265,525 
267,875 
270, 213 
272,5 38 
274, 850 
277,151 


279,439 
281,715 
283,979 
286,232 


288,473 
290, 702 


292,920 
295,1 27 
297,323 
299, 507 


301,681 
303, 844 


305, 996 
303,137 
310, 268 


312, 389 


314,499 
316,599 


318,689 
320, 69 
$322,839 
324, 899 
326,950 
328,991 


3317022 
33375044 
3355057 


337,060 
339,054 
341,039 


343,014 


344,981 
346,939 
348, 889 
350,829 
352,761 


265,761 
268,110 
270, 446 
272,770 
275,081 
277,380 


270,607 
281,942 
284, 205 
286, 456 
288,696 
290, 925 


293,141 
2957347 
2975542 
299725 
301, 898 


304,059 


306, 210 
308,351 
310,481 
312, 600 
314,710 
316, 809 


318,898 
320,977 
$323,040 
3255105 
327,155 
329,194 


331,225 
333,240 
3355257 
«337,200 
339,253 
341,237 


343,212 
3455178 
3477135 
349, 083 
351,023 
352,954 


4 


5 


265,996 
253,344 
«270,079 
273,001 
2757311 
277, 609 


279,895 


282, 169 
28883, 
286,681 
288,920 


291,147 


293,363 
295,567 
«297,700 
299,942 
3025,114 
304,275 


306, 425 
308, 564 


«310,693 


312,812 
314,920 


317,018 


319, oo 
321,184 
323,25 2 


32553 10 
3275,35 
329,39 


331,427 
3337447 


335,458 


337,459 


339,451 
341,435 


343,409 
3457374 
3477330 
349, 278 
351,216 


353,147 


280, 123 
282,395 
284,65 6 
286,905 
289,143 
291, 369 


2935583 
295,787 
2977979 
300, 100 


302,33 


6 


260,232. 
268,578. 
270, 912. 
273,233. 
275,542 
277,838 


278, 067 


280, 351 
282,622 
284,882 
287,130 
289,366 


291,591 


293,084 
296, 007 
298,198 
300, 378 
+302,547 


7 


266,467 
268,812 
271,144 
273,404 
275,772 


$394,490 


306, 39 
308,778 
310, ob 
313,023 
315, 130 
317,227 


319,314 
321,391 
323,458 
325,510 
327, 563 
329,601 


331, 630 
333,649 
335,658 
337,659 
339,650 
341,632 


343,606 
345,5 70 
347,525 
349,572 
35 15410 
33537339 


304, 706 


306, 85 4 
308, 991 
317,118 
313,234 
315,340 
317,436 


319,522 
321,598 
323,065 
325.7021 
327,767 
329, 805 


331,832 
333,850 
335,859 
337,858 
339,849 
341,830 


343, 802 
345,766 
347,720 
349, 66 


351, 603 


8 


266,702 
269,046 
27,377 
273, 690 
276,002 
278, 296 


. 
282,849 
285,107 
287,354 
289, 589 
291,813 


294,025 
290, 226 
298,416 
300,595 
302,764 
304, 921 


307, o68 
309, 204 


313,445 
315,551! 
317,646 


310,730 
321,805 
323,871 
325,926 
327,972 
330, o08 


332,034 
+3 359951 
336,059 
338, 05 8 
. 340,047 
342,028 


343,999 
345,962 
34775915 
349, 860 
351,796 
3537724 


3535532 


311,330 


9 


— 


Dip: 


1— — 


266,93) 
269,279 
27 1, 09 
273,927 
276,232 
278,525 


— 


* — 


235 
234 
233 
231 
230 
229 


— — 


280, 806 
283,075 
2855332 
287,578 
289,812 


292,034 


228 
227 
226 
225 
224 
222 


— —————— 


294,240 
290,446 
298,035 
300, 813 
302,980 
305,1 30 


307,282 
309,417 
311,542 
313,656 
315, 700 
317,854 


319,938 
322,012 
324,077 
326,131 
328,176 
330, 211 


— 


221 
220 
219 
218 
217 
216 


215 
213 
212 
211 
210 
209 


209 
207 
206 
205 
204 
203 


332, 236 
3342253 
336, 200 
348,257 
«340,240 
342,225 


202 
202 
201 
200 


130 


344,196 
346,157 
348, 110 
350,054 
351,989 
3539106 


— 


197 
196 
195 
194 
193 
193 


— 


— 


—_— 


— 


BOTH SIMPLE AND COMPOUND, 


O 


354, 108 
356,026 
357,935 
359,835 
361,728 
363,612 


355,488 
3675356 
369, 216 


371,068 


372591 2 
374,748 


376,577 
378, 398 
380,211 
382,017 
383,815 
385, 606 


387, 390 
389, 106 
390, 935 
392,697 
394,452 
396, 199 


397,40 
399,74 
401, 400 
403, 120 
404,834 
400, 540 


403, 240. 
409,933 
8.411620 
413,300 
414,973 
416,640 


418,301 
419,956 
421,604 
423,246 
424,882 
426,511 


354,301 
356,217 


358,125 


. 360,025 


301,917 
.363,8c0 


365,75 
307,542 
309, 401 
371,253 
3735, gb 
374,932 


376,759 
378, 580 
380, 392 
382,197 
383,995 
385,785 


387,568 
389,343 
39 1511 2 
392,873 
394,627 
396,374 


398,114 
399,84) 
401,573 
403,292 
405, 05 
406,710 


408,410 


410, 102 
411,788 
413,467 


415,140 


416,807 


418,467 
420, 121 


421,768 
423, 410 
4255045 
420, 674 


2 


354,493 


356,408 
358,316 
360, 215 
362,105 
363,088 


365,862 
367,729 
369,587 
371,437 
373, 280 
375,115 


376,942 
378,761 
380, 573 
382,377 
384,74 
385,964 


387,746 
389, 5 21 
391,288 
393,048 
394, 802 
390, 548 


398,287 
400, o20 
401,745 
403, 404 
405,176 
406,881 


403, 579 
410,271 
411556 
413,635 
«415,307 
416,973 


418,633 


420, 280 
421,933 
4235573 
425, 208 
420, 836 


3 


3545685 
350,599 
358, 500 
360, 404 
302,294 
364,176 


. 366,049 
«367,915 
309,772 
3715622 
+37 3404 
+37 53298 


*377>124 
3787953 
380,754 
382,557 
384,353 
386, 142 


3877923 
389,697 
«391,404 
+39 33224 
3947977 
396,722 


398,401 
400, 192 
401,917 
403,635 
«405,340 
$407,951 


408, 749 
4105440 
412,124 
413,802 
4157474 
417,139 


418,798 
42⁰,ĩ 451 
422,9) 
4235737 
4257371 
426,999 


4 


3545870 
356,790 
358,696 
360, 593 
362,482 


3647363 


3606, 236 
368,101 
359,958 
371, 806 
+437 047 
$375,481 


377,306 
3797124 
380,934 
382,737 
384,5 33 
386,321 


388,101 
389,875 
$391,041 
. $93,400 
* 3959152 
396,896 


398,634 
400, 365 
402,089 
403,807 
4055517 
407,221 


408, 918 
410, 608 
412,292 
413,970 
4157641 
417,300 


418,964 
420,616 
«422,201 
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123 
123 
8 
122 
122 
1 


121 
121 
120 


120 


| 


559,787 120 


560,82 
502, I 74 
5 63,362 


119 


— 


119 
119 


5045549 119 
56 55730 118 


566, 909 


118 


568, 84 118 
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«570,420, 117 | 
571,592 117 
572,755 110 
573,915 116 
139072 116 


57 6,226) 115 
5777377115 
578,525 115 
579,009 114 
580, 81114 
—— 114 


583,08; = 
584,218 113 
585,340, 113 
386, 362 586, 175 112 


5 87,480 587,99 ors 


| 
117 


$88,720 112 


589,838 112 
590,842. 590,953 111 
5919555924000 my 


593,064,593, 175 111, 
594,17 ½ 594,282 111 
5055 270(595,386 111 
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— — 
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394 59740 

| 39 | 5 6,597 
390 50756950 
397 (508, 90. 
398 50, 883. 


595,00, 
506,707, 
$97,005]. 

598, 900. 
599,992}. 
501, 2. 


— — — — — — — — — — ————— CO —  — — — 


= $15 
5077914. 
een 
boo, 101 
60¹ 190 


8 


535,024, 
5995 19, 


597 / 037 


508, 134. 508, 243 508,353 
599228. 599,337- 5995440055 
600, 210 600,319. .000,420,.0 0,537 
601, 2997 01, 08 601,517 


7. 50, 
5970140. 


309 600, 973 
f 


| 400 | .602,00C 
40¹ 603, 144 
4⁰² 604, 220 
403 * 605,305 
404.600, 381 
| 49S 607,455 


| 106] 608,320 
| 407 | .609,594 


.602, 1 68] 
603,253 
604, 334 
605,413 
606, 189. 


— 


| | 
608,633 .608,740/.608,847;.603,954 
609, 01 .609,808/.609,914/-010,021 


602,277 
603, 361 


604,442 
605,52 1. 


605, 5960/.606,704|.606,81 1 
607, 503 607, oö 607377 / 7 607,884. 


602,380 Toy 602,003 
.603,469|-503,57 7|-003,685] 


604,5 50. 
605,628. 


60456581. 
605,730. 


4⁰⁰ 610,60 610, 767 610, 873]. 1079.6 611,085 


410 612,784 
[481 482 513,842 


412 P 614,897 
413|-015,950) 
414 
415 
416 


.018,048 


619, 93. 
20,130 


418 
419 
420 |. 
[421 | 624, 282 
422 625,312, 
423 „626,340 


621,176. 
622,214): 


——— 


424 | 627, 2660 
425 628, 380 
426 629, 410 

427 630, 428. 


FOE! . 632,457 7 


615,003, 615,108 -G15,213] 615, 319 6157424 
616, 5055 616,160. 610 5265 -616,370-616,475. 
617,000! -617,r05| 617,210 61731597 6174206175 24617629 


618 5153 618,25 7.618,362 


619,198,.6 
620, 240 


621,280 
622,318 


623,249 6233353 -623,456 


«624,3 8 
025,415 
026, 443 


627,468 
628,491 
029,511 


630, 5300 


428 63174440 9315545, 631,647 


632,55 9. 


430 633, 40 
431 1.934,477 

432 (635,484 
433 i 130,488 
434 |037, 190}: 
435 638,409. 


03594504]- 
636,588. 


3755909 
63 95595 


026, 546 


619,302 
620,344 


.621,384 
022,421 


.624,488 
625,518 


627,571 


623,593 
629,013 
030, 631 


626,648 


032,600 


633,569. 33/576 633•771½ 
63335578]. 634, 79. 034779 6345880 634,581|.635,081|.635,182/.635,283 
035785 63578865 035986. 630,08 7.630, 187 636, 287 
6307789 630, 88g 630,989}637,089 055 189 6377289 


535685 
030, 88 


637,690. 
638 „89. 


61974 00. 
620,448 


621,488 
622,525 


023,559-023,603|-623,706 


024,591, 
025,021 


020,552 


620, 5 1 


618,460. 
619,511 


621,592“ 
622,628 


6247095 
6255724. 


625050 


626,853 


3 


504,700. 
605,843 
60,918 
607,991 


609,000. 
610,128 
61171921 


4% 6115723 611,829.611,930 612,042.612,148 .612,254|.612,360 
612 898. 612,996 613,101613,20% 
613,947 ue, 614,159 6144 


6137313 
— 


018,571 
019,015 


621,695 
522,732 


624,798 
625,827 


E 


605951 
e 0/,o26 
.608,098/. 603, 205. b08,3 12 — 9 


620,768 


— 2 9 ae 


500, 157.500, 267. 590,377.50, 110} 
597256597360. 59 7476597, 866 110 
598, 402 598,572.598, 5810110 
599,550 599,665. $99, 774 109 
600, 4. 500,75 , 864 109 
601,734,601 843 601,95 109 
| 
502819. 602,928 3 109 
603,0 604,0 10 604,1 8 108 
604, 982. 505, 89.05, 197 108 
50, 59. bob, 160606, 27 107 
607,133 60%240 607.348} 107 

107 


01,625 


602,711 
603,794 
9045874 


6095274. 609,381 .b609,488 107 
610,346 10,447 010,554] 107 
G11 40% 611,51 511,517 106 
612,400 52,5726) 8 106 
6137525 613,030. 613,30 106 
6147681 614,586 = 106 
. 015,740, 615845 105 
616,085 616,790! 616 895 105 
-017,734|-617,839-017,943| 105 
.618,780/.618,884'.618,989| 105 
.619,823|.619,928. 020,032, 104 
020, 864 620.008 621,072 104 


6095167 
010,224). 
611,298 


613,419 
614475 


61576290 
616,580 


618,076 
619719 


104 
104 
103 
103 
103 
103 

g 


622.00 622,110 
622,835 .622,939|.623,042/.623,146 
623,869 623,973.24, 076.624, 179 
024,901,625 04 5255 % 0255209 
625,927 620503 2.626,135620,238 
629,956, 627,058 627151 627,263 


-621,799/-021,903 


627,073 
628,695 
8295715 
630,733 
03 1,740 
032,701 


0273775 
6287797 
6295817 
530,835 
631,849. 
.0 32,862. 


037) 


6335872 


627,878 
028, 900ʃ. U 
6297919 


630,930 
031,951 
0 32,903 


| 


63359731 


7901 6377890 6379 0,638, 90 35,19 63 36,280. 
—9 585 638. 0m 635,958; 639,088}. 639,188 639,287/. 


627, 980|.628,082/.628 185/628, 287 102 

2% 02.629,04. 62000. 629, 308 102 
-63%,021|.630,123/.630,224.630,320| 102 
031,038 6317130 031,241 631,42 102 
632,052 632,153 032,2 55 632,350 ion, 
.03 3,004.63 3,165 (233200; 5337307 101 


— — 


634,175 63270 635 370 100 | 
«635,383, 100 
630, 3863 100 
637,300 100 
0 4 38,389 99 
539,387 99 


0341074 
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MR, JOHN WARD'S KEY TO INTEREST, 


436 ·639, 486.639, 586.639,686.639,7 85.639,88 5.639, 984.640, 84.640, 183 640,283 640, 382 
437 640, 48 1640, 58 1.640, 680.640, 779.640, 879.640, 97 8.641,07. 641, 177 641,270 641,375] 99 
438 641, 474.641, 73.641, 72.641,77 1641,87 1.641, 970.642, 69.642, 168.642, 267 642,360 99 
439 „642, 465642, 563642, 52.642, 761.642, 860.642, 939 43,0580 043,155|-043,255|-043,354. 9 
440 643,43 .643,55 1643, 650.643, 749,643, 847643, 945,644, 44.644, 14.644, 242.644, 340 % 
4414644, 439.544,53 7644, 636.644, 734.644, 832.644,93 1.643,29 — 645,26645,324 98 


442 [645,422 -645,521/-045,619|-04.5,7171-045,815045,913046,011|.646,109'. 646,208 646,300 98 
443 646, 404646, 302.646, 600.646, 698.645, 790.646, 894 646,992 647,089 * 647,285 98 
444 647,383.64, 48 647,579,647, 676,647, 74.647, 87 2.647, 959.648, 067]. 6048, 165.648, 262 98 
445 48, 360.648, 458 5485558655 648, 50 648, 848.648, 945 649,043 6495140 640,237 97 
445 649.337 4,48 649,304, 627.649, 724 6479·88149ù99 65,045 650, 113.650, 10 g7 
447 „630, 308.650, 405.650, 502. 650, 399.650, 696.650, 794.60, 890. —— 651,181 97 


651,278 551,375 1,569.51, 566.851, 760851, 59 65 1,956. 652, 53. 652,150 97 
449-652, 246 0524343 652, 440.552, 536.652, 633.552, 730.652, 826652, 923.653,19 653166 97 
450-653, 12.633, 309.653, 406 0535502 653,98 653,093| 053,791|-653,888.653,984.-954,089, 97 
451 3491760549273) 054369; 654,463.65, 552 654,58 654,754 634, 850. 55590 655,042 96 
45265138 5285234 9552331-055,427|-955,523-055,019 655,714-655,810. 65.5,906.656,002| 96 
459 656, 098.656, 194 —_ 656,386. EE] .656,073|.056,769.656, 864 656,960 95 


454 657050“ 657,151.57, 247.637, 343 $57,438 657,534657,629/-657,725/.657,820/ 057) 216] 96 96 
455 (638,01 1.658, 107.658, 202.658, 298. 259,393) 656,465 6505 584.56 6579,58, 774658, <4 95 

456 558,9 659,060,659, 153/-659,250/-59,349 -659,441| 69,530 659,631 659,726) 55958295 
457 9 9,016. 660, 1 1660, 106.560, 201 600,206 050,391 660,486, 650,51 660, 676 650,771 95 
458 | 650, 865 660, 960.661, 55. 66 1, 150 661,245|.561,339 61,434 661,529.661,623.001,718 94 
—.— „813,661, 0%. 662, 0.662, 096.662, 191.662,28) 5.662, 380 — 662,569 662,663 94 


i — — 


460 662, 38.662, 832.662, 947.653, o4 1.6 553,135.53, 230 663,324 563,418 .663,512/.663,607 | 94 
461 663,701.63, 795.663, 589. 663,983ʃ.664, 078 664,172 664, 266 664,360 6564,44 664.5 48 9 
462 |: | $64,642 664,79 36, 664, 830. 664,924 H65, 018.6 665,112 2\.005,206 665,399-065,393- 665, 1270 J 
453 563,8 1.65, 675 66,758.66, 802.665, 956. 600, 50 600, 143.565, 237 660,331.60, 9.4 
464 666, 518 666,612 666,505 666,799. 6556, 892.566 086 667,079) 665, 173 667, 256 667.459 04 

465 657-453 —.— 667, 640.657, 733.667, 826 „667920 668,013 668, 100. 668 9909 668, 293 6 
455 60.386 5 668,479 .6058,572|.668 665 668, 758. G68, 852 668, 94. 669,038 669,131 1 5 
| 467 -669,317/-669,410,.669,503/.659,596|-659,089;.669, 782. .669,874| 669,997 .670,060 .570,153. 93 
hoe! 670, 24% 670, 339.670, 431 670,524, 670, 617 670% 10.670, 802 670, 895. 670,988.67 1,080 | 
469 671, 173 671,265 071 1,350. O71 2451) 071454340715 630, 671,728 6715821 5 1913/62, O05 
45 70 672, 008 672590 652,283 672,375 072,407 672,550 72,0 052, 672,744.07 2,830. 
47¹ [273 O2T, £673,113 673,205] 673,297 673,390 $73,482; 0734574 673,060 673,75}. 


472 |-073,042:.57 4.034 674, 126674, 218 574,310) 674,402 25 494.674. 585 574.5 677 
473 67 4 84 45953 675,045\.67, 5,130). 67.59228þ67.5, 320/.f 735412 07. 54503|. 55 5,505 
| 47 67, 5778.67, 870.67 3⸗96167 5,53 676, 145.676, 230 [65 6 328,676,419 670,51 
475 67 e 55 785 676, 876 67 6, 8 657,059. 677,150 557,242 077, 333 30 977143 

675,607 . 7,698 657,789 .67 7,881 0775972) 070 8,06 wy 8,1546578, 245.678, 
7865 8 Hog. 578, 700. 678,79 678 „882 578, 973. 67 79,04 67 799155; 67 79,245) 65 79,3. 
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I 


679,519 
680, 426 
681,332 
682, 235 
683,137 
684, 037 


684, 935 
685,831 


686,726 
687, 618 


688, 309 
689,398 


690, 285 
591, 170 
692, 53 
692, 935 
693,81. 


6955,69 
596,444 
5977377 
698, 188 


599,057 


8 699, 924 


700, 790 
701,654 
702,517 
703,377 
704, 236 
705, 094 


705,949 
106,803 
707,055 
708, 506 
709, 355 
710, 202 


711, 48 
711, 892 
712,734 
713,575 
+7 143414 


2 


679, 610ʃ. 
680, 517. 
681,422]. 
682,326. 
683,227 
684, 12768 


685, 25 , 
685,921, 
686,815. 
687, 70%. 
688, 598. 
689, 486 


708 


711,132 
711,976 
712,81 

713,559 
714,497 


713,251 


715,335 


290,373 . 
691,258. 
692, 142. 
693,023] 
693,903 
694, 693.594, 781 
695,657 3 
696,531 
697, 404 
698,275 
699, 144 
700, ol. 


700, 877. 
701, 741, 
702, 603. 
703, 463, 
704, 322 
703, 179, 


706, og 5. 
706, 8880.7 
707% 4 
5591] 
+7 09,440- 
710,287]. 


D 

— 
TD 
> 
I 


711,217 


712, 902 
713,742 
714,581 


+7 15,418 


61-682,506 


g04]-086,994 


712, o60ʃ.7 12, 144 


4 
679,791 
680,6 


3 


681 ,603 


683,407 


685, 204 
686, 100 


687, 885 
688,776 
689, 664 


690,550 
691,435 
692, 318 
693, 199 
594, 078 
694,956 


693,832 
596,706 


697,78 


700, 184 


701 „050 
701,913 
702,775 
703, 63.5 
704, 494 
705,350 


706, 206 
707,59 
707, 911 
708,761 
7, 609 
710, 456 


711,301 


712, 986 
713, 826 


714, 665 


679,882 

680,789 
— 681,693 
682, 596 
683,497 
684, 307-6 


685, 294 
686,169 


687, 083 
687,975 
688, 865 


689,753 


690,639 
691,524 
692,406 
693, 287 
694, 166 


695, 44. 


695,919 
696,793 
697,665 


698,449. 
699,317 
700, 271 


701, 136 
701,999 
5702, 861 
703,721 
704, 570 
705, 436 


706, 291 
707,144 
709, 9900.7 
708, 846 
709, 694 
710,540 


711,385 
712, 229 
713, 70 
713,910 
714,749 
715,502 


5 


84,396 


698,535 
699,404 


6 


679,973 
680, 879 


681,784 
682,586 
683,587 
684, 486 


685,383 
686,279 


687,172 
688,064 
688,933 
689,841 


690, 727 
691,612 
692, 494 
693,375 
-694,254 
695,131 


696, oo 
696, 880 
697,752 
698,622 
699,491 
700, 35 8 


701,222 
70a, o86 
702,947 
703,855 
704, 665 
705,522 


706, 376 
707,229 


708, o8! 
708, 931 
709,779 
— 


711,470 
712,313 
713,154 
71735994 
714, 833 


715,586 


713,669 


7 


680, 63 
680,970 
681,874 
682,777 
683,677 
684,576 


685,473 
686,358 


687,261 
688, 133 
689,042 
.689,930 


690,816 
.691,700 
.692,583 
693,463 
694,312 
695,219 


696, 94 
696, 968 
697,839 
698,09 
699,578 
70, 444 


8 
680, 15 


681,060 
681,964 


682, 857 
683,767 
684,666 


685,563 
686,458 
687,351 
688,242 
689,131 
690, 19 


690,905 
691,789 
692,671 
693,551 
6947430 
693,307 


696,182 
697,055 
697, 926 
698,766 
699, 664 
7005, 531 


701, 309 
70, 172 


705, 607 


706,462 
797,315 
708, 166 
7, ol; 
700, 863 
710, 710 


711,554 
712,397 
713, 238 
7 14,078 
| 714,916 


701,39 


9 


680,245 
681,151 
682,055 
682,957 
683, 857 
684,756 


685,652 
686,547 
687, 440 
688,331 
689, 220 


590, 107 


690, 993 
691,877 
692,759 
693,639 
694,517 
695,394 


596, 269 
697,142 
698,014 
698, 883 
699,751 
700, 617 


701,482 


702, 25 


703, o33. 703, 119.703, 205 
203,893.703,979. 704,065 
704, 751.704, 837. 704, 922 


705, 93 


700, 547 
70%, 400 
708,251 
5709, 100 
-7 09,948 
71,794 


711,639 
712,481 


713,323 
714, 162 


71 5,000 


715,836 


7 5.753 


702, 344 


705,778 


706, 632 
70%, 485 
708, 336 
709, 185 
710,033 
-710,879 


711,723 
712,566 
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522 
523 
524 
525 


| —— 


526 
$27 


528 


529 | 
530 | 
531 
532 
533 
534 
535 
536 
537 
538 
539 
540 
541 
542 
| $43 
544 
| 545 
546 


725, 912. 
726,727 
727,541 
728,354 
729, 165 
729,974. 


730, 782 
731, 589. 
732,394.7 
7335197 
733:999. 
+7 34,800 


735,599 
«730,397 
737,193 


547 
548 
549 


551 
552 
553 
554 
555 
550 
1557 
558 
559 
56 


550 | 
741,152 
741,939 
742,725 
743,50 
744,293 


7475412 
0.748, 188 


561 


O 


716, 03 
716,838 
717,671 
718, 502 
719,331 
FRO 


729,996, 
721,811. 
722,634 


16,087 
716,921 
717,754 
718, 58 5 
719,414 
720, 242 


1 


E ˙A — 


721,968 


721,893 
722,716 


2 


716,170 
717,094 
717,837 
718,668 
719,497 
720, 325 


721,151 
721,975, 
722,798 


723,456. 723, 538 723, 620. 
724, 76.724, 358.724, 4407 24, 5 22 
7255094 725, 176. | 725,258-725,340 


737-987 
738,7 
_— 


740, 303 


+7 454075 
745,855 
740,634 


748, 963 


730, 863. 


734, 880 


735,679 
736,470 
737,272 


740, 442 
741,230 
742, o18 
742, 804 
743,588 
744,371 


7457153 
745,933 
746,712 
747,489 
748, 200 
-749,040 


725,003 
720,809. 
7297, 523 
728,435 
720, 240 
730,055 


731,660. 

732,474. 
73 52780 
734,079 


738, 067 
1738, 86 
739,051 


726, 75, 
726, 890. 
727,704 
728, 5 16 
728•527 
730, 136 


730,944 
731, 830 
732,635 
733,438 
734,240 
735, 40 


7355838 
6.736, 635 
7 372431 
738,225 
739,018 
739, 8 10 


731,750 
732,555 
733,358 
734,159 


$7 34,960 


735,759 
730,55 
7377352 
738, 146 
0.738, 939 
7397731 


740,52 
741,309 
742,096 
742, 882 
743,667 
744.449 


745,23 
740,011 
746,790 
747.567 
748, 343 
7495 718,749,195. 


3 


716,254 
717,088 
717,920 
718,751 
719, 580 
720,407 


721,233 


722, 058 
722,881 
7237702 


726, 156 
726,972 


727,785 
728, 597 
729, 408 
730, 217 


731,024 


740,5 99 
741,388 
7425175 
742, 961 
743,745 
744, 528 


745,309 
746,089 


746, 868 
747, 645 


748,421 


þ 


4 


«716,337 
717,171 
718, oog 
718, 834 
719, 663 
720, 490 


— — 


721,316 
722, 140 
722,963 
723,784 
724, 60g 
7255, 422 


726, 238 
127,053 
727, 806 
728,678 
720,489 
730, 298 


731, 105 
731,91 1 
732,715 
733,518 
734.320 


735,120 


735.918 


736,715 


+7 37,511 


738, 305 
739,007 
739,889 


740,678 
741,467 
742,254 


743,039 


743,823 


.744,006 


745,387 
746,167 
746,945 
7475722 


748, 408 


749,272 


716,421 
717,254 
718, o86 
718,917 
719,745 
7205, 573 


721,398 
722, 222 
7235045 
723, 86 
-7 24,085 
7255503 


726, 320. 
727,134 
727,948 
728,759 
729,570 
730, 378 


731,186 
239927 
732,790. 
733,598 
734, 400. 
7357199 


735,998 
736,795 
737,590 
738, 384 
739,177 
739,958 


740,757 
74¹,540 
7425³ù32 
743,118 
743,902 
744,Ü o84 


745,405 
746, 245 
7475023 
747, Soo 
748,570 
7497350 


5 


716, 04 
«717,335 
718,169 
719, ooo 
719,828 
720, 655 


72 1,5481 
722, 305. 
7235127 
723,948. 
724, 707 
e 


729,651 
730,459 


731,266 


7357279 


736, 78 
730,874 
73770 
738, 403 
739,250 
740,047 


740, 836 
741,624 
742,411 
743,196 
743,980 
744,762 


7452543 
$740,323 
747,101 
$747,078 
748, 653 
7497427 


6 | 


726,401. 726,485 50 726,564 


727.216. 
728, o 9 
728,841. 


732,072. 
73²⁵,876 
733,79 
734,480. 


716,588 
717,421 
718,253 
719, o83 
719,911 
720,736 


729,732 
730,540 


731,347 


7357359 


736,157 
730, 954 
7372749 
735,543} 
739,335 
740, 126. 


740,915 
741, 703 
742,489 
743,275 
744, 058 
744, 840 


£745,021 
746, 40 
747,179 
«7 473955 
748,731 
7497504 


7 


72,563. 
722, 387 


716,671 
717,504 
718,336 
716,165 
719,994 
7205821 


8 


721,046. 


7225 49 


716,754 
717,587 
718,419 
719,248 
720, o77 
720,903 


9 


— — — — 


721,728 
7225,52 


723,200.23, 2723,37 


724, 030. 
724, 849 


727, 297 
728, 110. 
728,922. 


732,152. 
732,956 
7337759 
7 34,500 


72975813 
730, 621 


731,428 


7335037 
7335139 
734,640 
735439 


736,237 
7377034 


740,994 
741,782 
7425, 568 
7435353 
744, 136 
744,919 


745,099 
746,479 
7477250 
748,033 
748, 808 
749,582 


7 


724,112 
724,931 


7275379 
728,191 
729,003 


7325233 


737,829 
738,622 
7397414 
740,205 


731, 508 
7325313 
7337117 
7332919 
734720 
73530 


73, 317 
7377113 
737290 
738,701 
7397493 
740, 284 


741,073 
741, 860 
742,647 
7437543 
7447215 
744,997 


28277 
746,55 

7477334 
745, 110 
748,885 


$749,059] 


724,194 


7257013 
725, 830 


726, 040 
727,400, 
728, 273 
«729,084 
729,893 8 
730, 702 


— 


bs 


— 


82 
82 
82 
82 
82 


82 
81 
81 


6 


81 
81 
80 
80 
80 
80 


80 
80 


79 
79 
79 
79 


BOTH SIMPLE AND COMPOUND. 


* 


568 
569 
570 
571 
572 + 


1575 | 
576 


— 


oy 


502 . 749730, 


567 * 


750,508 


75 204 
752,816 


753,583 


7547348 
7555112 


7555875. 
756,636. 


757390, 


760, 42 


749,8 14 
| «7 30,586 
7515 27975 1,356 
7525125 
752,893 
7535660 


2 


749,891 
750,663 
*7 513433 
752,202 
752,970 
753.736 


7 54542 507 545501 


-755,189/.755,265|. 
75595 1.756027 
756,712/-756,788 
757472757548. 


{ 573 +758, 155, 758, 230. 


574 | 758, 912; 758,988 


7595743. 


760, 498 
377 761, 176 76525 

578 |.761,928 8 
570 762,79. 762,754 


| 


1 


758, 306 


759063 
750,8 19 


70,573 
761, 326. 
762, 78. 
762,829. 


Jestad. 763·503.763,57 
7 5451767 764,251 764,326) 


764,92 3. 


76 5,669. 
.766,41 3. 


770,825 
771,587 


776,701 


767 ng! 
768, 638 
769,377 
770,115 


772,322 
773055 
773786 
7745517 
775246 
775974 


777.427 
«778,151. 
778,874. 
7795596 


764, 998 
765,743 
766,487 


76%138. 767,230 


707,972 
768,712 


769,451 
770,1 89 
770, 926 
77 15661 


7727395 
7735128 
773,860 
7745590 
7757319 
776, 047 


— | 
— 


7765774 
7777499 
778,224 
778,947 


779,069 
780, 3 | 7 . 


.765,072/.705,147| 
7655818 765,892 
70,0% 766,636. 
70%, 304. 2523790 


768,046 
768, 786 


769,525 
770, 263 
770999 


773933 


774,663 


775392 


776,1 20. 


77,5734 
772,458 
773,201 


— 7 


770, 846 
7775572 
«778,296 
7795019 


7795741 


780,461 


740,968 
759,740 
751,510 
7527279 
7538047 
753,813 


754,578 


758,382 


768, 120 
768, 8600. 
769, 599 
770, 330 
771, 073 


| 


771, 808 


772,542 
7735274 
774,06 
774736 


776, 919 
777944 
778,308 
779509 


780, 533 


3 


1533 »341 
+7 50,103} 
7505864 
757624. 


7597 139% 
7 505894“ 


761,402. 
762,153. 
762,904 


763,653 
764,400 


77574051 
776, 193 


750,045 
750, 817. 
751,587 
752,350“. 
753,123 
7535899 


754,654 
7557417 
756, 179. 
756, 940]. 
75700. 
758,458 


759,214 
759,970 
760, 649,760, 724 
761,477 
762,228]. 


762, 978. 


763,727 
64,475 
765,221 
765, 900 
760,710 


767,453 


7 


768, 194. 
768 
769,673 
770, 410. 
771,140 
771,881 


772,615 
773,348 
774,079 
+7 74,809 


77558 38. 
7706, 265 


770, 992. 
777,717, 
778, 441 
779,163 
77958 137779,885 
780,905 


4 


5 


750, 123. 
750, 894 
751, 54.751,74 
752,433,752, Sog. 

+7 5 34 200.70 3,277 


753,900.75 4,042 


6: | 7 


»9 34+ 


754,730 
756,494 
756,250. 
757,010. 
757775 
758,533 


759,290 
7, oa 
700, 799 
701,552 
702,302 
703,053 


.763,802 
764, 550 
765, 296 
766, o41 
766,784 
767,527 


768, 268 
769, oo8 
760,740 
779,484 
771, 220 
771,955 


772,688 
7735421 
774,152 
774,882 
77590 10 
776, 338 


777064. 
278779 
778,513 
779,230. 
7795957 
780, 977. 


750,200: 750,277]: 
751, 048. 


750, 971 


75475807 


7555570 
750,332 
757092 

757˙851 

75 8, 609 


759,366 
760, 121 
760, 875 
761,627 
762,378 


763,128 


763,877 
764, 624 
765,370 
766,115 
766, 859 
767, 601 


768,342. 


709, o82 
769, 8200. 
770,557 


771,293 
772,028 


772,702 
7735494 
774,225 
774,955 
775,683. 
776,41 


(780,74 40. 


7777137 


777,802. 
778, 658 


778, 585 
779,30 
+7 80,0209). 


j 


. 


1 


751,818 


752,596 
253.333 
*/ 54,119 


754,883 
75 55 
750, 408. 
«7 57,168]. 


7577927 
758,085. 


759,44 
700, 1900. 
760, 950 
761, 702.767, 778. 
702,453 
763, 203 


763,952 
764,699 
765,445 


766,190 


708,416. 
709,150. 
769,894. 


770, 631 
771, 30) 
772, 102. 


7725 835. 77 2,908 772,981 
7735507 «77 3040-77713 
| 174537} 774,444 
775 %¹⁰b 
775,829 
770, 556 


774,298 
+7 7 5,028; 


77578 
770, 483 


222 


7777934 


779,380 
780,101 


780, 821 


8 


768,490, 
1 769, 230. 
709, 908 770,042 
770, 705. 770, 778 
77 1,449} 771,514 
772, 175772, 248 


777, 282 
778, oo. 
778,730 
7795452 
780,173 
780,893 


750,3 5475,31 

751,202 
751,972 
732,740 
7535500 


751,125 
751,895 
752,663 
7535430 
754,195 


755,036 
5557799 
756, 500 


754, 960 
7557722 
756,484 
| 7577244 
h 758, oog]. 
758,761 


750,5 177 50,502 
760,27 2. 


701,025 701,101 


762,529 
763,278 763,353 
704,101 


764, 027 
764, 848 


764,774 
765,519. 
766, 204 
766,933,767, oo 
767, 75,767, 749. 


770, 629 


779, 524 
78545 
780,965 


"ET 
g. PF 


75475272 


7577320 
758, 79 
758, 836 


700,347 


701,853 
702, 04 


705,594 


706,338 
.7 07,082 


707,823 


709,504 
709,303 


7757173 
775702 


777,354 
778,079 
778, 802 


MR. JOHN WARD'S: KEY TO INTEREST, 


— 


604.781, 03) 
605 781,755,781, 827.781, 899 781,971 

782, 473 7825 544.782, 61682, 688 
607 783, 189.783, 260.783, 332.783, 403 
608.783, 904 
609.784, 617 


— 


60⁰ 


-795,880-795,949 
796, 574796, 644 
797, 268797,337 


797, 960 
798,651 -798,720 


. 804, 821 


. 806, 180. 806, 248 
. 806, 858 
. 80, 535. 807, 603 
1.808, 21 
. 806, 886 


781, 109 


783, 9/3 
784,689 


785,330.85, 401 
786, 0410.7 86, 112 
786,75 1.786, 822 
787.460.787, 531 
788, 168.788, 239 
788, 875 788, 946 


789, 58 1.789, 651 
790, 289.790, 356 
790, 988.791, 059 
791, 691.791,76 f 
792, 392.792, 462 
793, 02.793, 162 


793, 99.793, 860 
704,488.74, 558 
793, 185795, 254 


2 


76454 
784, 760 


785,472 
786, 183 
786, 893 
787, 602 
788, 310 
789, 16 


789,722 
790, 426 
791,129 
791, 831 
792,532 
793,231 


794, 627 
795,324 
796, 019 
796,713 
797, 406 


198,029 
799, 341.799, 400 


.800,029/.800,098.. 


800, 5171. 800, 586 


807, 404.801, 472 


802,774. 802, 842 
803, 457 · 803, 52.5 
8g, 139. 804, 208 


805, 501.803, 569 


806, 926 
808, 279 


1-809, 560. 809, 27 


804, 889. 


808, 953 p 


-798,008 


-799,478 
800,167 
.800,854 
801,41 


802, 226 
802, 910 


803, 594 


804, 276 8 
804, 957 


805, 637 


807, 670 


808, 346 


809,021 


3 


781,181¼787, 253781, 324 
782, o42 
782, 759 
783,475 
784, 189 
784, 904.84, 974 


785, 686 
786, 396 
787, 106 
787, 815 
788,522 
789, 228 


784.118 
784, 831 


785,543 
786,254 
786, 964 
787, 673 
788,381 
789, o87 


789,792 
790, 496 
791, 199 
791,901 
792, 602 
793,301 


793, 930.794, ooo 7 94, o/o 
794,767 


794, 697 


4 


785,615 
786, 325 
787, 035 
787,744 
788,451 
789, 157 
789, 863 
790, 567 
791,269 
791,971 
792, 672 


5 


781,396 
782,114 
782,831 
783, 546 
784, 261 


789, 933 
790, 637 
791,340 
792, o41 
792,742 


795,39375˙463 


796, o88 
796, 782 
797,475 


798, 167 


799,547 
800, 236 


800, 923 
801, 610 


802, 295.802, 363 
80g, oa 
803, 730 
04, 344.804, 412 


802, 979 
803, 662 


809, 504 


797545 


798, 236 
798, 789.798, 858.798, 927 
799, 616 
800, 305 


800, 992 
801, 678 


803, 2g. 
805, 705. 805,773 


806, 316 
806, 993 80 


806,451 
7,6 1.80%, 129 
807, 738.80), 805 
808, 414.808, 481 
80g, o8 8]. 809, 156 
809, 762 809, 829.809, 896 


796, 158 
796, 852 


805,093 


7 93337 1-7 93,441 


794,139 
794, 836 
795,532 
796,227 
796,921 
797,614 


798, 305 
798, 996 
799,685 
800, 373 
801,061 


801,747 


802, 432 
803, 116 
803,798 
804, 480 
805, 161 


805, 840 


806, 5 19 
807, 197 
807, 873 
808, 54 
809, 223 


. A 


$].808,616|. 


6 


.781,468|.781,540 
782, 186.782, 258 
782, 902.7 82,974 
783, 618.783, 689 
784, 3327 84, 403 
785, 045 ·7 8, 116 


785,757,783, 828 
786, 467.786, 538 
787,248 
787, 885,787, 956 
788, 593.788,63 
789, 299.7 89,369 


790, 4.7 90,074 
790, 707.790, 778 
791, 410791, 480 
792, 111792, 181 
792, 812.792, 882 
793,311¼793,581 


787,177 


803, 867 
804, 548. 


805, 229 


805, 908. 


806, 587 ; 
807, 264. 
807, 941 


809, 290. 


809, 954 


794,209,794, 279 
7945906. 794,976 
795,602.795,672 
796, 297.7 96, 366 
796, 990.797, o60 
797,583.797,752 


798, 3 74 798,443 
799, 65,799, 134 
799,754,799, 823 
800, 442 
801, 129.801, 198 
801,815 


802, 500. 802, 368 
803, 184. 


7 


800,511 


801,884 


803,252 
803,935 
804,016 
$05,297 
805,976 
806,55 
807,332 
808,008 
808,684 


809, 358 
$10,031 


786 
788 


8 


781,612 
782,329 
«783,040 
783,761 
784,475 
785,187 


783, 899 
5609 
787,319 
027 
788,734 
789, 440 


790, 144 
790, 848 
791,550 
792,252 
792,952 
793,651 


794,349 
795,045 
795,741 
796, 436 
797,129 
797,821 


798, 513 
799,203 
799,892 
800, 5380 
801, 266 
801,952 


.802 637 
803,321 
.804,903 
804, 685 


803, 365 
806, 44 


806, 22 


80%, 400 
808,076 
808,731 
809,425 
810,98 


9 


— 


781,684 
782,401 


783, 832 
784, 546 
783, 259 


—— 


783,17 


783, 970 
— 
787,390 
788,098 
788, 804 
789, 510 


790, 215 
790, 918 
791,620 
792,322 
793,022 
793,72 


794,418 
79575115 
793, 810 
796, 505 
797,198 
797, 890 


798, 582 
799,272 
799,961 
800, 648 


801,335 
80a, oa1 


802, 705 
803, 389 


804, 7 
804, 753 
805,433 


806, 112 


68 
68 


806,790 
80%, 467 
808, 143 
808,818 
809,492 


870,165 


— 


BOTH SIMPLE AND COMPOUND, 


Vun. 


65438 
649 
550 
051 


646 |.810,233 
647 | 
811,575 
$12,245) 812,312 
912,913» 312,980 


— 648. 


O 1 


— 


310,904. 
811 542 


2 


3 


21 


| *- 
6 12 
FAD: 


811% cg. 
812,379. 
813,047 
813,71. 


810, 300. 810,367 810, 434. 
$10,971 H11,039.511,10H/.811 1173] 811,240|-811,3 


311. 776 
$12,445 


810, 5010810, 559 


812,51 2.812,79. 


310,630. 810,7 030 


812,545.812,713 


81, SEL 313,181|.813,247/. $13,314 313, IT 


81377 51 813 348. $13 914} 813 


652 814.2 240. 
653 14,9138 
054 | 815.578 
655 816,241 
65 815,904. 
657 $17,595 


17,631) 817 


814.314. 314.38. 
214280. 813,046 
815,044-S$15,711 
815 308 816,374. 
816,970 $17,035 
ON 


— | 
014,447 
815,113 
813.777 
510,449. 
817,102 


51 75764. 
| 


| 


14 814.331 


814,5 


515,79. 813,245. 
813.843.081 3,910. 
51h, 4599|.31 $1 5. 573.8 


974 


817,169. 817,23 


817, 830 $17,895 ) 


694 822, 168 


558 818.226 
659 818,885 
660 819,544 
661 |.820,202 
652.820, 838 
663 821,514 


818 202 818, 358. 
818.951 8 9,017. 
819,510 $19,576 


820, 267.820, 333. 
820, 924.820, 989. 


821,579-821,045]. 


818,424 
819,083 
7074 

$20,399 
$21,055 
821,710 


665, 
606 
667 
668 


822,822 


823,47 
824,126 


822, 233822, 299 
822,887,822,952 
823.539.823, 5605 
824, 1910824, 235 


822,364 


821,776 821 841 


.$23,018 
$23,670 
$24,321 


669 


824,777 
823,426 


824,842 
823,491 


$24,907 


$25,550 


824,972 
825,621 


3901 $14,948) 


| 
810,770 
307 811374 8 1.441811, 508 
811 543819 910.811 9770 „OA. 5125 111 812,178 
#3 2-7 812,847 


81 344409» 
814.114. 


10,83) 


813.514 
$141 181 


814,547 


313.312 
313,976. 
815,705 
817,367 


19,939 


6.517,301 
517,992 


8 [4,714 
515,379 


815,942 


818, 028 


518,499 .318,5, 55. 


819,149.89, 21 
819, 807. 819,873 
820,454. $20,539 
.$21,120.8321,186 


$18,622. 
819,281 
819,939. 
820, 596. 
$21,251.821, 317 821,382. 821,448 
PET 8215972. 822,037 822, 103 


$18,938 


$19,347 
$20,004. . 


820, 551.8 


814,780 


816, 199 $19,175 


814,847 
813, 445/015,511 


816,771 816,83 5 


817,433-$17,499 
215,00 818,160 


818,754 818 1 9 
.$19,412-819,478 


520 og. 320, 136 
20 5727 820,792 


| 
$22,430. $22,495 .822,5600.922,021.822,091'.8 


— — 


op] 
8 22,750 


823, 083.823, 148.823, 213 823, 279.823,34 $23,409 


823,735.82 3800. 823, 865 -023:930 «323,999 824,051 
824,385 824.451 824,316 58 24,58 1.824,646.824,771 


| 


825,036 $25,101 825, 166.823, 231.825, 296 823,351 


823,586,825 751.825,81 be 825,945˙82 1 65 


670 
071 
072 |. 
073 * 
674 


828,660 


$25,075 
826,723 
827,369. 
828 0150. 


828,724 


826,140. 
826,787 
827,434 
828, 080. 


$25,204 
826,852 
827,499 
828,144 
828,780 


826,269 
836,917 
327,363 
828, 209 


820,334 
825,981 
827,28 


828,853 


828,918 


828, 273.828, 338.8 


{ 


67.5 |+529,304 


— 


676 


829,947 
677-830, 389 
578 831, 230. 
579.831,87 0. 
680 |.832, 309 
681 | 833,147 


Ws 


829,368 


830, 011 


829,432 


829, 497.829,56 


829,525 


829,50. 


826,399,826, 464.826,528 2 826 658 
827,046 827,111) $27,175 527,240. 827 235, 
827, 59 2ʃ828“757 827, 821.827, 886 827,951 

28,402/.828,465 .828 5310 828,596 
828,982 829,045. 829, 111.829,17 2. 


| 


— 829, 8 18.8 


29,882 


$30,075 
.030,053 $30,7 1 7 
831,294 3315353 
831.934 822 998 
832, 73832, 637 
833,217 8 mp 


830, 139.830, 204 


830, 781.830, 845 


831,422.83 1,485 


— 832,126 
832,700. 832,764 
8 33-338] 833,402 


830, 258. 


830, 00 
831,550.83 1,514.83 1,578 


— — 


830, 332.830, 390 ee 830,525 
830, 973831, 037.831, 102 831, 160 


831,742 


831,806 


832,189.832, 253 $32,317] $32,381/-832,445 


833 466 


832, 828.832, 892.832,95 $33,019 


833,530 


833.593.833.657 


$33,083 
033,721 | 


903 834.421 
084 | 835,056 


Nit 355 957 


682.833, 784. 


833,848 833,912 


834.484 834,548 
835, 120 833,183 


833,754 833,817 


-530,357| $39,451]-330,514 830,577 


833,975 834,039 


$34,011, 834,075 
5335247 -335,3Z10 
335,881 $35,944 


834,10 
835,373 


834,738 


7 = 
$30,007 


836,641 
$37,273 


$34,161 
834,802 


836,07 


836, 4 
837,336 


834,230. 834, 294 
834,866 834,929 
$3.534371-6 


33:500 935,504 
$30,134] 830,197 


834,357 
834,993 64 
835, 627 63 
83,1 


64 


03 


836,707 
837,399 


837,402 


$30,830 


530, 594, 63 


537,020 937-083] „37,146 83709 $37,525, 63 


Vol. . | 5 F 


*. 

lis 

Ml 
W 
n 


G 
' 
j 
4 
1 
* 
1 
0 
lt! 


7. 

, 

4 * 
= 
2 
* * 
1 
* * 
10 | 
„ 
＋ 
44 
3 # 
: 

- 
4 
1 
14 

We 
lh 
* 
1 
by 
© 

ö 

; ' BS 
oy 


MR, JOHN WARD'S KEY TO INTEREST, 


Num. O 


1 


ꝙ＋ͤg:s— 


837,588 
838,210 
$38,540, 
830,478 


688 


840, 733 


841,3 50 
84,08 5, 


843,233 
843,85 5 
844, 47 


847,422 
842,047 
847, 609.8 
843,295 
843,918, 
844,5 39 


837,682 837,71; 
838,282 
838,012 8385975 
8 30, 541839, bog 830,667 
840, 00.840, 169. 940% 32 840, 294 


840, 96.840, 859. 


42,672. 


841,485 


2 


3 


9292345 


842, 110 
842,734 
8.8385 

843,980. 
844,601 


837,778 
8 38, 408 


83 9,038 


840, 921. 


841,547 


842,172 
842,796 
843,20 
844,042 
844, 664 


845, 098 
845,718 
46,337 
846,955 
845,573 
848,780 


848,80 ö 
849, 419 
85, o33 
850, 645. 
851, 258 8 
85 1, 869 8 


8 
8 


845, 160 
845,780 
846, 309 
847,017 
847,534 
848,251 


848, 866 


850, 70%. 


49,481 
50, 095 


515319, 
51,931 


. 
85 3, 89 8 
85 3,698.8 
854,306;8 
854,913 
85 5,5198 


8 


856,124 
856,729 
857,333 
857,935 
858, 5371 
859,138 


$52,541 


53,150. 
32259 
54,367 
997670 
55,580, 


886,18 58 56,245 
85 56,789). 85 6 „850. 
857,392 857,453 
.858,056 


845,222 


845,842 
846,461 


847,79 


848,928 


8.8 59,258 


847,690 


849,542 
250,156 

850, 769. 
85 1,381 


851,992. 


852, 602 
853,211 
853,820. 
3555420 
855,034. 

855,640 


858,657 


850, 739. 
860,338 : 
860,937 
727.861, 5 34. 
728 862,131 


729 


862, 5191 
862,27 862,787 862 847 862, 906 


2259-850) 

.$60,458 
861,056 
861,654. 
862,25 


845,284 
845, 904 
846,523 


4228276 
84 
848, 3120.8 3 


48,374 


848,989 


849, 604 


850, 2178 
850, 8 30]. 


85 1,4424. 
852,114 


852,053 


852,663 
853,772 
853,88 10-8 
854,488. 
855715 


85 8,095 


855,701. 


856, 306.85 
856, 9700.8 
857574 
58,176]. 


856,910 


8575513“ 
858, 11608 


858,718 


859,318 


859,918 


801,714 


839,729 
840, 357. 


841,610 
842,235 
842,8 59 
843,482 
844, 104. 
844,726 


4 


837,841 


838,471 


830, 101. 


| 


5 


837, 904 
838,5 34 
839, 164 
839,792 


840, 984 


841,046 


841,672 
842,297 


842,921 


843,544 
844, 166 


845,346 
845,960. 
846,58 5 
847,202 
847,819 
848,435 


849,05 
849,665 


50,279 
850,891 
851,503 


— k — 


852,724 


844,788 


845,408 


840, 640 
847,264 


849,12 
840,726 
850, 340 
850,952 
851,564 
852,175 


852,785 


853,333 
537941, 
$54,549 ; 


855,761 


— ——— — 


6,366 


858,778 


859,378 


859,070 
860, 5180.8 
+861,116/.8 
861,773 
862, 3 10ʃ.8 
862,966“. 


60, 578 
6,176 


62,370 


853,394 
85 4,002 


85 4, 610 
8557216 
855,822 


856,427 
57031 


858,231 
858,838 


859,439 


860, 038 
860, 637 
861,236 
N 861,833 
802,430 


840,420). 
.$41,109). 


846,028. 


847,881 . 
848,497 


85 7,6348 


1 


837,969 
838, 597 
839,237 
839,855 
840, 482 


841,735 
842, 300 
842,983 
843, 60 
844,229 
844, 850 


845,470 
846,090 
846, 708 
2472326 

847,943 
848,559 


849, 174 


849, 788. 
850, 462 

851,075 
85 1,6868 


850,401 
851,014 


B51,025| 
852,297 


852, 230 


852,846 


854,065 
85 4,670 


855, 277 
855, 882.8 


856,487 
857, 091 


575694 
85 8, 296 


859,499 


7 


838, o 30 
838,660 
839, 289 
839,918 
840, 545 


841,172 


841,797 
842,422 
843,046 
843,609 
844, 291 
844,912. 


$45,532 
846,151 


$46,770 


847,388 
848, 004 
848,620 


849,235 


849, 849 


852,907 
853,45 508 
854,124 
854,731 


53,510 


855,337 
557943 


X'S 


838,093 
838,723 
839,352 
839,98 1 
840, 608 
841,234 


841,860 
842,484 


844,353 
844,974 


2.845,594 
840, 213 
846,832 
847,140 
848, 006 
848,682 


849,297 
849,911 
850, 5 24 


85 1,13% 
51747 
852, 358 


85 2,908 
853,570 


854,797 


841,922 
_ 547 
.843,1058|. 
843,731, 
844,415 62 | 
845,036 


846,2 5 
846,894 02 | 
847,51 
848, 127 


84 743 


854,184 
854,852 
855,398. 
856, 003. 


9 


— 2 —— ' 


838,156 6 
838, 780 3 
830,415 63 | 
840,043 63 
-840,071, 63 
841,297 


843, 70 


— 


— 


63 
62 | 


52 


8435794 62 | 


845,5 


249,358, 
$49,372 
850,585; 
851,97 
85 „809 
852710 


62 


62 


62 
02 
62 


— — 


61 
61 
61 
61 
61 
61 


f 


— — 


02 


| 


ꝶ6 . ˖ —— —2 ——— 


853,029 
853,37 


854,245 


85577459 
856,004 


856, 548 
857,15 
857,754 
858,357 
858, 8980.8 8 


58,958 


859,559 


860, 98 
860, 697 


861,893 


$63,025] 


.860,156 
860,757 
861,295 


861,35 5 


861,952 
:862,489/.8 
.863,085|.8 


02,549 
03,144 


.$56,008 


$56,008; 


8577212 
857,815 
858,417 
859, 018. 
859,019 


860, 218 
860, 817 
801,415 
862,012 
862, 608 
863,204 


— 


857,272 


859,79 


857,875 
858,477 
859,078 


860,278 
860, 877 
8617475 
862,072 
862,068 
863,263 


— —— — — — — 


— 


— 


BOTH SIMPLE AND COMPOUND, 


C 7 
i 1 
Num. 
[ 
' 


O 


1 


730 (863,323.80 3,382 


731 
722 


736 
737 
730 
739 
740 
741 


742 


745 
746 
747 


748 


5 
RN 
O 


743 
744 
872,156 
872,739 
873,321 


749 
87,061. 


875, 640 
876,218 


876,795 


363,917 
864,511 


866,878 
865,467 


$68,056 


860, 232 
869, 818.8 


870, 404 


870, 989 
871,573 


873, 902 


874,482 


877,371 
877,947 
6.878, 522 
879, 96. 
879, 669.8 
880, 242 


880, 814 


881,385 


881,985 
882,524 


.883,092 


883,661 


884, 229 


884,795 
885,361 
885,926 
886,49 


887, 054 


733.865, 104,808,163 
724 865,606.85 755 
735 866,287. 866, 346 


863,977 
864,570 


.866,937 


867, 526. 
868,174 
868,762 
869, 349 
869,935 


868,115 


858,44. 868, 703. 
869, 290. 
69,877 


870, 462 


871,047 
871,931 


872,215 
872,797 
873,379 


873, 969 
874, 540 
875,119 


875, 980.8 
876,276 
876, 85 3. 


8777429 


878, oo4 
878, 579 
879,153 


880, 299 


880,87 
881,442 
882,012 
882,581 
883, 150 
883,718 


884,285 
884,852 
88 5,418 
885,983 


880, 547 
887,111 


79, 7200.8 
880, 356 


2 


2 
3 


45 


Fj 


| ! 
863,442. 863, 50 
864, 36.864, 06.864, 155864, 214 
864, 630.864, 689.864, 748.864, B08 
865, 223.865, 282.865, 34,865, loc 
865,814.86, 873 
866,405 


866,465 


863,501 863, 20.863,80 


8655933 


866, 524 


866, 996.867, 5 5867, 14 


867,58 5. 867, 544867, 703 
868, 233868, 292 


871,690 
872,273 
872,855 
873,437 


874, 018 


874,98 
87570177 


757756 


876,333 


876,910 


$77,487 
878,062 
878,63 
879,211 


79,784 


880, 928 
887,499 
882, 069 
882,638 
883,207 
883,775 


884,342 
884, 909 
885,474 
886,039 
886, 604.880, 660 
887, 167.887, 22 


868,821 
809,400 


809, 408 
869, 994 


872; 33 
872,913 


873,495 


+3741 34 
874,714ʃ·8 
875,235 
8/5, 813 


874,076 
.874,056 


876, 391 
876,968 
077,544 
878,119 
878,694 
879, 268 
879, 841 
880,413 


880, 985 
881,550 
882,126 
882,695 
883,264 
883,832 


884,399 


884,965 


885, 531 
886, og 


6. 


.608,879 


$70,053 


870, 521 870,5 79870, 638 
871, 106.871,164 871,223 
871,748 


.87 1,806 
872, 389 
872,972 
873,553 


875,293 
875,871 
876,449 
877,026 


877, 602 


8795325 
879,898 
880,71 


881,042 
881,613 
882,183 
882,752 


884,45 5 
885,022 
885,587 
880,152 
880,716 


387, 280 


855,992 
860, 583 


807,177 
867,702 
868,350 
868,938 
869,525 
870,111 


870, 696 
871,281. 
871,865. 
872,448 
873, 030 
873,011 


874,192 


745772 


875,351 
8755929 
876, 506 
877, 083 


877,059 
876,177.87, 
878,75 18 
879, 383 


879,956 
880, 5 28 


78,234 
78,809 


881,099 
88 1,670 
882,240 
882, 809 
883, 321-8 
883, 8880.8 


83,377 
83,945 


884,512 
885,078 
885.6448 
8806, 209 
886,773 
887,330 


867,232 
807,821 
868, 409 
868,997 
869,584 
870, 170 


870, 755 


$71,339 
$71,923 


872, 500 
873,088 
873,069l.8 


874, 250 
-874,83-1.8 
+$75,409 
875,987 
870,564 
877,141 


877,717 
878,292 
878, 866 
879,440 
880, 013088 
880, 58; 


881,156 
881,727 
882,297 


882,866 


883,434 
884,02 


884, 569 


885,135 
55700 


8806, 265 
886,829 


887,392 


| 
' 
TS 
f 
| 


86 5730, 


804, 274,864, 3330 
864,807. 864, 920. 
865,459 
866,05 
866,04 


865,5 18 
866,110 
866,701 


867,291 


868,468 
869, 056 
869,642 
870, 228. 


867,350 
867, 880.867, 

868,5 27 
869,114 


863, 798.863, 858 5 
247392864, 452 
854,985,865, o45 
865,578 
. 866, 169.866, 228 
800,760 


8 


805,037 


866,819 


939 


909,701 
$70,287 


3 
870, 813. 
871,398. 
871,981 
872, 564. 
873, 140. 
73,727, 


| 
874, 308. 
74,887. 
875,466. 
876, 044. 
876,622. 
877,198. 


877,774] 
878, 349. 
878,924 
879,407 

0,070. 
880, 6421. 


881,213 
881,784]. 
882,354. 
882,923. 
883,491 
884,059 


870, 872 
$71,456 
072,040 
072,022 
873, 204 
873,785 


867, 409 
867,997 
868, 5 80 
869,173 
869,760 
870, 345 


870, 937 
871,515 
872,098 
872,681 
873,262 
873,843 


374,366 
974,945 
$75,524 
$76,102 
$76,080 
877,250 


877,832 
878,407 


878,981 


379,535 
090,127 
380,699 


881,270. 
887,841 
882,411 


874,424 
$75,003 


875,582 


8706, 160 
876,737 
877, 3 14 


877,889 
878,464 
879, 038 
879,012 
880, 185 
880, 750 


882,5 80.883 


884,625 


| 


887,449 887, 505.887, $01 


883, 548.883, 605 
884, 115,884,172 


884, 682.884, 730 
88551 910885, 248.885, 305 
885,757.885,813.885,870 
886,321¼886,378.880,434 
886,88 5.886, 942.880, 998 


—— 


6) i. A 


* 


3 


7 


64 


MR. JOHN WARD'S KEY TO INTEREST, 


Num, 


O 


1 


772 
773 
774 
775 
776 
777 


887,517 
883,179 
888,74 
889,302 
389,852 
890,421 


778 
779 


780 
7811. 


782 
783 


— —— 


784). 
785 

286 
787 


788.8 


789 
790 |. 


791 | .898,176.898, 231 
792 |.898,725 * 780 


793 
794 
795 


799 
797 
799 
799 


890, 980 
891,37 
397595 


893,207 
893,752 


900,913 
901,458 
.902,003 
9024347 
903, ogo 
903, 632 


904,174 
904,713 
903, 276 
905, 795 
905⁵, 335 
906, 


9077, 1 
903, 485 


392,051 


394.315. 


894.870 
895,422 
395,975 
96,5261.8 
897, 77 


897,627 


899,73. 


899,8 20 
900, 357 


73 


907, 948 


999,021 
999,556 
the; 


887,574 
883,236 
888,797 
339,338 
88 9,918.8 


890, 477 


891,03; 5 
$91,593 
892, 150 
892,707 
893,252 
893,817 


900, 968 
901,513 
902, 057 
902, 601 
903,144 
903,687 


904, 228 
904,770 
903, 310 
903, 850 
906,389 
906, 927 


907, 465 
908, 339 


910,144 


2 


887,730 
888,292 
888,853 
889,414 


»599,533 


89,974, 


— 


3 


887,786 
888,348. 
888, 909. 
889,470. 


890, 389. 


887,842 
888,404 


4 


888,965 
389,525 


$94,371 
894,925 


893,478. 


896, 30 
99,501 
8133 


897,682 


899,328 


899, 8750.8 


900,422 


891,091 
891,549 
892, 205 
892,762 
893,318 


894,427 


895,533 
896,085 
896,636 
897, 187 


897,737 


898,83 
899,383 
99,930 
900, 476 


901, 22 
901,367 
902, 112 
902,655 
903, 198 
903,741 


904, 283 
904, 824 
903, 364 
905,594 
90⁰,443 
906, 981 


893, 8730.8 


387286 . 


898, 286.8 


891,147. 
$91,705]. 
.892,262/ 
892, 818 


303 373 
93,928 


294,452 
95,5036. 
895,588 
896, 140. 
896,591 
897, 242 


897,792 


898, 890. 
899,437 
.899,98 5 
900, 33 l 


901,077 
901, 622 
902, 166 
902, 710 
903,253 
903,795 


904,337 
904, 878 
903, 418 
905, 958 
905,497 
907,035 


908,002 


909,074 
909, 609 


907,519 
908, 96 
908, 592 
909,128 
909, 663 


975,573 
908, 109 
908,646 
909, 181 
909,716 
910,251 


98,341|-5 


$91,203 
891,760 
$92,317 
892, 873 


893,429 
893,984 


894,538 


895, 091 


895,543 


896,195 


896,747 
897, 297 


897,847 
98,396 
898,944 
899,492 
900,039 


+900, 5386 


901,131 
901,676 
902, 220 
902,764 
903,307 
903,849 


904, 301 


904,932 
905,472 
906,012 


906,550 


907,059 
907, 626 


908, 163 


908,699 
909,235 
909,770 
910,304 


887,898, 


| 
891, 259 


892,373 
892,929 


894, 39 


894,393 
893, 145 
895,599. 
896,251 


897, 902 


900,094 
900, 640 


901,186 
901,31 


902,275 
902, 818 


903, 361 
903,903 


904,445 


905, 604 
907, 142 
907, 680 
903,217 


908,753 
909, 288 


910,358 


5 


888,450 
-GOg,O2L 
889,582. 


| 


899,700. 


391,816 


893,484 


896, 802. 
897,352 


898,451 
898,999 
899,547 


904, 980 
905,520 
906, 065 


999, 823 


6 


887,955“ 


7 


— 


3 


888,01 1 $88,067 
553,519,. $88,573\-888,629.. 


—— 


9 


888, 23 
88 18,685 


889,077 .889, 133.889, 190. 889,245 
889,538 $89,694..389, 750.889, 05 
890, 253 890,30). 890, 365 
390,812 890,868 890, 92 4 


890, 30. 890, 086. $99, 141.890,97 
$90,644]. 


890,736. 


— 


891,314. 


391, 372]. 


892,428 


892,985 
893,40 
8947094 


894,648 


893, 201 


895,754895 


896,306 
896,857 
897, 40 


| 
897,957 


898, 506 


659,54 
899,902 


.909, 1400 
900, 695 


901, 240 
901,785 
902, 329 
902, 873 
903, 416 


903, 958 


904499 
995,040 


9035, 580 
906, 119 
905,558 


907,95 


9075734 
90,270 
908, 807 
909,342 
909,877 
910,411 


391,370 
39 928 


892,484 


893, o4o 
893,505 
894, 150 


894.704 
893,257 
„809 
896,361 


806 912 


897, 462 


898,012 
898,561 
899, 109 
899,656 
oo, 203 


900, 749 


901,295 
901, 840 
902, 384 
902,927 
903,470 
«904,012 


904,353 
905,094 
«905,034 
.y00,173 
.900,712 
9075250 


907,787 
903,324 
908, 800 
909.395 


909,930 


9 [ 5449 


908,9 14 
909,449 
909,984 


801426 


89,983 
892,540. 


893,958 
893,651 
894, 205% 


894759, 
89573120 
895,864. 895, 9 35 
896, 416.896,47 55 


891,482 2 5 


892,039 5 


I 


— 


4 33 


896,957. 897,0 55 


«901,349 
901,894 
902, 438 
902,981 
903,524. 
.y04,000 


904, 607 
905, 140 
903,688 
905,227 
906,765 
907,304 


— ned 


907, 841 


903,378 


10,510 


.904, 120 


904, 661 
905, 202 
9055742 
.y00,2 1 


907, 358 


999,431 
900,907 
909, 502 
910,037 
910,571 


900, 31 2 
900, 859 


90, 04 
90¹7c6 45 
902,492 
903,0 365 
903557 80. 


897,517] 897.572 99 
808,56) 808,122 55 
898, 615 893, 670 55 
899, 164.899,18 55 
899,711 899,750 55 
900, 238 
9, 804 


39 
39 


39 
54 
4 


7 


909, 820 


907, 895 


BOTH SIMPLE AND COMPOUND, 


—_— 


— 


pig. | 


Num, 6 | 7 "7 


— 


2 


4 


2 1 3 5 


816 


81g] — 1913-377" 913,390 


814 
815 


| 817 | 
818 


| 


| 


— 


820 | 


910, 624 
911,158 
911,90. 
912,222 
21257853 


913,814 913.867. 913,920 


910,678 
911,211 


910,73] 
911,264 
911,797 


911,743 


910,784 
911,317 
911, 850. 


912,27 
912, 806 


912,381 
912,913“ 
913,43. 


912,323 
912,859 


913,973, 


910, 838 
QI I,371 


911,903 
912,435 
912, 966. 
913,495 


914, 026 


821 914,343) 914,395 914,449.94, 502.914, 335 


822 914,872,914, 925 
823 915,400,913, 453 
824 915,927.91, 980 
825 916,454 916, 507 


826 915,080 917,033“, 
35378880976 «917 250 


8 
829 
830 
831 


832 
833 
834 


92⁰, 645 
921,686 


922,725 


918, 030 
918,554 
919,078 
919,01 


920, 123 
921, 165 
922, 206 


923,244 
923,762 
924,279. 
924,796 
«925,312 
925,828 


926,342 
926, 857 
9974970 
927,88 

. 
928, 908 


929,419 
929,930 
930,440. 
930,949 
931,458 
931,966 


9 19, 1 30 
919,553 


923, 296 
923,814 


918,083. 
918,607 


920, 175 
-920,697|: 
921,218 
921,738 
922, 258 
922,777. 


92457331 
924, 848 
925,364 
925,879. 


919,183 
919,706 


914,977.95, 30. 
915,505. 15,559; 
916, 033.916, 085 


916,559.91 6,612 


917,085,917, 138. 
917,611.91 7,663 
916,135 18,188 
918, 6 650.918, 712 
51952377 
919,758 
-920,228, 920, 280 
920,749. 920, 801 
921, 270.921, 322 
921,790.92, 842 
922, 310.922, 362 
922, 829.922, 881 


— — — 


943% 923,399. 
923,80.923,917 
924, 383.924, 434.7 
-924,899 -924,951/-9 
$925,415 925,407; 
925,93 1.925,982 


915,553 
913,611 
916, 138 
916,664. 


917,190 
917,715 
918, 240 
918,764 
-919,287 
919,810 


920,332. 
920, 853 
921,374 
921,894 


922,414 
9225933 


923,451 
923,969 
924, 486 

25,002 
925,518) 
-929,034 


.910,891 


921,946 
922,466 


922,985 


923,503 
924, 021 
924,389 
9255054 


910,944 
9115477 
, oo 
912,541 
913,072 
913,602 


911,424 
911,956, 
912 2,488]. 
913.019. 
913,549 


910, 998 
-911,530 
912, 063 
912,594 
Q13,125 
913,055 


911,051 


912,116 


911,584, 


911,104 
911,637 
912,169 


912,647 


913,08 


914,079. 
914,508 
945,136 
«915,004 
+Q16,19L 
910,71 1 


977,24 
917,76 
918,292 
918,816 
919,340 
919, 862 


— —— 


914,133 
914,660. 
915,189. 
913,716 
916,243 
916,770 


917,295 
917,820 


91 $,345 


«929,436 
920,958 
921,478 
921 2998] 
922,518 
923,037 


923,555 
924,072 
24,589 
925, 106 
925,621 
926,137 


«929,384 
920, 90 


92¹ 426 


— —— — 


9257578 
926,085 


«929,470 929,521 
393.201 


926,394 — 
926, 908 926,959 
927,422/ 927,473 
927935; 927,986 
928,447 | 928,498 
928,959,929, 010. 


935527 
930,491 » 


926,497 
927,011 
927,524 
928,037 
928,49 
929,061 


929,572 


931,509 «931 560 931,610,931, 651. 
932,17 932, 068 [932,218 "932,109 


926,548 
927, 062 


927,376 
928,088 


928,601 


929,112 


929,623 


930, 083.930, 134 


930,41. 930, 594.930,43 
931, 00.931, 1.931, 102.931, 133 


926, 600 
9275114 
927,627 
928,140 
928,652 
929,163 


926,651 
927,165 
927,678 
928,191 
928,703 
929,214 


916,296. 


923,088 


926,702 


927,730 
928,242 
928,734 
929, 266. 


914,184 
914,713 
915,241 
913,769 


916,822 


97,3481. 
91 4 73 
918,397 


918, 809 918,921,918, 973.919,26 
.919,392-919,444 -919,496-919,549, 52 
«919,914 .919,967'.920,019. 920,07 1, 52 


— —— — — —ͤ ——— 1 


914,237 
278222 915,347 


912500 
. 
913,70 


913,178. 9 


914,765¼914, 819 
9165, 822¼913,874 
910,349: 916,401 
-916, = 916, 927 


-917,400:917,45 
917,925 «917,97 
-918,459/-918,502 


53 
33 
33 
33 
33 


| 53 


—— — 


914,200 33 


33 


920, 489,920,541 920⁰,503 52 


921,010. 
921,530 
922, 050. 
922,70 


] 
[ 


923,50) 
924571 24. 
«924,041 
925 3708 
925,573 
926,1 88: 


921, 00 2 921,114 
521,582 921, 1634) 52 
922,102 922 54 
9227622 922,74 
923,140,923, 192 


923,658. 92377 
924,176 2 
-924,093-924,7 44 
925,209,925, 261 
925,723 9252770 
926,239-925,291 


927,216 


2 


32 


- 


52 
52 
52 
52 
52 
31 


| 


«920,754 
927, 268 
927,781 


928, 80g 


928,293 
929,317 


— 15 29725 
930,185 930, 236. 
930,694.930,745 
9352830 931,24 
931,712931, 753 
932, 20. — 


92 2973 
930,2 87. 
930,796 
931,305 
931,814. 
932,322 


929,827 
2 


9300, 


920, 805 
92753 I 9 
927,832 
928,343 
928, 856 
929,364 


929,878 


8 930,389 
47.930, 898 


931,356 
931,864 
932,372 


931,407 
931,915 
9324423 


31 
51 
51 
51 
51 
51 


51 
51 
31 
31 
51 
31 


Vol. V. 
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G 


— 
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* * 


3 [+94 5,961 


O 


933,487 
933,993 
934, 408 
93557003 


935,507 
936,01 1 
936,514 
937,016 
-937,518 
938,019 


938,520 
939,020 
939,519 
940, 18 
940, 5 16 
9 


941,511 
942, oo8 
942, 504 
+94 3,000 
943,494 
943, 989 


944,483 
944,970 
945, 469 


946,452 
946,943 


9475,34 
9477924 
948, 413 
948, 902 
949, 390 
949, 878 


950, 365 
950,851 
951,337 
951,823 
952, 308 
952,792 


932:474/-932,524 : 
932,98 1933,31. 
933,538 5 
934,044 
934,549. 
9355054, 


932,677 


933, 590 
934,195 
934, 700. 
935,205. 


935,5 58 . 
936,061 
936,564 
937,066. 
937,568. 
938, 069 : 
938, 570 
939,070. 
930,569. 
«940,068 
940, 566. 
941,64 


938,720. 
939, 220. 
69. 939,719 
940, 218. 
940, 716. 
941,213 


941,710, 
942, 200 
942,702 
943,198 
943,692 , 
944, 186. 


944, 680. 
945,173 
945, 005 
8.940, 157 
946,649 
947,139 


947, 630 
948,119 
948, O09 
949,097 
949,585 
9505073 


950, 560 
951,046 
9515532 
952,017 
952,502 
952,986 


947, 561 
942,055 
942, 554 
+94 3,049; 
943,544 
944, o38. 


944,532 
945,025 
945,518. 
946, o10. 
946,501 
946, 992. 


947, 483 
947,973 
948,462 
948,951 
949,439. 
949, 920. 


950,414 
950, 900. 
951,386 
951,872 
9525 
9525 


x 


9355709. 
62.930, 212. 
936,715 
1 . 
*9375719|- 
938,219. 


932,778.932, 829 
933,28 5933, 335 
933,7910933,841 
934, 296.934, 347 
934, 801.934, 85 2 
935, 300.935, 356 


-935,809[-93 5,860 
-936,313|-930,363 
-936,8151|-930,865 
937,317 937,307 
691/-937,819|-937,869 
691.938, 3191-938, 370 


932,727 
933, 183.933, 234 
933,740 
9345,246 


938, 820.938, 870 
939, 320.939,369 
939, 819,939, 868 
940, 317.940, 367 
940, 8 15940, 865 
941,313 941,302 


941, 809.941, 859 
942,306.942, 355 
942, 801942, 85 
943,297,943, 340 
943,791¼9437841 
944,285944,335 


944,779,944, 828 
9457272945321 
945764945, 813 
946,25 6.940, 305 
946,747 940,790 
947,238. 947,287 


945,222 


946,698 
9475189 


947,679 


947,728947,777 
94 „217.948, 206 
948, 706.948,75 
949,195,949, 244 
683.949,731 
950, 170.950, 219 


95,657.90, 706 
95¹, 143.951, 192 
931,629|.951,677 
.952,006|.952,114\.952,163 
.952,550|-952,5991.952,047 
953,034,953, 0830953,131 


948,657 
949,146 
949,633 
950, 121 


— en, 


950, 608 
951,095 
95 1,580 


, 


947,826 
948,315 
948, 804 
949,292 +949, 341 
949, 7 80 
950, 207 


950,754 
951,240 
517,726 
952,211 
.952,096 


953,180 


* 


932,879 
933,386 
9337892 
9347397 
934902 
935706 


9355910 
93,413 
936,916 


937,418 


937,919 


938,420 


938, 920 


939,420 


9397918 
940,417 
940,915 
941,412 


941,909 
9425405 


942,900 


943,396 
943,890 
944,384 


944, 877 
9457370 
945,802 
946,354 
94,845 
947,336 


9457419 


940,03 
946,894 
947,385 


9477875 
948, 364 


948,853 


949,829 
95, 3 10 


950, 803 
951,289 
951,775 
952,259 
95 25744 48 


9 b. 


932,930 
9337437 
933,943 
934,448 
934,953 
9355457 


— ü—ͥ— 


935,060 
936,63 
936, 966 
937,468 
937,969 
938,470 


— — — 


938,970 
939,470 
939,968 
940, 467 
940,964 
941,462 


941,958 
9425454 
94 2,950 


—243⸗4ʃ5 49 
943,939 49 
944,433 


944,927 
945,911 


9537220 48 


( 


— 


BOTH SIMPLE AND COMPOUND, 


O 


953,276 


953,760 
9547242 
954,725 
955.207 
955,688 


956, 168 
956,649 
957,128 
957, 607 
958,086 
958,564 


959,041 
959,518 
959,995 
96⁰, 471 
950, 946 
915,421 


9061, 895 


7.962, 369 
962,843 


963,315 
963,788 
964, 260 


1 


—— 


953,325 
0 53, 808 
954,291 


954,773 


955,255 
955,736 


956,216 
956,697 
957,176 
957,655 
958,134 
958,612 


.959,089 


959,566 


960, 042 
960, 5 18 
960, 994 
961,468 


961,943 


962,417 
962; 890 
963,363 
963,835 
964,307 


964,731 


965, 202 
965,672 
966,142 
906,11 
967, 80 


967,548 
968,016 
968,483 
968, 950 
969,416 
969, 882 


970,347 
970, 812 
971,276 
971,740 
97 25203 


9072, 666 


964,778 
965,240 
965,719 


966,189 


966,558 
967,127 


967,505 
968, 062 
968, 530 


908, 990 


969, 403 
969,928 


970,393 
970, 858 
971,322 
971,786 


972,249 
972,712 


2 


9537373 
053,856 
954,339 
954, 821 
9557303 


9557784 


956,264 
956,745 
9577224 
957,703 
958,181 
958,659 


259,137 
959,614 
960, oo 
960, 566 
961,041 
961,516 


961,990 
962,464 
-962,937 
963, 410 
963,882 
964,354 


964,825 
90 5, 296 
965,766 
966,236 
966,705 


967,173 


967,642 
968, 109 
965,576 
969, 043 
959, og 
969,975 


-97 0,440 
+97 0,904 
971,369 
971,832 
972,295 
972,758 


3 


953,421 
953,905 
954, 387 
954, 869 
9557351 
955,832 


956, 313 
956,793 
9577272 
9577751 
958,229 
958, 707 


959,184 
959,661 
960, 138 
960, 613 
961,89 
961, 563 


962, 038 
962,511 
962,985 
903,457 
963,929 
964,401 


964,872 
965,343 
965,813 
966, 283 
966,752 
967,220 


967,688 
968,156 
968,623 
969, 090 
969, 556 
970,021 


970, 486 
970,951 
975415 
971,879 
972,342 


972, 804 


4 


2537470 
953,953 
9547435 
«954,918 


9557399 


9557880 


956,361 
956, 840 
+957, 320 
9577799 


958,277 


958,755 


959,232 
959,709 
960, 185 
960, 661 
9615136 
961,611 


962, 85 
962,559 


963,032 
963,504 
963,977 
964, 448 


954,919 
965, 390 
905, 860 


960,329 


960,798 


967,267 


967,735 
908, 203 
968,670 


969, 136 


769, 602 


970, 068 


970,533 
970,997 


971,40 


971,925 
972, 388 
972,851 


5 


9537518 


954,001 


9557447 
95 5,928 


956, 400 


956,888 


958,325 
958,803 


959, 280 


959,757 
960, 233 


960,709 
961,184 
961,658 


962, 132 


962, 606 
963,079 
963,552 
964, 24 
964,495 


964,966 
965,437 
965,907 
966, 376 
966, 845 
9675314 


967,782 
968, 249 
968,716 
969, 183 


969,649 


970,114 


970, 579 


971,044 
971,508 
971,971 
972,434 
972, 8g 


954,484 
954,960 


By 


955,014 


9557495 


95579706 


956,457 


956,936 


9575368957416 
957⁵847 9577894 


958,373 
958, 850 


959,328 
959,804 
960, 280 
960, 750 
901,231 


961,706 


962, 180 
962,653 
963,126 
963,599 
964,071 
964,542 


9657013 


955,484 


965,954 


966,423 


966,892 
967,361 


957,829 
968,296 


958,763 
959, 229 


959, 695 
970,161 


970, 626 


971,090 


971,554 
972,018 


«97 2,481 


97 22943 


7 


8 


953,566.953,515 
-954,049;-954,098 
954,532 


9545580 
955,062 
9555543 
956,024 


956, 505 


956, 984 


957,404 


*957>942 
958,421 


958,898 


9597375 


959,852 
960, 3 28 
960, 804 
901,279 
961,753 


962,227 
962,701 
903,174 
963,640 
964,118 
964, 590 


965, 061 
903,531 
.966,001 
966, 470 


966, 939 


967, 408 


967,875 
908, 343 
968, 810 
969,276 
969,742 
970, 207 


970, 672 
971137. 
+97 1,001]. 
.972,0641.97 


953,563 
9547140 


955,10.955,158 
-955>591|-95 5,040 
.950,072\.956,120 


.956,553(.950,6001 
957,032 
957751 2 
9575990 


958,468 


958,946 


959,423 


*) 59,900, 
900,376 
960, 851 
961,326 


901, 801 


962,275 
952,748 
«903,221 
93,693 
964, 165 
94,637 


— 


965, 108 
955⁵578 
950, 048 
966,517 
966,986 
975,454 


967,922 
908, 389 
968,856 
99,323 
969,789 
479,254 


970, 719 


972552797 


972,989. 


9 


9337711 
95457194 


957:559 
958, 038 


958,994 
9597171 


962, 322 


963, 208 
903,741 
964,212 
904, 684 


965,155 
965,025 


966, 504 


968,436 
968, 903 
969, 369 
969, 835 
970, 300 


970,½65 


9547977 


957,080 


958, 5 16 


939,947 
960,423 
960, 899 
-901,374 
961,848 


952,795 


900,005 


967,033 
907,501 


967,969 


92 


— 


— 


MR, JOHN WARD'S KEY TO INTEREST, 


3 


N 


973,128 
| 973,590 


975,432 


O 


974,051 
974,512 


974.972. 


973,891 


975,350 
976, 808 
977,266. 


977-724. 
978,181 


978,637 
979-993 
9,545 
3885857 
980, 458 
980, 912 


981,366 
981,819 
982,271 
982,723 
983,175 
983,626 


984, 077 
984,527 


976,39 


978,226 


978, 683 
979, 138 


984,122 
984,572 


26 9855475 
983,875 


986, 816. 
987, 264 
5.987,71 


988, 


989,00 


989,895 
| 5 
990, 7 


991, 220 


| — 


989,494 


I 


973-174 
9735 6300 
*9745097 | 
974-558, 
973,018 £ 
975,478 


73255 


976, FL 


977,3 2 
977769 


979,594 
-980,049 
980, 503 
980,957 


981,411 
981,864 
98a, 316. 
982, 769 
983,220 
983,671 


983, 022 


985, 920. 
986, 369 


988, 1 57 
4 
989, og 


989, 939. 
990, 383 
990, 827 
991, 270 
991,7 "Ir 


«977,815 
978,272 


978,728 
979, 184 


604.988, 548. 
989, 


959,539 
990, 428 


2 


973,220 
97 3,682. 
974,143 
«974,004 
975,064 
975,524. 


973,983 
976,442 
4.976, 900 
977,358 


979,639 
-980,094 
980, 549 
981,03 
981, 436 
981, 909 
982, 362 
982, 814 
983, 265 


983, 716. 


984, 167 
984,617 
985,067 
985,516 
985, 965 
986,41 3 


986,861 
987, 309 


987,756 
988,202 


989, 98 


990, 871 
9915,Ä 75 


976, oa 
976, 488 
976, 946 
977,403 
+97 7,801 
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POSTSCRIPT 


IN the Young Mathematician's Guide, Page 248, juſt after Sec. I. of Sinp!: 


intereſt, there follows a Scbolium &, which accidentally is left out of it's proper 


Place in this Tra#, However, rather than that it ſhould be wholly omitted, 1 


% * * 0 


have inſerted it here, with a brief Application of it. | 


The Scholium is this : 


s Although it be according to the Laws and Cuſtom of England to Compute 
Tnrtereftat the Proportion of 6 per Cent. per Annum, Viz. 31. per Cent. for 6 Months, 
and 3os. per Cent. for 3 Months, c.; yet he that takes-up Money at that Rate 


of Intereſt, for any Time leſs than a compleat Year, pays more Intereſt than ſeems 
zeaſonably Due, according to the riet Rules of Art. 


As, for Inſtance ; If 100. be forborn at Inter et 12 Months, it Amounts to 
xo6l,, which is juſt; But (T fay) it ſhould not Amount to 103/. in 6 Months; 
nor to 1011. 1os. in 3 Months ; as appears from this Proportion. 


Let a = the Amount Due at the End of 6 Menths; then it will be, As 
100: 4 :: 4: 106, the true Amount at the End of 12 Months: Ergo, aa = 
10600, and a = VV 10600. = 102,9563, &c., which is Leſs than 103; and if 
it be paid at the End of 3 Months, then it will be 102, 9563 101, 4673, 
&c., which is Leſs than 101, 5. So that the guiczer the Payments are, the 
greater the Error muſt needs be, which in large Sums, and little Intervals of Time, 
will be very conſiderable ; as is manifeſt from this following Example. 


Suppoſe the Crawn were indebted Ten Millions, viz. 10, ooo, oool., and were 10 
pay after the Rate of 6 per Cent. per Annum, Simple Intereſt, for it: Then the 
Intereſt of that 10,000,000], would be 600,000]. for 12 Months, which is really 
true: And, according to the uſual Proportion of Payments, the Intereſt would be 
300,000l. for 6 Months, and 150,000). for 3 Meunths ; whereas, in reality, the 
Intereſt of 10, ooo, oool. ſhould be but 295,63ol. 2s. 9d. for 6 Months, and but 
146,738]. 9s. 3d., inſtead of 150,000l. for 3 Months, which is 32611. 10s. gd. 
too much. 

And this may ſuffice at this Time (as a Hint) to ſhew what vaſt Advantage the 


Money- Merchants make in any Government that is forced to Take-up Money, and 
pay the /ztere/? for it at ſhort Intervals of Time, as Quarterly, or Monthly, &c. 


— 


See above, page 603. 
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Article 1. IN the foregoing Treatiſe of Mr. John Ward on the Intereſt of 
Money, and in the Extras from his Young Mathematician's 

Guide relating to the fame ſubject, there occur a few examples of affected, or 
multinomial, algebraick equations which it is neceſſary to reſolve in order to 
obtain the proper anſwers to the queſtions from which they ariſe : and 
Mr, Ward has pointed-out a very proper method of reſolving. theſe equations 
by repeated proceſſes of approximation. But I conceive that theſe equations 
may be reſolved. with greater eaſe and expedition by ſome of the methods 
deſcribed above in the Appendix to Dr. Halley's Diſcourſe on Compound 
Intereſt. I ſhall therefore now proceed to reſolve theſe equations firſt, by. 
Mr. Ward's method, and aſterwards by ſome of thoſe methods, that the reader 
may be the better able to compare them with each other, and to determine - 
which of them is the more convenient, 


Art. 2. The firſt of theſe examples occurs above in page 623 of the preſent 
Mo agus in the reſolution of the fourth queſtion there propoled ; which is in 
thele words, 


* Queſtion 4. If gol. per annum, being unpaid for nine years, will amount to 
3444. 145. 94d., allowing compound intereſt for every payment as it becomes due; 
"vbat muſt the rate of intereſt be per cent ? 


Here. 
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Here is given-&-=-30, A = 344.7395, and t = 9; to find & by the laſt 
of the four equations, to wit, 2 x R= XR 2 =, 
—4— 2 


* 


2 — = 


Firſt, — is = —— = 11.491,37. And 


4 — 1 = 11,491,317 — 1) = 10.491, 317. 
Hence there is this equation 11.491, 3 17K R = 10. 491,317.“ Mr, 
Ward's method of reſolving this equation, if ſet forth more fully than it is 


above in page 624, will be as follows. 


In this equation (according to Mr. Ward's notation ſet down in page 609,) 
R denotes the value of 1 pound together with it's intereſt for a year, and there- 


fore muſt be greater than 1 pound, or 1. 


Mr. Ward then denotes the unknown exceſs of R above 17. by the letter e, 
or ſuppoſes N to be equal to 1 + e, and then proceeds to reſolve the equation 
11.491,317k — N = 10.491,317 in the manner following. 


Since R is = 1 + e, we ſhall (by the binomial theorem) have R = 1 +#* 


[=o xi 'xe+9 x _— * 17 * ce + &c, continued toten terms, 


| * — _ 
i+9Xxe+9 Xx * & + &c, continued to ten terms, 


I+9ge +9 N 4 Xx ee + &c, continued to ten terms,) | 
= I + ge + 3bee + &c, continued to ten terms. 


But, as e, or the intereſt of 1/. for a year, is much leſs than the principal 
itſelf, or 1/., the powers of e, to wit, e, ee, es, e“, es, e, e, e, e“, will form a 
ſwiftly-decreaſing progreſſion; and therefore Mr. Ward conceived that all the 
terms of the ſeries 1 + ge + 36ee + &c, (continued to ten terms, ) that came 
after the firſt three terms 1 + ge + 36ee, and which involved in them the 
following powers e, „, es, e, e“, e, and e, would be very ſmall in compariſon 
of the ſaid three firſt terms, and might therefore be ſafely neglected. And 
then the binomial quantity 11.491, 317 R — ' will become equal to 


(11.491,317 X I + 1 ge ＋ 3e = 11.491.317 Xx 1 + 11.491,317 
X e i + ge + 3600 = | 


BN" 2 2 f — boos — 36. J. or to) the trinomial quantity 
. 0 5 


10.491,317 + 2.491,317e — Zee. 


[l 


But the binomial quantity 11,491,317R = A? is = 10.491,31). 
Therefore 
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Therefore the trinomial quantity 10.49 1,317 + 2.491,317e — 36ee will alſo 
be = 10. 491,317. 


Therefore (adding 36% to both fides,) we ſhall have 10.491,217 + 
2.491,317e = 10.491,317 + 36ee; and, (ſubtracting 10.491, 317 from both 
fides,) we ſhall have 2.491,317e = 36ee; and (dividing both ſides by e,) we 
ſhall have 2.491,317 = 36e, and (dividing both ſides by 36,) we ſhall have 


e (= ) = o. o, 203, or (neglecting all but the firſt figure of this 
fraction,) e = 0.06, Therefore R, or 1 Te, will be = 1.06. d. E. I. 


In this reſolution Mr. Ward neglects all but the firſt figure of the quotient 
o. o69, 203, and thereby obtains 0.05 for the value of e, and conſequently 1,06 
for the value of (1 + e, or) R, which is it's exact value. But this he did, 
becauſe he knew before- hand that 1.06 was the true value of &, this queſtion 
being only the reverſe of the preceeding queſtion, in which the intereſt of money 
had been given, and had been 6 per cent, or R had been ſuppoſed to be = 
1.06. But, if he had not known this, and had not been thereby directed to 
neglect all the figures of the quotient 0.069,203 except the firſt figure 0.06, it 
would have required at leaſt two more. proceſſes of approximation, to enable 
him to conclude with certainty that the true value of & was 1.06. For, if he 
had uſed only one ſuch proceſs, he would have found the next near value of R 
after 1.069, 203, or 1.069, to be = 1.062,671, which is ſtill conſiderably 
greater than the true value 1.06. This ſecond proceſs would be as follows. 


Art. 3. The equation 11.491,317R — KR? = 10. 491,317 has two roots, of 
which one is evidently = 1, For, if & be taken = 1, we thall have R (= 


1) = 1, and 11.491,371R (= 11.491,317 X 1) = 11.491,317, and conſe- 
quently 11.491,317R R (= 11.491,317 — 1) = 10.491,317, Which is 
the abſolite term of the ſaid equation; and therefore x is a root of that equation, 
But this is not the root that we are now ſeeking, or that will expreſs the value 
of R in the queſtion that gave riſe to the equation ; becauſe that value of R is 
neceſſarily greater than 1. Therefore the value of & that we are ſeeking will 
be the greater root of the equation 11.491, 31% f — R = 10.491,317, Now 


in a binomial equation of this general form Px -* = Q (under which the 


preſent equation falls,) or of the ſtill more general form Px” -* * = Q. 


in which the higher power of the unknown quantity x is ſubtracted from the 
term which involves it's lower power, if a quantity ſomewhat greater than the 
greater root of the equation be ſubſtituted inſtead of the ſaid greater root in the 
binomial quantity that forms the firſt, or left-hand, fide of ſuch equation, the 
value of the ſaid binomia] quantity reſulting from ſuch ſubſtitution will be leſs 
than the abſolute term, Q» of ſuch equation; and, if a quantity ſomewhat leſs 


than the (aid greater root be ſubſt ituted inſtead of the ſaid greater root in the 
ſaid 
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ſaid binomial quantity, the value of the ſaid binomial quantity reſulting from 
ſuch ſubſtitution will be greater than the abſolute term. of ſuch equation. And 
therefore, if a quantity that is known to be nearly equat to the ſaid greater root 
of ſuch an equation be ſubſtituted inſtead of the ſaid greater root in the ſaid 
binomial quantity, and the value of the ſaid binomial quantity reſulting from 
ſuch ſubſticution ſhall be leſs than the abſolute term of ſuch equation, it will 
follow that the quantity ſo ſubſtituted inſtead of the ſaid greater root muſt be 
greater than the ſaid greater rcot ; and, if the value of the ſaid binomial quan- 
tity reſulting from ſuch ſubſtitution ſhall be greater than the abſolute term of 
ſuch equation, it will-follow that the quantity fo ſubſtituted inſtead of the ſaid 
greater root mult be leſs than the ſaid greater root, 


Since therefore it has been found, by the foregoing firſt proceſs of Mr, 
Ward's approximation, that R, or the greater root of the equation 11.491,317R 
— R = 10.491,31), is nearly equal to 1.069, 203, or (neglecting the three 
laſt figures 203, as not likely to be exact,) nearly equal to 1.069, we will now 
proceed to ſubſtitute this near value of & inſtead of & in the binomial quantity 
11.491,317R — Re, in order to diſcover whether the value of the ſaid 
binomial quantity reſulting from ſuch ſubſtitution will be leſs, or greater, tan 
10.491,317, or the abſolute term of the ſaid equation, and conlequently 
whether the ſaid near value of R will be greater, or lets, than it's true value. 
This ſubſtitution may be made in the following manner. 


If R is ſuppoſed to be = 1.069, we ſhall have R' = 1.0691? = (by loga- 
rithms,) 1.823,052,9, and 11.491, 317 K (= 11.491,317 X 1.069) = 
12.284, 217, 873, and conſequently 11.491,317 R — KR (= 12.284, 217,873 
— 1.823, 052,9) = 10.461, 164,973 Which is leſs than 10.491, 317, or the 
abſolute term of the equation 11.491,31 R — R* = 10.491, 317. Therefore 
1.069 muſt be greater than the true value of E, or the greater root of the {aid 
Equation, 1. 1. 


Art. 4. Since 1.069 is thus found to be greater than R, let their difference 
be denoted by the letter f. 


Then will R be = 1.069 = f; and conſequently Ro will be = 1.069 — 
= (by the binomial theorem, ) 1.009) — 9 x 1.069 x f + 36 X 1.069)" 
33 — i 1.823,05 2,9 1.82 3,052,9 
* — &c = 1.823,052,9 — 9 x er 36 x TR. x A 
— &c = 1.823,052,9 — 9 X 1.705, 38 1, x f + 36 „ 1.595,305,4 Xx f* 
— & = 1.823,052,9 — 15.348,433,5 x f + 57.440, 994, 4 * f* — &; 
and 11.491, 317 R will be (= 11.491,31 Xx 1.069 — f = 11.491,31) X 
1.069 — 11.491, 317 X f) = 12.284, 217,873 — 1: 491,31 x J. There. 
fore the binomial quantity 11.491,31 R — Re will be = the compound 

quantity 


12.284, 
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— 1.823,052,9 J 15.348, 433, 4 _ 
| = $57.440,994,4 'x f* + & 


= 10.461,164,973 + 3.857, 16, X f — 57. 440,994, 4 X f* + &c. 
But the binomial quantity 11.49, 317k — R' is 10.491, 317. 


Therefore the compound quantity 10.46 t, 164,973 + 3.857. 116,5 x f — 
57.440, 90 %, 4 X /* + &c will alſo. be = 10.491, 317. And conſequently 
(ſubtracting 10.461,164,973 from both ſides,) we ſhall have 3.857, 1 16,5 X 
— 57.440, 994, 4 Xx + &c = o. o30, 132, 027, and (dividing all the terms 
by 37.440, 994, 4, the co- efficient of f*,) we ſhall have 0.067,149,1 x f — f* 
+ &c = o. ooo, 524,9. Therefore, if we take half the co- efficient of V, that 
is, half of o. 067, 149, 1, which is o. 033, 574.5, and raiſe it's ſquare, which 
will be o. 001, 12, 247,050, 25, and from this ſquare ſubtract both ſides of the 


laſt equation, we ſhall have 0.033, 574, — 0.067, 149, 1 x f + f* — &c 
(= o. 001, 127, 247, o 50, 25 — 0. ooo, 524,9) = O. ooo, 602, 347, o50, 25; and 
(by extracting the ſquare- roots of both ſides,) we ſhall have o. 033, 574,5 — f 
= 0.027,246,0. Therefore (adding F to both ſides,) we ſhall have o. 033, 374,5 
= 0.027,246,0 + f, and (ſubtracting o. 027, 246, o from both fides,) we (hall 
have f = 0.006,328,5. Therefore R, or 1.069 — , will be (= 1.069 
— 0.006,328,5) = 1.062567 15. . T7. * = 
It appears therefore that this ſecond near value of N, obtained by this ſecond 
proceſs of Mr. Ward's method of approximation (which has been rather long 
and laborious,) to wit, 1.062, 671, 5, is ſtill confiderably greater than the true 
value of R, which is 1.06. And it would require at leaſt one more ſuch 
proceſs of Mr. Ward's method of approximation to obtain the value of R to a 
ſufficient degree of exactneſs. F 
A Remark on the foregoing Reſolution of the Equation 11.491,217R — R = 
4. 10. 491,317 by Mr. Ward*s Method of Approximation. 


12.284, 217,973 — 11.491,387: cc “ | | | 


Art, 5. But it may be obſerved that, in reſolving the equation 11.491,317R 
— K = 10.491, 317 by approximation, Mr. Ward might have retained four 


terms, inſtead of three, of the ſeries which is equal to 1 TY, or &, without 
having any higher equation than a quadratick to reſolve at the end of the cal- 
culation in order to obtain a near value of e. For 11.491, 317K — N is 


accurately equal to 11.491,317 X 1 + e —| * 11,491,317 + 
11.491,317e — the ſeries 14 ge ＋ 9 N 2 Wop + 9% 2 I 1 * 9—2 


2 
b E. | REIT | 3 
* & + &c, continued to ten terms, = 11.491317 + I1.491,317e — the 
Denn 8 e Sr ; 
ſeries 14 de +9 X\2> N & +19 * ＋ * Xe ＋ &c, continued to 


Vol. V. 5 1 ten 
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ten terms, = 11.491,317 + 11.491,317e — the-ſeries 1 + ge + 36% + 36 
x — x & + &c, cominued, to ten terms, = 11.491,317 2 11.491,31 
— the ſeries 1 ＋ ge J. 36e + 84e + &c, continued to ten terms = 
11.491,317 + 11.491,317e.,—1 — ge — 36 — 846 — fix more terms,) = 
10.491,317 + 2.49 1,3170 — 366 — 84 — fix more terms of the ſaid ſeries, 


Therefore 10.491,317 + 2:.491,317e — 36 — 84e — ſix more terms of 
the ſaid ſeries will alſo be accurately equal to 10.491, 317. And conſequently 
10.491,317 + 2.491,317e will be accurately equal to 10.491,317 + 36e* + 
84 + lix more terms of the ſaid ſeries, and (ſubtracting 10.491,317 from both 
ſides,) 2.491,317e will be accurately equal to 36 + 848 + fix more terms 
of the ſaid ſeries. Therefore, if we neglect thoſe ſix terms of the ſaid ſeries on 
account of their ſmallneſs, as they will involve the powers , e, e, e', e, and 
% which are very ſmall quantities, we ſhall have 2.491, 31) nearly equal to, 
but ſomewhat greater than, 36e* + 84e*; and conſequently (dividing all the 
terms by e,) we (hall have 2.491,317 nearly equal to, but fomewhat greater 
than, 36e + 84%, or 84e* + 36e nearly equal to, but ſomewhat leſs than, 


2.491,317. Therefore & + = will be nearly equal to, but ſomewhat leis 


than, . „ or “ + * will be nearly equal to, but ſomewhat leſs than, 


o. 029, 658,5. Therefore e“ + * + +]? will be nearly equal to, but ſome- 


what leſs than, 0.029,658, 5 + 796 or than O. oa, 658, 3 + 0,045,918,3, or 
than o. 075, 576, 8. Therefore e + & will be nearly equal to, but fomewhat 
leſs than, / 0.075,576,8, or 0.2749, and conſequently e will be nearly equal 
to, but ſomewhat leſs than, 0.2749 =, or than 0.2749 — 0.2142, or than 


0.0607. Therefore R, or 1 + e, will be nearly equal to, but ſomewhat leſs 
than, 1 + 0.0607, or 1.0607. Q. E. 1. n 


This value of R is much nearer to it's true value 1.0600, or 1.06, than even 
the ſecond near value of it found above by the ſecond proceſs of Mr. Ward's 
method of approximation, which was 1.062,67 1,5. And, if Mr. Ward had 
reſolved the equation 11.491, 3 17K — N = 10:491,317, or 11.491,317 + 
11.491,317e — fi + £9 = 10.491,317, or 11.491,317 ＋ 11.491,317e — 
the ſeries 1 + ge + 36e* + 84e + &c, continued to ten terms, = 
10.491,317, in this manner, by retaining the fourth term of the ſaid ſeries as 
well as the three firſt terms of it, he might reaſonably have conjectured, (if he 


had not known it before-hand,) that the true value of R was 1.06, becaule the 
| near 
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near value of it that would have been found for it in this way, to wit, 1.0607, 
(which is known to be ſomewhat greater than the ſaid true value,) has a cypher 
in the place of figures immediately following the figures 1.06, fo that it's 
exceſs above 1.06 is only 0.0007, or little more than a 1ooth part of o. ob, 
which may very well be neglected both as inconſiderable in reſpect of 0.05, 
and as being probably equal to the real exceſs of the taid value 1.0607 above 
the true value of e, which is known to be lets than the {aid near value. 


Art. 6. This laſt method of reſolving this equation 11.491,317R — R = 
10.491,317 by retaining four terms of the ſeries 1 + ge + 36% + 845 + &c, 


(which is equal to 1 + e,) inſtead of retaining only three terms of it, as Mr. 
Ward does, is, I believe, the very beſt method that can be taken for obtaining by 
a ſingle proceſs of approximation a tolerably near value of 1 + e, or R, in this 
equation. And, as the diſcovery, made by this method of proceeding, that the 
firſt near value of R (which is known to be greater than the truth) is 1.0607, 
leads ſo naturally to a ſuppoſition that it's true value will be 1.06, and conſe- 
quently to a trial of the ſaid number 1.06 by ſubſtituting it, inſtead of R, in the 
binomial quantity 11.491, 317 f — K, (upon which trial it will be found that 
the value of the ſaid binomial quantity refulting from fuch ſubſtitution will be 
equal to the number 10.491,317, or the abſolute term of the propoſed equation 
11.491,317k — R = 10.491,317, and conſequently that 1.06 is the true 
value of R in the ſaid equation,}—it ſeems needleſs to have recourſe to any 
other method of reſolving this equation, And the ſame obſervation will be 
true of all other numeral examples falling under this 4th Queſtion of Mr. Ward 


in page 623 of the preſent Volume, or under the general equation 2 RR 


= £2,o X RR = 1, (in which the abſolute term of the 


equation is leſs by an unit than the co-efficient of the ſimple power of R,) 


when 7, or the index of the power of R in the ſecond term & of the equation, 
is not greater, or not much greater, than 9. But, if ? ſhould be much greater 
than 9, as, for inſtance, if it ſhould be equal to Zo, or 40, or any greater 
number, the near value of I obtained in this manner, (or by retaining the 


four firſt terms of the ſeries which is equal to 1 + #", or R. would be much 
leſs exact than in the foregoing example of the equation 11.49 1,317 — {® 
= 10. 491,317. And therefore in ſuch a caſe it would be expedient to have 
recourſe to ſome other method of proceeding, different from that of Mr. Ward 
(in which the binomial quantity 1 + e was ſubſtituted inſtead of & in the 
propoſed equation,) and to begin our approximation to the value of R from 
ſome known quantity that is greater than 1, and that approaches nearer than 1 
to the true value of R. And three ſuch methods have been given for this 
purpoſe in the foregoing part of this Volume, in the Appendix to Dr, Halley"s 
Diſcourſe on Compound Intereſt, in pages 362, 303, &c to page 406, of which 1 
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recommend the firſt as the moſt eaſy and convenient of the three. This 
method may be applied to the foregoing equation 11.491,917R — R = 
10.491,31) in the following manner. 


The Reſolution of the foregoing Equation 11.491, 3171 — R* = 10.491, 317 4 
the firſt of the three Methods given for this Purpoſe in the “ Appendix to 
Dr. Halles Diſccurſe on Compound art ,” Contained above in the foregoing 

Part of the prejent Volume. | 


5 


a 122 5 


Art. 7. According to the notation uſed in this Appendix to Dr. Halles 


Diſcourſe en Compound Intereſt, in pages 401, 402, &c to page 406 of this 
preſent Volume, we ſhall have P = 11, 491,31), and n S9, and M = 


| 1 * : 
P _ 11.49 t, 3 „ | 7 
—— 1 2 * = THT, = =, 1.276, ITY = (by logarithms, 


1.03 1,06. Therefore d, or M — 1, will be (= 1.03 1,06 — 1) : = o, ob, 
and M + 4 will be (=1 031,6 + 0.031,06) = 1.052,12, This quantity 
M d, or 1.062, 12, will be a little greater than the true value of R in the 
propoſed equation 11. 491, 31% Kk — K 10.491, 317; bur their difference 
will be but ſmall, and conſequently this number 1.062, 12 will be a very good 
firſt near value of Rin the ſaid n or a good ground · work for a fuither 
approach to it's true value. | | 


This firſt near value of R, to wit, 1.062, 12, is nearer to it's true value 
1. O60, oo, or 1.06, than the number 1.062, 671, is, though that number was 
obtained by two proceſſes of Mr. Ward's method of reſolving this equation, 


Now let y be put = 1.062, 12, and let the binomial quantity 11.491,37 
be computed, and the reſult be called D. This may be done as follows. 


Since y is = 1.052, 12, we ſhall nave 7” = £.082..2]7 = (by logarithms) 
1.720,106,0, and T1:491,317y (= 11.491,3x7 & 1.062, 12) =. 12. 205. 1576. 
Therefore 11.49, 317% — 9 will be (= 12, 205, 157,6 — 1.720, 106,0) = 
10.48 5,5 16; which is leſs than 10.491, 3 17, or the abſolute term of the 
propoſed equation. Therefore y, or 1.562, 12, muſt be greater than the true 
value of R, or the greater root of the propoſed equation 11.491, 317K — K 


17. 
Lied D be = 10.485,0 51,6, or the reſult of the ſubſtitution of 9; or 1.062, 12, 


for R in the binomial quantity 11.491, 317K — Ke. 
From 
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v 1.002,12 0 010,622 2 
From y, or 1.062, 12, take wy (or 3 — or 0,005, 


310,6; and the remainder will be = (1.062,12 — 0.005, 3 10,6, or ) 
1.059,809,4, Let this remainder 1.056,809,4 be ſubſtituted inttead of R in 
the binomial quantity 11.491, 31K — R?, and let the reſult be called E. 
This ſubſtitution may be made as follows. 


If R is ſuppoſed to be = 1.056, 809, 4, we ſhall have, (by logaritims,) 
Re = 1.6441. And 11.491,317R will be (= 11.491,317 X 1.036, 80g, f) 
= 12.144.023. 8. Therefore 11.491,31 — I will be (= 12. 144,023, 8 
— 1.6441) = 10.499, 923,8; that 1s, E will be = 10.499, 923,8. 


This quantity E, or 10 499,923,8, is greater than 10.491,317, or the 
abſolute term of the equation 11.491,317K — K = 10.491,317. Therefore 
1.0 56, 809, 4 mult be leſs than the true value of I, or the greater root of that 
equation. 


We muſt now ſubtra& D from E, that is, 10.48 3,051, 6 from 10.499, 923, 8; 
and the remainder will be = o. 014, 872,2; that is, E — D will be = 
o. 0 11,872, 2. And we muſt likewite ſubtract D, or 10.48 5, 51, 6, from 
10.491, 317, or the abſolute term of the equation 11.491, 317 — RB = 
10.491,31; and the remainder will be = o. 006, 265 4. And we muſt now 


make the following proportion; to wit, As E — D is to 10,491,317 — D, 


ſo (very nearly,) will y — ly — 255 (or y — y + — or _— be to 
y— Rz; that is, as 0.014,872,2 is to 0.006,265,4, ſo (very nearly,) will 
0.005,310,6 be to y — K, or to 1,062,12 — KR. Therefore 1.062,12 - K 
o. 06, 265, 4 X 0.005,310,6 — 9.000.033, 273.2324 
0.014, 72,2 0.0 14, 8 2,2 


vill be nearly = = 0,002,237,2 3 


and conſcquently 1.062, 12 will be = o. oo2, 23% 2 + RX, and R will be (= 
1.062,12 — O. oo2, 237, ) = 1.059, 882,8. Therefore the ſecond near value of 
R in the propoſed equation 11.491, 317 f — © = 10.491, 317 will be 
1.0 59, 882,8. . E. I. 


This ſecond near value of R (which has been obtained by a ſingle proceſs of the 
Differential Method of Approximation, ) differs from ic's true value 1.06 by only 
the {mall quantity o. ooo, 11, 2, which is lets than the 9044th part of the ſaid true 
value 1.06. This value ot A is near enough for all uſeful purpotes: but, if we 
wiſh to obtain a ſtill nearer value of it, we nced only employ one proceſs of 
Mr. Raphſon's method of approximation (which requires only the reſolution 
of a ſimple equation,) to obtain it's value to a great degree of exactnets. 
This may be done in the following manner, | 


Let the laſt value of N, to wit, 1.059,$82,8, be ſubſtituted inſtead of R in 
the binomial quantity 11.491,317R — R, in order to diſcover whether the 
value of the faid binomial quantity retulting from ſuch ſubſtitution will be 
| 5 greater, 
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greater, or leſs, than 10.491,317, or the abſolute term of the equation 
I1.491,917R — R” = 10.491,317, and conſequently whether the laſt near 
value of R, to wit, 1.059,882,8, is leſs, or greater, than it's true value. 


Now, if R is = 1.059,882,8, we ſhall (by logarithms,) have FR 
1. 687, 800, ; and 11.491,317R will be (= 11.491,317 x 1.059,882,8) — 
12.179,449,2. Therefore the binomial quantity 11.491,317R — e will be 
(= 12.179,449,2 — 1,687,800,0) = 10.491,649,2 ; which is ſomething greater 
than the abſolute term 10.491,317. Therefore 1.059,882,8 muſt be ſomething 
leſs than the true value of & in the propoſed equation 11.491,317R — [© = 


10.491,317. 


Having thus diſcovered that 1.059,882,8 muſt be ſomewhat leſs than R, let 
2 be put for the unknown difference between them. 


Then will R be = 1.059,882,8 + , and conſequently R' will be = 
1.059,882,8 + 2)9 = (by the binomial theorem,) 1.059,882,81* + g x 


1.059,882,8)' x 2 + &c = 1.059,88 2,8% + 9 X 2585988 "xz + &c = 

; 68 8 » ; ; , 
1.687, 800, + 9 X 78820 Xx 2 + &c (= 1.687, 800, + 9 „ 
1. 592,440, 2 X 2 + &c) = 1.687,800,0 + 14.331, 961,8 x z + &c; and 


11.491,317R will be (= 11.491,317 X 1.059,882,8 + z = 11,491,317 X 
1.059,882,8 — 11.491,317 & 2) = 12.179,449,2 ＋ 11.491, 31) X z. And 
conſequently the binomial quantity 11.491, 317K — ' will be equal to the 
compound quantity 


12.179,449,2 + 11.491,317 x 2 
{ — age = 143756fl f. x 2 = tc 


= 10.491,649,2 — 2.840,644,8 x 2 = &c. 
But the binomial quantity 11.491, 317 — K is = 10,491,317. 


Therefore the compound quantity 10.491,649,2 — 2.840,644,8 x 2 will 
alſo be = 10 491,317. And conſequently 10.491,649,2 will be = 10.491,317 
+ 2.840, 644,8 X E, and (ſubtracting 10.491,317 from both ſides,) 2.840, 
644,8 Xx 2 will be = 0.000,332,2, and 2 will be 42 T_T r= 
0:000,116,9, Therefore R, or 1.059,832,8 + , will be (= 1.059,882,8 
+ 0.000,116,9) = 1.059,999,7 3 which differs from 1.06, or the true value 
of R, by only the very ſmall quantity o. ooo, ooo, 3, which is leſs than the 
3,5333330 part of the ſaid true value. Qs . 1. 


This method of reſolving the equation 2 R == 1 05 


(putting P = 2 „) the equation P Xx RA P, will always enable 
| us 
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us to find a very exact value of R, or the greater root of this equation, even 
when t, or the index of the power of R in the ſecond term of the equation, is 
a great number, (as 40, or 50, or 60, ) as well as when it is a ſmall number, 
(As 9, or 10, or 12,) as happens in the preſent example. And of this an 
Example has been given in the above-mentioned Appendix to Dr. Halley's 
Diſcourſe on Compound Intereſt, in pages 377, 378, = - - - 383, where the 
equatior 967.648,136,77 — r** = 966.648, 136,7, (in which the index 7 is = 
70) is :2folved by this method, and it's greater root is found to be nearly = 
1.059,097,3, Which differs from it's true value (which is 1.c6,) by only 
0.000,002,7, or leſs than the 392, 392“ part of the ſaid true value 1.06, 


A Second Example of the Reſolution of an Afected Equation reſulting from a Queſtic;: 
concerning Compound Intereſt propeſed by Mr. IWard, 


Art, 8. The next Example of an affected equation reſulting from a Queſtion 
concerning Compound Interett, given by Mr. John Ward in the parts of his 
works that have been here reprinted, occurs above in page 626, in the words 
following. 


« Queſtion 4. Suppoſe one ſhould give 167. gs. 5d. for the purchafe of a 
t penſion, or annuity, of 300. per annum, to continue ſeven years. At what 
te rate of intereſt per cent would that purchaſe be made, allowing compound 
e intereſt to the purchaſer ? 


& In this Queſtion there is given P = 167.4716, # = 30, and r = 7; to 
find R. By the fourth Theorem, (ſet down in the preceeding page 625, 


« expreſſed in this equation 72 2 2 * R + WE oe My [or — X R + 


% R ee RY = > or A + 1X R = +] the ſaid equation 
te being brought into numbers, and it's root extracted, as in the fourth Queſtion 
ce of the laſt Section (in page 623,) the value of R will be found to be 1.06; 
« and then it will be, 1: 0.06 :: 100: 6, the rate per cent, as was required.“ 


Fhe numeral equation reſulting from the application of the General Theorem 
expreſſed by the equation 2 + x) x £m 1 2 to the Queſtion here 
propoſed, bas not been ſet down by Mr. Ward: but he has left his reader both 
to derive it from the ſaid general equation, and afterwards to reſolve it by the 
method of approximation which he bad given before in page 624 for the 
reſolution of the former equation 11.491,317R — R = 10.491,317 ; which 
method. conſiſted in ſubſtituting 1 + e inſtead of R in the ſaid equation, and 


retaining only the three firſt terms of the ſeries that is equal to 1 + , and 
ſuppoſing them to be nearly equal to the value of the whole of the 1aid ſeries, 
and reſolving the new equation reſulting from the ſaid ſubſtitution in conſe. 


quence 
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quence of that ſuppoſition. Theſe directions I will now proceed to follow in 
order to obtain the anſwer to the Queſtion above-ſtated concerning the rate of 
Intereſt allowed to the ſaid purchaſer of an annuity of gol. per annum that is to 
continve for ſeven years. 

EC... : ) t t | 
Art. 9. In applying the general equation = + 1] X R — R before _ to 


the foregoing queſtion propoſed by Mr. Ward, we ſhall have 2, (or the annuity 
purchaſed,) = 3ol. per annum, and P, (or the purchaſe- money, or price paid 
for it,) = 1670. 98. 5d. = 167.47 16l., and t, (or the time, or number of 


years, during which the annuity is to continue,) = 7 years. Therefore R 
will be = R', and R will be = Re, and - ll te = = 


| 167.4716 80 
o. 1797134, and + + 1 will be = 1.179,134 3 and conſequently the general 


equation 72 + 11 * R R = 2 will in this caſe become 1. 179,134 


253 179,134. The reſolution of this equation, performed 
according to Mr. . Ward. s method delivered in page 624, will be as follows. 


The Reſolution of the Equation 1. 179, 134k — R = 0.179,134 ac 
io according to Mr. Ward's 2 delivered above in Page 624. 


* . 


Since R is greater than 1, let us ſuppoſe it to be = 1 + e. 


Then will K MES Te“ = (by the binomial theorem,) to the ſeries 
1+7 +7 X —_ Xx + &c, continued to eight terms, (= the ſeries 


1 ＋ 7e + 7 X — x & + Ke, continued to eight terms,) = the ſeries 
1 + 7e + 21e + &c, continued to eight terms; and R' will be = 170 


= the ſeries 1 + 8e + 8 X _he Xx e + &c, continued to nine terms, (= 


the ſeries I 0 8 +8 X — Xx * + &c, continued to nine terms, = the 


ſeries 1 + 8e + 4 X 7 * 7 + &c, continued to nine terms,) S the ſeries 
1 + de + 28e + &c, continued to nine terms; and 1.179, 134 X R“ will 
be = 1.179, 144 X the ſeries 1 + 7e + 21e* + &c, continued to eight terms 
(=1.179,134 1.179, 134 & 7e + 1.179, 134 X 21e* + five more terms) = 
1.179,134 + 8.253,938? + 24.761,814e* + five more terms. Therefore the 
binomial quantity 1. 179, 13444 — &* will be accurately equal to the com- 
pound quantity 
| { 1.179, 134 ++ 8.253,038e + 24.761,814e* + five more terms, J 
— 1.000,000 — 8.000,000e — 28. ooo, ooo — fix more terms, 
= 0.179,134 + ©. 253.9380 = — 3 2365 186e* + five more terms 


— ſix more terms, 
But 
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But the binomial quantity 1. 179, 134K = R 15 = o. 179,134. 


Therefore the compound quantity o. 179, 134 + o. 253,9 38e — 3.238, 186. 
five more terms — fix more terms, will allo be = o. 179,134. 


But, becauſe R' is leſs than 1. 179, 134 (from which it is ſubtracted,) it is 


$ 7 2 
evident that LM mult be leſs than INS, that is, that R mult be leſs 


than 1.179,134. Therefore 1 + e, which is equal to R, mult be leſs than 
1. 179, 134, and conſequently (ſubtracting 1 from both ſides, e mult be lets than 


% " 2 I 
0.179,134, and, d fortiorti, leſs than. 0.2, or ——, or —_ Therefore the ſe- 


veral powers of e involved in the terms of the laſt equation, to wit, e, e“, e, ei, 
es, &, e, and e, will form a decreaſing progreſſion of terms that will be 
reſpectively ſmaller than the terms of the progreſſion _ , = , FT , 7 
d‚dvv 8 
3128 15,625 78,125 390,625" 1,953,125 
powers of e will contribute greatly to diminiſh the ſeveral terms in which they 
are involved, and make the latter terms, which involve the higher powers of e, 
be much ſmaller than the former terms, which involve the lower powers of e, 
and more eſpecially than the two terms 0.253,938e and 3.238,136e*, which 
involve it's two loweſt powers. And, further, it muſt be obſerved that five of 
the eleven terms which are not ſet down in the laſt equation, and which will 
involve the powers &, “, &5, &, and e, are to be marked with the ſign +, or 
to be added to the value of the three terms 0.179,134 + 0.253,903S8e — 
3.238,186e*, and will therefore tend to increaſe the ſaid value; but the other 
ſix terms, which will involve the powers of , e, , e, e“, and , are to be 
marked with the ſign =, or to be ſubtracted from the value of the three firſt 
terms 0.179,134 + 0.253,9382 — 3.238,186e*, and will therefore tend to 
diminiſh the ſaid value. Therefore the ſix latter terms, if all the terms of the 
equation were to be retained, would tend to counteract, and, perhaps, nearly 
counter-balance and deſtroy the five former terms, and cauſe the value of the 
ſaid three firſt terms to be nearly the iame as if all the ſaid eleven terms had 
been left out of the equation. It ſeems reaſonable therefore to conclude that, 
partly on account of the quick decreafe of the powers of e, and partly on 
account of this oppoſition between' the firſt five terms involving the powers 
&,&, e, &, and e“, and the Jaſt fix terms involving the powers e, e, 
, ee, ei, and e, the value of the ſaid three firſt terms 0. 179, 134 + 
0. 2 53,9390 — 3.238, 1866 will be nearly equal to the value of the whole 
fourteen terms that form the left-hand fide of the laſt equation, and conſe- 
quently to the abſolute term of the equation, or to 0.179,134. And, upon 
this ſuppoſition, we ſhall have the equation 0.179,134 + 0.253 9388 — 
3-235,186e* nearly = 0,179,134; and conſequently (adding 3.238, 186e* to 
both ſides,) O. 179, 134 + 0. 253,93 8e will be nearly = 0.179, 134 + 
Fol. V. 5 K 3.238, 


; and this great decreaſe of the 
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3.238, 1867, and (ſubtracting o. 179,134 from both ſides,) o. 253, 938 will be 
nearly = 3.238,1862*, and (dividing both ſides by e,) o. 253, 938 will be nearly 


= 3.238, 186, and conſequently e will be nearly (= 4) = 0.078. 


Therefore R, or 1 + e, will be nearly = 1.078, or the greater root of the 
propoſed equation 1.179,134R' — R = 0,179,134 will be nearly = 1.058, 
Q. E. 1. 


This value of R, (which has been obtained by Mr. Ward's method of pro- 
ceeding, as delivered in page 624,) is much greater than it's true value, 
which is 1.06. And, if we were to proſecute the reſolution of the equation 
1.179,134K' — KR = 0.179,134 further by Mr. Ward's method, or by 
ſubſtituting the binomial quantity 1.078 — f inſtead of R in the terms of the 
ſaid equation, and reſolving the transformed equation reſulting from ſuch 
ſubſtitution, as if it were a quadratick equation, by dropping all the terms that 
involved any higher power of the unknown quantity F than 7, or it's ſquare, 
it would be neceſſary to go through two more proceſſes of this mode of 
approximation, before we ſhould obtain a value of R that would be ſo little 
greater than it's true value, 1,06, that their difference ſhould be leſs than 0.001, 
or a Goth part of . o6, or that the near value of R ſhould be leſs than 1.061; 
which yet would not be any great degree of exactneſs. It would therefore be 
better, as I conceive, to reſolve this equation by one of the methods of approxi- 
mation given above for this purpoſe in the Appendix to Dr. Halley's Diſcourſe 
on Compound Intereſt. But I will firſt try the effect of retaining four terms, 


inſtead of three, of the two ſerieſes that are equal to R! and R., or to x ＋ e 


and 1 + elf, in the transformed equation obtained above, in Mr. Ward's 
method of reſolution, by ſubſtituting the binomial quantity 1 + ue inſtead of 
A in the propoſed equation 1. 179, 134K — R = 0.179,134. This may be 
done in the following manner. | 


The Reſolution of the ſame Equation 1.179, 1 34R' — R* = o. 179, 134 by 4 
Method ſomewhat different from Mr. Ward*s Method, but ſuggeſted by it. 


Art. 10. If R be put = 1 + e, we ſhall have R ITT (= 1 + 72 
＋ 7 x (= x&+7 * ＋ x = * „ + &c continued to eight 


2 
terms, =1+7e+7X—+e+7 x * L* + &, continued 


to eight terms, =1 +7e+7 7 XJ X “ J. 7 * 3 * = X & + &c, con- 


tinued to eight terms,) = 1 + 7e + 21e + 35e& + &c, continued to eight 


terms; and we ſhall have R = 1 Te (=1 +8 +8 x — xe ＋8 
© * 
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8—1 8 — 2 


R —_— X 
— Xe + 8 X — * — * + Ke, continued to nine terms,) = 1 + 8e 


+ 28e* + 568 + &c, continued to nine terms; and 1.179,134 Xx R' will 
be = 1.19, 134 X the ſeries 1 ＋ 7e + 21e + 35e3 + &c, continued 
to eight terms, = 1.179,134 x 1 + 1.179,134 X 7e + 1.179, 134 X 2165 
+ 1.179,134 & 3536 + four more terms, = 1.179,134 + $.253.938e + 
24.761,814e* + 41.269,650e* + four terms more. Therefore the binomial 
quantity 1.179, 134K — K will be = the compound quantity 


1.179,134 + 8.253,938e + 24.761,814e* + 41.269, 69 0e 
— 1,000,000 — 8,000,000e = 28,000,0000* + four terms more 
— 56,000,000e* 
— five terms more, 


= 0.179,1%4 + 0.253,938 Xe — 3.238,186 Xe — 14.730,310 X & 
+ four terms more 
— five terms more. 


X & ++ &c, continued to nine terms, = 1 + 82 +8 Xx 


But the binomial quantity 1.179, 134K — R is = 0.179,134+ 


Therefore the compound quantity 0.179,134 + o. 253,938 X & — 
3.-238,186 K — 14.730, 310 X , together with nine more terms, (of 
which four will be marked with the ſign +, or added to the value of the 
four firſt terms here ſet-down, and the other five will be marked with the fign =, 
or ſubtracted from the ſaid value of the four firſt terms,) will allo be = 
0. 179,134. And we may obſerve that the ſum of the five ſubtracted terms will 
be greater than the ſum of the other four terms, which are added to the value 
of the four firſt terms. Therefore the value of the four firſt terms 0.179,134 
+ 0.253,938 Xx e — 3,238,186 X e — 14.730, 310 x & will be greater 
than the whole of the ſaid compound quantity, and conſequently greater than 
it's equal, 0.179,134. Therefore, if we add the two terms 3.238,186 Xx & and 
14.730, 310 X to both ſides, the binomial quantity 0.179,134 + 0.253,938e 
will be greater than the trinomial quantity o. 179, 134 + 3.238,1866* + 
14.730,310e*; and (ſubtracting o. 179, 134 from both fides,) the ſingle quantity 
0. 293,938 e will be greater than the binomial quantity 3.238,186e* + 
14.7 30, 310 Xx e, and (dividing all the terms by e,) the ſingle quantity 
0. 253,938 will be greater than the binomial quantity 3.238, 1866 + 
14.730, 310%, and conſequently the binomial quantity 14.730, 310 + 
3.238, 186 Xx e will be leſs than the ſingle quantity o. 253,938. Therefore the 


. . . . 3, 86 © ' — 
biuomial quantity e* = x e will be leſs than the ſingle quantity 


14.730,310 
0.253,938 . a a X 1 
7 that is, the binomial quantity e* + o. 219,831 Xe will be leſs the 


ſingle quantity 0,017,231. Therefore (adding the ſquare of — 


the ſquare of 0,109,915, to wit, o. o 12,08 1, 30), 225, to both ſides,) the trinomial 
4K 2 quantity 


» or 
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quantity e“ + 0.219,831 & e + 0.109,915!* will be (leſs than 0.017,231 + 
0.012,081,307,225, or) leſs than 0.029,312,307,225, and e + o. 100, 915 
will be leſs than (Vo. oa, 312,307,225, or) O. 171, 208; and conſequently e 
will be leſs than (o. 171, 208 — o. 109, 915, or) o. 061, 293. Therefore R, or 
x + e, will be leſs than 1.061, 293, or (neglecting the laſt three figures,) 
Jeſs than 1.061. Q. E. 1. : 


This near value of R, or the greater root of the propoſed equation 
1. 179, 134K — R = 0.179,134, is near enough to it's true value 1.06, to 
give us good ground for conjecturing that the true value of K is 1.06; which, 
if it be tried by being ſubſtituted inſtead of R in the binomial quantity 
1. 179, 134K — R', will be found to make the ſaid quantity become equal to 
the abſolute term o. 179, 134, and therefore to be the true value of the greater 
root of the ſaid equation. 


— — 


A Remark on the foregoing Method of reſolving the Equation 1. 179, 134K — R* 
= 0. 179,134. 


It appears therefore that this manner of reſolving the equation 1.179, 134K 
— R = . 179, 134 by retaining four terms of the two ſerieſes that are equal 


to Ri and R', or 1 + 2 and 1 + e, is much more exact than Mr. Ward's 
method of reſolving it by retaining only three terms of the ſaid ſerieſes. And 
indeed it has given us fo good a firſt near value of R in the preſent equation 
that there ſeems to be no occaſion to have recourſe to any other method of 
reſolving this equation in order to obtain a better firſt near value of it. And, 
if it ſhould be required, in reſolving” this, or any other equation of the ſame 
form, in which the index ? of the lower power of R was a ſmall number not 
greater than 7, to find the value of R to a greater degree of exactneſs than it 
had been found by this firſt proceſs, it might be moſt convenient to inveſtigate 
a ſecond near value of it by one or two proceſſes of Mr. Raphſon's method of 
approximation. But, when the index f is a pretty large number, (as, for 
example, 30, or 40, or 50, or ſome greater number, ) this method of retolving 


the equation —;- + 1 hee 2 = , by retaining four terms of the 


two ſerieſes that are equal to R and 3 or to 1 + A* and 1 + —_— will 
be found to be much leſs exact than in the foregoing equation, becauſe in ſuch 
a caſe, the co-efficients of ſeveral of the omitted terms will be fuch high 
numbers as to make thoſe terms be too great to be omitted without making 
the value of e obtained by means of their omiſſion be much greater than it's 
true value, In ſuch caſes therefore I ſhould think it would be convenient to 
have recourle to the method given for this purpoſe in the Appendix to Dr. 


Halley's Diſcourſe on Compound Intereſt, and to make ule of the limits of the 
m+1 
x 


magnitude of the greater root of the general, binomial, equation Pa“ — 
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= Q (under which the equation 1.179, 134K R = . 179, 134 is compre- 
hended,) which are determined in pages 414, 415, 416, &c, - « to 423. To 
ſhew how thoſe limits may be uſcfully applied to the reſolution of an equation 
of this kind, I will now proceed to reſolve the foregoing equation 1.179,134K” 
— R* = 0.179,134 over again in the manner deſcribed in thoſe pages, 


The Reſolution of the foregoing Equation 1.179,134R' — KR = 0.179,134 in the 
manner deſcribed in the Appendix to Dr. Halley's Diſcourſe on Compound Intereſt 


in Pages 414, 415, 416, &c = = to Page 423. 


Art. 11. It is ſhewn in pages 414, 415, and 416, that the greater root of 


the general equation Px — * = Q is always leſs than P, but greater than 


— * P; which limits, when m is a high number, (as 40, or 50, or 60,) 


. . . 1 
are very near to each other, their difference being only 


- - th part of P, 


which is = _ x P. Therefore, when m is a high nutmber, if we take an 
m +1 


arithmetical mean between theſe limits 5 P, to wit, the 


* . . . 
„ P, or e P, the ſaid arithmetical mean, = 
ON 2 2 + 


m ＋ 1 ＋ 
will be a pretty good firſt near value of the greater root of the ſaid equation. 


m 
A 


XP, 
2 


quantity 


Further, it is obſerved in page 417, that, if the leffer root of the equation 


—— XP, or the lower limit of 


3 = Q 1s known, and the exceſs of es 
the greater root, above the leſſer root be called 4, and the ſaid lower limit of the 

i . 2 . 4 
greater root, to wit, u * P, be called M, the binomial quantity M + 72 


will uſually be a pretty good near value of the greater root. 


And thus, when the leſſer root is known, we may eaſily find two pretty good 


. mh 
near values of the greater root of the equation Px — 3 Q by com- 


puting the expreſſions 1 and M + —. 


22 + 2 


Now 
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Now in the equation 1. 179, 134K — R* = 0. 179, 134 we know that the 
leſſer root of the equation is 1, Therefore in this equation we may eaſily find 
two pretty good near values of the greater root R by computing the expreſſions 


2 - : x P and M + - ; which may be done as follows. 


In the equation 1. 179, 134K — R = 0.179,134, the co-efficient 1.179,134 
anſwers to the co- efficient P in the general equation Pa“ — ** 1 Q and 


R anſwers to x, and 7 anſwers to m, and o. 179, 134 anſwers to Q, Therefore 


2m + 1 . 1 3 I 
* P will be = 3 X 1. 179,134 (= TX 1179,34 = 


= * 1.179,134 = ) = 1.105, 438. Therefore 1.105, 438 will be 


a tolerably good firſt near value of R, or the greater root of the equation 
1.179, 134K — R = . 179, 134. 
Farther, M, or — x P, or the lower limit of R, will be = _ * 


1179,134 (==) 1.031, 742, and d, or M- 1, will be nr 


o. 03 1,742. Therefore — will be (= — = 0.015,871, and M + - 


will be (= 1.031,742 + 0.015,871) = 1.047,613. Therefore 1,047,613 
will alſo be a tolerably good firſt near value of R, or the greater root of the 


equation 1. 179, 134K“ — R' . 179, 134. 
Of theſe two firſt near values of R, to wit, 1. 105, 438 and 1.04), 613, the 


latter is neareſt to the true value of R, which is 1.06. But the contrary will 
often happen in equations of this form when is a high number, as 40, or 50, 


or 60; for the limits of the value of R, (which are P, or 1 XP, and 


2 - X P,) will be much nearer to each other in that caſe than in the preſent 
caſe, in which is only the ſmall number 7. But, in order to determine which 
of theſe two firſt values of R, namely, 1.105,438 and 1.047,613 comes neareſt 
to the true value of R, we muſt ſubſtitute each of them, inſtead of R, in the 

: binomial quantity 1.179, 134K“ — K&", that we may compare the two values of 
the ſaid binomial quantity reſulting from the ſaid ſubſtitutions with each other 
and with 0.179,134, or the abſolute term of the equation, This may be 


done in the following manner. 


In making theſe ſubſtitutions of the numbers 1. 103, 438 and 1.047,613 
inſtead of R in the binomial quantity 1.179,134R' — R', 1 ſhall neglect the 
three laſt figures of each of them, as not likely to be true, and ſhall ſuppoſe 
theſe near values to be 1.105 and 1.047. And fiſt we will ſobſtitute the 


number 1.105 inſtead of R in the ſaid binomial quantity. | 
: Now, 


9 
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Now, if we ſuppoſe R to be = 1.103, we ſhall have Re = 1.105)”, and 
Re = T:t03)*, and 1.179,134R' — R. = 1.179,134 X 1. 105 — 1,105)", 
We muſt therefore find the values of 1.105)? and 1. 105“. 


Now the logarithm of 1.105 is = 0.043,364,3- Therefore the logarithm 
1,105)” will be (= 7 Xx 0.043,364,3) = o. 303, 550, 1, which is the logarithm 
of 2.0116, &c. Therefore 1.105)” will de = 2.0116 Kc. Therefore 1.1850 
will be (= 2.0116 &c X 1.105) = 2.2228 &c, and 1.179, 134 X 1. 1057 
will be (= 1.179,134 Xx 2.0116 &) = 2.3719 &c, and the binomial 
quantity 1.179,134 X 1.1097 — 1.105)? will be (= 2.3719 &c — 2.2228 


&c) = 0.1491. Therefore, if R be = 1.105, the binomiat quantity 
1.179, 134K — R* will be = 0.1491. This quantity is conſiderably leſs than 
0.179,134, or the abſolute term of the equation 1.179, 134Kx — K = 
o. 179, 134; and conſequently the quantity 1.105 mult be conſiderably greater 
than the true value of R, or the greater root of that equation, 


We will next ſubſtitute the number 1.c47, (reſulting from the expreſſion 


M + — ) inſtead of R in the binomial quantity 1.179, 134K — R.. 


Now, if R is = 1.047, we ſhall have R = 1.047”, and . = 1.047", 
and 1.179,134R' — R* = 1.179,134 X 1.047 — 1.04. We muſt 


8 find the values of 1.047 and 1.047)*; which may be done as 
ollows. 


The logarithm of 1.047 is = 0.019,946,7. Therefore the logarithm of 
1.047)” is (= 7 x 0.019,946,7) = 0.139,626,9, which is the logarithm of 
1.3792 —. Therefore 1,047 will be = 1.3792 —, and conſequently 1,047)" 
will be (= 1.3792 x 1.047) = 1.4440, and 1.179,134 X 1.047)” will be 
(= 1.179,134 X 1.3792) = 1.6262 &c. Therefore 1.179,134 X 1.047}? 


— 1.047) will be = 1.6262 — 1.4440 = 0.1322, Therefore, if 
1.047, the binomial quantity 1. 179, 134. — R will be = 0.1822. This 
quantity is ſomewhat greater than o. 179, 134, or the abſolute term of the 
equation 1.179,134/ — It = 0.179,134; and conſequently the quantity 
1.047 muſt be ſomewhat leſs than the true value of , or the greater root of 


that equation. But it will be much nearer to the ſaid true value than the 
former number 1,105 is. 


Now let the number 1.105 be denoted by the ſmall letter 5, and the quantity 
O. 1491 (which is the value of the binomial quantity 1.179, 1344 — K* 


reſulting 
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reſulting from the ſubſtitution of 1.105, or 5, in it's terms inſtead of R.) be 
denoted by the capital letter B, And let the number 1.047 be denoted by the 
ſmall letter c, and the quantity 0.1822, (which is the value of the binomial 
quantity 1.199,134R” — R* reſulting from the ſubſtitution of 1.047, or c, in 
it's terms, inſtead of R,) be denoted by the capital letter C. And, by the 
differential method of approximation, we may obtain another near value of R 
that ſhall be more exact than either of the two former, by making the following 
proportion; As C—B is to C —Q» fo (very nearly,) will 5 — c be to 
X — c, that is, as 0.1822 — 0.1491 is to 0.4822 — 0.179,134, ſo (very 
nearly) will 1.105 = 1.047 be to R — 1.047, or as 0.0332 is to 0.003,066, 
ſo (very nearly,) will 0.058 be to R — 1.047. Therefore K — 1.047 will 
be, nel, = — — = — = 0,005,35, and conſe- 
quently R will be, nearly, (= 0.005,35 + 1.047) = 1.052, 35; or the next 
near value of R, or the greater root of the propoſed equation 1.179,134R' 
— R' = 0.179,134, will be 1.052,35. . E. I. 


Now let this new value of R, to wit, 1.052, 35, or (dropping the laſt 
figure 5, to ſave trouble in the calculation,) 1.0523, be ſubſtituted inſtead 
of R in the binomial quantity 1. 179, 134K — K, in order to diſcover 
whether the value of the ſaid binomial quantity reſulting from ſuch ſubſtitution 
will be greater, or leſs, than o. 179, 134, or the abſolute term of the equation 
1. 179, 134R — R* = . 179, 134, and conſequently to determine whether the 


ſaid number 1.0523 will be leſs, or greater, than R, or the greater root of that 
equation, This may be done as follows, 


If Ris = 1.0523, we ſhall have R' = 1.03237, and R = 1.0523)*, and 
1.179,134 X  — R* = 1.179,134 X 1.0523)” — 1.05230. We muſt 


* find the values of 1.0523)” and 1.0523)* ; which may be done as 
ollows. 


The logarithm of 1.0523 is 0.022,139,6, Therefore the logarithm of 
1.0523)? will be (= 7 X 0.022,129,6) = 0.154,977,2, which is the loga- 
rithm of 1.4288. Therefore 1.0523)” is = 1.4288, and conſequently 
1.0523“ will be (= 1.4288 x 1.0523) = 1.503,526,24, and 1.179,134 X 
1.0523 will be (= 1.179,134 X 1.4288) = 1.684,746,659,2. Therefore 
1. 179,134 X 1.052307 — 1.0523)* will be (= 1.684,746,659,2 — 1.503, 
526,24) = 0.181,220,419,2 ; that is, if R is = 1.0523, the binomial quantity 
1. 179, 13444 — K will be = 0.181,220,419,2. This quantity is ſomewhat 
greater than 0.179,134, or the abſolute term of the equation 1.179,1344 


— K = 0.179,134. Therefore 1.0523 muſt be leſs than the true value 0 
K, or the greater root of that equation. 1. 1. 
n 
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In order therefore to obtain a more exact value of R, we will ſuppoſe N to 
be = 1.0523 + 2, and ſubſtitute this binomial quantity inſtead of it in the 
equation 1.179,134R! — R* = 0.179,134, and reſolve the transformed 
equation reſulting from ſuch ſubſtitution, as if it were a mere ſimple equation, 
according to the directions of Mr, Raphlon's method of approximation. 


Now, ſince R is = 1.0523 + 2, we ſhall have R' = 1.0523 + 2)" = 


1 e —— 
1.652% + 7 x 1.0523* x2 + & (= T0523" + 7 x — 1 
428 
+ &c = 1.4288 + 7 * — X 2 + &c = 1.4288 + 7 X 1.357,797 


X 2 + &c) = 1.4288 + 9.504,509 x 2 + &c, and R* = "1.0523 + 2) 


= 1.0523)* + 8 x 1.0523)” x 2 + &c (= 1.4288 x 1.0523 + 8 x 
1.4288 X 3 + &c) = 1.503,520,24 + 11.4304 x 2 + &c. And 


1.179,134 x Ni will be = 1.179,134 X 1.0323 + 2 (= 1. 179,134 * 


1.4228 + 9.504, 509 X 2 + &c = 1.179, 134 X 1.4228 + 1.179, 134 X* 
9.594.509 N 2 + &c) = 1.684,746,659,2 + 11.207, 089, 7 13, 200 „ 2 


+ &c. Therefore the binomial quantity 1.179, 134K — K“ will be = the 


compound quantity 


1.684, 746, 659, 2 + 11.207,089,715-206 Xx Z + &c 
— 1.503,520,24 — 11.430,400,000,000 Xx Z — &c 


= 0.181,220,419,2 — o. 223,310, 284,794 X ⁊ &c. 
But the binomial quantity 1.179, 134K = R' is . 179, 134. 


Therefore the compound quantity o. 18 1, 220, 419,2 — 0.223, 3 10, 284,794 
X 2 &c will allo be o. 179, 134. 


Therefore 0.181,220,419,2 will be = 0.179,134 + 0.223,310,284,794 
X 2 &c, and conſequently 0.223,310,284,794 X 2 &c will be ( = 
0.181,220,419,2 — 0,179,134) = 0.002,086,419,2, and & will be (= 


0.002,086,4 19,2 * 5 I 
ring ney, = 0.009,3% Therefore R, or 1.0523 + 2 will be = 


1.0523 + 0.009,3 = 1.0616, or the new near value of R in the equation 
1.179, 134Kx — K = 0.1759,134, obtained by this laſt proceſs of Mr. 
Raphſon's method of approximation, will be 1.0616. . . bi 


This laſt number 1.0616 is ſufficiently near to 1.06 to make it reaſonable 
to conjecture that the true value of R in this equation will be = 1.06; which, 
upon trial, will be found to make the binomial quantity 1.179,134R? — R*® be 
equal to 0.179,134, and conſequently muſt be equal to the greater root of the 
equation 1.179, 134K — R* = 0.179,134. It ſeems therefore to be unne- 
ceſſary to carry the approximation to the value of R, or the greater root of this 
equation, any further. 

Vor. V. 5 L Art. 12. 
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Art. 12. The third Example of an affected equation reſulting from a 
Queſtion concerning Compound Intereſt, given by Mr. John Ward in the 
parts of his works that have been here reprinted, occurs above in page 718, 
in the Treatiſe intitled Clavis Uſure, or A Key 10 Intereſt, both Simple and 
Cempound, Chapter IV, Section III, and is expreſſed in the following words; 


ll. 


« Example I, In Yearly Rents. 


&« Suppoſe there were paid 3205/. 5s. for an annuity, or a leaſe, of 2 504. 
* per annum, to continue for 21 years; what rate of Intereſt per cent &c is 
allowed to the Purchaſer ?” 


This Queſtion Mr. Ward does not ſolve in the ſame manner as he did the 
two former, to wit, by reducing them to an affected equation, and inveſti- 
gating the value of R, or the greater root of this equation, by ſuppofing it to be 
equal to 1 + e, and ſubſtituting 1 + e inſtead of R in the ſaid equation, 
with an omiſſion of all the terms in the ſerieſes that are equal to the powers of 
R or 1 + e, that involve any higher powers of e than it's ſquare, or &, and 
reſolving the imperfect, transformed, equation that reſults from ſuch a ſubſti- 
tution : but he ſolves it by mere conjectural aſſumptions of different quantities 
for the value of R, and by computing, by means of ſuch aſſumed values of &, 
the value of the annuity which might, at thoſe ſuppoſed rates of Intereſt, be 
purchaſed for the given ſum of 3205/. 5s., till he finds that the annuity 

correſponding to the laſt-aſſumed value of R is the very annuity of 250/, 
per annum which was given in the Queſtion. In this way of proceeding he, 
firſt, aſſumes 1.06 for the value of R, and finds the annuity that correſpon ls 
to it to be 196.1059/., inſtead of 250/., and thence concludes that 1.06 is 
greater than the true value of R; and he then aſſumes 1.05 for the ſid value, 
and finds the annuity that correſponds to it to be 250.000/., or exactly 250!. 
a year, or the very annuity given in the Queſtion, and thence concludes that 
this ſecond aſſumed number, 1.05, is the true value of R, or that the rate of 
Intereſt required is 5 per cent. 


This way of anſwering a queſtion of this kind is very clear and ſatisfactory; 
but there is ſome danger of it's becoming tedious by the number of conjectures 
and trials it may be neceſſary to make before we arrive at the true value of , 
if they are not made with great judgement and ſagacity, and, one may almoſt 
ſay, with great good luck. I ſhall therefore ſolve the foregoing Queſtion by 
reſolving the affed ed equation to which it may be reduced, and which comes 

U 


under the general equation 12 = 72 „ FINE, or T * K + 


1 * K or ＋ + 1 * E -N A,, as Mr. Ward has in- 
| formed 
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formed us in the preceeding page 717; in which equation the letter U denotes 
the annuity, or rent, to be purchafed ; the letter 7 denotes the time of it's 
continuance, or the number of ſeparate equal portions of time at the ends of 
which the annuity becomes payable, during it's continuance ; the letter “ 
denotes the preſent worth of te annuity, or rent, or the price to be paid for 
it by the purchaſer ; and the letter R denotes the amount of 14, together with 
it's intereſt for one year, or half-year, or quarter of a year, or, in general, for 
one of the portions of time at the ends of which the intereſt is to be paid; 
according to the notation of our author in page 707 at the begianing of 
Section III. 


Art. 13. We muſt therefore apply the general equation LA + 1 x K. 


K = 2 to the particular queſtion now before us; which may be done 
as follows. 


In this Queſtion U, or the annuity, or rent, purchaſed, is = 250. per 
annum, and it is to be paid at the end of every year; the time t, during which 
the annuity is to continue, is 21 years, or contains 21 ſeparate equal portions 
of time, of a year each, at the ends of which the annuity is made. payable ; 
the preſent worth, P, of the annuity, or the price to be paid for it by the 
purchaſer, is 3205. 5s., or 3205.25; and R, or the value of 1/., together 
with it's intereſt for one year, is the unknown quantity which we are required 


to find, Therefore F will be = Bf = 0.077,997, and F + 2 will 


be = 1.077,997, and R* will be = Ru, and R I will be = Ra, and the 


general equation Ld ＋ K R- * LA will be converted into the 


numeral equation 1.07%, 997 R. — R* = 0.077,997. This equation we mult 
therefore now endeavour to reſolve. 


— — 


The Reſolution of the Equation 1,077,997 RK" — R* = 0,077,997 in the Manner 
deſeriled in the Appendix io Dr. Halley's Diſcourſe on Compound Intereſt in Pages 
414, 415, 416, &c - = to Page 423. 


Art. 14. By comparing this numeral equation 1.077,999R* — NR. 2 


0.077,997 With the general equation Px" — * r Q (under which it falls,) 
we ſhall have P = 1.077,997, and Q = 0.077,997, and x = R, and 
5L2 m = 21, 
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m = 21, and conſequently m + 1 = 22. Therefore the greater limit of the 
magnitude of R, or the greater root of this equation, (which greater limit in 


the general equation Px” th Q is = P,) will be = 1.077,997, and 


the leſſer limit of R (which in the ſaid general equation is = 9 x P,) will, 


in this numeral equation, be = _ X 1. 077,997 (= ) 1.028, 99), 


1.077997 T1. 028, 97 
: ve 4h 


and the arithmetical mean between theſe two limits will be (= 
=> —2 = 1.053,49, or, very nearly, 1.0535. Therefore 1.0535 will 


be a pretty good firſt near value of R, or the greater root of the equation 
1.077,997R* — R = 0.077,997- 


Further, it is evident that the leſſer root of this equation is 1. For, if R 
be taken = 1, we ſhall have R.“ = 1, and R“ allo = 1; and conſequently 


the binomial quantity 1.077,977R** — R. will be (= 1.077,99 X 1 — 1 
= 1.077,99 — 1) = 0.077,997, which is the abſolute term of the equation 
1.07, 99% K. — R* = 0.077,997 3 and therefore 1 will be a root of this 


equation, . E. D, 

Now let M be put = — _ 
greater root of the equation; and let 4 be put for the exceſs of the ſaid leſſer 
limit of the, greater. root R above the leſſer root 1. And we ſhall have d (= 
1-028,097 — 1) .= 0.028,997, and - = 0,014,498, and conſcquently 


M+ TA (= 1.028,997 + 0.014,498) = 1.043,495,'0r, very nearly, = 


1.0435. Therefore 1.043,495, or 1.0435, will alſo be a tolerably good firſt 
near value of R, as well as 1.053,497, or 1.0535, which was the arthmetical 
mean between it's higher and lower limits. | 


The former of theſe near values of R, to wit, 1.053,497, or 1.0535, (which 
is the arithmetical mean between it's greater and leſſer limits 1.077, 997 and 


* . or 1. 028,997, the leſſer limit of the 


1.028,99, and is equal to the fraction — — XX; of 2" X 1.077, 997.) 


comes nearer to the true value of it, (which is 1.05,) than the ſecond 
. A 
near value 1.043, 495, or 1.9435, which was equal to M + —z the diiler- 


ence of 1.0535 and 1.05 being 0.0035,and the difference between 1.05 and 1.0435 
being 0.0065 :; which circumſtance is the reverle of what happened in the former 
equation 1. 170,1 34K R = 0.179,134, in which n, or the index of the power 


of R in the firſt term of the equation, was equal to the ſmall number 7. And 
either 


6 
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either of theſe two near valves, 1.0535 and 1.04 35, is near enough to the truth to 
be a very good ground-work for a further appr. ach io the true value of A either 
by the Differential method of approximation or by Mr. Raphſon's method. 


Further, we may obſerve that both in this equation and in the former 
equation 1.179,134K7 — K = 0.179,134, the ncar value of & derived trom 


; 2m + 
the expreſſion — <q 


near value of it, derived from the expreſſion M + . is lels than the ſaid 


I . 
— X is greater than the true value of R, and the other 


true value. Therefore it will often happen that an arithmerical mean between 


2m + 1 
24 x P and 


M + 2 will be nearer to the true value of R than either of the ſaid two near 


the two near values of R derived from thoſe expreſſions 


values themſelves; and this will happen in the preſent caſe in a remarkable 
degree, becauſe the exceſs of the firſt near value, 1.0535, above 1.050, or 1.05, 
(which is the true value of R,) is but little lefs than the exceſs of 1.050, or 
1.05, above the fecond near value 1.0435. This, indeed, we could not have 
known with certainty, if we had not already known that 1.05 was the true 
value of R: but yet there would have been good reaſon to ſuſpect that it 
might be fo, and therefore to take this new arithmetical mean between 1.0535 


and 1.043 5, (which will be = —— — — — = 1.048 5, ) for our ſirſt 


practical near value of R, or for the ground-work of a ſurther approach to it's 
true value either by the Differential method of approximation, or by Mr. 
Raphſon's method. We will therefore now take 1.0485 for our firſt practical 
near value of R in the equation 1.077, 997% R — K = o. o/, 997, and will 
tubſtitute it inſtead of & in the binomial quantity 1.877, 99 K“ — N, in 
order to diſcover how near the value of the ſaid binomial quanaty refulting 
from ſuch ſubſtitution will approach to o. 077,997, or the abſolute term of 
the faid equation, and whether the ſaid refulting value of the {aid binomial 
quantity will be greater, or leſs, than the ſaid ablolute term, and contequently 
whether the ſaid number 1.0485 will be Jeſs, or greater, than the true value 
of R, or the gieater root of the ſaid equation, This lubitrution of 1.6485 
inſtead of A in the binomial quantity 1.07, 99 % Kk — K may be made un 
ihe following manner, 


Art. 15. If R is =. 1.0485, we (hall have R = 1.0483\"", and &“ 
= 1.94»,)*, and. 1.077,997K* — R* = 1.077,997 & 1485 — 
1.0485'**, We muſt therefore find the values of 1.048z)** and 1.0455 ; 
which may be done as follows. 

8 The 
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The logarithm of 1.0485 is = 0.020, 568,4. Therefore the logarithm of 
1.:455)*" will be (= 21 x 0.020,568,4) = 0.431,936,4, which is the loga- 
rithm of 2.703,562,5. Therefore 1.0485] is = 2.703, 562,5; and conſe- 
quently 1.0489)” will be (S 1,0483\*" X 1.0485 = 2.703,562,5 X 1.048;) 
= 2.834,685,281,25; and 1.077,997 * 1.0485)" will be (= 1.077. 99% X 
2.703, 562,5) = 2 914, 432, 264, 312,5. Therefore 1.077, 997 X 1.0489)" — 


1.045527 will be (= 2.914,432,264,312,5 — 2.834,685,281,25) = 0.079, 
746,983,062,5. This number is greater than the number 0.077,997, or thc 
abſolne term of the equation 1.077, 99% R R* = 0.077,997. Theref ne 
1.04%5 muſt be leſs than the true value of R, or the greater root of that 
equation. | 


Having thus found that 1.0485 is leſs than the true value of R, or the greater 
root of the equation 1.077, 99% K“ R = 0.077,997, we will, in the next 
place, ſuppole & to be equal to 1.0495, (which is a little greater than 1.0486, 
and therefore probably nearer to the true value of R,) and will ſubilitute 
1.0495 inſtead of .R in the binomial quantity 1.077, 90% R“ — E, in order 
to diſcover the value of the ſaid binomial quantity reſulting from ſuch fubſli- 
tution ; and, when that value ſhall be obtained, we will have recourle to a 
proceſs of the Differential method of approximation in order to find another 
near value of R that ſhall be nearer than either 1.0485 or 1.0495 to it's true 
value. This ſubſtitution of 1.0495 inſtead of R in the binomial quantity 
1.977,997R** — may be made in the following manner. | 


If R is = 1.0495, we ſhall have R” = 1. o 49 5)“, and R* = 1.0495, 


and 1.077, 997 R — R** = 1.077,997 X 1.0495“ — 1.0495). We mull 


therefore fiud the values of 1.0495 and 1.0493\** ; which may be done as 
follows. ; 


The logarithm of 1.0495 is o. oao, 982,4. Therefore the logarithm of 
1.0495 will be (= 21 Xx 0.020,982,4) o. 440, 630, 4, which is the loga- 
rithm of 2.758,229,7. Therefore 1.0495)** is = 2.758, 229, 7; and conle- 
quently 1.0495)** will be (= 2.758, 229,7 X 1.0495) = 2.894, 762,070, 15; 
and 1.077,99 X 1.0395 will be ( = 1.077,997 X 2.758, 229,7) = 


2.97 3,363.341,910,9, Therefore 1.07), 997 * 1. 495 — 1.0495 will be 
(= 2.973, 363, 341, 910, — 2.894, 762,070, 15) o. 078, 601, 271, 760, 9. This 
number is a little, and but a little, greater than the number o. 077, 97, or the 
abſolute term of the equation 1.07%, 997 E. — R. o. 077,997. Therefore 
1.0495 will be a little, and but a little, leſs than the true value of X, or thc 


greater root of that equation. 
Now, 
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Now, fince 1.0485, 1.0495, and R, are three quantities that are very nearly 
equal to each ther, and the three numbers 0.079,74",9, 0.078,601,2, and 
0.077,997, are three numbers correſponding to the three quan'ities 1.0485, 
1.0495, and E, or that reſult from the ſubſtitution of the ſaid three quantities 
inſtead of R in the binomial quantity 1.077,9974** — N, it follows that the 
differences of the three former quantities will be to each other 1n, nearly, the 
ſame proportion as the differences of the three latter quantities; that is, R — 
1.0495 will be to 1.0495 — 1.0485 in, nearly, the ſame proportion as 0.078, 
601,2 — 0.077, 997 is to 0.079,746,9 — 0.078,601,2, or R — 1.0495 will 
be to 0.0010 in, nearly, the ſame proportion as 0.000,004,2 is to 0.001,145,7. 

0.0010 X 0.0092,0041,2 


Therefore R — 1.0495 will be, nearly, = 8 = o. ooo, 527, z. 


Therefore R will be, nearly, ( = o. ooo, 527,3 + 1.0495) 1.050, 027, 3; that 
is, the greater root of the equation 1.077, 99 K — R** = 0.077.997 will be 
nearly equal to 1.050, 027, 3. Q. E. I. 


This value of R, to wit, 1.0 50, 27, (which has been ohtained by chooſing 
1.0485, or the arithmetical mean between 1.0535 and 1.0433, or the values of 


the quantities N „ P and M + <5 „for the firſt practical near value of 
2m + 2 2 

R, or the ground-work of a further approach to it's true value, and afterwards 

employing one proceſs of the Differential method of approximation,) approaches 

wonderfully near to it's true value 1.05, or 1.050,000, which it exceeds by 


only the ſmall quantity 0,000,027, or the 38,888th part of the ſaid true 


value 1.05 ; which proves that, in this cale at leaſt, the expreſſions 75 1 - x P 


and M + — are very uſeful in enabling us to find a firſt near value of the 


unknown quantity R, or the greater root of the equation P x R“ — yours 


Q or PX R R =P 1, that will be a very convenient ground- 
work for a further approach to it's true value by either the Differential method, 
or Mr. Raphſon's method, of approximation. 


Art. 16. This equation 1.077,99 7 R — R* = 0.077,997 may alſo be 
reſolved in the manner mentioned above in Art. 5 and 10 by ſubſtituting 
1 Te in it's terms inſtead of R, and retaining four terms of the two ſerieſes 


that will be equal to R“ and A*, or to 1 + e and 1 Te; as may all 


+1 


equations of this form, Pr — “- P- 1, or in which the co-efficient 


of x" in the firſt term of the equation is greater than the abſolute term of it 
by an unit. But the value of R that will be thereby obtained will not be fo 


near to the true value of N as either of the two values 1.0535 and 1.0435, 
which 
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zm 1 
| | am +2 * P 
and M +; and much leſs will it be ſo near to it as the number 1.,048;, 


which were obtained above in Art. 14 by means of the expreſſions 


which was an arithmetical mean between the two former values. For it will be 
= 1.058, 730; as will appear by the following inveſtigation of it. 


| * . 


The Reſolution of the foregoing Equation 1.077, 99 R* — R* = 0.077,997, in 
the Manner deſcribed above in Art. 5 and 10, by ſubſtituting 1 + e in it's 
Terms inflead of R, and retaining four Terms of the two Serieſes that will be 
equal to N- and Ku, or 1 + t and 1 + e, and reſolving the Quadratict 
Equation that will reſult from that Method of Approximation. 


— — | 
A 1 


If R is = 1 + e, we ſhall have R* = 1 +e)** = (by the binomial 


21 


theorem, ) to the ſeries 1 + 21e + 21 x —— Xe + 21 X —— * 


2 — 2 . . 
* & + &c, continued to 22 terms, (or to the ſeries 1 + 21e + 21 


IC — X + 21 X _ X > * e + &, continued to 22 terms, or to 


the ſeries 1 + 216 + 21 X10 Xe + 21 X 10 X ＋ X & + Ka, conti- 


nued to 22 terms, or to the ſeries 1 + 21e + 210 +7 X10X 19 x & 
+ &c, continued to 22 terms,) or to the ſeries 1 + 21e + 210e* + 1330 


+ &c, continued to 22 terms; and R. will be = R*XR = 1 +9*® x 


1 +e (= the ſeries 1 + 21e + 2108 + 1330 + &c multiplied into 
1 +e) = the ſeries 1 + 22e + 231 + 1540e + &c, continued to 
23 terms; and 1.077, 99% K* will be = 1R** + 0.077,997 x R. = the 
leries 1 + 21e + 210e* + 1330e? + &c, continued to 22 terms, + 
0.077,997 X the ſame ſeries 1 + 212 + 210 + 13308 + &c, continued 
to 22 terms, | 


Therefore the binomial quantity 1.07%, 997 x R — R** will be = the 
following compound quantity, to wit, the decimal fraction 0.077,997 multi- 
plied into the ſeries 1 + 21e + 21ce* + 13308 + &c, continued to 22 terms, 
+ the ſame ſeries 1 + 21e + 2106 + 13308 + &c, continued to 22 terins, 
— the leries 1 + 22e + 231. + 15409 + &c, continued to 23 terms, 

= the ſeries 0.077.997 + 0-077,997 Xx 21e + 0.077,997 Xx 2100 + 
0.077, 997 Xx 1330e? + &c, continued to 22 terms, 
| + the 
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+ the ſeries 1 + 21e + 210% + 13308 + &c, to 22 terms, 
— the ſeries 1 + 22e + 231e* ＋ 1540e* + &c, to 23 terms, 
= the ſeries 0.077,997 + 1.637,937e + 16.379, 370% + 103.736, oloe“ 
+ &c, to 22 terms, | 
+ the ſeries 1 + 21e + 210e* + 143308 + &c, to 22 terms, 
— the ſeries 1 + 22e + 231e* + 1540e* + &c, to 23 terms, 
= the ſeries 0.077,997 + 1.637,937e + 16.379,370e* + 103.736, oloe 
+ &c, to 22 terms 
+ the ſeries 1 + 21e + 2108 + 13308 + &c, to 22 terms, 
— the ſeries 1 + 22e + 231e* + 1540 + &c, to 23 terms, 
= the ſeries 0.077,997 + 1 + 22.637,937e + 226.379, 370 
+ 1433-736,010e + &c, to 23 terms, 
— the ſeries 1 + 22.000,000e + 231.000,000e* + 1540,000,000-* 
+ &c, to 23 terms, 
= the ſeries 0.077,997 + 0.637,937e — 4.620,630e* — 106.263, 990 
— &c, continued to 22 terms. 


But the binomial quantity 1.07%, 997 f — N is = 0.077,997. 


Therefore the ſeries 0.077,997 + 0.637,937e — 4.620,6 30e* — 106.263, 
g9go0e? — &c, continued to 22 terms, will allo be = 0.077,997. 


Therefore 0.077,997 + 0.637,937e will be = 0.077,997 + 4.620,630e* 
+ 106.263,990e + &c, and (ſubtracting 0.077,997 from both ſides,) 


0.637,937e will be = 4.620,630e* + 106.263,990e* + &c, and (dividing all 
the terms by e,) 0.637,937 will be = 4.620, 630 + 106.263,990e* + &c, 


and (dividing all the terms by 106.263,990, the co-efficient of e*,) 1550 
will be Kane 2 + &* + &c, that is, 0,006,003 will be = o. 043, 4820 


106.263,990 
+ & + &c, or (ranging the terms of the equation in the more uſual manner, 
with the abſolute term 0.006,003 on the right-hand ſide of the mark of 
equality,) e* + o. o43, 48260 + &c will be = 0,006,003, Therefore (adding 


0.021,741)* to both ſides) we ſhall have “ ＋ o. 043, 4820 + 0.021,741)* 


+ &c = 0.006,003 + 0.021,741'* (= 0,006,003 + 0.000,472,671,081) = 
0.006,475,671,081, and (extracting the ſquare-roots of both ſides,) we ſhall 
have e + 0,021,741 + &c (= v/ 0.006,47 5,671,081) = 0.080,471, and e (= 
0.080,471 — 0,021,741 — &c) = o. 058,730 — &c. Therefore R, or 
I + e, will be (= 1 + 0,058,730 — &c) = 1.058,730 — &c, or the greater 
root of the equation 1.077, 997% K — K* = o. 077, 997 will be nearly equal 
to, but leſs than, 1.058, 730. Q E. I. 


From this example we may conclude that, when m, or the index of the 
power of R, or x, in an equation of this form, PH RO 2 A 


or Pr - = Pp 1, is 21, or any greater number, this manner of 
Vor. V. 5 M reſolving 
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reſolving it by ſubſtituting x + e in it's terms inſtead of R, will not give us 


2m + 1 : 
IIS ICE” and 


M + — And ] believe the ſame obſervation will be true even when m is 


ſo good a firſt near value of it as either of the two expreſſions 


leſs than 21, if it be greater than 11 or 12. But, if it do not exceed 12, and 
more eſpecially if it do not exceed 7, this method of approximation will be 
found to give us a very good firſt near value of R, as we have ſeen above in 
art. 10, where it enabled us to find the number 1.061, 293 for a near value of 
R, or the greater root of the equation 1.179, 134K — K = . 179, 134, of 
which root the true value is 1.06. It is, however, in all cafes attended with 
2m +1 x p 


much more labour of calculation than computing the two expreſſions == 
.. 


and M + — , and finding the arithmetical mean between them, 


Art, 17. The fourth Example of a Problem, or Queſtion, concerning 
Compound Interelt, that produces an affected equation, given us by Mr, John 
Ward, occurs above in page 719, or the next page to that which contained the 
laſt Queſtion, which produced the equation 1.077,997R** — R. = 0.077,997, 

which we have been juſt now reſolving. And it produces an equation of the 
fame form with this laſt equation. It is expreſſed in the following words. 


% Example II. In Half-Yearly Payments. 


“ Admit 32440. 5s. were given for an annuity, or leaſe, of 2 50. per annum, 
* to be paid half-yearly, (viz. 12 5. every half- year,) and to continue 21 years; 
c what rate of Intereſt per cent is allowed the purchaſer ?” 


This Queſtion Mr. Ward ſolves as he did the laſt, that is, by mere conjec- 
tural aſſumptions. of different quantities for the value of R, and by making; 
trials of the quantities ſo aſſumed by computing, by means of them, the value 
of the annuity, or, rather, half-yearly penſion, which might, at thoſe ſuppoled 
rates of intereſt, be purchaſed for the given ſum of 3244/..55., till he finds 
that the half-yearly penſion correſponding to the laſt-aſſumed value of & is the 
very half-yearly penſion of 125/. which was given in the Queſtion. In this 
way of proceeding he firſt aſſumes 1:06 for the value of R, or of 17. together 
with it's intereſt for a year, and finds the half- yearly penſion that correſponds 

to it to be 98.928 3., inſtead of 125.; and he thence concludes that the true 
value of R muſt be leſs than 1.06. He then, for a ſecond trial, affunies 1.05 
for the value of R, and computes the half-yearly penſion that correſponds to 
this value of R, and finds it to be exactly 125/., or the very halſ-yearly penſion 
ſuppoled in the Queſtion, and thence concludes that this ſecond aſſumed value 
of R, to wit, 1.05/., is it's true value, or that the rate of intereſt required by 
the Queſtion-is 5 per cent. But, if we mean to ſolve this Queſtion by firſt 
* | reducing 


KEY TO INTEREST, BOTH SIMPLE AND COMPOUND, 803 


reducing it to an equation, and then reſolving the equation fo obtained, we 
muſt apply the general equation given us by Mr. Ward in page 717, to Wit, 


9 "Uh U 
＋ 2 * 1 or + 1) * R , to the 


particular Queſtion we are to ſolve ; which may be done as follows. 


Since the annuity is to be paid every balf-year by equal payments of 125“. 
each, the letter U will not repreſent a whole years' annuity, but one of thele 
half-yearly payments, or 125/. And the letter P (which denotes the price paid 
for the annuity, or leaſe, of 2507. a year, or 12 5¼. every half-year, during 
21 years,) will be 3244/. 5s., or 3244.2 5“/.; and 1, or the number of halt- 
years, or equal portions of time at the ends of which the ſeveral payments of 
125, cach are to be made, contained in the whole time during which the leaſe 
is to continue, (which is 21 years,) will be 42, and conſequently ? + 1 will 


be 43. Therefore the general equation * if RK KR" a0 2 will 


P 
125 42 
1) X RY = 
4425 


in this Queſtion be converted into the numeral equation 


3 
ohm — W 0.038,529 +1) X no JO => 0.033, 529, or 1,039, 529 
ws R* = 0,038,529. This therefore is the equation which we are now to 


reſolve. But it muſt be obſerved that the letter R in this equation will not 


(as before,) denote the value of one pound together with it's intereſt for a whole 


year, but the value of one pound together with it's intereſt for half a year, 
which will be a geometrical mean proportional between x pound and 1 pound 
together with it's intereſt for a whole year, or will be equal to the ſquare-root 
of the ſum of 1 pound and it's intereſt for a whole year, and will be ſomewhar 
leſs than an arithmetical mean between 1 pound and 1 pound together with it's 
intzreſt for a whole year. Thus, if 1 pound together with it's intereſt for a 
whole year is = 1.06/., R will. in this equation be = / 1.06, or 1.029, &c, 
or lomewhat leſs than 1.03. This being premiſed, the equation 1.038, 529K“ 
— R“ = 0.038,529 may be reſolved in the manner following. 


— — — 
The Reſolution of the Equation 1,038,529R% — R. = 0.938,529 in the Manner 
deſcriled al ove in the © Appendix to Dr. Halley's Diſcourſe on C:mpound Intereſt,” 
in Pages 414, 415, 416, &c - 10 Page 523, 


Art. 18. If we compare this equation with the general equation Px* = x*** 


=-Q cxamined above in pages 414, * &c -- 423 of the preſent Volume, 
| 2 2 we 
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we ſhall have P = 1.038, 529, and x = R, and m = 42, andm + 1 = 43% 


m 4 2 
8 * F A X 1.038, 529 ( 


and 'Q = o. og38, 529, and conſequently 


— — = 1.014.377. Therefore R, or the greater root of the equation 
1.0 38,529 Kx * — R = 0.038,529 will be leſs than 1.038, 529, but greater 
zm ＋ r 84 +1 


een. 


1.038, 529, or to 55 * 1.038, 5 29,) or to 1.026, 453, or to an arithmetical 


mean between the ſaid two limits 1.038, 529 and 1.014, 377. 


than 1.014, 377, and will be nearly equal to 


Further, it is evident that the leſſer root of this equation is 1. For, if R is 
= 1, we ſhall have R“ = x, and R® = 1, and conſequently 1.038, 529 R* 


— R® (= 1.038,529 & 1 = 1 = 1,038,529 — 1) = 0.038,529 ;z which is 
the abſolute term of the equation 1.038, 529R* — RY = 0,038,529. There- 


fore I 1s a root of the faid equation. Q. E. b. 
Let this root 1 be ſubtracted from 1.014, 377, or 2 * P, or M; and 


let the difference be called 4. And we ſhall have 4 (= 1.014, 377 — 
1. oo, ooo) = o. o14, 377, and — = 0.007,188, and M + — (= 1.014, 


377 + 0.007,188) = 1.021, 365. Therefore this number 1.021,565 will 
alſo be a near value of R, or the greater root of the equation 1.038,529R* 
— R** = 0,038,529, as well as the number 1.026, 453. And, if we add 
theſe two near values of R together, and take the halt of their ſum, (which 
will be an aruhmetical mean between them, and which will be = 


nontss + 1921595 — 229212 = 1,024,009) it is probable that the ſaid 


2 


arithmetical mean. 1,024,009 will be ſtill nearer than either of the two former 
numbers to the true value of &, or the greater root of the equation 1.038, 529 R 
K* = 0.038,529, We will therefore take this number 1.024.009, (or 
neglecting the laſt figure 9,) 1.024, for our firſt practical near value of I, and 
ſubſtitute it inſtead of R in the binomial quantity 1.038,529R®* — R“, in 
order to diſcover whether the value of the ſaid binomial quantity reſulting 
from ſuch ſubſtitution will be greater, or leſs, than 0.038, 529, or the abſolute 
term of the faid equation, and conſequently whether the ſaid number 1.024 is 
leſs, or greater, than the true value of R, or the greater root of the ſaid 


equation, 


Now, if Re ſuppoſed to be = 1.024, we ſhall have R* = 1.024%, and 


RY = 1. oa“, and 1.038, 329 R.. = 1,033,529 & 1.04%; and conſe- 
| 9 quently 
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quently the binomial quantity 1.038, 529R®* — R. will be = 1.038, 529 * 
1.0za © — 1,024, We muſt therefore find the values of 1.024) and 
1.024); which may be done as follows, 


The logarithm of 1.024 is = 0.010,300,0. Therefore the logarithm of 
1.024 will be (= 42 X 0.019,300,0) = 0.432,600,0, which is the loga- 
rithm of 2 70%, 00, o. Therefore 1.024)“ is = 2.707,700,0 ; and conſe- 
quently 1.024) will be (= 1.024)* X 1.024 = 2.707,700,0 X 1.024) = 
2.772,684,8; and 1.038,529 X 1.024)* will be (= 1.038,529 & 2.707,700,0) 
= 2.8 12,024, 973,3. Therefore the binomial quantity 1,038,529 X 1.024 * 
— 1.024\® will be = 2.812,024,973,3 — 2.772, 684,8 = 0.039,340,173,3 3 
that is, the binomial quantity 1.038, 529gR** — R® will be = 0.039,349,173, 3. 
This number 0.039,340,17 33 is a little greater than 0.038,529, the abſolute 
term of the equation 1.038, 529g K* — K* = 0.038,529. Therefore 1.024 
mult be ſomewhat leſs than the true value of R, or the greater root of the ſaid 
equation. But it will be near enough to the ſaid true value of R to be an 


excellent ground-work for a further approach to the ſaid true value by Mr. 
Raphſon's method of approximation. 


Let us therefore put z for the exceſs of the true value of R above the 
quantity 1.024. 


And we ſhall then have R = 1.024 + 2, and conſequently R* = 
1.024 + 2)®* = (by the binomial theorem,) 1.024“ + 42 x 1.024” x z 


— 
1.024 


1.024 


+ &c (= 1.0 * + 42 X X 2 + &c = 2.707,700,0 + 42 X 


22H „ 2 + &c = 2.707,700,0 + 42 x 2.644,238,2 X 2 + &) = 


1.024 
2.70), 700, o + 111.058,004,4 * 2 + &c, and R® = 1.024 + 2 (= 


1. 24% + 43 X 1.024) x 2 + &c = 2.772,684,8 + 43 X 2.70%, 7000 
X 2 + &c) = 2.772,684,8 + 116.431,100,0 Xx 2 + &c, and 1.038,529 
* R = 1.038.529 Xx the compound quantity 2. 0%, 700, + 111.058, 004, 4 
X 2 + &c (= 1.038.529 X 2.70%, 700, + 1.033,29 X 11.058.004, 4 
X 2 + &c) = 2.812024, 973,3 + 115.336,958,251,527,0 X z + &c. 


Therefore the binomial quantity 1.038, 5 29 R* — R® will be = the com- 
pound quantity 


2.812,024,973,3 + 115-336,958-251.527,6 X 2 ＋ &c 
— 2.772, 684, 8 —ͤ— 116.431, loo, ooo, ooo, o > 2 — & c 


= o. 039,340, 173,3 — 1.094, 141,748, 47/2, X Z — &c, x 
ut 
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But. the binomial quantity 1.038, 529 R. — R® is = o. og8, 579. 


Therefore the compound quantity 939,340. 173-3 — 9% 748.47, 
* 2 — &c will allo be = o. 038, 529. 


Therefore 0.039,340,173,3 will be = 0.038,529* + 1.094,141,748,472,2 
* 2 + &c, and 1.094, 141,748, 4 2,4 X 2 + &c will be (= 0.039, 340, 73,3 
— o. oz38, 529) = o. ooo, 8 1, 173,3, and 2 will be = ee = 

, z XC 
©0.000,741. Therefore R, or 1.024 + z, will be (= 1.024 + o. oo, 741) 
= 1 024, 741, that is, che true value of the greater root of the equation 
1.038, 529 hf — R“ = o. 038,529 will be = 1.024741. But R is the value 
of 1 pound together with it's intereſt for half a year, Therefore 1924741 
will be the value of 1 pound together with it's intereſt for baff a year, and 


conſequently 1.024,741 *, or 1,050,094,117,081, will be the value oH pound 
together with it's intereſt for a whole year; which number differs fo I itle from 
T.05 that it may be conſidered as equal to it: fo that the ate of [ntereſt 
allowed to the purchaſer of this half-yearly penſion of '125/, which is to 
continue for 42 half-years, or 21 years, is 5 per cent, as Vir. Ward has found 
it to be by his method of conjectures and trials. gs: 4 


In this example it has appeared that the number 1.024, which is an arith- 
metical mean between the 3 numbers 1.026, 453 and 1.02 1, 505, which are 


derived from the expreſſions - — — - x Þ and M + — „) is a very excellent 


firſt near value of R, or the greater root of the deapoled equation 1.0 38,529R® 
= RY. —= 0:038, 529, ſince it agrees with it's more accurate value, 1.024,741, 


in all the four figures 1,024. Ag I believe that 5 like aruhmetical incan 
between the two expreſſions — 7 ' Xx P and M + — will often be found to 
be a very good firſt near Tajus of R in an equation of the general form, 


PN RR =P—1. 
Art. 19. The fifth Example of a Problem, or veſtion, concerning Com- 


ound Intereſt, that produces an affected equation, given us by Mr. John 
Ward, occurs bene in page 721, and is expreſſed in the words following. 


— 


Example III. Of Quarterly Pay ments. 


oy rw i is [a ſum ot] 1600 pounds paid for an annuity of 100. per annum, 
* Twhich is] to continue 99 years, and to be paid quarterly, viz. 25/. every 
* every quarter of a year dining that time. It is required to find v hat rate of 
e Intereſt per cent [per annum] is allowed the purchaſet.“ 


This Queſtion is ſolved by Mr Ward in the ſame manner as b che two laſt, 


that is, by mere conjectural aſſumptions of dillerent quantities for the value of 
R, 
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N, and by making trials of the quantities ſo aſſumed by computing, by means 
of them, the value of the annuity, or, rather, of the quarterly penfion, which: 
might, at thoſe ſuppoſed rates of intereſt, be purchaſed for the given ſum of 
1600/., till he finds that the quarterly penſion correſponding to the laſt- aſſumed 
value of R is very nearly equal to the very quarterly penſion of 25/., which 
was given in the Queſtion. In this way of proceeding Mr. Ward firſt aſſumes 
1.06 for the value of A, or of 11. together with it's intereſt for a year, and 
finds the quarterly penſion, that correſponds to this value, to be ſuch as to 
make him conclude that the true value of R muſt be greater than 1.06, He 
then, for a ſecond trial, aſſumes 1.064 for the value of R, and finds the. 
quarterly penſion that correſponds to this ſecond value of R, to be ſuch as 
to make him conclude that the true value of R muſt be a little lefs than 1.064. 
He then in the third place ſuppoſes R to be equal to 1.0638, and finds the. 
quarterly penſion that correſponds to this third value of R to be ſuch as to 
make him conclude that the true value of R muſt be a little greater than 
1.0638. And therefore he aſſumes the number 1.063,855 for a fourth near 
value of R; and he finds that the quarterly penſion, that correſponds to this 
fourth value of R, is exceedingly near to the given penſion of 25/7. per quarter; 
and hence he concludes that 1.063, 855 is very nearly equal to the true value 
of R, and conſequently that the rate of intereſt allowed to the purchaſer of the 
ſaid quarterly penſion of 25ʃ., for 99 years, or (4 x 99, or) 396 quarters of 
a year, is 6.3855 per cent per annum. 


Mr. Ward then confirms this concluſion by ſuppoſing the rate of intereſt to- 
be 6.38 5 fl. per cent, or R to be = 1.063, 855, and the quarterly penſion 
purchaſed to be 25/., and the time, during which it is to continue, to be 
99 years, or 396 quarters of a year, and computing from theſe data the value 
of P, or the price that ought to be paid for ſuch quarterly penfion ; which he- 
finds to be 1599.9/., or 1599/7. 18s. ; which differs from the ſum of 1600/., 
(which was the price ſuppoſed to be paid for it in the Queſtion,) by only the 
ſmall ſum of 2 ſhillings. And hence he juſtly concludes that the number 
1.063,855 muſt be extreamly near to the true value of R, and that the rate c 
intereſt allowed to the purchaſer of theſe quarterly payments of 25. for 
99 years, is very nearly = 6.3355/., or 6ʃ. 7s, 82d. per cent per annum. 


Art. 20. But the foregoing Queſtion may alſo be ſolved by firſt reducing it 


to an equation that will be of the ſame form as the two equations 1.032, 529 R 
— R“ = 0.038,529 and 1.077, 99% R — R* = 0.077,997, which refulted 
from the former Queſtions propoſed by Mr. John Ward in pages 718 and 719, 
and then reſolving the equation thereby obtained. All theſe equations come 
under the general equation given us by Mr. Ward in page 717 for the ſolution 


of queſtions of this nature, to wit, the equation 52 + 1 x X 


— in which che letter U denotes the penſion to be paid at the end of every 


year, . 


N — 8 * 
— — — 2 — —— — 
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year, or half. year, or quarter of a year, or other given portion of time agr. 
upon between the ſeller and the purchaſer of ſuch annuity, or other penſion 
and P denotes the purchaſe-money, or price to be paid for ſuch penſion ; and 
; denotes the number of years, or half- years, or quarters of a year, or other 
equal portions of time at the ends of which the ſeveral payments become (ye, 
contained in the whole time during which the annuity, or half. yearly penſion, 
or quarterly penſion, or other regularly-returning penſion, is to continue ; and 
R denotes the value of one pound together with it's intereſt for one year, or 
one half-year, or one quarter of a year, or other given portion of time at the 
end of which a payment of the penſion becomes due, Now, if we apply this 


general equation A +1) x RR“ = LA to the Queſtion propoſed by 


Mr. Ward in page 721, we ſhall have the given penſion U, (which is to be 
paid to the purchaſer at the end of every quarter of a year for the ſpace of 
99 years, or 396 quarters of a year,) = 25 pounds; and P (or the price to 
be paid for the ſaid penſion by the purchaſer of it,) = 1600), ; and ? (or the 
number of quarters of a year in the whole ſpace of gg years during which the 
ſaid penſion is to continue,) = 396; and R will denote the value of 1 pound 
together with it's intereſt at the end of a quarter of a year; and conſequently 


the general equation 25 + 1] * 22 ＋ dee into the 


numeral equation 1555 + 1 RY R. = =, or o. 015, 625 + X | 


Rs — RY! = 0.015,625, or 1,015,625R'% — RY = o.015,625, which 
may be reſolved in the manner deſcribed above in the Appendix to Dr. Halley's 
Diſcourſe on Compound Intereſt by proceeding as follows. 


The Reſolution of the Equation 1.015,625R%** — R = 0.015,625 in ihe 
Manner deſcribed above in the ** Appendix to Dr. Halley's Diſcourſe on Compound 
Intereſt,” in Pages 414, 415, 416, Sc, - to Page 423. 


Art. 21. This equation has evidently two roots, of which the leſſer is = 1. 
For, if R be = 1, we ſhall have R alſo = 1, and R alſo = 1, and 
conſequently 1.015,625 Xx R — RY? (= 1,015,625 X 1 — I = 1,015,025 
— 1) = 0.015,625, which is the abſolute term of the equation; or, in other 
words, 1 will be a root of the equation. But this root is not the root which 
we are ſeeking, or that will anſwer the queſtion from which the equation was 
derived; becauſe in that queſtion R ſtands for the value of 1 pound together 
with 11's intereſt ior one quarter of a year, and conſequently mult be * 

than 


KEY TO INTEREST, BOTH SIMPLE AND COMPOUND. dog 


than 1; fo that the value of R which we are to find will be the greater root of 
the equation 1.015, 62 5 — RY = . 015, 625. 


Now this greater root I is evidently leſs than 1.01 5,625, or the co-efficrent 
of As in the firſt term, 1.015,62518”, of the equation: for otherwiſe that 
firft term would not be greater than the ſecond term N, which is fibrrated 
from it. Therefore 1.015, 625 is the higher limit of this greater root R. And 
by comparing this equation 1.015, 625% R — N“ = 0.015,025 with the general 


equation Px? Y =Q examined above in pages 414, 415, &c - - 423 of the 

preſent Volume, (of which general equation the numeral equation 1.01 5,62 5% 

— R = o. o 15, 625 is a particular caſe,) we ſhall have P = 1.01 5,625, and 

x = R, and m= 396, and m+1 = 397, and Q = 0,015,625; and conſequently 

— r* Þ (which is there ſhewn to be the lower limit of the magnitude of 

the greater root of the ſaid general equation,) will be = = X 1.015,625 (= 
0 


=) = 1.013,066 ; which therefore is the lower limit of the magni- 
tude of R in the preſent equation. Now theſe two limits of the magnitude 
of NR, to wit, 1.015,625 and 1.013,0066, difier from each other by only the 
ſmall quantity 0.002,559, which is the 397th part of the greater limit 
1.01 5, 625; and therefore the difference of the root R {which lies between 
theſe two limits,) from either of theſe limits muſt be leſs than 0.002,559. 
Therefore, if we take an arithmetical mean between theſe two limits, it is 
probable that ſuch middle quantity will differ from the true value of N by 
much leſs than the ſmall quantity 0,002,559, Now an arithmetical mean 


between 1,015,625 and 1.013,066 will be (= — — = — 22 


= 1.014, 345. Therefore the number 1.014.343, or (neglecting the two 
laſt figures 45, as probably not exact,) the number 1.0143 will probably be a 
pretty near value of R, or the greater root of the equation 1.015,625R'% — 
R. = 0.015,025, 


Art. 22. Now let this number 1.0143 be ſubſtituted inflead of R in the 
binomial quantity 1.015,625R%* — N, in order to dilcover whether the 
value of the ſaid binomial quantity reſulting from this ſubſtitution will be 
greater, or will be leſs, than 0.015,625, or the abſolute term of the equation 
1. 015,625 K* — R“ = 0.015,625, and conſequently to determine whether 
the ſaid number 1.0143 will be lets, or will be greater, than R, or the grea er 
root of the ſaid equation. This ſubſtuutioa may be made as toliows, 


If Ris = 1.0143, we ſhall have RY = 1.044 , and R = 10143, 


and 1.01 5, 62 5 = 1.015, 625 Xx 1.0143; and the binomial quantity 
1.015, 25 R = N will be = 1,015,025 X 1.014 — 1.0143. We 


Vor. V 5 N muſt 


13 
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—  - — >. 
— 1 — = p — — 2 = — 
- —— — 
> ——_— — * — == = 


810 AN APPENDIX TO MR, JOHN WARD'S 


muſt therefore endeavour to find the values of 1.0143 and 1.0143)” ; 
which may be done as follows, 


The logarithm of 1.0143 is = o. o06, 166, 4. Therefore the logarithm of 
1.0143 * will be (= 396 Xx. 0.006,166,4) = 2.441,894,4 z which is the 
logarithm of 276.626,878,9. Therefore 1.0143]? will be = 275.626,878,9; 
and conſequently 1,01431%” will be (= 1.0143)” Xx 10143 = 276.626,878,9 
* 1.0143) = 280.582,643,2; and 1.015,625 * 1.0143 will be = 
1.015,625 X 276.626,878,9) = 280.949, 173,8. Therefore 1.015, 625 * 


1.01431“ — 1.0143) will be (= 280.949, 173,8 — 280.582, 643,2) = 
0. 366,530, 6; which is greater than 0,015,625, or the abſolute term of the 
equation 1.01 5, 625 RD — R = o. 013, 623. Therefore 1.0143 will be leſs 
than the true value of R, or the greater root of this equation. Q. E. 1. 


But we know that this greater root is leſs than 1.015, 625. Therefore it 
muſt be of ſome intermediate magnitude between 1,015,625 and 1.014, 3. 
We will therefore ſuppoſe it to be an arithmetical mean between theſe two 


LSD LIONS r — 
1.014, 962, and will ſubſtitute this new quantity, 1.0 14,962, inſtead of R in 
the binomial quantity 1.015, 625 R — RY, in order to diſcover how nearly 
the value of the ſaid binomial quantity reſulting from this ſubſtitution will 
approach to 0.015,625, or the abſolute term of the equation 1.01 5,62 5K” 
— R = ©0.015,025 ; and, when we ſhall have diſcovered this value of the 
ſaid binomial quantity, we will make a further approach to the true value of R 
by the Differential method of approximation, 


quantities, or to be equal to ( 


„ or to) 


Art. 23. Now, if R is = 1.014,962, we ſhall have R” = 1.014,92 », 
and R = 1.014, 962. We muſt therefore endeavour to find the values of 
1.014,90“ and 1.014, 902] ; which may be done as follows. 


The logarithm of 1.0 14,962 is = o. o06, 49,7. Therefore the logarithm 
of 1.014, 962) will be (= 396 X 0.006,049,7) = 2.554,081,2 ; which is 
the logarichm of 358.163, 388,4. Therefore 1.0 14,92% is = 358.163, 388, 4. 
Therefore 1.014,962)%” will be (= 1.014,962)%” x 1,014,962 = 358.163, 
388,4 X 1,014,962) = 363.522,229,0, And 1.015,625 * 1.014,92)“ 
will be (= 1.015, 623 X 358.163, 388,4) = 363.759,69 1,3, and 1.015,025 


X 1.014, 962) — 1.014,92 P07 will be (= 363.759,691,3 — 363.522, 
220,0) = o. 237, 462, 3; which is greater than o. 015, 2 5, or the abſolute 
| term 
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term of the equation 1.01.62 5 — RY = 9.015, 625, but differs lets 
from it than o. 350, 5 30,6 does. Therefore 1.014,962, as well as 1.0143, 15 
leſs than the true value of R, or the greater root of that equation. But now, 
having obtained the two values of the binomial quantity 1.01 5,62 f, — 07 
reſulting from the ſubſtitution of the two quantities 1,0143 and 1,014,962 in 
it's terms inſtead of R, we may, by means of their differences, obtain another 
near value of R that ſhall be nearer than either 1.0143 or 1,014,992 Tt it's 
true value. This may be done in the following manner. 


We have now two near values of R that differ hut little from each other, aud 
from it's true value in the equation 1.013, 62 5 — RY? = 0.015,625, ani 
which are both leſs than the {aid true value, to wit, the numbers 1.914, and 
1.014.962; and we have alſo the two values of the binomial quantity 1.015, 
625K — RY? correſponding to theſe two numbers, to wit, o. 366,5 39, and 
0.237,462,3. Therefore the difference of the numbers 1.0143 and 1.014,962 
will be to the difference of the number 1.014,962 and & in nearly the tame 
proportion as the difference of the numbers 0.366,530,6- and 0.237,492,3 is 
to the difference of the number 0.237,462,3 and 0.015,625, or the ablolute 
term of the equation 1.01, 625 R — RY = o0.0i5,625; that is, 1.0 4,962 
— 1.0 4,3 will be to R — 1.014,962 in nearly the lame proportion as 
0.366,530,6 — o. 237,462, 3 is to 0. 237, 462,3 — 0.015,625, or o. 900,662 
will be to K — 1.014, 9% 2 1a nearly the ſame proportion as o. 129, 068,3 is to 
o. oo, 662 X O. 221,837, 3 


0. 221,8 37,3. Therefore R — 1.014, 962 will be nearly = 8 


o. ooo, 126, 856, 92,6 
O. 129,068, 3 


1.014, 962) = 1.016, 0,9. 


= o. col, 137, and R will be nearly {= o. 001,137 + 


Art. 24. This value of R is evidently too great, becauſe it is greater than 
1.015,62 5, which is the higher limit of R. We will therefore ſuppoſe R 
(which has been ſhewn to be greater than 1.014, 962,) to be nearly = 1.0135, 3, 
and will ſubſtitute this number 1.0152 inſtead of R in the binomial quantity 
1.015,626R%* — RY, in order to diſcover how nearly the value of the ſaid 
binomial quantity reſulting from this ſubſtitution will approach to the value of 
0.015,625, or the abſolute term of the equation 1.015,625R'” — K = 
0.015,625, and whether it will be greater, or will be lets, than the ſaid 
abſolute term, and conſequently whether the ſaid number 1.0153 will be leſs, 
or will be greater, than &, or the greater root of that equation, 


Now, if R is = 1.0153, we ſhall have Re = 1.01531, and = 
1.01531”, and. 1.01 5, 6254“ = 1,015,625 X 1.01 53 0, and 1015, 625 R 


— D 396 


— Ru = 1.015, 625 X 1.0163 
deavour to find the values of 1.01 53 and 1.0155 ; which may be done 


45 follows. 
5 N 2 The 


— 1.015%. We mult therefore en- 
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The logarithm of 1.0153 is = o. o06, 394,4. Therefore the logarithm of 
1.015305 will be (= 396 * o. 06, 594,4) 2.611, 382,4, which is the 
logarithm of 408.679, 86, 6. Therefore 1.0: 53s is = 408.679, 050, 6; and 
conſequently 1.0153 will be (= 1.01530 x 1.0153 = 408.679, 0 56,6 X 
1.0133) = 414.93 1,846, 1; and 1. 013,625 Xx 1.015 3)599 will be (= 


1.015,625 X 408.679,056,6) = 415.064, 666,8. Therefore the binomial 


quantity 1,015,625 X 1.01531%* — 1.01531” will be (= 415.064, 660,8 
— 414-931,846,1) = 0.132,820,7. 


This number 0.132,820,7 is greater than 0.015,625, or the abſolute term 
of the equation 1.015,025R%”* — RY = 0.015,625; and therefore the 
number 1.0153 (from the ſuhſtitution of which inſtead of & in the binomial 
quantity 1.015,62 5K — R“ it ariſes,) muſt be leſs than the true value o 
R, or the greater root of that equation, 


Art. 25. We are therefore now certain that R 1s greater than 1.0153, but 
leſs than 1.015,625 3 which is a very conſiderable degree of exactneſs. But, 
in order to obtain a (till nearer value of it, we will now employ one procels of 
Mr. Raphſon's method of approximation. 


Let us therefore put z for the unknown exceſs of the true value of N above 
1.0153, and ſubſtitute the binomial quantity 1.0153 + 2 inſtead of A in the 
equation 1,015,625R%* — RY! = o. 015,625. 


Now, ſince Ris = 1.0153 + 2, we ſhall have R*** = 18153 T ˙⁸ (= 


1.0153'** + 396 X 1.0133) x 2 + &c = 1.0153)” + 396 „ 


f 395 2 8.679,05 6,6 
— — X 2 + & c = 408.679, 56,6 + 396 x 2 12175 X 2 ++ & 


= 408.679, 056, + 396 x 402. 520, 493.0 X 2 + &c) = 408.679, 056,6 
+ 159, 398.1 15,228,0 X 2 + &c, and R = 1.0153 + ) (= 17.0153 


+ 397 * 1.01530 x 2 + & c = 414.93 1,846, 1 + 397 X 408.679,056,6 
Xx 2 + &) = 414-931,846,1 + 162,245.585,470,2 & 2 + &c, and 
1.016, 62 5 R (= 1,015,625 Xx the ſeries 408.679,056,6 + 159,398.115, 
228, Xx 2 + &c = 1.015,625 x 408.679, 50, + 1.015,025 X 
159,399.115,228,0 K 2 + &c) = 415.064,666,8 + 161,888.710,778,4 
X 2 + &c. Therefore the binomial quantity 1.015, 62 5 R — RY”? will be 
= the compound quantity 


| 415.064, 666,8 + 161,888.710,778,4 x 2 + &c 
— 414-931,846,1 — 162,245.585,470,2 & 2 — &c j 

== 0. 132, 8 20,7 — 356.874,091,8 X 2 &c. 
| But 
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But the binomial quantity 1.015, 625 K* — R is = 9.015,025. 


Therefore the compound quantity 0.132,820,7 — 356.874,691,8 & 2 will 
allo be = 0.015,625, 


Therefore (adding 4356.874,691,8 Xx 2 to both fides,) we ſhali have 
o. 232, 820,7 = © 015,025 + 356.874,691,8 Xx 2, and (ubtracting 0.01 5,025 
from both fides,) we ſhall have $356.874,091,6 x 2 = 0.117,195,7, and 
conſequently & = ——} = 0.000,32. Therefore R, or 1.0153 + 2, 
will be {= 1.0153 + 0.000,32). = 1.013, 62, or the greater root of the 
equation 1.015, 625 K — R = 0.015,625 will be nearly equal to 1.015,62. 


. 


We will now ſubſtitute this laſt number, 1.015,62 (which differs very little 
from 1.015, 62 5, or the higher limit of the magnitude of R,) inſtead of R in 
the binomial quantity 1.913,23 “ — R., in order to diſcover how near the 
value of the faid binomial quantity reſulting from the faid ſubſtitution will 
approach to 0.015,625, or the abſolute term of the ſaid equation, and likewiſe 
whether it will be greater, or will be lets, than the ſaid abſolute term, and 
conſequentiy whether the {aid number 1.01 5,62 will be leſs, or will be greater, 
than the true value of R, or the greater root of the equation 1,01 5,02 5 R 
E 0.015,025. | 


Now, if Ris = 1.015, 62, we ſhall have R = 1.015,621%*, and R = 
I.015,62)%”, and 1.015, 625 R = 1.01 5,625 X 1.515, 2 , and conſe- 
quently the binomial quantity 1.915,62 5 R — NR will be = 1. 013,625 Xx 
1.01 5,2 0 — 1,015,62\%, We muſt therefore endeavour to find the values 


of 1.015,62\** and 1.015, %,; which may be done as follows. 


The logarithm of 1.075,62 is = 0.c05,731,2. Therefore the logarithm of 
1.01 5, 6205 will be (= 396 x o. o06, 31, 2) = 2.66 6, 55 5,2, which is the 


logarithm of 452.972, 553.2. Therefore 1.01 5, 62) » will be = 462.972, 353,23 


and conſequently 1.015, 0% will be (= 101,62 % x 1.016,62 = 


462.972, 553.2 X 1.015, 62) 470. 204, 184, 4; and 1.013, 629 X 1.01 5,20% 
will be ( = 1.015, 628 Xx 452.972, 533,2) 470.206, 499, 3. Therefore 
1,915,625 X 1.013, 0 — 1.01, * will be = 470.206, 449,3 — 
47 o. 204, 184, 4 = . co, 314,9. 

This number o. oo, 314,9 is leſs than o. 015, 625, or the abſolute term of 
the equation 1.015,62 KR — RY = 0.013, 625; and therefore the number 


1.015,62 (from the ſubſtitution of which, initcad of BB, in the binomial 
quantity 
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quantity 1,015,625R%”* — N it aroſe,) muſt be greater than the true value 
of R, or the greater root of that equation, We therefore now are certain that 
the true value of N is greater than 1.01523, but leſs than 1.015,62. And by 
one proceſs of the Differential method of approximation we ſhall find a ſtill 
nearer value of R to be = 1.015, 588. This procels will be as follows. 


Art. 26. The numbers 1.0153, R, and 1.015,62 are three quantities that 
differ very little from each other; and the numbers 0.132,820,7, o. 15, 623, 
and 0.002,314,9 are the three values of the binomial quantity 1.01 5,62 5 
e correſponding to the three former numbers reſpectively, or reſulting 
from che ſubſtitution of them inftcad of R in the faid binomial quantity, 
Therefore the difference of the firſt and third of the former three numbers will 

be to the difference of the ſecond and third of the ſaid former three numbers 
in nearly the ſame proportion as the difference of the firſt and third of the latter 
three numbers is to the difference of the ſecond and third of the faid latter 
three numbers; that is, 1.013,62 — 1.0153 will be to 1.015,62 — & in 
nearly the ſame proportion as 0.132,820,7 — o. o02, 314, 9 is to 0.015,625 — 
0.002,314,9, or 0.000,32 will be t 1.015,62 — & in nearly the ſame pro- 
portion as o. 130, 505, 8 is to 0.013,310,1; and conſequently 1,015,062 — K 
will be nearly (= 0.013,310,1 X 9.090,32 — 9:920,004-259,232 

o. 130, 505,8 o. 130, 505, 8 
Therefore (adding R to both ſides,) we ſhall have o. COO, 032 + R = 1.015,62, 
and R {= 1.015, 620 — o. ooo, 32) = 1.015, 388. We may therefore con- 
clude that 1.01 5,588 is a very near value of &, or the greater root of the 
equation 1.015.623 — RY = . 0 15, 623, or is the value of 1 pound 
together with it's intereſt for a quarter of a year according to the rate of intereſt 
allowed to the purchaſer of the ſaid quarterly penſion of 25/., which 1s to 
continue for 396 quarters of a year, or 99 whole years, and which is {uppoled 
in Mr. Ward's Queſtion to have been fold to him for 1600 pounds. Q E. 1. 


= 0,000,032, 


And, ſince 1.013,88 1s.the value of 1 pound together with it's Intereſt for 
one quarter of a year, it follows that the value of one pound together with it's 


incereſt for two quarters of a year, or for half a year, muſt be = 1.915.588 * 
= 1.031, 418,985. &c, or, nearly, 1,031,419 ; and, in like manner, it tollows 


that the yaluc, or amount, of one pound together with it's intereſt for two 


half-years, or for a whole year, muſt be = 1,031,419 = 1.063, 925, &c. 
And conſequently the rate of intereſt per cent per ennum allowed to the pur- 
chaler of the ſaid annuity of 100/7. a year for 99 years, payable at the end of 
every quarter of a year during the ſaid term, when the ſaid annuity was fold to 
him for 1600 pounds was 6.3825/., or 6/, 75s, 74d., per cent per cnnum; 
which number 6.3825“. agrees in the three higheit figures, 6.38, with the 
number found, for the rate of intereſt allowed in the ſaid bargain, by NIr. 
Ward, which was 6.3855/., or 6/, 75s. 82 d., per cent per annum. 


Art. 27. 
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Art. 27, This laſt number, 1,015,588, is ſufficiently near to the true value 
of R, or the greater root of the equation 1.015,62 5 — & = 0,015,625 
to make it unneceſſary to purſue the inveſtigation of it any further, But, if 1 
had ſuſpected this root to be fo very near to it's greater limit, 1.015,525, as it 
now appears to be, it might have been obttuned with much lets trouble than in 
the foregoing inveſtigation of it, and to a ſtiil greater degree of exatnels, by 
deriving it unmediately from that greater limit by 2 fingle procets of Mr. 
Raphſon's method of approximation, This may be done mn the following 
manner. 


Let z be put for the exceſs of 1.015, 625, or the higher limit of R, above 
it's true value. And we ſhall then have R = 1.015, 625 — 2. 


Therefore Re will be = 1.015,25 — ) = (by the binonual theorem,) 


to the ſeries 1.015, 025% — 396 X 1.015,02 5% % x 3 ＋ &c; and AP 


will be = 1.015,625 — 2”? = (by the ſame theorem) to the ſeries 


1.01 5,25% — 397 X 1.015,025\%* x 2 + &, We mull therefore 


endeavour to find the values of 1.015, 625, and 1.015,025 = and 


1,015,6251%” ; which may be done as follows, 


The logarithm of 1.0 15, 625 is = 0.006,733,4- Therefore the logarithm of 
I.o15,62 5)” will be (= 396 x 0.006,733,4) = 2.660,426,4 ; which is the 
logarithm of 463.912, 150, f. Therefore 1.01 5,025)*** will be = 403.912,150,5; 
and conſequently 1.01 5,625)” will be (= CS == Dis } = 
456.775,040,4, and 1,01 5,625!” will be (= 1.015, 02 5% x 1.013,625 = 
463.912, 150,5 X 1.015,625) = 471.160, 777,8. 


Therefore Rs (which is equal to the ſeries 1.915, 2 5% — 396 x 


1.0 15, 2508 2 —— &c,) will be (= 463.912, 150, 3 quad 396 * 456.775, 040, 4 
* 2 + &c) = 463.912, 150, — 180, 882.915,98, 4 K 2 + &c; and N 


(which is = to the ſeries 1.0 15,25 — 397 X 1.015,62 5“ x 2 + &c,) 


will be ( = 471. 160, 77,8 — 397 Xx 463.912,150,5 X 2 + &c) = 
471.160, 777,8 — 184, 173.123,748, Xx 2 + &c; and 1,015,625 x R 
will be (= 1,015,625 X the leries 463.912,150,5 — 180,882.915,998,4 X 2 
+ &c = 1,015,025 x 463.912,150,5 — 1.015,625 X 180,882.915,998,4. 
* 2 + &c) = 471.160,777,8 — 183, 709.211, 560,8 X 2 ＋ &c. 


Therefore the binomial quantity 1.01 5,625R%”* — RY? will be = the 
compound quantity 


471.160, 


— 2 — — — E = 52 - 
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{ 471.160,777,5 — 183,709.211,560,8 x 2 ＋ &c | 8 
— 471.160,77, + 184, 173.123, 748,5 x 2 — & 8 


0 + 403.912,137,7 Xx 2 &c. 


But the binomial quantity 1.9 15, 623K — RY) is = 0.015,625. 


Therefore the compound quantity 463.912,187,7 Xx 2 &c will allo be = 
Sith 0.01 5,62 f, ooo, ooo 
— 463.912,18, 7 
Therefore R, or 1.013,62 5 — 2, will be (= 1.013, 628,0 — 0.000,033,6 = 
1.015,591,4; that is, 1.013,59 1,4 will be a very near value of &, or the 
greater root of the propoſed equation 1.015, 625 R — RY? = 0.015,625, or 
of the amount of 1 pound together with it's intereſt for a quarter of a year, 
according to the rate of intereſt allowed to the purchaſer of the faid quarterly 
penſion of 25 pounds, which is to continue for 396 quarters of a year, or for 
99 whole years, when the ſaid penſion was ſold to him for the ſum of 1600 

pounds. a: E. Is 


o. 01 5, 623. And conſequently 2 wil! = o. ooo, ozz, 6. 


And, ſince the amount of 1 pound together with it's intereſt for one quarter 
of a year is 1.01, 59 f, 4l., it follows, from the nature of Compound Intereſt, 
that the amount of 1 pound and it's intereſt for two quarters of a year, or for 


half a year, muſt be = 1.016, 591, J“, or 1.03 t, 425, 89 10., &c, and, in like 
manner, that the amount of 1 pound and it's intereſt for two half-years, or a 


whole year, muſt be = 1.031, 429,87, or 1.063, 839, 1804., &c, or 1.063, 8390. 
Therefore ihe rate of intereſt per cent per annum allowed to the purchaſer in 
the aforeiaid bargain will be 6.383, 9 l., or 6“. 7s. 8d. . 136, or 60. 75. 834., 
nearly; which differs from the rate of intereſt aſſigned by Mr. Ward, to wit, 
6.3855/., or 6/. 75. 8 2d., by leſs than one half. penny. 


This Queſtion: relates to the annuities of 100. per annum for 99 years, 
payable quarterly at the Exchequer, which were eſtabliſhed by act of Parliament 
in Queen Anne's reign in the year 1708, and were ſold for 1600 pounds. 


End of the Reſolntion of the Equation 1,015,625R%* — RY = o. o 15,625, 
relating to the Rate of Intereſt of Money allowed to the Purchaſers of Exchequz!- 
Annutis for a Term of go Years eſtabliſhed by Ad of Parliament in th: 
ear 1708. | 


Art. 28. Mr. Ward has given us another affected equation reſulting from 
Queſtions concerning Compound Intereſt, This equation occurs above in 
page 727, and 1s a trinomial equation, or involves three different powers of the 
unknown quantity R, (or of the amount of 1 pound together with it's intereſt 


for one year, or one half-year, or one quarter of a year, or other portion of 
3 tine 
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time at the end of which the annuity, or penſion, purchaſed becomes payable, ) 


and is as follows ; to wit, UR —U = PRT x K. X Ii — 1, (or '#, Naw; 


— RT x I — 1, or UR — U = PR TTT — 3 or UR = 


pP +. —_—pg** + U, or N + RTT — RTT. 2 1 


. 5 in which equation U denotes a rent, or 


* = =p 

periodical payment, to be received at the end of every year, or every half- 
year, or every quarter of a year, or other given portion of time agreed-upon 
between the ſeller and purchaſer of ſuch annuity, during a certain time that 1s 
to commence at ſome diſtant point of time; and T denotes the time that is to 
elapſe before the ſaid annuity, or penſion, ſhall commence ; and 7 denotes the 
time during which the ſaid annuity, or penſion, when it ſhall have commenced, 
is to continue; and P denotes the preſent worth, or value, of the ſaid diſtant 
annuity, or penſion, or the price which is to be paid for it at the preſent time 
by the perſon who buys it. But Mr. Ward does not give us any numeral 
example of this equation, He has, however, given us an example of one of 
the eaſier queſtions relating to the ſame ſubject, namely, of the finding the 
number of years in the time, or term, r, during which the annuity, or rent, 
ought to be enjoyed, after the expiration of a former term of years denoted by 
7, to the end that it may be worth a given ſum of money denoted by P, to 
be paid down at preſent, upon a ſuppoſition that the annuity is to be paid only 
once a year, or at the end of every year during it's continuance, and that the 
intereſt of money is given, or agreed-upon, or that R, or the amount of 
1 pound together with it's intereſt for a year is a known quantity. This 
Queſtion is propoſed above in the bottom of page 726 in the following words. 


“% Example in Yearly Rents. 


e Suppoſe a debt of 816/. 18s. 9d, were propoſed to be paid-off by making 
ce over a leaſe of 17 fl. per annum in reverſion, that is not to be entered-upon 
ce by the creditor untill nine years are paſt. The Queſtion is, How many years 
te the creditor muſt enjoy that leaſe, in order to have his debt cleared, and to 
ebe allowed the rate of 6 per cent per annum? 


Mr. Ward's anſwer to this Queſtion is, „that 11 years will be the time 
ce required; ſuppoſing the rents to be paid but once a year,” 


In this Queſtion, U, (the annuity, or rent, to be enjoyed by the creditor, ) 
is = 1750, per annum, and 7, (the number of years at the end of which the 
{aid annuity is to be enjoyed by the creditor,) is 9 years; and P, (or the 

Vol. V. 50 " preſent 
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preſent debt due to the creditor, which is to be annihilated, or paid-off, by 
this bargain, and therefore muſt be conſidered as the. preſent worth, or price, 
of the ſaid diſtant annuity,) is = 816/. 18s. 9d., or 8 16.93 7/.; and R, (or the 
amount of 1 pound together with it's intereſt for a year, according to the rate 
of intereſt per annum allowed in this bargain, to wit, the rate of 6 per cent,) 
is = 1.06 ; and ? denotes the number of years during which the creditor is to 
enjoy the ſaid annuity of 175/. per annum, in conſideration of the annihilation 
of the preſent debt of 8 16. 18s. 9d., or 816.937/., that is due to him, and is 
the unknown quantity required by the Queſtion, and which is found by Mr. Ward's 
anſwer to the Queſtion to be 11 years, See above, page 727, But, if we make a 
{mall variation in the conditions of this Queſtion, by ſuppoſing t, or the number 
of years during which the ſaid diſtant annuity of 17 5. per annum is to be enjoyed 
by the creditor, to be known, and to be 11 years, and the rate of intereſt, 
allowed in the bargain, to be unknown, and to be the quantity required to be 
found, and conſequently the quantity denoted by the letter R, or the amount 
of 1 pound together with it's intereſt for a year, . to be unknown, the new 
Queſtion produced by this change in the conditions of the former Queſtion will 
produce a numeral equation of the form of the foregoing general trinomial equation 


UR + PR —pRTH or N xK+ RT RH =D, 


This new Queſtion may be expreſſed as follows, 


- A Queſtion concerning Compound Intereſt, which produces a trinomial Equation, or 
an Equation involving three different Powers of the unknown Quantity. R. 


% 


Suppoſe a debt of 8167, 18s. 94. were propoſed to be paid-off by making- 
over to the creditor a leaſe of a farm producing a clear rent of 175/. a year, 
that is not to be entered-upon by the creditor till the end of 9 years, and that, 
when entered-upon at the end of the ſaid g years, is to be enjoyed by him 
during the ſpace of eleven years; and that the rent of the ſaid farm were to 
be paid to the ſaid creditor only once a year, to wit, at the end of each of the 
faid eleven years. It is required to determine what rate of Intereſt would be 
allowed to the ſaid creditor by the ſaid bargain for the intereſt of the ſaid ſum 
of 816“. 185. 9d., or 816.937/,, which he would have remitted to his debtor 
:n conſideration of the leaſe which ſhould have been fo aſſigned to him. 


S O- 
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st 


In this Queſtion we ſhall have U, (or the annuity, or annual rent, to be paid 
to the creditor during the ſaid diſtant term of 11 years,) = 1757, and 7 (or 
the number of years during which the ſaid rent is to be enjoyed by the {aid 
creditor,) = 11, and T (or the number of years that mult elaple before the 
ſaid rent can be received by the ſaid creditor,) = 9g, and ? (or the debt now 
due to the ſaid creditor, and which is to be remitted by him to his debtor in 
conſideration of the diſtant annuity of 175“. ſo made-over to him,) = 
816.9377. ; and R will denote the amount of 1 pound together with it's 1nteretl 
for one year according to the rate of intereſt allowed to the creditor by the 


preſent bargain, which rate is ſuppoſed to be unknown, and is required to be 


. 3 3 
found by the preſent Queſtion. Therefore I will be = Ker = 9.214, 


214, and ? + T will be (= 11 +9) = 20, and + T + 1 will be (= 


20 + 1) = 21; and conſequently the general equation LA x R + R EF. 


"dad = LA will be converted into the numeral equation 0.214,214 x KR. 
+ RY — R" = 0.214,214. Therefore, in order to ſolve the preſent Problem, 
we muſt reſolve the trinomial equation 0.214,214K" R — R = 


o. 214,2 14. This reſolution may be performed in the following manner. 


The Reſolution of the trinomial Equation o. 2 14, 214K. - + R* — R. = 


0.214,214, in the Manner deſcribed above in the“ Appendix to Dr. Halley's 
Diſcourſe on Compound Intereſt,” in Pages 436, 437, 438, &c, « - - 455. 


— — ——— — 


Art. 29. This trinomial equation is of that form which admits of two roots, 


or, in the language of modern algebriiſts, two real and affirmative roots; and 


one of thele roots 1s evidently equal to 1. For, if R is = 1, we ſhall have 
A” = 1%" uin i, ( conſequently 
0. 2 14, 214K + RY? — R. (= 0.214,214 X 1 + 1 — 1) = 0. 214,214 
that is, the trinomial quantity 0.214,214R* + RO — R** will be = 
0.214,214, which is the abſolute term of the propoſed equation 0.214,2 14K 


+ R * — — = . 214, 214, and therefore this value of R, to wit, 1, is a root 
of the ſaid equation. 1. *% : 


5 0 2 Bil 


. — 
— — — 
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But this is not the root that will anſwer the foregoing Queſtion, from which 
this equation was derived; becauſe in that Queſtion It denotes the amount of 
1 pound together with it's intereſt for a year, and therefore muſt be greater 
than 1/,, or 1, We muſt therefore endeavour to find the other and greater 
root of the equation o. 214, 2144. + R. — R = 0.214,214. 


Art. 30. Now this numeral, or particular, equation comes under the general 


trinomial equation Px + OS. 1 1 11 Q which has been examined 


above in pages 440, 441, &C - 446; where it has been ſhewn that the 
higheſt poſſible value of æ in that equation, or the higher limit of it's greater 


0 * . . . I 
root, is the value of & in the binomial equation „ = x = P, and that the 
lower limit of the ſaid greater root, or that value of x which makes the trinomial 


quantity Px" + „** „be of the greateſt magnitude poſſible, s 


. 2 +1 m + 1 1 r 
che value of x in the binomial equation x [—— A Xx = AT 


* P. The former of theſe quantities, or the root of the binomial equation 
„ P, is there denoted by the letter A; and the latter of them, or 
| ; 15 F n+ I m T * 2 
the root of the binomial equation — ——— . of 
is there denoted by the letter M. 
By applying this general equation „„ Q to the 
numeral equation 0.214,214K" + R — R** = 0.214,214, we ſhall have 


= 0.214,214, and x = R, and m = 11, and yy + # = 20, and conſe- 
quently 1 ( 20 — m =20—11) S 9, andm+#u+1(=1i+9 +1) 


= 21, and Q = 0.214,214. Therefore — — will be ( — — 


0. 952, 380, and — will be (= =} = 0.523,809, and the equation 


1 7 — „ = P will become Ro — AY = 0.2 14, 214, and the equation 


D n+I m + n „ 717 ; "EY | 
1 —— Xx rr * P will become R — o. 952,380 * N 


(= o. 523, 809 X o. 214, 214) = . 112, 207. Therefore A, or the higher 
limit of the magnitude of R, or the greater root of the trinomial equation 
0.214,214 K R. + RO — R. = ©.214,214, will be the root of the biaomial 
equation INR. — N = 0.214,214 ; and M, or the lower limit of the magnitude 
of R, or the greater root of the ſaid trinomial equation, will be the root of 
the binomial equation R'* — 0.952,380R* = 0.112,207. We mult therefore, 
in order to find theſe limits of R, reſolve the two binomial equations R — I 
= 0.214,214 and Ro — o. 952, 380 R” = 0.112,207, 


The 
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The Reſelution of the binomial Equation R — R? = o. 214, 214. 


2—— — 


Art. 31. In the firſt of theſe equations, to wit, R — R” = 0.214,214, it 
is evident, in the firſt place, that & muſt be greater than 1. For, if It were 
leſs than 1, R? would be greater than R', and conſequently could not be 
ſubtracted from R*?, as it is in this equation. In the next place, N muſt be leſs 


than 2. For, if R was = 2, Re would be (= Ae =80 = 8|* Xx 8 = 64 x8) 


= 512, and RL would be (1% = Ae x 2 = 512 „ 2) = 1024, and con- 
ſequently Re — R would be (= 1024 — 512) = 512, inftead of being 
equal to the fraction 0.214,214. Therefore R muſt be greater than 1, but 
very much leſs than 2, We will therefore ſuppoſe it to be nearly = 1.1, and 
will try the truth of that ſuppoſition by ſubſtituting 1.1 inſtead of R in the 
binomial quantity R” — R“. 


Now, if R is = 1.1, we ſhall have NR (= ITI) = 1.331, and & (= 


1.331)*) = 2.3579 &c and R“ (= „ R = 2.3579 x 1.1) = $803,690 
&c, and conſequently K“ R (= 2.593,69 — 2.3579 &c) = 0.235,79 3 
which is ſomewhat greater than 0.214,214, or the abſolute term of the equation 
R. — N = 0.214,214. Therefore 1.1 muſt be fomewhat greater than the 
true value of & in that equation. We will therefore in the next. place ſuppoſe 
R to be = 1.09, and try the truth of that ſuppoſition in the ſame manner. 


Now, if & is = 1.09, we ſhall have (by logarithms,) R* = 2. 171,893, 5, 
and conſequently R. (= R' x R = 2.171,893,5 x 1.09) = 2.357,363,9. 
Therefore R — R? will be (= 2.367,363,9 — 2.171,893,5) = 0.195,470,4 ; 
which is ſomewhat leſs than 0.214,214, or the abſolute term of the equation 


Ro — R = 0.214,214. Therefore 0.195,470,4 will be ſomewhat leis than 
the true value of R in that equation. 


But it has been ſhewn that 1.1 is greater than the true value of R in that 
equation. Therefore the ſaid true value of R muſt be of an intermediate 
magnitude between 1.1 and 1.09. 


And, if we apply one proceſs of the Differential method of approximation 
to this equation, we ſhall obtain a new near value of R that will be as near to 
it's true value as need to be deſired. This may be done as follows, 


Since the three quantities 1.1, or 1.10, N, and 1.09 differ but little from 
each other, and the three numbers 0.235,790, 0.214,214, and 0.195,470,4 
are the three values of the binomial quantity A — e that correſpond to the 
three former quantities 1.10, E, and 1.09, or reſult from the ſubſtitution of 
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thoſe quantities in it's terms inſtead of R, the differences of the former three 
quantities will be to each other in, nearly, the ſame proportion as the corre- 
ſponding differences of the latter three quantities; that is, 1. 10 — 1,09 will 
be to R — 1.09 in, nearly, the ſame proportion as 0.235,790 — 0. 195, 470 
is to 0.214,214 — 0.195,470, or 0.01 will be to R — 1.09 in, nearly, the 
ſame proportion as o. o40, 320 is to o. 018,744; and conſequently It = 1,09 
0.01 X o. 018.744 C— * 
o. o4o, 320 o. o40, 3 20 
be, nearly, (= 0.0048 &c + 1.09) = 1.0948, We may therefore conſider 
1.0948 as a pretty near value of the quantity R, or the root of the binomial 
equation R'* — fi = 0.214,214, or of A, or the higher limit of the magni- 
tude of R, or the greater root of the trinomial equation o. 214, 214K 1 + R* 
— KR“ = . 214, 214. a. E. I. 


will be, nearly, (= 0.0048 & c, and R will 


Art, 32. We will therefore now procecd to inveſtigate the value of M, or 
the lower limit of the magnitude of & in the ſaid trinomial equation 0.214, 
214K. + R'* » R** = 0.214,214, by reſolving the ſecond binomial equation, 
Rio — 0.952,380k = 0.112,207, to the root of which the ſaid lower limit of 
R 1s equal. 


DC eee —————y___ 


The Reſolution of the binomial Equation R“ — o. 95 2, 380K = 0.112,207. 


Since the root of the former binomial equation R = RD = 0.214,214 is 
= 1.0948, it ſeems reaſonable to ſuppoſe that the root of the latter binomial 
equation Ro — 0.952,380K? = 0.112,207, (of which the abſolute term, 
0.112,207, is not much above half the abſolute term, 0.214,214, of the former 
binomial equation,) will be much leſs than 1.0948; and therefore I ſhall 


48 


ſuppoſe it to be nearly equal to 1 + —— „ or to 1.0474, and try the juſtneſs 


of the ſuppoſition by ſubſtituting 1.0474 inſtead of R in the binomial quantity 
RIO — 0.952,380K?, in order to fee how nearly the reſult will approach to the 
abſolute term 0.112,207 of the ſaid ſecond binomial equation, and whether it 
will be greater, or whether it will be leſs, than the faid abſolute term, and 
conſequently to diſcover whether 1.0474 will be greater than the true value of 
R in the ſaid ſecond equation, or will be leſs than the ſaid true value. 


Now, if we ſuppoſe R to be = 1.0474, we ſhall (by logarithms,) have 
Re = 1.486,98 1, 6, and conſequently R (= R' x R = 1.485,981,5 * 
1.0474) = 1.556, 41), o, and o. 952, 380 R” = o. 952, 380 X 1.485, 981,5 = 
1.415, 219,6. Therefore the binomial quantity K — o. 952, 380 R will be 
(= 1.556, 417,0 — 1.415, 219,6) = 0. 141, 197,4; which is greater than 

a O. 112, 
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0.112,297, or the abſolute term of the equation Re — 0.952,380R? = 
0.112,2079. Therefore 1.0474 muſt be greater than the true value of A in 
the ſaid equation. 


We will therefore, in the next place, ſuppoſe R to be = 1.04, and try the 
juſtneſs of this conjecture by ſubſtituting 1.04 inſtead of R in the binonnatl 
quantity I, — 0.952,3801/2, and comparing the reſult with the abſolute term 
0.112,207, | 


Now, if R is = 1.04, we ſhall have (by logarithms,) R' = 1.423, 310, 7, 
and conſequently R'* (= R X R = 1.423,310,7 X 1.04) = 1.480, 243,1, 
and o. 9 52, 380 R (= o. 952, 380 X 1.423,310,7) = 1.355.532, 6. Therefore 
RY? — o. 952, 380 R will be (= 1.480, 243,1 — 1.3 55,532, 6) . 124, 710, 53 
which is greater than o. 112, 207, or the abſolute term of the equation R — 
o. 952, 380 f = o. 112, 207. Therefore 1.04 will alſo be greater than the true 
value of R in the ſaid equation. 


Having now obtained the two numbers o. 141,197 and o. 124, 710, which 
reſult from the ſubſtitution of the two numbers 1.0474 and 1.04 inſtead of R 
in the binomial quantity R'* - o. 9 5, 380 Ro, we may find a nearer value of R 
by the Differential method of approximation by proceeding as follows. The 
difference of 1.0474 and 1.04 will be to the difference of 1.04 and R, in, 
nearly, the ſame proportion as the difference of the numbers o. 141, 197 and 
0. 124, 710 (which correſpond to the numbers 1.0474 and 1.04,) to the differ- 
ence of the numbers o. 124, 710 and o. 112, 20%, which correſpond to the 
numbers 1.04 and R; that is, 1.0474 — 1.04 will be to 1.04 — K in, 
nearly, the ſame proportion as o. 141,197 — 0. 124,7 10 is to o. 124.710 — 
0. 112, 20, or 0.0074 will be to 1.04 — K in nearly the fame proportion as 
o. 016, 487 is to o. 012, 503. Therefore 1,04 — R will be, nearly, ( = 
9.024. 0.012, 50 — 0. 000, oga, 522, ) 


= 0.0056; and conſequently 1.04 will 


0,016,487 — 0.016, 487 
be, nearly, = 0.0056 + K, and R will be, nearly, (= 1.0400 — 56.0056) 
= 1.0344. We may therefore conclude that the root of the ſecond binomial 
equation R — 0.952,380R® = 0.112,207 will be pretty nearly = 1.0344, 
and conſequently that M, or the lower limit of R, or of the greater root of 
the trinomial equation 0.2144214R" + RO = R = 0,214,214, Will alſo be 
nearly 1.0344. Q. E. 1. 
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Toe Application of the Nun bers 1.0948 and 1.0344, (which have been found to by 
the Limits of the Magnitude of R, or the greater Reot of the trinomial Equation 
0.214,214R" + RO — N. = 0.214,214,) to the Inveſtigation of the Value of 
the ſaid greater Root, or to the Reſolution of the ſaid trinomial Equation 
O. 214, 214K + R — NK = 0. 214,214. 


Art. 33. Having now diſcovered that the limits of the magnitude of R, or 
the greater root of the trinomial equation o. 214, 14x + H = RY: = 
0.214,214, are nearly equal to the numbers 1,0948 and 1.0344, we may 
procced to make further approaches to the value of the faid greater root in the 
tollowing manner, 


Since R, or the greater root of this equation o. 214, 214k + K* — R*f 
= 0.214,214, is leſs than 1.0948, but greater than 1.0344, it ſeems 
reaſonable to conjecture that it will be nearly equal to an arithmetical mean 


between them, (or to — 1 cor ta 5 or to 1.0646. We will 


try the juſtneſs of this ſuppoſition by ſubſtituting 1.0646 inſtead of & in the 
trinomial quantity o. 214, 214K + R. — N, and comparing the reſult of 
this ſubſtitution with o. 214, 214, or the abſolute term of the equation 
0.214,214R" + R = RY = 0,214,214. 


Now, if R is = 1.0646, we ſhall have, (by logarithms,) R'* = 1.941,116,0, 
and conſequently R (= I = i, = 1.823,328,9, and conſequently 
RO (= RO x RO = 1.823,328,9 x 1.823, 328,9) = 3.324,528,2, and R“ 
(= Ri x R = 3.324,528,2 x 1.0646) = 3.539,292,7, and o. 214, 14K 
(= 0.214,214 X 1.941,116,0) = 0.415,814,2. Therefore the trinomial 
quantity 0.214,214R"* + R — R. will be (= 0.415,814,2 + 3-324,528,2 
— 3-539,292,7 = 3.740, 342,4 — 3.539,292,7) = o. 201, o49, 7; which is 
tolerably near to, but ſomewhat leſs than, o. 2 14, 2 14, or the abſolute term of 
the equation o. 214, 14K . + R — R. = 0.214, 214. Therefore 1.0646 
will be ſomewhat greater than the true value of R, or the greater root of the 
ſaid equation. 


In order to obtain a more exact value of R it will now be expedient to have 
recourſe to Mr. Raphſon's method of approximation, by procceding as follows. 


Let z be put for the exceſs of the number 1.0646 above R, ſo that R ſhall 
be = 1.0646 — R. | 


Then will R“ be (= 1.0046 — R = 1.0046\"" — 17 X 1.06460 X 2 
+ &c = 1.941,116,0 — 11 X 1.823, 328,9 Xx 2 + &c) = 1,941,116,0 — 
# 3 2 


20,050, 


"ry 
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20.056, 617, 9 Xx * + &c, and o. 214, 214 x R. will be (= o. 214,214 * 


1.941, 116,0 — 20.056, 617, 9 & Z + & = 0.214, 214 X 1.941,16, — 
0.214, 214 X 20.056, 617, 9 & 2 + &c) = o. 415, 814,2 = 4.296, 408,3 X 2 


+ &c; and R“ will be (= 1.0046 = e 1.064 e — 20 x 1.0640 


. 1.0646 
XX + & c = 1.0646 — 20 Xx + > + &C = 3.324, 528,2 — 20 


3-324,528,3 E | 
X * X 2 + & c = 3.324,528,2 = 20 X 3.122,93, 6 X 3 + &c) 


= 3.324,528,2 — 62.455,912,0 K 2 + &c; and R* will be (= 
1.0646 — 2}** 1.06460 — 21 x 1.0640, Xx 2 + &c = 3.539,292,7 


— 21 X 3.324, 528, 2 x 2 + &c) = 3.539,292,7 — 69.815,092,2 X 2 


+ &c. 
| 0.415,814,2 — 4.296, 408, 3 
| 3-740,342,4 — 66.752, 320, 3 X X + &c 


| ++ 


Therefore the trinomial quantity 0.214,214KR" + RY — AR" will be equal 
to the compound quantity 
X 2 + &c f 
+ 3.324, 528,2 — 62.455, 9 12, X ＋ &C = 
— 3.539,292,7 + 69.815,092,2 X 2 &c 
— 3.539,292,7 + 69.8 15,092, 2 X 2 — &C 
o. 201, 049,7 + 3.062, 771,9 X 2 &c, 


But the trinomial quantity o. 2 14, 214K + R — N is = 0.214, 214. 


Therefore the compound quantity o. 201,49, + 3.062,71, X 2 &c 
will alſo be = o. 214, 214; and conſequently 3.062, 771,9 * 2 will be ( 


f o. 013.164, 3 
0. 214, 214 — 0. 201, 49,7) = o. oi 3, 164, 3, and x will be (= — 
o. 04, 298. Therefore R, or 1.0646 — z, will be ( = 1.0064, — 


o. 04, 298) 1.060, 302; and conſequently the intereſt allowed to the creditor 
in the Queſtion above: propoſed, for the debt of 816.937/., or 810“. 18s. gd., 

remitted by him in conſideration of the remote annuity of 175/. mM aunum that 
has been granted to him, is, nearly, 6.0302/., or 6/. os. 74d. per cent per 


annum, Q E. 1 


The value of & obtained by this proceis of Mr. Raphſon's method of 
approximation, to wit, 1.050, 30a, is fo very little greater than 1.060,000, or 
1.06, that it would naturally induce us to conjecture that it's true value was 
1.06, and to try whether it is ſo, or not, by lubſtituting 1.05 inſtead of R in 
the binomial quantity o. 214, 214K + e — R.; by which we ſhould find 
that the value of the ſaid binonnal quantity reſting from ſuch ſubſtitution 

Vor. V. _— would 
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would be accurately equal to 0.214,214, or the abſolute term of the equation 
0. 214. 214K + RP? — N = 0.214, 214, and conſequently that 1.06 is the 
true value of R, or the greater root of that equation. It ſeems therefor: 
unneceſſary to carry this inveſtigation of the value of & in this equation any 


further, 


S... eee eros . —C 


Another Method of deriving from the Number 1.646, (which has beeen obtained 
above in Art. 33 for a firjt near Value of R, ) a ſecond and much more accurate 
Value of R by the Differential Method of Approximation, 


Art. 34. But, as it may be of uſe to ſhew that, in reſolving equations of 
theſe high orders, we may ſometimes take ſeveral different methods of obtaining 
a pretty good near value of the root ſought, which may afterwards, if greater 
exactneſs ſhould be required, be made the baſis, or ground-work, of a further 
approach to it's true value by a proceſs, or two, of Mr. Raphſon's method 
of - approximation, I will now proceed to ſhew how (after having obtained 
the number 1.0646 in art. 33, for a near value of R, or the greater root 
of the trinomial equation o. 214, 214K. + R ˙˙ — R** = . 214, 214, and 

having found, upon trial, that the value of the trinomial quantity o. 2 14, 2 14K 
IR —Nreſulting from the ſubſtitution of the ſaid number 1.0646 in it's 
terms inſtead of R, is equal to o. 201,049, 7, which is but a little leſs than 
0. 2 14, 214, or the abſolute term of the ſaid trinomial equation, and having 
thence concluded that the ſaid number 1.0646 muſt be ſomewhat greater than 
the true value of R, or the greater root of the ſaid equation,) we may, by 
means of one proceſs of the Differential method of approximation, obtain 
another near value of & that ſhall approach much nearer to it's true value than 
the ſaid former number 1.0646. This may be done in the following manner. 


Since 1.0646 1s greater than the true value of R, or the greater root of the 
trinomial equation o. 2 14, 214K + R — H = 0.214,214, let us ſubtract 
- 1.0646 
from 1.0646 the quantity —— 
probably be nearer than 1.0646 to the true value of R. This number 1.0593 
muſt now be ſubſtituted inſtead of & in the trinomial quantity o. 2 14, 2 14% 
+ R'? — RA, in order to obtain the value of the ſaid trinomial quantity 
correſponding to it, or reſulting from that ſubſtitution, and to diſcover whether 
this ſaid reſult will be greater, or will be leſs, than 0,214,214, or the abſolute 
term of the trinomial equation o. 2 14, 2 14K. + R — R. = o. 214, 214, and 
conſequently whether 1.0593 will be leſs, or will be greater, than the true 
value of Þ in that equation. 

Now, 


3 


„ or 0.0053; and the remainder 1.0593 will 
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Now, if R is = 1.0593, we ſhall have R. = 1.0593", and N' = 
1.0593“, and R“ = 1.0593] *„ and 0.214,214R" + R — K = 0.214,214 
X 1.0593)" + 1.0593 — 1.0993. We muſt therefore find the values 


of 1.0593)", 1.0593 *, and 1.0393 ; which may be done molt conveniently 
by means of a table of logarithms, as follows. 

The, logarithm of 1.0593 Is = 0.025,019,0. Therefore the logarithm of 
1.0593 will be (= 11 x 0.025,019,0) = . 275, 209, o; which is the loga- 
rithm of the number 1.884,555,8. Therefore 1.0593 is = 1.884,555,8. 


Therefore 1.0593/** will be (= 1.0593)" * = 1.884,555,8)*) = 3.581, 850, 


ſequently_ T:o7oa1* vill be (8 
563,313, 64, and conſequently 1.0593 w!l ( — 
3.571,55,563˙313,64 1 — — — 0 op 
1.5593 ) = 3.352, 733, 468,6, and 1.0593 will be (= N 
— 3:352-733:468,0 \ _ 3.165,46; and 0.214, 214 X. 10593 will be (= 


1.0593 
o. 214,214 X 1.884, 555,8) = . 403, 698,2 &c. Therefore the trinomial 


quantity o. 214, 214 X 1.0593)“ + 1.0693» — 1.0593|** will be ( = 
o. 403,698 + 3.165,045 — 3.352,733 = 3-568,744 — 3.362,733) = 
0.216,011 ; which is greater than 0.214,214, or the abſolute term of the 
trinomial equation o. 2 14, 214K“ + R — R = 0.214,214. Therefore the 
number 1.0593 muſt be leſs than the true value of &, or the greater root of 
that equation. d E. 1. 


We have now three quantities that are nearly equal to each other, to wit, 
1 0646, R, and 1.0593, and we know that the values of the trinomial quantity 
O. 214, 14K * + R — RNA correſponding to theſe three quantities, or ariting 
from the ſubſtitution of the ſaid three quantities in it's terms inſtead of X, are 
0.201,049, 0.214,214, and 0.216,011. It follows therefore, according to 
the principles of the Differential Method of approximation, that the difference 
of the firſt and third of the firſt ſet of quantitics will be to the difference of the 
ſecond and third of the fame, or firſt, ſet of quantities in, nearly, the fame 
proportion as the difference of the firſt and third of the ſecond ſet of quantities 
is to the difference of the ſecond and third of the fame, or ſecond, ſet of 
quantities, that is, 1.0646 — 1.0593 will be to R — 1.0593 in, nearly, the 
tame proportion as o. 216,011 — 0.201;049 is to 0.216,011 — 0.214,214, or 
0.0053 will be to K — 1.0593 in, neatly, the ſame proportion as o. 014, 962 
is to o. 001,97. Therefore R — 1.0593 will be, nearly, (= 
887 2 e) o. Oo, 636, and conſequently R will 
be, nearly, (= 0,000,636 + 1.0593) = 1.059,936, Q. E. 1. 
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This number 1.059, 936 differs from the true value of R, (which is 1.06, 
by only the ſmall quantity o. oo, 74, which is leſs than the 14, 324th part of 
the ſaid true value. This is ſo great a degree of exactneſs that it ſeems to be 
quite unneceſſary to ſeek for a more exact value of R, or the greater root of 
the ſaid trinomial equation o. 214, 214K + RP — R. = 0.214, 214. But, 
if we choſe to proſecute the reſolution of this equation further, and were, for 
for that purpoſe, to employ one proceſs of Mr, Raphſon's method of approxi. 
mation, by taking 1.059,936 for the baſis, or ground-work, of fuch proceſs, or 
ſuppoſing R to be equal to the binomial quantity 1.059, 936 + 2, and ſubſti— 
tuting the ſaid binomial quantity inſtead of & in the ſaid equation 0.214, 
214K + R — R. = o. 214, 214, and reſolving the transformed equation 
thereby obtained as if it were a mere ſimple equation, we ſhould thereby obtain 
the value of R exact to at leaſt eight places of figures, 


Another Method of reſolving the foregoing Equation o. 2 14, 214K + R — R** 
= 0.214,214, derived from our Knowledge of it's leſſer Root 1, and of the 
Number 1.0344, which is the leſſer Limit of the Magnitude of it's greater Root R. 


— — ——s 


Art. 35. We may obſerve further that we might at firſt have taken another 
method of obtaining a tolerably good firſt near value of I, or the greater root 
of the trinomial equation o. 2 14, 2 14 + NK — R* = o. 214, 214, inſtead 
of taking an arithmetical mean between the two numbers 1.0948 and 1.0344, 
which are the limits of the magnitude of R. For we might have conjectured 
with a good degree of probability, that the number 1.0344 (which is the 
lower limit of the magnitude of A,) would be nearly an arithmetical mean 
between R, or the greater root of the ſaid trinomial equation, and it's lefler 
root, which we know to be 1; from which it would follow that R would be 
nearly (= 1.0344 + 0.0344) = 1.0688. This would have been a pretty 
good firſt near value of R, though not quite ſo good a one as the number 
1.0646, which was obtained above in art. 33 by taking an arithmetical mean 
between the numbers 1.0948 and 1.0344, or the two limits of the magnitude 
of R. And, it we had taken this number 1.0688 for the ſaid firſt near value 
of A, we mult have ſubſtituted it inſtead of R in the trinomial quantity 
0.214,21412* + R. — RA, in order to diſcover whether the value of the ſaid 
trinomial quantity reſulting from ſuch ſubſtitution would be greater, or would 
be leſs, than 0.214,214, or the abſolute term of the trinomial equation 
0. 2 14, 21441. + RY? — KR 0. 214, 214, and conſequently whether the ſaid 
number 1.0688 would be leſs, or would be greater, than R. And, upon 
making this ſubſtitution, we ſhould have found that the value of the ſaid 
trinomial quantity thence reſulting (which we will call A,) would have been 
leſs than the abſolute term o. 214, 214, and conſequemly that the number 
1.0688 mull be greater than R. And, after this diſcovery, we might have 

ö | ſubtracted 
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1.068 


ſubtracted from 1.0688 the fraction —— = or 0,005,344, by which we ſhould 


have obtained 1.063, 456, or (neglecting the two laſt figures,) 1.0634, for 
another near value of & that would probably be nearer than 1.0688 to it's true 
value, Then we muſt have ſubſtituted this new number 1.0634 inſtead of R 
in the trinomial quantity 0.214,214R'* + R' — R“, in order to diſcover 
whether the value of the ſaid trinomial quantity refulting from ſuch ſubſtitution 
(which value we will call B.) would be greater, or would be leſs, than the 
abſolute term 0.214,214 of the ſaid equation; and we ſhould have found that 
it would have been leſs than the ſaid abſolute term, and conſequently we mult 
have concluded that the faid number 1.0634 (as well as the former number 
1.0688,) would be greater than the true value of R, And, having thus three 
quantities that are nearly equal to each other, to wit, the quantities 1.0688, 
1.9634, and R, and three different values or the trinomial quantity 0.21 4,214R** 
+ ER — R** that correſpond to the ſaid three former quantities reſpectively, 
or reſult from the ſubſtitution of the ſaid three former quantities in the ſaid 
trinomial quantity, to wit, the three values A, B, and 0.214,214, we might 
have found a third near value of R that would have been nearer than either 
1.0688 or 1.0634 to 1t's true value, by means of the following proportion 
according to the principles of the Differential method of approximation ; As 
1.0688 — 1.0634, or 0.0054, is to 1.0634 — RK, lo (very nearly,) will 
B — A be to o. 2 14, 214 — B; whence it follows that 1.0634 — R will be 


0.0054 Xx 0.:14,214 =- 
B — A 


= DD E, and that R will be = 1.0634 — 


„ and conſequently that 1.0634 will be 


(very nearly) 


— — 1 — — E. I have not made this computation of the value of R; 


but 1 am perſuaded that it would be almoſt as exaCt as the number 1.059,936, 
which was found above by a ſimilar application of the Differential method of 
approximation, by taking 1.0646, (or the arithmetical inean between 1.0948 
and 1.0344, the two limits of the magnitude of K,) for the firſt near value, 
or baſis of the inveſtigation. 


᷑— —œ—᷑,ff ? ——̃ —. ——̃ä ä — 


Another Method of reſolving the Equation o. 214, 214 K + RO — R” = 
0.214,214, derived from our knowledge of the Limits of the Magnitude of R, or 
the greater root of that equation, 


— — — 


Art. 36. But there is alſo another method of obtaining a tolerably good firſt 
near value of R, or the greater root of the trinomial equation o. 2 14, 214g 
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+ Re — R” = 0.214,214, by means of our knowledge of the two numbers 
1.0948 and 1.0344, which are the limits of the magnitude of the faid greater 
root, This method is as follows. 


Let 1.0344, or the lower limit of the magnitude of R, be ſubſtituted inſtead 
of R in the trinomial quantity o. 2 14, 214K + R. — RNA, in order to 
diſcover the value of the ſaid trinomial quantity reſulting from ſuch ſubſti- 
tution; which value will be the greateſt poſſible magnitude of the ſaid trinomial 
quantity. This ſubſtitution may be made as follows. 


If R is = 1.0344, we ſhall have R. = 1.0344)", and * = 15034 
and R. = 1.0344, and the trinomial quantity o. 214, 214K + R — RE. 


will be = o. 214, 214 X 1.0344 + 1.0344)” — 1.034 . We muſt 


therefore find the values of 1.0344)", and 1.0344 and 1.0344)” which 


may be done moſt conveniently by the help of a table of logarithms in the 
manner following. 


The logarithm of 1.0344 is = 0.014,688,;, Therefore the loga- 
rithm of 1.0344 will be (= 11 X 0.014,638,5) = . 161, 573,5; 
which is the logarithm of the number 1.450, 86,3. Therefore 1.0344 is 


= 1.450, 686, 3. And conſequently 1.0344 will be ( = 1.0344 = 


1.450,686,3)* ) = 2.104, 490,41, 007, 69, and 1.034% will be $— 
1.03444 2.104,499,741,007,69, __ 8 
* — ) 2.034, 503, 899, 45, and 1.0344 will be 


(= 52 — — —— . ) = 1.966, 844, 4; and o. 214, 214 X 1.0344)" 


will be (= o. 2 14, 214 X 1.450, 686,3) = 0.310, 757, 3 15, 68, 2. Therefore 
the trinomial quantity o. 2 14, 2 14 X 1.0344)” + 1.0344 — 1.0344)** will 
be (= 0.310,757,9 + 1.966, 844,4 — 2.034, 503,8 = 2.277, 601,7 — 
2.034, 503,8) = . 243, 097,9. Therefore o. 243, 097,9 is the value of the 


trinomial quantity o. 214, 214K + R — KR. when N is = 1.0344, and is 
che greateſt poſſible magnitude of the ſaid trinomial quantity. 


Having thus obtained this value, o. 243, og), 9, of the trinomial quantity 
0.2 14, 14K + RO — R. which correſponds to the number 1.0344, 
or reſults from the ſubſtitution of 1.0344 in the ſaid trinomial quantity, we 
may now apply it to the finding a firlt near value of R, or the greater roo: 


of the trinomial equation o. 214, 214K + NR — R* = . 214, 214, in the 
following manner. 


Art. 37. Since, when R is 1.0344, the trinomial quantity o. 214, 2 14 R. 
+ R — R** is equal to o. 243,09, 9; and, when R is = 1.0948, the laid 
trinomial 
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trinomial quantity is = o; it is evident that, while A increaſcs trom 1.0344 
to 1.0948, or receives an increment equal to 1.0948 — 1.0244, or to 0.0004, 
the trinomial quantity 0.214,214R* + R' — R** ſuff rs a decrement equal to 
it's whole magnitude, or o. 243, 97,9. Now let us ſuppoſe that the increment 
received by R while the trinomial quantity 0.214,214KR* + RY — RE 
decreaſes from 0.243,097,9 to 0.214,214 is to it's whole increment, 0.0604, 
received while the ſaid trinomial quantity decreaſes from o. 243, 097,9 to o, in, 
nearly the ſame proportion as the decrement ſuffered. by the ſaid trinomial 
quantity in the former time, to wit, 0.243,097,9 — 0. 214,2 14, Or 0.028,09 3,9, 
is to the decrement ſuffered by the ſaid trinomial quantity in the latter time, 
that is, to it's whole magnitude 0.2 43,097, 9; an! we ſhall have the incre- 
ment of R in the former time, (which we will call J.) nearly, equal to 
0.0504 Xx 0.028,383,9 _ 0.001,744,587,50 
( 0.2 3,097.9 . 243,097, 
or the value of R, when the trinomial quantity o. 2 14, 214% R. — N* 
ſhall have decreaſed from o. 243, 097, 9 to o. 274,214, will be nearly = 10344 
+ o. 007 = 1,0415, or the value of &, or the greater root of the equation 
0.214,214R" + N — R** = 0.214,214 will be nearly = 1.0415. And 
thus we may obtain without much labour the number 1.0415 for a firſt near 
value of KR. 


) = 0.0071. Therefore 1.0344 + J. 


This number 1.0415 is not fo exact a value of R as either 1.0646, or 
1.0688, which were obtained by the two former methods. But yet it is near 
enough to the truth to be a good ground-work for a further approximation to 
the true value of R by proceeding as follows, 


Art. 38. Let 1.0415 be ſubſtituted inſtead of R in the trinomial quantity 
0.214,214R"" + K — KRI, in order to diſcover whether the value of the ſaid 
quantity reſulting from ſuch ſubſtitution will be greater, or will be lefs, than 
0.214,214, or the abſolute term of the trinomial equation o. 214.2 14K + R** 
— A = co. 214, 214, and conſequently whether i.041 5 will be leſs, or will be 
greater, than the true value of , or the greater root of that equation. 


Now, if R is = 1.0415, we ſhall have R"" = 1.041 5%, and = 
1.0419”, and R. = 1.0415 „ and the trinomial quantity o. 214, 214K + 


R. — R** will be = 0.214, 214 1.0415)" + 1.0415) — 1.0415)", We 
muſt therefore endeavour to find the values of 1.0415)", and 1.9415”, and 
1.0415 ; which may be moſt conveniently done by means of a table of 
logarithms in the following manner. 


The logarithm of 1.0415 is = 0.015,659,3.. 7 herefore the logarithm of 


1.0415”: will be (= 11 X 0.01, 659,3) = 0.194,252,3; which is the 
logarithm 
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logarithm of 1.564,056,1. Therefore 1.0415 is = 1.564, 56, 1. There- 


11) 2 


fore 1. 04150 is ( 1.041% = 1.564,056,1\*) = 2.446,271,483,947,21, 


nn 
„ „1.04152 2.446, 271, 483,947, 2 
and 1.0415“ is (= ——— ‚ == -) = 2.348,96, 432, 01, and 


t. o4 15 1.0415 
1.041571 8,796 | | 
of OTST 2-340, 790,432,010 
1.0415 P 1s (= T0415 — 1.5415 ) = 2.255,205,4 3 and 0.214,214 


* 1.0415“ will be (= o. 214, 214 X 1. 564, 056,1) = 0. 335,042, 713, 40g, 4. 
Tberefore the trinomial quantity 0.2 14, 214 * 1.0415} + 1.0415)” 2 


1. 041 50% will be = o. 335,042, + 2.255, 205,4 — 2.348, 796,4 = 2.590,248,1 
— 2.348, 796,4 = 0. 241,451, ; which is conſiderably greater than o. 2 14, 214, 
or the abſolute term ot the propoſed equation. Therefore 1.0415 muſt be 
conſiderably leſs than the true value of R, or the greater root of the ſaid 


equation. 


Fd 


Art. 39. Since the number 1.0415 now appears to be conſiderably leſs than the 
true value of R, we will add to it, not the 200th part of it, as in ſome former 


1.0415 
100 


inſtances, but the 160th part of it, or the fraction „ Or 0.0104; and then 


we ſhall have 1.0415 + 0.0104, or 1.0519, for another conjectural value of R, 

which will probably be much nearer than 1.0415 to it's true value; and we 
then will ſubſtitute this new number 1.0519 inſtead of R in the trinomial 
quantity 0.214,214R" + KR — An. This may be done as follows, 


If R is = 1.05i9, we ſhall have R.. = 1.0519 %, and R = 1.0519)”, 
and R. = 1.0519)”, and 0.214,214K'" = 0.214,214 X 1. 05 19 *, and the 
trinomial quantity o. 24, 214K + R — R = . 214, 214 x 1.0519)" + 
1.0519) — 1.05190 . We muſt therefore endeavour to find the values of 


1.0519)", and 1.0519 2% and 1.0519)**; which may be done moſt conve- 
nicntly by the help of a table of logarithms in the following manner, 


The logarithm of 1.0519 is = 0.021, 974,5. Therefore the logarithm of 
1.0519)” will be ( = 11 Xx 0-021,974,5) = 0.241,719,5; which is the 
logarithm of 1.744,094,7- Therefore 1. 0519 will be = 1.744,694,7. And 


conſequently 1.0519]** will be (= 1.0519) * = 1.744:694,7}) = 3.043, 


9597596, 208,09, and 7.5579) will be (= 222 = ! 82) — 


1.0519 1.9519 
21 * mw is 4 tu - 
— 2 ” — 1.0519 2 2.89 3,77 2,788,455 — 
2.893, 7 72,788, 485, and 1.0519 will be (= 1.0519 1,0519 * 


2.750, 
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2.750, 996, 9; and o. 214, 214 X 1.0519) will be (= . 214,14 X 
1. 744, 694,7) = 0. 373,738, 030.465, 8. Therefore the trinomial quantity 
0. 214,214 X 1.05% + 1.0519 ½% — 1,0319]?* will be (= o. 373,738, + 
2.730, 996,0 = 2.893,72, = 3.124734, — 2.893, 72,7) = o. 230,967.33 
which is greater than 0,214,244, or the ahſolute term of the equation © 214, 
214K. + R — R — 0.214,214. Therefore 1.0519 mull be leſs than the 


true value of R, or the greater root of the ſaid equation. 


Art. 40. And, as this laſt value, 0.230.951,3, of the trinomial quantiry 
0:214,214R* + R — R** (which reſults from the ſubſtitution of 1.0519 in 
it's terms inſtead of N,) is conſiderably greater than 0.214,214, or the ablolute 
term of the equation 0.214,214R" + R* — RW = o. 214, 214, we may 
conclude that 1.0519 will be conſiderably leſs than the true value of R, or the 
greater root of that equation. And therefore we will increaſe the faid number 
1.0519 by adding to it a 200th part of itſelf, to wit, the fraction _— er 
0.0052, whereby we ſhall have 1.0519 + 0.0052, or 1.0571, for another near 
value of R, which will probably be much nearer than 1.0519 to it's true value. 
And this new value of &, to wit, 1.0571, mult now be ſubſtituted inſtead of 
R in the terms of the trinomial quantity o. 2 14, 214K * + R — KR, in order. 
to diſcover whether the value of the ſaid trinomial quantity reſulting from ſuch 
ſubſtitution will be greater, or will be leſs, than o. 2 14, 214, or the abſolute 
term of the propoſed equation, and conſequently whether the number 1.0571 
will be leſs, or will be greater, than R, or the greater root of the ſaid equation. 
This ſubſtitution may be made as follows. 


If Ris = 1.0571, we ſhall have R* = 1.0571'"", and R' = 1.05711, 


and R. = 1.0571)", and o 214,214R" = 0.214,214 X 1.0571)" ; and the 
trinomial quantity o. 214, 14K + ARO — K* will be = 0.214,214 X 


ICF JI + $0571)” — 1.0571)”. We muſt therefore find the values of 
1,05711'", 1.03711, and 1.0571”; which may be moſt conveniently done 
by the help of a table of logarithms, as follows, 


The logarithm of 1.0571 is = 0.024,116,1, Therefore the logarithm of 


1.0571)” will be (= 11 Xx 0.024,116,1) = 0.205,277,t; which is 

the logarithm of 1.841,947,0, Therefore 1.0591 is = 1.841,947,0. 

Therefore 1.0571)** will be (= 1.0571)“ = 1. 841,947, 0 = 
1.05710 


3.392,68, 750, 809, oo, and 1.05) 1] will be ( = 
3:392-768-75989999 ) = 3.209, 50 6, 960, 46, and 1.05711” will be (= 2 


1.0571 1.0571 
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% $:209:905-960,4 \ 
> 1.0571 
= 0. 214, 214 X 1.841, 947, ) = o. 394, 570, 834, 658. Therefore the trino- 
mial quantity o. 214, 214 X 1.05% ““ + 1.0571)! — 1.0f5jil* will be 
(So. 394,370, 8 + 3.036, 142,2 — 3. 209, 505,9 3.430, 713,0 — 3.209, 605, 9) 
= 0.221, 20% 1; Which is greater than 0.2 14, 214, or the abloliſte term of the 
trinomial equation o. 2 14, 214g + RY — len = . 214, 214. Therefore 


1.6571 mult be leſs than the true value of X, or the greater root of that 
equation. 


3.036, 142, 2; and o. 214, 214 X 1.0571)" will be 


Art. 41. Having thus obtained the two numbers 1.0519 and 1.0571 for two 
ſucceſſive near values of N, which are both leſs than it's true value, and of 
which conſequently the ſecond, or greater, 1.0571, is the nearef to the truch, 
and having found the two numbers 0.230,901,3 and 0.221,207,1 which are 
the values of the trinomial quantity o. 2 14, 14K * + R — R** that correſpond 
to the ſaid two numbers 1.0519 and 1.0571 reſpectively, or that ariſe from 
the ſubſtitution of thoſe two numbers inſtead of R in the ſaid trinomial 
quantity, we may now apply a proceſs of the Differential Method of approxi- 
mation to thele ſeveral numbers with ſucceſs, and we ſhall thereby obtain 
another near value of R, or the greater root of the propoſed equation, that 
ſhall be much nearer than even 1.0571 to it's true value. This may be done 
in the manner following. 


Let the three quantities 1.0519, 10571, and R, which differ but little 
from each other, be ſet down one under the other, with the three correſponding 
numbers, or values of the trinomial quantity o. 214, 214K + R — RU, to 
wit, the numbers 0.230,961,3, 0.221,207,1, and 0.214,214,0, in the lame 
lines with them refpe&tvely, and conſequently under each other, as follows; 


Z "Se 0.230,901,3, 
1.0571, - 0. 221,20), 1, 
R, „41 ine. 


Then will R — 1.0571 be to | 5 ee „very nearly, in the ſame 


proportion as { 2 1 2,00 gt : is to be * » that is, 

R — 1.0571 will be to 0.0052, very nearly, in the ſame proportion as 
0.006,993,1 is io 0.009,754,2, Therefore R — 1.0571 will be, nearly, (= 
0.0052 * o. 906, 993, 1 o. ooo, o36, 364, 122 
009,754, . 00%, 754.2 1 


nearly, (= 0.0037 + 1.0571) = 1.0608 ; that is, R, or the greater root oo 
t the 


0.0037 ; and conſequently R will be, 
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the propoſed equation 0.214,214R" + R — R' = 0.214,214, will be nearly 
equal to 1.00608, d. . 1. "16 


This number 1.c698 exceeds the true value of R (which is 1.06) by only 
0.0008, or the 14325th part of the ſaid true value, and therefore would form 
an excellent baſis, or ground-work, for a further approach to the faid true 
value by a proceſs of Mr. Raphſon's method of approximation, by putting z 
for the difference of 1,0608 and the ſaid true value, and ſabſtituting the 
binomial quantity 1.0698 — 2 1nftead of R in the trinomial equation 
0.214,214R"' + R — R.] = 0.214.214, and reſolving the new, or trans- 
formed, equation thence ariſing as if it were a mere ſimple equation: for by 
ſuch an operation we ſhould obtain another near value of & that would be exact 
to ſix places of figures, or of which che firlt fix figures would be either 
1.0 39,99, or 1. 050, oo. But this laſt operation feems not to be neceflary in 
order to our diſcovering that 1.05 is the true value of ; becauſe in the laſt 
near value of it, to wit, 1.0608, the figure 6 is followed by a cypher, or o, 
by which we are naturally led to conjecture that the true value of R will be 
1.06 ; and this value, upon trial by ſubſtituting it inſtead of & 1a the trinomial 
quantity 0.214,214R** + RY — Ku, will be found to make the ſaid trinomial 
quantity be equal to 0.214,214, or the abloluce term of the propoſed equation 
O 214, 214K 1 + RU — RK. = . 214, 214. We may therefore confider this 
laſt reſolution of the propoſed equation, which is derived from the knowledge 
of the two numbers 1.0948 and 1.0344, (which are the limits of the magni- 
rude of R, or the greater root of the ſaid equation,) together with the know— 
ledge of the number 0.243,097,9 (which 1s the value of the trinomial quantity 
o. 214, 214K 1 + R — A that correſponds to the number 1.0344, and is 
the greateſt poſſible magnitude of the ſaid trinomial quantity,) as being now 
compleat, 


This laft reſolution of the propoſed equation 0.214,214R" + RY RN 
= 0.214,214 having conſiſted of more operations than the former reſolutions 
of it, I will here briefly recapitulate the ſeveral ſteps by which we approached 
to the laſt near value of &, or it's greater root, which was 1.0608, that the 
reader may ſee them all in one view. | 


CR 


A Recapiluiation of the ſeveral Proceſſes uſed in this laſt Reſolution of the Equation 
0. 214,2 14K + R — R*' = 0.214,214. 


%, 


Art. 42. Having ſubſtituted 1.0344, (the lower limit of the magnitude of 
R,) inſtead of R in the trinomial quantity o. 2 14, 214K + RY — KR, and 


5Q 2 found 
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found that the valve of the ſaid trinomial quantity reſulting from that ſubti. 
tution was 0.243,097,9, we made the following proportion; As Ie — 1.0344 
is 10 1.0948 — 1.0344, lo (nearly,) will 0.243,007,9 — 0.214,214 be to 
0.243,097,9 — ©, or as R — 1.0344 is to 0.0604, fo (nearly,) will 
0.028,883,9 be to 0.243,097,9z and conſequently R — 1.0344 will be, 
nearly, (= 0.9504 * 0 ih DD) 
0. 243, 97,9 0. 243,097 

will be, nearly, (= 0.0071 + 1.0344) = 1.0415. This is the firſt near value 
of R obtained in this method of reſolving the propoſed equation. 


= 0.0071. Therefore 1. 


We then ſubſtituted this number 1.0415 inſtead of A in the trinomial 
quantity © 214, 214 + K — K, and found that the value of the ſaid 
quantity reſulting from ſuch ſubſtitution was 0.241,451,7, which is conſiderabl- 
greater than 0.214,214, or the abſolute term of the propoſed equation; an 
thence we concluded that the number 1.0415 muſt be conſiderably leſs than 
the true value of R, or the greater root of the propoled equation, We there. 
tore increaſed the number 1.0415 by adding to it a hundredth part of itſclt, 


. 1.0415 ; 
or the fraction _ „ or 0.0104, and took the ſum 1.0519 for a ſecond near 


value of R, which we conjectured would be nearer than 1.0415 to it's true 
value. 


| We then tried the juſtneſs of this conjecture by ſubſtituting this new 

number 1.0519, or ſecond near value of R, inſtead of ER, in the trinomial 
quantity o. 2 14, 14K + RY? — RH; and we found the value of the ſaid 
trinomial quantity reſulting from this ſubſtitution to be 0.230,961,3 ; which is 
_ conſiderably leſs than the number 0.241,451,7 (which reſulted from the 
ſubſtitution of the former number 1.0415 inſtead of R in the ſaid trinomial 
quantity,) but yet is greater than o. 24, 214, or the ablolute term of the 
propoſed equation: and we thence concluded that the number 1.0519 would 
(as well as the former number 1.0415,) be leſs than the true value of R, or 
the greater root of the propoſed equation, and would therefore be much neare: 
than the ſaid former number 1.0415 (as we had conjectured that it would be,) 
to the true value of the faid greater root. 


Nevertheleſs, as the number 0.230,961,3 (which refulted from the ſubſti- 
tation of 1.0519 inſtead of N in the trinomial quantity 0.214,214R** + R? 
— R**,) is conſiderably greater than 0.214,214, or the abſolute term of the 
propoſed equation, it followed that the number 1,0519 (though much nearer 
than the former number 1.0415 to the true value of K,) muſt ſtill be conſi- 
derably leſs than the true value of R, or the greater root of the laid equation. 
I therctore increaſed the ſaid number 1.0519 by adding to it a 2coth part of 


itſelf, or the fraction — or 0.0052, and thereby obtained (1.05 19 + 


0.0052, or) 1.0571 for a third near value of R, which would probably be 
nearer 
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nearer than either 1.0414 or 1.0519, to it's true value. And I then tried the 
juſtneſs of this conjecture by ſubſtituting this number 1,057 1 inſtead of & in 
the trinomial quantity o. 214, 214K + R = ; and 1 found the value ot 
the ſaid trinomial quantity reſulting from ſuch ſubſtitution to be o. 22,207, ; 
which is greater than 0.214,214, or the abſolute term of the propofed equation; 
and I thence concluded that the faid number 1.0571 mult be leſs than the 
true value of E, or the greater root of the ſaid equation, and theretore nearer 
than the former number 1.0519 to the laid true value, 


Having thus obtained the two numbers 1.0519 and 1.0571 for two ſuc- 
ceſſive near values of R, which are both leſs than it's true value, and having 
found the two numbers 0.230,961,3 and 0.221,207,1, which are the corre- 
ſponding values of the trinomial quantity o. 214, 21444 + RY — KR, we 
obtained another, or a fourth, near value of , to wit, the number 10608, 
(which is much nearer than even the laſt number 1.0571 to it's true value,) by 
tlic following proceſs of the Differential method of approximation ; to wit, by 
tuppoſing that, as K — 1.0571 i5to 1.0571 — 1.0519, lo (very nearly,) will 
o. 221, 207,1 — 0.214,214,0 be to o. 230, 961,3 — 0.221,207,1, or that as 
R — 1.0571 is to 0.0952, lo (very nearly,) will 0.006,993,1 be to .o, 


. 0 . - : 56, N : 
754, 2; whence it follows that K — 1.0571 will be nearly (= 0.0052 NETS 


o. 09,7 54,2 
ES = 0.0037, and conſequently that R will be (= 0.0037 
+ 1.0571) = 1.0608. And thus, in this manner of reſolving the trinomial 
equation o. 214, 214K + R' — R. = co. 214.2 14, we obtained the four 
numbers 1.0415, 1.0519, 1.0571, and 1.0608 for ſucceſſive near values of R, 
or it's greater root; of which the laſt value 1.0608 differs from the true value 


of I, (which is 1.06,) by only the 132 5th part of the {aid true value. 


—.̃ũ—b. — f—u—e—e ê—ê 0 öB8— — —— é' — . 


Auciber Method of reſolving the Equation o. 214, 214 R + R — R* = 
O. 214, 214 without fert finaing the Limits of the Magnitude of R, it's greater 
Root. 


— ATED OF en 


Art. 43. In all the foregoing methods of refolving the trinomial equation 
0.214 214K" + R — R** = 0.214,214 we have made uſe of either one or 
both of the numbers 1.0948 and 1.0344, which are the limits of the magni- 
tude of R, or the greater root of the ſaid equation, and which were themſelves 
obtained above (in arr. 31 and 32,) by the reſolution of the two ſubordinate 
binomial equations R — R' = 0.214,214 and R — ©.952,380R* = 
0.112,207, which were derived from the ſaid trinomial equation. And this 
way of proceeding was the moſt regular and ſcientifick that could be taken for 
the purpoſe of reſolving the trinomial equation o. 214, 214k + N — N=. 


CHE I 


838 AN ApPRENDIX TO Mx. JOHN WARD'3 


= 0.214,214 itſelf, or inveſtigating the value of it's greater root R, which lies 
between the laid limits 1.0948 and 1.0344, ſo previouſly diſcovered : juſt as, 
in laying ſiege to a fortified town, it is, | believe, cuſtomary for the belieging 
army to make themſelves maſters of the out- works, before they attack the body 
of the place. But, if this ſhould be thought too tedions a way of proceeding, 
we may relolve the equation in a more direct manner without firſt diſcovering 
thoſe limits of the magnitude of R, by forming at once a probable conjecture 
concerning the magnitude of A, or the greater root of the propoled equation 
0. 214, 214K + R — R* = o. 214, 214, in the manner following. 


Since R is the value of 17. together with it's intereſt for one year, it will be 
equal to either 1.01, or 1.02, or 1.03, or 1.04, or 1.05, &c, according as 
the rate of the intereſt of money (which in this queſtion is ſuppoſed to be 
unknown,) ſhall be 1 per cent, or 2 per cent, or 3 per cent, or 4 per cent, 
or 5 per cent, &c. Therefore, as 5 per cent is a very common rate of the 
intereſt of money in bargains made in England, it ſeems reaſonable to conjecture 
that the intereſt of money allowed in the preſent queſtion was 5 per cent, or 
near it, We will therefore take 1.05 for our firſt near value of &, and wil try 
the juſtneſs of our conjecture by ſubſtituting the number 1.05 inſtead of R in 
the trinomial quantity o. 2 14, 14K * + R — , and comparing the value 
of the ſaid quantity reſulting from ſuch ſubſtitution with 0.214,214, or the 
abſolute term of the equation o. 214, 214K ＋- RY? — K., = 0.214,214. 
This may be done as follows. 


If R is = 1.05, we ſhall have R. = 1.05)", and R. = 1.05, and R" 
= 1031", and 0.214,214R" = 0,214,214 X 1.05)"*; and the trinomial 
quantity o. 214, 14K + R — N. will be = 0.214214 Kö 1,09" + 
1.05 5 . We muſt therefore endeavour to find the values of 
1. Hh, and 1.05)”, and 1,05)**; which may be done moſt conveniently by 
the help of a table of logarithms in the following manner. 

The logarithm of 1.05 is = 0.021,189,3. Therefore the logarithm ot 
1.05)” will be (= 11 X 0.021, 189,3) = 0.233,082,3; which is the loga- 
"rithm of 1.710,339,3- Therefore I. og is =. 1.710,339,3- Therefore 
1.05\** will be (= 1.05] = 1.710,339,3)*) = 2.925,260,521,124,49, and 


. : 1.05 22 2.925,260,521,124, 5 
1.05 will be 2 re — 272 25 2 — 


2.785, 962, 401,70, and 


1.0 5“ will be (= . 2 ) = 2.653,29, 5; and 0.214, 


1.05 1,05 


214 X 1.050 will be (= 0.214,214 X 1.710,339,3) = 0.366,378,622,810,2. 


Therefore the trinomial quantity 0.214,214 X 1. 0% + 1.051? — 1,05)” 
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will be (= o. 366, 378,6 ＋ 2.653,297,5 — 2.785, 962, 4 = 3.0 19,676, 1 — 
2.785 962,4) = 0.233, 713,7 which 1s greater than 0.214,214, Or the ablo- 
jute term of the propoied equation 0.214,214R" os 
Therefore the number 1.05 mult be leis than the true value of R, or the 
greater root of the ſaid equation, 


Art. 44. We will therefore increaſe the number 1.05 by a 2ooth part of 
irſelf, or by the fraction _ or 0.0052 3 and we ſhall then have (1.05 + 


0.0052, Or) 1.0552 for a ſecond near value of R, which will probably be 
nearer than 1.05 to it's true value; and we will try the juſtnefs of this new 
conjecture by ſubſtituting 1.0552 inſtead of R in the trinomial quantity 
0. 214. 214K 1 + RO — R', aud comparing the value relulting from tuch 
ſubſtitution with 0.214,214, or the ablolute term of the propoled equation 
0.214,214R* + K* — A = 0.214,214- This may be done as follows. 


If R is = 10552, we ſhall have R. = 1.055 , and R = 1.0552\** 


5 


and R** = 1.0552\** ;-and 0.214,214K* will be = 0.0214,214 X 1.0552", 


and the trinomial quantity 0.214,214R" + RP — N will be = 0.214,214 
* 1.0552)" + 1.0552 TP — 1.05520, We muſt therefore Endeavour to find 
the values of 1.0552 , and 1.05 52], and 1.05 %; which may be done 


moſt conveniently by the- help of a table of logarithms 1n the following 
manner, 


The. logarichm of 1.0552 is = 0.023,334,8. Therefore the logarithm of 
1.055 ½ will be (= 11 * 0.023, 334,8) = o. 256, 682,8; which is the 


logarithm of the number 1.805, 8 54, . Therefore 1.0552) u js = 1.803, 8 54, 7. 


Therefore 1.053 al“ will be (= I. 055 = 1.805,854,7\") = 3-201,117, 


— „ 3-261, 111,197, 12 __ 
mn nne, 2" Lo 
. 4 20 hs 3 1.05 5 — 3.090, 14,781, 56 
3.090, 514,78 1, 56, and 1.0552 will be (= r Fd R 


2.928, 842,6; and 0. 214, 14 X 1.0552}"* will be (= o. 214, 214 X 
1.805, 854, = 9.386, 839.358, 705,8. Therefore the trinomial quantity 


0. 274, 14 X 10552 + 1.055) — 1.0552} will be (= o. 386,839, 3 
+ 2.928, 842,6 — 3.090, 514, = 3.315,681,9 — 3.090, 504,7) = 0.225, 
167,2 ; which is greater than o. 214, 214, or the abſolute term of the propoſed 
equation 0.214,214R" + KR — R. = o. 214, 214. Therefore the number 


3.0552 will be leis than the true value of R, or the greater root of chat 
equation. | 1 


Art. 45. 


— 
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Art. 48. It has now appeared that, while R in the trinomial quantity 

. 0.214,214R" + K, ô R“ increaſes from 1.05 to 1.05 5 2, or receives the increment 
0.005 2, the ſaid trinomial quantity decreaſes from 0.233,713,7 to C. 22, 167, 2, 
or {ſuffers a decrement of (0.233,713,7 — 0.225,16, 2, or) o. O08, 546, 5. 
Therefore, if we ſuppoſe that, while this trinomial quantity ſutters another 
decrement equal to o. oo8, 546, 5, or decreaſes further from 0.225,167,2 (to 
0.2 25,167, 2 — 0. 008, 546,5, or) to o. 216, 5 20,7, the quantity R will receive 
another increment equal to the laſt or to 0.0252, (which ſuppotition ſeems 
likely to be near. the truth,) the value of & when the trinomial quantity 
0. 214, 14K + R. = RA is become = o. 216, 5 20, 7, will be = (1.0552 + 
0*0052, or) 1.0604. But o. 216, 620, ) is but liitle greater than 0.214, 214, 
or the abſolute term of the equation o. 2 14, 214K + K — KN 0.214, 2 4. 
Therefore the value of R when the trinomial quantity o. 214, 214K. . + R* 
— R** is equal to 0.216,520,7 mult be nearly equal to &, or the greater root 
of the ſaid equation; that is, 1.604 muft be nearly equal to the ſaid root. 
We will therefore take 1.604 for our next, or third, near value of R, or the 
greater root of the propoſed equation, and will proceed to try the juſtneſs of 
this conjecture by ſubſtituting - it inſtead of R in the trinomial quantity 
O. 214, 214K . + R — Ku, and comparing the value of the ſaid quantity 
reſulting from ſuch ſubſtitution with 0.214,214, or the abſolute term of the 
propoſed equation. This may be done in the following manner, 


If R is = 1.0604, we ſhall have R. = 1.0604)", and R = 1.0604 , 
and R** = 1.06o4)**; and o. 214, 14K will be = 0.214,214 X 1.0604", 
and the trinomial quantity o. 2 14, 2 14K + N — R** will be = to the 
trinomial quantity 0.214,214 & 1.0004}"" + 1.0604) — Ich. We 
muſt therefore endeavour. to find the values of 1.0604)", and 1.0604)®*, and 


1.0604)**; which may be done molt conveniently by the help of a table of 
logarithms in the manner following. 


The logarithm of 1.0604 is = 0.025,469,7. Therefore the logarithm of 
1.0604\** will be (= 11 x 0.025,469,7) = o 280, 166,7; which is the 
logarithm of the number 1.906,192,1. Therefore 1.50004) is 1.906, 192, 1. 
Therefore 1.0604\** will be (= 1,0604' Xt wg 1.900, 192,1 = 3.633,68, 


| 
; - * 6 ' US * 3 7 , , 
322,102,41, and 1.0604** will be (= ——— = 3:033-563,332.19241 ) — 


1.0604 1.0604 
3.426, 60 1,586, 29, and 1.0004)? will be rx | L 2 42500232829 ) = 


| 2.0004  * 1.0604 
3-231,423,6; and 0.214,214 X 1.0604) will be (=, 0,214,214 X 1.906, 192, 1) 
So. 408, 333, 034, 509, 4. Therefore the trinomial quantity o. 214, 214 X 1.0604) * | 

| - 
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+ 156609 „ 7 0504 1 will be ( = o. 408, 33 3. o + 3.23ʃ, 423,6 — 
3.425, 01,5 = 3.639,75%,5 — 3 420, 601,5) = 0. 213, 155, 1; which is lets 


chan 0.214.214, or the abſolute term of the equation O. 214, 214K + R*? 
— XR = . 214,2 2. Theretore 1.0604 mull be a little greater than the true 
value of R, or the greater root of that equation, But che difference will be 
very mall, and ent re the 121d number 1.0604 will be an excellent bans, or 
grouwnd-work for a firihe: approach to the ſaid true value by a proceſs of Mr, 
Ropiton's method of approximation; which miy be performed as tollows. 
Art. 46. Let 2 be put for the unknow na excets of the number 1.0604 above 
R, or the greater 104. 0f the propoſed equation o 214, 214K ＋ RY — N“ 
—02146.214- : And tt the biss quantity 1.0904 — 2 be ſubſtituted 


instead of K im the ſaid equation. 


iZmIꝛ— — — —  — — 


—— 


Then, ſince R is = 1.0604 — 2, we mal have RI. = 1.0604 — 2} = 
n 119 0414 


nan 
oo04 — 11 1. bo 2 &c = 1.0004 
1.0004 * + X 8 ( = 04)" 1.0604 
| 1 2 5 It Xx 1.906, 192,7 5 3 
X 2 + &c = 1.906,92, — — + &c = 1.900,192,1 
20.968, 11 3,1 

FRE Ee X 2 + &c) = 1.906,192,1 — 19.774,531,4 X 2 + &c, 
and NR. = 4.0604 — 2 = 1.0004? — 20 x 1.0604)? x 2 + Kc Cn 

„ £63 1.0504)%* 2 | IE 5 - = 3-231,423,6 
1.0004 1.0624 * * 2 <2 3-231,423,0 1.0004 

| Ka kat en 
4.028,472,0 _ Fo 

* 2 + & c =.3.221,423,6 — _— x &) = 3.231,423,6 — 
60.947,257-0 „ 2 + Re, and 1.0604 — 2)” 1.09044 — 
21 X 1.0604)? x 3 + & (= 3.426,601,5 — 21 x 3.231,423,6 X 2 


e 426,602, — 67.859, 895.6 K 2 + &c. And o. 214,214 X 
Rir vill be g o. 214,214 X the compound quantity 1.906, 192,1 — 19.774, 
531,4 X 2 + &C (S. 0.214,214 X I. 906, 192,1 — 0.214,214 Xx 19.774. 
831, X 3 + & c) = 0.403, 333,0 — 4.235,98 1, X ＋ &c, 


Iheærefore the trinomial quantity o. 2 14, 14K + R — KN will be equal 
to the following compound quantity, to wit, 


o. 408, 333,0 — 4.235,98 1,4 X 2 
+ 3.23 1, 423,0 — 60. 947,257, X 2 + &c = 
— 3.426,601,5 + 67.859,895,0 Xx 2 


| 3-629,766,6 — 65.183,239,0 * 2 
— 3J.4:0,0601,5 + 067.859,0995,0 X 2 — & 
2 


= 0.213,155,1 + 2.076,656,6 x 
Vol. ; ' a 5 R But 


| 

x5 
Jl 
+, 
1 
14 
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But the trinomial quantity 0.214,214R"* + N. — RI is = o. 214,214. 


Therefore the compound quantity 0.213,155,1 + 2.696,656,6 X 2 — & 
will alſo be = 0.214,214. And therefore 2.676,656,6 Xx z — &c wil] be 
(= 0.214,214 — 0.213,155,1) = 0.001,058,9, and x — &c will be = 
0.051,058,9 
2.676,656,6 
— o. ooo, 39 5, 6 = 1.060,004,4 3 that is, R, or the greater root of the propoſed 
equation o. 214, 214 + R — R. = 0.214,214, is = 1.060,004,4. 

. I. 


This value of R is exceedingly near to it's true value, which is 1.060, ooo, o, 
or 1.06, | | | 


= 0.000,395,6. Therefore R, or 1.0604 — 2, will be = 1.0604 


— 


HIN. 


Art. 47. In reſolving theſe high equations by approximation the principal 
difficulty conſiſts in forming judicious conjectures concerning the firſt near 
values of the roots fought, which are to be made the ground-works of further 
approaches to their true values by means of Mr. Raphſon's, or ſome other, 
method of approximation. For, when once we have found a near value of 
the root ſought that ſhall differ from it by leſs than a 1000th part, or even than 
a gooth part, of the ſaid root, thoſe methods of approximation will ſoon 
enable us to obtain much nearer values of it to as great a degree of exactneſs 
as we pleaſe. But three, or four, conjectures will ſometimes be neceſſary to be 
made, and the juſtneſs of them mult be tried by ſubſtitutions of the near values 
obtained by them in the multinomial quantity that forms the firſt, or left-hand, 
fide of the equation, and by comparing the values of the ſaid muliinomial 
quantity reſulting from ſuch ſubſtirutions with the abſotute term of the 
equation, before we can obtain a near value of the root that ſhall differ 
from it's true value by ſo ſmall a quantity as that juſt now mentioned. 
And no general rules can be given to direct us in all cafes to make thele 
conjectures with ſucceſs : but much will depend on the ſagacity of the perſon 
who undertakes to reſolve the equation. The knowledge of the limits of the 
magnitude of the root ſought will be of great uſe to. us in forming theſe 
conjectures: but then, on the other hand, there is a good deal of labour 
neceſſary to diſcover theſe limits by the previous reſolution of other equations 
of a lower order, The nature and conditions of the Problem from which the 
equation was derived will alſo ſometimes enable us to form a good conjecture 
concerning the magnitude of the root ſought; and other circumſtances will 
fometimes be of — to us: and at all events a random gueſs that ſhould 
happen to be very wide of the mark, will do to begin with; becauſe, upon r 
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trial of the number ſo afſumed for a near value of the root ſought by ſubſti- 
tuting it in the left-hand fide of the equation, and comparing the reſult of the 
ſaid ſubſtitution with the abſolute term of the equation, we may continually 
correct it by additions and ſubtractions till we obtain a number that ſhall be as 
near the root ſought as we deſire. But theſe ſubſtitutions require a good deal 
of labour, as we have ſeen in the foregoing reſolutions of the equation 
o. 214,2 14R1¹ + RO — R* = 0.214,214 ; and theretore the fewer of them we 
are obliged to make, the beiter it will be. Now, in order to avoid an unne- 
ceflary number of theſe troubleſome ſubſtitutions, it will, as I conceive, be 
highly uſeful to perſons who wiſh to acquire a readineſs in reſolving equations 
of this kind, to ſee copious exhibitions of the ſeveral different methods that 
may be taken to form tolerable conjectures concerning the magnitude of the 
root ſought in the beginning of the. reſolution of an equation, that they may 
thereby acquire a ſort of habitual and experimental ſagacity in judging of the 
probable magnitudes of the roots ſought in other high equations of the ſame 
kind. And it 1s with this view that I have here given ſo many different 
reſolutions of the foregoing equation, and at ſo great length, after the firſt 
reſolution of it in art. 33 had diſcovered the value of it's greater root R to a 
ſufficient degree of exactneſs by ſhewing it to be = 1,060,302, and with leſs 
trouble than was neceflary to any of the following reſolutions of it. This 
therefore muſt be my excuſe for the great length and variety of the reſolutions 
of this laſt equation; and with them I conclude this Appendix to the worthy 
and learned Mr, John Ward's Clavis Uſure. 


FRANCIS MASERES. 


INNER r 
Dec. 24, 1801. 


End of the Appendix 10 Mr. Jobn Ward's Clavis Uſuræ, or Key to Intereſt, both 
Simple and Compound, 
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CORRECTIONS awd ADDITION< 


TO 


THE REVEREND DR. HALES'S TREATISE, 


INTITLED 


ANALYSIS FLUXIONUM, 


Vrigted in the former Part of this Volume, in Pages 87, 88, 89, &c « - 
Page 204; lately received from Dr. HALEs, 


CORRIGENDA. PART I. 


R.AFAT. pag. 91, lin. ult. pro F 131, lege § 26, 27,—p. 94, pro § 162, 
lin. ult. I. $ 155 et § 205, not. (Y) 


Pars PRIMA, p. 96, § 5, pro Daniel, l. Jacobus.——p, 100, not. 2, pro Iuſti- 
tutionis—celebrantur, |. Inſtitutis—celebratur, p- 9, lin. 103, pro A + B, I. 
AX B.——p. 104, Y 17, pro Owvzyra l. Qwviyra. not. (4) lin. ult. pro 
$ 162—164, l. Y 154—157. p. 107, not, lin. 4. a fine, pro Bezart Il. Bezout. 
—P. 112, § 36, lin. 3, pro ſemiſſis, I. ſemiffis af. p. 119, § Fo, lin. 9, pro 
For it is, l. For in GEOMETRY I is. p. 125, Y 73, lin, 6, pro nomini, 1. 
nomine. 


Pars SECUNDA, p. 129, comma 4, pro puncti, I. puncto. p. 133, $ 84, 
lin. 3, pro latera, l. laterum co-eſicientia.— Oele not. (g), et transfer ad p. 56, 

124.— p- 136, 90, com. 1, lin. 6, pro vel 24A, |, vel 25A.— p. 137, 
0 92, inſere Caf. 2. Fluxio, &c. p- 138, Y 94. | 


Caſ. 4. Lege, Fluxio dignitatis cujuſvis negative (A) equatur indici illius 


dignitatis (— m), fluxioni lateris (a), eju/que co-efficienti (A ), in ſe continu? 


aufis, Seu fluxio A = = aA 


y 94, in demonſtratione, lin. 3, 


poſt A „ inſere = — 424 ct ibidem, lin. ult. poſt — , inſere = 
A 


— maA . Q. E. D. 


P. 139, $ 97, lin. ult, ante 5 98, inſere, —Ca/. 6. Cor.—Ilinc fluxio ſrattionts 

* five rectanguli A B,, per Caf, 1 et 4, Jet nab A — 

„ max nbA” 
3 — 


* *I : 


d. k. v. 
143. 


| 
: 
| 
| 
| 
| 
: 
| 
| 
' 
| 
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P. 143, § 105, lin. 7, pro indicet J. mduit,——p. 144, lin. 3, à fine, pro 


terminis |. termini. p. 151, lin. g, inſere (five ob» =1) = —; 
a * 


P. 151, 
Iin. ult, pro co-effictentt l. co-efficientem. | 


APPENDIX SECUNDA,—P. 170, not. (3), lin. 9, pro bizapedarum l. hexape- 
darum. p. 171, lin. 3, pro præmiſſorum l. præmiſſarum. p. 178, lin. 16, 
pro light |. life, P. 179, not. lin. 4, a fine, pro an l. cur.— p. 184, lin. 4, pro 
erwhey |. cανννν. p. 186, lin. 6, pro opificis 1. if io.—p. 190, not. lin, 6, pro 
Nuev 1. Nuvvy. p- 198, not. lin. 10, pro Haig I. Hia-iwg.——p. 299, 
lin, 12, pro demonſtrari l. demonſirare, 


AD DEN DA. 


Pars PRIMA.—P. 97, $ 7. See laſt page of this, p. 113, § 38, polt— 
Newtoni diſcipulis : nempe, 1. Robins, qui anno 1735, in 4 Diſcourſe concerning 
the Nature and Certainty of Sir lſaac Newton's Methods of Fluxions and of Prime 
and Ultimate Ratics ;—haſce methodos, luculentiùs breviaſque expoſuit ; magil- 
que ad mentem ipſius inventoris fagaciſlimi, (meo judicio ſuffragantibus amicis 
digniſſimis, analyſtiſque ſimul peritiſſimis, Epiſcopo Horfley et Barone Maſeres), 
quam quilibet ex interpretibus inſequentibus; 2, Coſſon, anno inſequente 17 36, 
in the Method of Fluxions and Infinite Series, &c. 3. Maclaurin, anno 1742, in 
A Treatiſe of Fluxions ; et his omnibus multo recentior, 4. Le Croix, anno 1779, 
in-Traite du Calcal differentiel, edentibus analyſtis ſummis La Place et Le Genare 
quorum ex operibus excerpta quxdam hanc rem illuſtrantia proferre non 


pigebir. 
I. Rotins's Account of the Methods of Fluxicns, and of Prime and Ultimate Ratics, 


« To avoid the im perfect ion with which the Method of Indivijibles was juſtly 
charged, (in which all curves are conſidered as compoſed of an infinite number 
of indivifible ſtraight lines, and curvilinear ſpaces as compoſed in the like 
manner of parallelograms ; which being an obſcure and indiſtinct perception, 
was obnoxious to error;) Sir Jaa N colon inſtituted an Analyſis for thele 
problems concerning the Tangents of Curve-lines, and the menſuration of 


Curvilinear Spaces, upon other principles. 


* Conſidering magnitudes, not under the notion of being increaſed by a 
repeated æcceſſion of parts; but as generated by a continued motion or u.; he 
diſcovered a Method to compare together the ve/oci/ies wherewith homogeneous 

magnitudes 
6 \ 
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magnitudes increaſe ; and thereby has taught an Analy/s free from all obſcurity 
and indiſtinctneſs. | 


c Moreover, to facilitate the demonſtrations for thele kind of Problems, he 
invented a ſynthetic form of reaſoning from the prime and ultimate ratios of the 
contemporaneous augments or decrements of thoſe magnitudes ; which is much 
more conciſe than the method of demonſtrating uted by the ancients, yet is 
equally diſtinct and concluſive. 


& J. The method employed by the ancient Geometers ({ince commonly 
called the Method of Exhauſtions) conſiſts in deſcribing upon the curvilinear 
ſpace a rectilinear one, which, though not equal to the oiher, yet might differ 
from it leſs than by any the moſt minute difference whatfoever, that ſhould be 
propoſed; and thereby proving the two ſpaces they would compare, could be 
neither greater nor leis than each other. 


“ For example, in order to prove he equality between the ſpace compre heuded 
within the circumference of a circle; and a triangle d baſe ſhould be equa! to 
the circumference of that circle ; and its altitude to the ſemiaiameter; Archimedes 


takes this method: 


* About the circle he circumſcribes a polygon; and by multiplying the ſides 
of this polygon, he makes it appear, that there may at length be circumſcribed 
ſuch a one as ſhall exceed the circle leſs than by any difference that ſhall be 
propoſed, how minute ſoever that difference be.—By this means it was 
to prove that the triangle aforeſaid is not greater than the circle : for were ic 
greater, how ſmall ſoever be the exceſs, it were poſſible ro circumfcribe about 
the circle a polygon leſs than the triangle; but the circumference of the polygon 
is greater than the circumference of the circle; therefore the polygon can never 
be leſs, but muſt be always greater than the triangle: (for the polygon is equal 
to a triangle, whole altitude is the ſemidiameter - the circle, and baſe equal to 
the circumference of the polygon.) It appears therefore impoſſible for the 
triangle to be greater than the circle, 


Thus far Archimedes makes uſe of the polygon circumſcribing the circle, 
and no further: but, inſcribing another within the circle, he proves, by a 
ſimilar proceſs of reaſoning, that it is impoſſible for the triangle to be % than 
the circle : whereby at length it becomes certain, that the triangle is neither 


greater nor leſs than the circle, but equal to it. Qs . 5. 


However the triangle may be proved not io be leſs than the circle, by the 
circumſcribed polygon allo: for were it leſs, another triangle whoſe baſe is 
greater than 1ts baſe, and height equal, might be taken which would not be 
greater than the circle; but a polygon can be circumſcribed about the circle, 
the circumference of which ſhall exceed the circumference of the circle by leſs 
than any line that can be named; conſequently by leſs than the difference 

Vor. V. 5S between 
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between the two baſes ; that is, the circumference of the polygon ſhall be lefs 
than the circumference of the circle; and conſequently, the polygon leſs than 
the given triangle; therefore it is impoſſible that this triangle ſhould not 
exceed the circle, ſince it is greater than the polygon : conſequently, the given 
triangle cannot be leſs than the circle. 


Thus the circle and triangle may be proved to be equal by comparing 
them with one polygon only: and Sir I/aac Newton has inſtituted upon this 
principle, a briefer method of conception and expreſſion for demonſtrating this 
ſort of propoſitions than what was uſed by the ancients; and his ideas are 
equally diftin& and adequate to the ſubject with theirs, though more complex, 
It became the firſt writers to chooſe the moſt ſimple form of expreſſion and the 
leaſt compounded ideas poſhble ; but Sir Jaac Newton thought he ſhould 
oblige the mathematicians by uſing brevity, provided he introduced no mode 
of conception difficult to be comprehended by thoſe who are not unſkilled in 
the ancient methods of writing, 


1, CAs E. “e In this method, any fixed quantity, which ſome varying quantity, 
by a continual augmentation or diminution, ſhall perpetually approach bur 
never pals, is conſidered as the quantity to which the varying quantity will 47 
laſt or ullimately become equal; provided the varying quantity can be made in 
its approach to the other to differ from it by leſs than by any quantity how 
minute ſoever that can be aſſigned. Princip. Lib. I. Lem. I. 


pon this principle, the equality between the forementioned circle and 
triangle is at once deducible : for ſince the polygon circumſcribing the circle 
approaches to each according to all the conditions above ſet down, this polygon 
is to be conſidered as ultimately becoming equal to both ; and confequently, 
they muſt be eſteemed equal to each other, — That this is a juſt concluſion is 
moſt evident; for if either of theſe magnitudes be ſuppoſed leſs than the other, 
this polygon could not approach to the leaſt within fome aſſignable difference. 


1 DEFIN1T10N. © An ultimate magnitude therefore may be defined the limit 
to which a varying magnitude can approach within any degree of nearne/s whatever, 
though it can never be made alſolutely equal to it, 


« Thus the foregoing circle is to be called the ultimate magnitude of the 
polygon circumſcribing it; becauſe this polygon by increaſing the number of its 
ſides can be made to differ froin the circle leſs than by any ſpace that can be 
propoſed, bow {mall ſoever; and yet the polygon can never become equal to 
the circle or leſs. In like manner, the circle will be the ultimate magnitude of 
the polygon inſcribed, | 


Again, the foregoing triangle is the ultimate magnitude, of the conſtructed 
triangle; becauſe, the new baſe being always equal to the circumference of the 
polygon, will conſtantly be greater than the given baſe, which is equal to the 

| circumference 


| 
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eireumference of the circle only; and yet the new baſe may be made to 
approach the given one nearer than by any difference that can be named. 


2 Cas E. Ratios alſo may ſo vary, as to be confined after the fame manner to 
ſome determined limit; and ſuch limit of any ratio is here conſidered as that, 
with which the varying ratio will ultimately coincide. Princip. Lib. I. Lem. J. 


2 Drrixiriox. If there be two quantities therefore, that are (one or both) 
continual'y varying, eithr by being contiauglly augmented or contizually diminifaed ; 
and if the properlion they bear to each ether does by this manner perpe!unlly d, 
but in ſuch a manner that it conſtantly approaches nearer and nearer to ſome deter- 
mined proportion; and can alſo be broaght at laſt in it's approach nearer to Ihts 
determined proportion than to any other that can be aign?d ; but can never paſs i“; 
this determined proportion is then called the ultimate ratio of theſs varying quantities, 


«© The ſame ratio may be called ſometimes the prime, at other times „he 
ultimate ratio of the fame varying quantities; according as theſe quantities are 
conſidered either under the notion of vaniſhing, or of being, produced before the 
imagination by an uninterrupted motion. The doctrine under examination 
receives it's name from both theſe ways of expreſſion. 


N. B. The reader will perceive that I am endeavouring to explain Sir 
Jſaac Newton's expreſſions, Ratio ultima quantiitatum evaneſcentium. And | have 
rendered the Latin participle evaneſcens by the Engliſh word ““ vaniſhing,” and 
and not by the word © evaneſcent,” which having the form of a noun adjective, 
does not ſo certainly imply that motion which ought here to be kept carctully 
in mind: the quantities under conſideration become vaniſhing, from the time 
we firſt aſcribe to them this perpetual diminution ; that is, from the time they 
are quantities going to vaniſh : and as during their diminution, they have conti- 
nually different proportions to each other; ſo the limiting ratio between them, 
is not to be called merely Ratio harum quantitatum evaneſcentium, but ultima 
ratio, Princip. p. 37. 


© I have attempted to explain, in like manner, the phraſe Ratio prima qu en- 
titatum naſcentium; but no Engliſh participle occurring to me whereby to render 
the word za/cens, I have been obliged to uſe circumlocution. Under the 
preſent conception of the varying quantities, they are to be called naſcentes, not 
only at ze very inſtant of their tirlt, production, but (according to the ſenſe in 
which ſuch participles are uſed in common ſpeech) after the ſame manner as 
when we lay of a body which has lain at reſt, that it is beginning t9 move, 
though it may have been /ome little time in motion: on this account, we mult 
not uſe the ſimple expreſſion Ratio quantitatum naſcentium, but to denote the 
NY ratio, we mult call it, Ratio prima guantitatum naſcentium. Princip. 
ibid. 
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II.“ Upon theſe definitions, we may ground the following Propoſitions : 


1 PRO. When varying magnitudes keep conflantly the ſame Proportion to each 
other, their ultimate magnitudes are in the ſame proportion, 


« Let A and B be two yarying magnitudes, which keep conſtantly in the 
ſame proportion to each other; and let C be the ultimate magnitude of A, and 
D the ultimate magnitude of B: I ſay thatC is to D in the ſame proportion as 
A to B. 


Since A is a varying magnitude continually approaching to C, but can never 
become equal to it, A may be either always greater or always leſs than C. 


In the firſt place ſuppoſe it greater: when A is greater than CG, A B 
in approaching to C, it is continually diminiſhed ; therefore B RET 
keeping always in the ſame proportion to A, B in approaching to 
it's limit D, is alſo continually diminiſhed : E 


Now, if poſſible, let the ratio of C to D be greater than that of AtoB: 
(that is, ſuppoſe C to have to ſome magnitude, E, greater than D, the lame 
proportion as A to B). 


Since C is the ultimate magnitude of A in the ſenſe of the preceding defi- 
nition, A can be made to approach nearer to C than by any difference that can 
be propoſed, but can never become equal to it or leſs: therefore, ſince C is to 
E as A to B, B will always exceed E; conſequently, can never approach to D 
fo near as by the exceſs E: which is abſurd : For, ſince D is ſuppoſed the 
ultimate magnitude of B, it can be approached by B nearer than by any 
aſſignable difference. 


After the ſame manner, neither can the ratio of D to C be greater than that 
of B to A. 


In the ſecond place, if the varying magnitude A be Js than C; it follows 
in like manner, that neither the ratio of C to D can be //s than that of A to 
B; nor the ratio of D to C than that of B to A. . 


Con. The ultimate magnitudes of the ſame or equal varying magnitudes are eg ual. 


© Now from this corollary (which evidently follows from the propoſition) the 
forementioned equality between the circle and triangle will immediately appear: 
for the circle being the ultimate magnitude of the polygon, and the given 
triangle, the ultimate magnitude of the conſtructed triangle; ſince the polygon 
and the conſtrued triangle are equal, by this corollary, the circle and given 


triangle will be allo equal. . E. p. 


N. B. „ If the preceding propoſition and it's corollary be admitted as 


genuine deductions from the [ Firſt} definition upon which it is grounded; this 
demonſtration 


* 
* 
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demonſtration of this equality of the circle and triangle cannot be excepted to: 
for no objecion-can lie againſt the definition itſelf, as no inference is there 
deduced, but only the ſenſe explained of the term [Ultimate magnitude] defined 
in it,” 


2. Prov, © All the ultimate ratios of the ſame varying ratio are the ſame with 
each other, 


ce Suppoſe the ratio of A to B continually varies by the variation of one or 
both of the terms A and B: if the ratio of C to D be the ultimate ratio of A 
to B, and the ratio of E to F be likewiſe the ultimate ratio of the ſame ; I fay, 
the ratio of C to D is the ſame with the ratio of E to F.— For, if you deny it, 
the ratio of E to F differing from the ratio of C to D, the ratio of A to B will 
cither paſs that of E to F, or can never approach ſo near it as to the ratio of 
C to D: inſomuch that the ratio of E to F cannot be the ultimate ratio of A 
to B, contrary to the hypotheſis, a. E. D. 


ce The two definitions here ſet down, together with the general propoſitions 
annexed to them, comprehend the whole foundation of this method. 


IT. © We find in former writers ſome attempts towards ſo much of this 
method as depends upon the firſt definition. 


& Lucas Valerius, in a moſt excellent treatiſe on the Center of Gravity of Solid 
Bodies, has given a propoſition nothing different but in the form cf the ex- 
preſſion, from that we have ſubjoined to our firſt definition: from which he 
demonſtrates with brevity and elegance his propoſitions concerning the menſu— 
ration and center of gravity of the ſphere, ſpheroid, parabolical and hyper- 
bolical conoids. This author writ before the doctrine of Indiviſibles was 
propoled to the world. 


&* And ſince, Audreto Tacguet, in his treatiſe on the Cylindrical and Aunular 
Solids, has made the ſame propolition, though ſomething differently expreſſed, 
the baſis of his demonſtrations ; at the ſame time very judiciouſly expoſing the 
inconclufivenets of the reaſoning from indiviſibles. 


© However, the conſideration of the limits of varying proportions, when the 
quantities themſelves expreſſing thoſe proporuons have no limits, (which 
renders this Method of prime and ultimate ratios much more extenſive,) we owe 
entirely to Sir 1/aac Newton, That this method, as thus compleated, is appli- 
cable not only to the ſubjects treated of by the Ancients in the Method of 
Exhauftions, but to many others alſo of the greateſt importance, appears from 
our author's immortal Treatite on the Mathematical Principles of Natural 


Philoſophy, 


“For it muſt now be manifeſt, that mathematical quantities become the 
proper object of this Do&rine of Fluxions, whenever they are ſuppoſed to increaſe 


by 
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by any continned mode of prolongation, dilatation, expanſion, or other kind 
of augmentation ; provided ſuch augmentation be directed by ſome general 
rule whence the meaſure of the increaſe of theſe quantities may from time to time 
be eſtimated. And when different homogeneous magnitudes increaſe after this 
manner together, one may vary aſter than another. Now the velocity of increaje 
in each quantity is the Ffuxicn of that quantity. This is the true interpretation 
of Fluxions; Jncrementorum velocitates. For this doctrine does not ſuppoſe 
the fluents themſelves to have any motion : fluxions are not the velocities with 
which the fluents or even the increments which theſe fluents receive are hen. 
ſelves moved; but the degrees of velocity wherewith thoſe increments are 
generated—the terms velocity and celerily are applied in a fgurative ſenle, to 
denote the degree [or rate] wherewith this augmentation in every part proceeds, 


Subjects incapable of local motion, ſuch as fluxions themſelves, may alſo 
have their fluxions. In this we do not aſcribe to theſe fluxions any actual 
motion; (for, to aſcribe motion or velocity to what is itſelf only a velocity 
would be wholly unimelligible.) The fluxion of another fluxion, is only a 
variation in the velocity which is that fluxion. In ſhort, /zght, beat, ſcund, the 
mction bodies, the power of gravity, and whatever elle is capable of variation, 
and of having that variation aſſigned, for this reaſon, comes under the 
preſent doctrine: nothing more beiug underftood by the fluxion of any ſubject, 
than the degree [or rate of it's variation, | 


* As the Doctrine of Fluxions enabled Sir Iſaac Newton to inveſtigate the 
geometrical problems, whereby he was conducted in thoſe remote ſearches into 
Nature, which have been the {ubje& of univerſal admiration ; ſo to the Merhed 
of Prime and U'timate Ratios is owing the ſurpriſing brevity, wherewith he has 
demonſtrated thole diſcoveries,” l 


I ſhall offer no apology for the length of this Analyſis, in which TI have 
endeavoured to bring together into one comprehenſive view the ſcattered parts 
of that maſterly argument, by which Robins has explained the leading principles 
of the Doctrine of Prime and Ul:imate Ratios, upon which Newton's Method of 
Fluxiens is founded; it is far ſuperior indeed to the ſubſequent explanations of 
profeſſed commentators ;; and it is a high gratification to myſelf to find, that 


the mode of explanation, which I adopted of the Doctrine of Limits, is pre- 


ciſely the fame as Reobins's; long before I had ſeen his admirable rrearile 
which did not fall into my hands until lately, a conſiderable time after the 
publication of the Auaqſis Flurtonum. It deſerves indeed to be better known 
and more ſtudied ; as containing a full and ſufficient refutation of the cavils ot 


ganſayers both ancient and modern, againſt he nature and certainty of the 
ethid of L luxions, | 


II. Colſon“s 


r 
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II. CD, Account of the Method of Fluxicus, &c. 

III. Maclaurin's Account of the Method of Fluxions, &e. 
After the end of Maclaurin's Account, &c. p. 23, inſert 
IV. La Croix's Account of the Method of Fluxions, 


To the foregoing teſtimonies of the moſt eminent Britiſh mathematicians 1 
am happy to add the following, which reflects high honour on the candor and 
liberality of a diſtinguiſhed French analyſt, La Croix, confeſſing the ſuperiority 
of the Meihod of Fluxicns over the Differential Calcu'us ; from a curious and 
valuable Extract furniſhed even by the prejudiced MoxnTuLy REVIEW, 1800. 
Vol. 31. Append. p. 497. 


% Jeroen ſuppoſes lines to be generated by the motion of a point; and 
ſurfaces, by the motion of a line; and he gave the name of Vluxions to the 
velocities which regulated the motions. Theſe notions, although rigorous, are 
foreign to Geometry, and their application is difficult. Ir is true that, by 
imagining a point which moves on a line, while the line itſelf is carried forward 
with an uniform velocity, we may repreſent any curve whatſoever: but the 
velocity of the deſcribing point being variable, at each inſtant, we can only 
determine it by recurring to the Method of the Ancients C Exbauſtions ), or to 
that of Prime and Ultimate Ratios. 


&« Tt is of this laſt method that Newton almoſt always avails himſelf ; ſo that, 
properly ſpeaking, Fluxions were to him only a mean of giving a ſenſible exiftence 
to the quantities on which he operated. By the Method of Prime and Ultimate 
Ratios he underſtood the inveſtigation of the relations of quantitics at the fir 
and laſt inftant of their exiſtence, when the quantities were generated or vanithed 
together; and he found in the prime ratio of ſpaces deſcribed by the ordinate 
on the line of the abſciſſas, and by the deſcribing point of the ordinate (ſpaces 
which he called Moments), the ratio of the fluxion of the abicifla to that of the 
ordinate ; whence he determined the direction of the tangent. The Calculus 
was merely that uſed by Barrow in his Method of Tangents, which Newton by 
means of his Formula for the Binomial Theorem, and by his reduction into 
feries, had extended to irrational expreſſions, 


« The advantage of the Meth:4 of Fluxions over the Differential Calculus, 
in point of Melapbhyſique, conſiſts in this: That, fluxions being finite quantities, 
their moments are only infinitely ſmall quantities of the frf order, and their 


Auxions are finite: by theſe means, the conſideration of infinitely ſmall quantitie; 


ef ſuperior orders is excluded.“ 


How 
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How was it poſſible for Monthly Reviewers, after -reciting this luminous and 
honourable teſtimony to the ſuperiority of the Method of Fluxions by the 
ableſt expounders of the Differential Calculus, La Croix and his illuſtrious 
editors La Place and Le Genare, redeeming the character of the French analyſts, 
which had been impaired by the aſperſions of a D' Alembert and of a La 
Grange on the immortal Newton's fame; how was it poflible, I ſay, that 
„ their eyes could ſtil] be ſo holden,” after adducing this teſtimony, as ſtill tg 
aſſert, that © Newton himſelf was net perfetly ſatisfied of the ability of the 
ground cn which he had eſtabliſhed his Method of Fluxions !''—to wonder, [how] 
that [after | having beyond all controverſy oltained TRUTH, mathematicians /houl1 
have been unable to make it SCIENCE ; for the method was ſimple and easy in it's 
application and rigorous in it's concluſions !'—*©& Vieted os a whole it poſſeſſed the 
greateſt fability ; though it's foundations ſeen through a miſt, ſeemed uncertain aud 
of diſcordant and unſuitable materials !''—** Had the native inſienificancy of the 
Fluxionary Calculus deomed it to Feriſh, the Twit and poignant raillery of Berkel:y 
had perpetuat:d it's memory, and * ridiculed it into immortality :* but in ſpite f 
theje attacks, the Enghſh Mathematicians have till perſevered in their opinin:s ; 
deem ing it perhaps more meritorious to err with New TON than to think juſtly with 
OTHER men,“ [i. e. THE MoxnruLyY REVIEWERS]! pp. 495—499.—And they 
will {till perſevere in their attachment to the Father of Britiſh Science, 


How widely different are the ſentiments of the illuſtrious La Place, which 
they cite in the next page, 500, from his Letter to M. La Croiy. 


] ſee, with much pleaſure, that you are engaged in a great work on 7he 
Differential and Integral Calculus. . The ſeveral methods, by teing brought together, 
will throw mutual lig ht on each other. What they contain in common is moſt gene- 
rally their true metaphyſique : and this is the cauſe why the metaphyſique is alma 
always the laſt thing that is diſcovered, — It is only by refleting on the route which 
OTHERS have fellowed, that WE are able to generalize methods and to diſcover thei; 


true metaphvſics.” 


C 


This indeed is worthy of a mighty maſter of the Sciences, and a genuine 
diſciple of Newton, treading in his ſteps, and thereby ſurpaſſing his teacher, 


Page 123, after $ 68, and before 8 69, inſert: 


The following maſterly explanation of the term momentum, as employed by 
Newton, is given by Robins, in the Concluſzon of his excellent tract, p. 75. 


& In determining the ultimate ratios between the .contemporaneous differ- 
ences of quantities, it is often previouſly required to conſider each of theſe 
differences apart, in order to diſcover how much of thoſe differences is necetlary 
for expreſſing that ultimate ratio. In this cale, Sir Iſaac Newton diſtinguiſhes 
by the name of momentum, ſo much of any difference as conſtitutes the term ted it 


expreſſing this ultimate ratio, «« Thus 
9 
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© Thus, if A and B denote varying quantities, and their contemporaneous 
increments be repreſented by a and 54, the rectangle under any given line M 
and a is the contemporaneous increment of the rectangle MA ; and A + Ba 
+ ab is the like increment of the rectangle AB. And here, the whole incre- 
ment Ma repreſents the momentum of the rectangle MA; but he part, Ah + Ba, 
only, (and not the whole increment As + Ba + ab,) is called the momentum of 
the rectangle AB: becauſe /o much only of this latter increment is required for 
determining the ultimate ratio of the increment of MA to the increment of 
AB; this ratio being the ſame with the ultimate ratio of Ma to A + Ba: (for 
the ultimate ratio of A5 + Ba to Ab + Ba + ab is the ratio of equality. 
Conſequently, the ultimate ratio of Ma to Ad + Ba differs not from the 
ultimate ratio of Ma to A + Ba + . G2 


© Theſe momenta equally relate to the decrements of quantities as to their 
increments ; and the ultimate ratio of increments and of decrements at the ſame 
place is the ſame. Therefore the momentum of any body may be determined, 
cither by conſidering the increment or the decrement of that quantity; or even 
by conſidering 2% together. And in determining the momentum of the 
rectangle AB, Sir Iſaac Newton has taken the laſt of theſe methods; becaute 
by this means the ſuperfluous rectangle (ad) is ſooner ditengaged from the 
demonſtration. | 


Here it muſt always be remembered, that the only uſe which ought ever 
to be made of theſe momenta is to compare them one with another, and for no 
other purpoſe than to determine * the ultimate or prime proportion between the 
ſeveral increments or decrements from whence they are deduced.” \ 66, 


« Herein the Method of Prime and Ultimate Ratios eſſentially differs from that 
of Indiviſibles; for in that method, thele momenta are conſidered abſolutely as 
parts, whereof their reſpective quantities are aui compoſed. But though 
theſe momenta have no final magnitude, (which would be necetlary to make their 
parts capable of compounding a whole by accumulation,) yet their altimate 
ratios are as truly aſſignable, as the ratios between any quantities whatſoever. 
Therefore none of the objections made againſt the doctrine of Indivifibles are of 
the leaſt weight againſt this method: but while we carefully attend to the 
obſervation here laid down, we ſhall be as ſecure from error, and the mind will 
receive as full ſatisfaction, as in any the moſt unexceptionable demonſtration of 
Euclid,” 


— TT 


P. 176. Inſert in the beginning of note (e), 


The opinion of the Indian Brabmins is thus recorded by Strabo, B. 15. 
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For they are accuſtomed to account e preſent life here, as if it were an 
embryo only; but death, a birth into the real lite and the happy, reſerved for 
the ſeekers of wiſdom.” 


The following curious and valuable anecdote, &c. 


Pars Prima, p. 97, F 7, after l. 7, Vide quoque 9 96 bujus.—Inſert : 


Idque inſuper conſtat, ex ipſius Newtoni teſtimonio, Quadrat. Curvar. ſub 
initio: ©* [ncidi paulatim annis 1665 et 1666, in Methodum Fluxionum, qud his 
uſus ſum in Quadraturd Curvarum.” — | 


CORRIGENDA. PART II. 


P. 150, { 122, dele l. 8 et 9, et ſubſtitue inſequentia: 


Eritque ratio modularis in quovis ſyſtemate logarithmorum ratio iſta cujus 
logarithmus eſt ipſe modulus, Hæc autem ratio in omni ſyſtemate eadem exit: 


*q+ * 80 . = 1 1 1 1 0 ; 
1 f r —— — — — — — 0 : 7 L 
ſcilicet ratio ſeriei infinite 1 + — + — + _ + ws &c. ad 1, cjũſve 


reciproca : ſeu ratio numeri 2.71828, &c ad 1, ejũſve reciproca, nempe, ratio 
fractions decimalis 0.367879, &c. ad 1. 


N. B. Vulgo fertur, et quibuſdam auctoribus etiàm melioris note placet, (ſci- 
licet, Montucla, &c,) logarithmorum ſyſtemata Briggianum atque Neperianum non 
niſi diverſis hyperbolis, et diverſis curvis logarithmicis, ſeu logiſticis, deſignait | 
poſſe; ſed minùs rectè, ut videtur: nam, fi unitas deſignet quadratum conſtans pe 
Bolæ regtangulæ, (contentum utique aſymptotis et ordinatis externis hiſce parallelis), 
arez inter ordinatas uni ex aſymptotis parallelas, alteram aſymptotam, ipſamque 
hyperbolam intercluſæ, logarithmorum ſyſtema Neperianum rite exponent ; fin 
vero area inter duas ordinatas uni ex aſymptotis parallelas quarum major ſit 
decupla minoris, et alteram aſymptotam, et hyperbolam ipſam, intercluſa per 
unitatem deſignetur, ſeu vocetur unitas, areæ aſymptoticæ ejuſdem hyperbolz, 
guz antea ſyſtema Neperianum exponebant, nunc æquo jure ſyſtema Briggianum 
exponent. 


In guduis autem curvd logiſticd, ſeu logarithmica, fi ſubtangens curve (que 
per totam curvam eſt ſemper ejuſdem magnitudinis,) per unitatem defignetur, 
abſciſſæ axis, ſeu aſymptotæ, inter duas ordinatas interceptæ, logarithmos 

| ſy ſtematis 


4 
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ſyſtematis Neperiani exponent ; fi vero abſciſſa quævis axis, ſeu aſymptotæ, 
inter duas ordinatas, quarum major fit decupla minoris, intercepta, (quæ 


paritèr per totam curvam erit ſemper ejuſdem magnitudinis,) per unitatem 


deſignetur, eœdem abſciſſæ axis, five aſymptotæ, que antea exhibebant loga- 
rithmos ſyſtematis Neperiani, nunc exhibebunt logarithmos ſyſtematis Briggiani. 


Hinc conſtat, epitheton ** hyperbolicum,” logarithmis Neperianis vulgò tri- 
butum, Briggianis aut alterius cujufors ſyſtematis logarithmis æquè competere. 
Vide Cl. Maſeres, Diſſertation on the Nature of Logarithns, in his Elements of 
Plane Trigonometry. 


123. Fluxiones logarithmorum, &c. 


P. 151, dele totum Caf. 2, et p. 152 totam N. B.; pro quibus ſubſtitue quod 
hic ſequitur; 


Caf. 2. Fiat 5 2. Eritque log. 2 = log. y x *. Sed log. z eſt = . 
per F 127; et log. ) Xxx eſt log. yX x + x N — per & 84. Ergo 


de 


— erit = log. y X X + * X po z et proinde, 2 erit = log. y X x2 + ** 

| 5 
= log. Y X H + y, reſlituendo ſcilicet y* pro z ; hoc eſt, fluxio quan- 
titatis variabilis (Y) equatur dualus guantitatibus, quarum una (log. y * 
xy”) eft fluxio ipſins quantitatis exponentialis ( y*) gu pro conſtanti habite, ut in 


. — 1 n . . . . 6 . 
Cal. 1; altera autem, (xyy* ©) fluxio ejuſdem quantitatis, quaſi indici conſtanti de- 
nat. Q. E. p. 


END OF THE FIFTH VOLUME, 


| 


IN THE PREFACE. 


1 


1 1 
— read ——. 
1 +x 172 27 
In page xii, line 8, inſtead of = dxf + ext = fo + g- b + &, 
read + d — ea + fit — g + HN — &c. 
In page xiii, line 13, after the word of inſert 95. 


IN page xi, line 13, inſtead of 


In page xxvili, line 13, inſtead of— Xr = x — 1, read — Y nap — 


2 


In page xxxi, line 2nd from the bottom, inſtead of + — * V, read »% 


— Xx . 
In page xxxii, line 2, inſtead of f + _ X vv, read t x —— X VV. 
In page xxxili, laſt line, inſtead of —— X vd, read = * VV. 


In page xxxiv, line 4, inſtead of —— X vv, read = X VV, 


And in the {ame page xxxiv, line 6th from the bottom, inſtead of —— read 


12 
111 


Io page xxxvi, line 5, inſtead of 2224 x 2|t = 2=6 


, read. 


1440 
- 2% 4 Xx 21 =2 =6 
1440 ; 
3 5 : - 62 —3at- 6 
: 2 562 bat 
a page xxxvii, laſt line, inſtead of at*'—3at*+ 2 at? read aB—3at*+2 at * 


In page xxxvili, line 10, inſtead of Wgg + ee, read Vg + ee. 
Vol. V. ;U In 
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In page xlv, line 3, inſtead of g + ee, read g + ee7, 

In page liv, line 3d from the bottom, inſtead of 1.190,909,0 , read 
1. go, go, o *. W 21 

In page Ixviti, lines 5th and 6th from the bottom, inſtead of r, read vie, 


In page Ixix, lines 6 and 11, inſtead of , read 1. 
I 


In page Ixx, line 16 inſtead of SOS ; 
Pag 5 7 72 + * F Te ee read 


1 


az+ bz* +cz3 ＋ AN + e25 Fiz che x 


In page Ixxiv, line 4, inſtead of ome read ſome. 


And in the ſame page Ixxiv, line 13, inſtead of — , read =. 
” x 8 at N at l 


In page Ixxx, line 1, inſtead of / GG H read x VII 
In page-Ixxxii, line 5, before the word guartity inſert the word he. 
In page Ixxxiv, line 4, inſtead of computating read computing. 


* 122 . m m 
In page cii, line 11, inſtead of ———— read 7 


In page cxvii, line 5, inſtead of 1.00)% and 1.00”, read 1.069 and 106”. 

In page cxxv, lines 11 and 12, inſtead of #fth read fixh. 

In page cxxvi, lines 9 and 10, inſtead of i read ſeventh. 

In page cxxviil, line 17, inſtead of fxth read ſeventh. | 

And in the fame page cxxviti, lines 18 and 19, inſtead of ſeventh read eighth. 

In page cxxix, lines 1 and 2, inſtead of eighth read ninth, + 

And in the fame page cxxix, lines 10 and 11, inſtead of ninth read tenth. 

And again in the ſame page cxxix, lines 5th and 6th from the bottom, inſtead 
of tenth read eleventh. 

In page cxxx, line 16, inſtead of eleventh read /welfth. 

In page cxxxii, line 1, inſtead of rei read thirteenth, 

In page cxxxviii, line 20th, inſtead of 1.061.293, read 1,061,293. 

And in the ſame page cxxxviii, the laſt line, inſtead of three read four. 


In page cx], line 9, inſtead of — , read — — 


In page cli, line h from the bottom, inflead of thirteenth read fourteenth. 
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IN THE BODY OF THE WORK. 


x 7 
In page 5, line 8, inſtead of = 2 = G x?, read CD, *G*“. 


7 7 
In page 19, line 4th from the bottom, inſtead of — IC, read + 5 Cas. 


In page 25, line 4th from the bottom, inſtead of read. 


14. 1 
In page 48, line 16 from the bottom, dele the two commas after N“ and 
x”, : 
—1 I 


In page 49, line 12, inſtead of 1+ 3) =, read 1 + = + 

In page 77, line 7th from the bottom, inſtead of 6 »F x* — 7 n G, read 
61nGxt — 7n Hwa * | 

In page 87, in the title of the Ana/v/s Fluxicnum, by Dr. Hales, inſtead of 


aufore Gulielmo Hales, D. D. l.eftore de Kill:-/andra, read auffore Gulielmo 
Hales, S. T. P. ſeu ſine Theologie Profeſſere, Reftore eccleſie de Killeſand' a. 


N. B. Several corrections of the errors in this Tract, that have been ſent- 
over by Dr. Hales himſelf, are printed at the end of this volume, in 
pages 847 and 848. | 


In page 227, line 11 from the bottom, inſtead of 7.301, 351, 1, read 7,401,351,1? 
And in the lame page 227, line 9 from the bottom, the figures of the number 
1120970 ought to be placed one figure farther to the left-hand, thus z 


L. _ = 0.022,419,4. 
12 5 
2017746 
1120970 


... 1.322,744,0 


Z 


In page 228, line 6 from the bottom, inſtead of 3 = ©, read 5 = 0.3, 
In page 261, line 6 from the bottom, inſtead of — , read — e. 
Ta page 266, lines 4 and 5, inſtead of 967.937, 676,6, read 967.937,07 1,6, 


—1 
In page 274, line 5, inſtead of g Teer, read g Tce. 
In page 283, line 4, inſtead of 741, read 1741, 


5 U 2 In 
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In page 287, line 8 from the bottom, inſtead of # + X — N , 
read TI X _ K ox 255. 


In page 321, line 2, dele ix. 
In Page 327, line 3d, inflead of 3884. 285,0573 x v, read 3844. 285,657,3 
X V'. 
In page 333, line 3d from the bottom, inſtead of 5% — 2A, read 
Gb — 2693. 
In page 345, lines 3, 7, 13, and 18, inftead of T T in the numerator of the 


6 
22 ED, read 2T T. 


fraction 


In page 245, line 3, inſtead of — „ read rere, 


In page 352, line 7, -inftead of 0.8 5, 545, 5, read o. 825, 545,5. 


And in the ſame page 352, line 10% inſtead of 355 99% 792530 read 39.997, 
s, L. 


79223 7, and inſtead of 39, 19, 1043, read 39, rl ooh 
en 4 6 F e. 


In page 357, line 8, inſtead of + 7 


In page 362, no to, inſtead of — wing reed - n — I, 


—, read m X 


In page 366, line 13, inſtead of M X 


In page 377, lines 9, 11, and 13 from the borrow, inſtead of 33,297 -095,993,04/,, 
read 33,297.055,903,04 . 
In page 378, line 2, inſtead of 3 3,29). .095,993,04, read 33, 297.0 5 5, 903, 4. 
N. B. This errour affects the calculations in ſeveral of the ſucceeding pages: 
but, as it enters at the ſeventh place of figures, it is not of much conſe- 
quence. 


In page 398, at the beginning of line 11, inſert the word Ne. 

In page 404, line 4 from the bottom, inſtead of ft near value of 1, read f oF -. 
near value of r. 

In page 407, the Algebraick expreſſion b5 +24 y 2, is not clearly printed. 

In page 440, line 13, inſtead of + er, ge 

In page 461, line 9 from the bottom, inſtead of o. 218, read o.o2 18; and in- 


ſtead of 1.0665, read 1.0655. _ 
And in the ſame page 461, line 4 from the bottom, inſtead of 1.0665, read 


1.0655. 
N.B. This errour enters into the calculations of the three following pages, 
and renders them inaccurate. 


In 


ERRATA. 86; 


la page 482; line 5 from the bottom, inſtead of 0.099,090,9, read o. ogo, gogo. 
In page 48s, line 10 from the bottom, inſtead of 1.055, 47 2, o, read 1.053, 372, o. 


In page 487, lines 11, 13, 21, and 23, inſtead of I read err * 


a 


2 1 
In page 488, lines 2, 4, and g, inſtead of 2 x, read 2v X. 
In page 492, lines 18, 20, and 25, inſtead of 1.0665, read 1.0655. 
„ TI pf a —1 
— read — 4 
XVI —-] 7 Xr- I 


In page 499, laſt line, inſtead of 


In page 507, line 2, inſtead of 1.001,332,2 = Wer, read 1.061,332,2 — . 
* 


xs +t +1. 


In page 515, line 46 from the bottom, inſtead of . read 


a 
8 


g * . | DDR 
In page 544, line 7 from the bottom, inſtead of S'H— 2 G0 x H, 


— — 
rad H- 2 Xx H- IX I. 


In page 545, line 4, inſtead of (2D — 1 ＋ E X E, read 

Az x BST Ex E. | | 

f ) m + L, Þ 

L, r+1 L. r +1 

In page 557, line 3, inſtead of r, read r + 1. | 

In page 593, line gth from the bottom, inſtead of — rr, read ＋ Xrr. 

In page 609, line 10 from the bottom, inſtead of RR R: R“: R“: R5: &c, 
read RN R: N:; 3 : N:: UC | 

In page 616, line 12th, the words “ and Diviſor” are wanting before the 
decimal figures ,00549466. 


And in the ſame page 616, line 14, inſtead of 2d Diviſor, read zd Diviſor ; 
and in line 16, inſtead of 34 Diviſor, read 4th Diviſor. 


In page 546, line 3, inſtead o 


In page 627, line 3, inſtead of U — *. read U — = 
R 


In page 660, lat line, inſtead of 79,64, read 75, 64. 


In page 665, line 2d from the bottom, inſtead of 8.778 15 f, read 8.798151; 
In page 666, line 2d from the bottom, inſtead of 0.45, read o. 534. 
And in the fame page, laſt Jine, inſtead of 1.45, read 1.54. 


In 


866 ERR AT A. 


In page 676, line 2 from the bottom, inſtead of the number 633,264, read 
633,364 and inſtead of the Logarithm 2.801585, read 2.801054; and in 
the ſame page 676, inſtead of 1.400, 792, read 1.400,827. 

In page 678, line 9 from the bottom, inſtead of 22.95, read 22.59. 
In page 681, line 12 from the bottom, inſtead of 0,0125, read 0,025. 


In page 701, line 7, inſtead of 9.838,521, read 9 838,521. 

In page 719, line 3, inſtead of the word “ Sum,” read © Product.“ 

In page 720, line 18 from the bottom, inſtead of the word “ Sam,“ read 
Product.“ 

In page 740, line 13, inſtead of T = o. 7494, read T = o. 747,94. 

In page 781, line 7, in ſome copies the figure 9 in the number 1.056, 809,4 
does not appear. | 


D, read 


In page 790, line 13, inflead of . — 

In page 791, line 4, at the end, after the word “ logarithm” inſert the word 
r 

In page 794, line 11, inſtead of the words “by reducing them,“ read * by 
reducing it.“ 


In the ſame page 794, at the beginning of the laſt line, after 1 x R inſert 
* * | 


In page 796, line 12, inſtead of 1,077,977 R*" read 1.0%, 997 R=. 

In page 813, line 5 from the bottom, inſtead of 470.206, 449, 3, read 470.206, 

. 49933- 

In — 826, line 6, inſtead of 1.646, read 1.0646. 

In page 828, line 2, inſtead of o oo, 74, read o. ooo, o64; and inſtead of „che 
14, 324th part,” read “the 16, 36 2nd part.“ 

And in the ſame page 828, at the beginning of line 7, dele the word“ for.“ 

In page 831, line 13, in the denominator of the ſecond fraction, inſtead of 
0. 243,097, 6, read o. 243, o97, 9. | 

In page 839, line 15, inſtead of 0.0214,214, read o. 214, 2 14. 

And in the fame page 839, line 5 from the bottom, inſtead of 3.090, 504, 7. 
read 3. o90, 514, 7. 

In page 840, lines 15 and 16, inſtead of 1.604, read 1.0604. 


- 


F 
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